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Abstract

We study the Darboux integrability of two differential systems with parameters: a rela-
tivistic model in R* called the Raychaudhuri equation and a chemical reaction model in R?.
For the first one we prove that it is completely integrable and that the first integrals are of Dar-
boux type. This is the first four-dimensional realistic non-trivial model which is completely
integrable with first integrals of Darboux type and for which for a full Lebesgue measure set
of the values of the parameters the three linearly independent first integrals are rational. For
the second one, we find all its Darboux polynomials and exponential factors and we prove that
it is not Darboux integrable.

Keywords. Darboux polynomial; exponential factor; Darboux integrability; Raychaudhuri
equation; chemical reaction network

1 Introduction and presentation of the systems
Consider a polynomial differential system of degree d € N
x=P(x), x€eR" (1.1)

where P(x) = (P1(x),...,Pn(x)) € C[x| and the dot denotes derivative with respect to the

independent variable ¢.

A function H (x) is a first integral of system (1.1) if it is continuous and defined in a full
Lebesgue measure subset {2 C R™, is not locally constant on any positive Lebesgue measure
subset of {2 and moreover is constant along each orbit of system (1.1) in . If H is C*, then if X

is the vector field associated to system (1.1), we have
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System (1.1) is C*-completely integrable in € if it has n — 1 functionally independent C* first
integrals in €. Recall that k functions H;(x), ..., Hi(x) are functionally independent in S if the
matrix of gradients (VHjy, ...,V Hy) has rank & in a full Lebesgue measure subset of 2.

For an n-dimensional system of differential equations the existence of some first integrals
reduces the complexity of its dynamics and the existence of n — 1 functionally independent first
integrals solves completely the problem (at least theoretically) of determining its phase portrait.
In general for a given differential system it is a difficult problem to determine the existence or

non-existence of first integrals.

During recent years the interest in the study of the integrability of differential equations has
attracted much attention from the mathematical community. Darboux theory of integrability plays
a central role in the integrability of the polynomial differential systems since it gives a sufficient
condition for the integrability inside the family of rational functions. We highlight that it works for
real or complex polynomial ordinary differential equations and that the study of complex algebraic
solutions is necessary for obtaining all the real first integrals of a real polynomial differential

equation.

A Darboux polynomial of (1.1) is a polynomial f € C[x] such that

of of
Xf)=Pi=—+ - +P—=k 1.2
(F)=Pg—+rt P =kf (1.2)
where x = (z1,...,2,) and k € C[x], which is called the cofactor of f, has degree at most d — 1.

An exponential factor of (1.1) is a function F' = exp(g/ f), with f, g € C[x], such that

oF oF
X(F)=P—+ -+ FP,— =LF 1.3
(F)=Pig -t g = : (1.3)
where x = (z1,...,zy,) and L € C[x], which is called the cofactor of F', has degree at most d — 1.

We note that in this case f is a Darboux polynomial of (1.1) and that
X(g) = kg + Lf, (1.4)

where k is the cofactor of f.

The Darboux theory of integrability relates the number of Darboux polynomials and exponen-
tials factors with the existence of a Darboux first integral, see for example [13]. We recall that a
Darboux first integral is a product of complex powers of Darboux polynomials and exponentials

factors.

The main aim in this paper is to study the Darboux integrability of two differential systems.
The first one belongs to R* and plays an important role in relativity theory; the second one belongs

to R® and has an important contribution in the chemical reaction network.

Our first system is the so-called Raychaudhuri equation for a two dimensional curved surface



of constant curvature:

2

T = —% —ary — 2(z3 + 22 — %) — 28,

Ty = —(a+x1)T2 — 7,5 (1.5)
i3 = —(a+x1)x3 — 0,

iy = —(a+x1)74,

where «, (3, d, v are real parameters. See [14, 1, 12] and the references therein. In general relativity,
the Raychaudhuri equation is a fundamental result describing the motion of nearby bits of matter.
It is quite relevant since it is used as a fundamental lemma for the Penrose-Hawking singularity
theorems (see [12] for details) and for the study of exact solutions in general relativity. However,
it has an independent interest since it offers a simple and general validation of our intuitive expec-
tation that gravitation should be a universal attractive force between any two bits of mass-energy

in general relativity, as it is in Newton’s theory of gravitation.

Here we further contribute to the understanding of the complexity, or more precisely of the
topological structure of the dynamics of system (1.5) by studying its integrability. Darboux poly-
nomials, analytic integrability and Darboux first integrals of this system were partially studied in
[15, 16, 17]. We prove here that Raychaudhuri equation is completely Darboux integrable, and
moreover that the three first integrals are, for almost all of the values of the parameters, rational.
As far as the authors know, this is the first four-dimensional realistic non-trivial model which is
completely integrable with first integrals of Darboux type for which for a full Lebesgue measure

set of the values of the parameters the three linearly independent first integrals are rational.

Our second differential system comes from a chemical reaction model in R®. In Chemical Re-
action Network Theory (CRNT), a reaction network ' = (S,C, R) is defined as a set of species
S, a set of complexes C and a set of reactions R between complexes. Each complex is a combi-
nation of species. It is assumed that a reaction occurs according to mass-action kinetics, that is,
at a rate proportional to the product of the species concentrations in the reactant or source com-
plex. The set of reactions together with a rate vector give rise to a polynomial system of ordinary
differential equations. We refer the reader to [9, 10] for more information about CRNT. For a con-
crete system of chemical reactions the parameter and state spaces are typically high-dimensional
and one uses numerical methods to analyze the solutions. Due to high computational complexity
this can be done only for a small set of values of system’s parameters. Thus instead of studying
quantitative aspects of the dynamics, recently there has been an increasing interest in studying
qualitative properties of the CRN. For example in [2, 3, 4, 5, 6, 7] the authors considered the ques-
tion of existence of single versus multiple steady states (also referred to as multistationary). The
existence of first integrals of a polynomial differential system describing a CRN often provides
essential qualitative information (the level sets are invariant under the flow) about the solution or
can be used, as explained in the introduction, to reduce the dimension of the total state space.

Since the computation of nonlinear conservation laws (i.e., first integrals) is highly nontrivial most
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of the results known by now related to the CRN dynamics provide only trivial linear first integrals.
Hence, in this paper, our purpose is to show, by following an example (see system (1.6)), how to
apply Darboux theory of integrability to obtain nontrivial and nonlinear algebraic and Darboux

type first integrals.

More concretely, we deal with a particular system appearing in [9] coming from an enzymatic

mechanism:
T1 = —C1T124,
To = —C3X2T4 + Co5,
j?g — C4T5, (16)
&y = —c12124 — C3T2%4 + (c2 + ca)xs,

T5 = 171274 + c3w2wy — (C2 + C4) x5,

where cq, co, c3, c4 are positive constants. We study the Darboux integrability of this system by

characterizing its Darboux polynomials and its exponential factors.

2 Main results

In this section we provide the main results of the paper. Concerning system (1.5), we shall prove
that it is completely integrable, and moreover we shall provide three functionally independent
Darboux first integrals, distinguishing several cases depending on the parameters. We note that for
almost all of the cases, these first integrals are rational functions, as we explained above. It is a

nicely surprising result for a four-dimensional non-trivial system.

For system (1.6) we shall prove that there only exist two first integrals (already found in [9]),
which are polynomial, one irreducible Darboux polynomial and one exponential factor. With this

situation, we shall prove that the system is not Darboux integrable.

2.1 The Raychaudhuri equation

We can remove the parameter « in system (1.5) by the change 1 + o — z;:

2

T T I

To = —T1T2 — 7, 2.1
:i’3 = —X1x3 — (5,

T4 = —T124,

where 79 = 283 — o /2 € R.Itis clear that 24 is a Darboux polynomial of systems (1.5) and (2.1)

with cofactor —x1, for all values of the parameters.



Depending on the values of v and ¢ we distinguish three different systems

(2.1) becomes

iy =~ — 223 + a3 —2}) — 0,
To = —T1T2,
T3 = —x1T3,
Li’4 = —2124.

A first result about the Raychaudhuri equation is the following theorem

(2.2). Its proof was given in [15].

Ify =9 =0then

(2.2)

concerning system

Theorem 2.1. System (2.2) is rationally completely integrable with the rational first integrals

T2 33‘% —

T3

Hy Hy = —,

Hs =

4(x3 + 23 — 2%) + 27

T3

Y

Zq Zq

If v # 0 and = 0 then we can apply the change xo — x27y to obtain

2
D T e
To = —x129 — 1,
T3 = —r173,
Ty = —T1T4.

(2.3)

If v = 0 and § # 0, then applying the change x5 — w36 and swapping x2 and x3, and ¢ and ~

we obtain system (2.3) again.

Finally, if 7,0 # O then the changes x3 — xo7y and x3 — x30 first and
x3/2, 9 — x3/2) afterwards lead to

. x% 2 2 712 2 2
T=—5 = (71532 + VL + Yoxox3 — 334) — 70,
:i)z = —X1T2 — 1,

T3 = —r1T3,

T4 = —T1T4,

where 77 = 72 + 62 > 0 and 7o = 4% — 4% € R.

(1‘2,1‘3) — (5132 +

(2.4)

We note that after the change x5 — 2x3/+1 and setting v2 = 0, 71 = 7, system (2.4) is system
(2.3). Therefore the cases 6 = 0,7 # 0 and ¢ # 0,7 = 0 can be obtained from the case J,~y # 0.

In short, from now on we shall only study system (2.4).

The following theorem is our first main result. It completes the study of the integrability of the

Raychaudhuri equation by characterizing completely the existence of first integrals for any value

of the parameters v, § # 0.
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Theorem 2.2. System (2.4) is completely integrable, with at least two of the three first integrals

being rational. Indeed:

(a) If 47% — 73 = 0 then we have the following functionally independent rational first integrals:

3 F T, Ty
H =2 H,= Hs =
Vo) T ma T Ty

where F' and T; are Darboux polynomials.

(b) If 47% —’yg = 0 then we have the following functionally independent Darboux first integrals:

T Ty G0
H=2 Hy="'2 gy=27_
Ty xTr3 T4 T1

where Ty and Ty are Darboux polynomials and G is an exponential factor:

The expressions of the Darboux polynomials and of the exponential factor appearing in Theo-

rem 2.2 are provided in the proof of Theorem 2.2, see Subsection 3.1.
2.2 The chemical reaction model
The second main result of this paper deals with system (1.6).
Theorem 2.3. The following results hold for system (1.6).
(a) It has the polynomial first integrals
Hi =x1+2z2+2x3+25, Ho=ux4+ 5.
Any other polynomial first integral is a polynomial function of Hy, Hs.
(b) The unique irreducible Darboux polynomial is x1.

(¢c) The unique exponential factors are of the form e**® for any p € C and exp(f — \/cax3)
where [ — \/cqxs is a rational function of Hy, Hy for any A € C.

(d) It is not Darboux integrable.

3 Proof of the main results

We consider two subsections. The first one deals with the main result related to the Raychaudhuri

equation, while the second one deals with the main result related to the Chemical reaction system.



3.1 The Raychaudhuri equation: proof of Theorem 2.2

To prove Theorem 2.2 we first state and prove some auxiliary results. The first one simplifies the
expression of the general cofactor of a Darboux polynomial of system (2.1). We denote by f; the

homogeneous part of degree ¢ of a polynomial f.

Proposition 3.1. Let f be a Darboux polynomial of degree m € N of system (2.1) with cofactor
k. Then k = ko + k1x1, with k1 € [—=m,—m/2] N Z.

Proof. Letk = kg + k1x1 + koxa + kaxs + kyx4 be the cofactor of f. Taking the homogeneous
part of degree m + 1 of the equation X'(f) = kf and using the Euler theorem of homogeneous

functions for f,, we get the equation

(2k127 + 221 (kawa + ksws + kaws) + m(ai + 4(z3 + 23 — 27))) fm

O fm Ofm Ofm
2 002 2 _ 2 _
+ (27 — 4(x5 + 25 — x3)) (xg . + 3 O + x4 81‘4) 0.

The general solution of this equation is

k14+m+ kozotkgzztkqzy
_ —2k1—m 2 2 2 21/3:2-&-302—302
Jm(21, 22, 23, 14) =25 " (351 —2y/x3 + x5 — 1] 2

k1 +m— F2rathazsthazy
or 22+ 22— 22
<:c1 + 2¢/23 + 23 —xi) RIET C(21, 23/ w2, 4/ T9),

where C,, is an arbitrary function. Since this is to be a polynomial of degree m, we must take

ko = ks = k4 = 0. Moreover C,,, cannot depend on 1. Then
fm(x1, 20, 23, 24) = x;%l_m(a:% — 4(33% + $§ — xi))k1+mCm(:c3/:p2, x4/22).
Since the exponents must be non-negative, the proposition follows. O
Lemma 3.2. The following statements hold concerning system (2.4).
1. It has two Darboux polynomials of degree one.

2. If 443 — 42 # O, then it has four Darboux polynomials of degree two and one Darboux
polynomial of degree four.

3. If 47% - fyg = 0, then it has two Darboux polynomials of degree two and an exponential

factor.

Proof. Clearly x3 and x4 are Darboux polynomials. Both have cofactor —z1. In particular z3/x4

is a rational first integral of (2.4).

Straightforward computations show that

T = kg — 473 4 2k3x1 + k3a? — 42 k223 4 dyokoxs — VikEa: + 8v2koxo — dyokiaroxs + 4322
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is a Darboux polynomial of degree two of (2.4) with cofactor ky — x1, with ky a solution of
Ky = 47% + 27014:3 + k:é = 0. These Darboux polynomials were already found in [11]. The
discriminant of Ky is 21992 (4v3 — ~3). We recall that v, # 0. If 492 — 42 # 0 then we have four
Darboux polynomials, say 11,15, T3, Ty, one for each solution of Ky = 0. Otherwise we have just

two, say Ty, T, as Ky = 0 has two double solutions.

The polynomial

2
F = (2] 4 270 — 477a3 — dyowows — ~iw] + 4af)

+ 4 (vi(—4 = 8x122 + 87073 + Y023) — 4(v2(1 — 20m2) 73 + Y027))

is a Darboux polynomial of degree four of system (2.4) with cofactor —2x;. We note that it coin-

cides with T, T in the case 4712 — 73 = 0, for which we have the exponential factor

G = exp {2(—70)3/2 + ’Yox% + Y2w2 + 27973 } )
1

We notice that the cofactor of G is —1/2. Ul

Proof of Theorem 2.2. 1t follows immediately from Lemma 3.2 and from the fact that the corres-
ponding linear combination of the cofactors of the Darboux polynomials and of the exponential

factor in the expressions of the functions in Theorem 2.2 is zero. O

3.2 The Chemical reaction: proof of Theorem 2.3

Statement (d) follows immediately from statements (a), (b) and (c), since there is no way to con-
struct two Darboux first integrals functionally independent of H;, H». In particular, it is clear that
the unique rational first integrals of system (1.6) are the rational functions in the variables Hy, Hs.

Hence, we need to prove only statements (a), (b) and (c).

As in the proof of Theorem 2.2, we start the study of system (1.6) simplifying the general

expression of the cofactor of a Darboux polynomial.

Proposition 3.3. Let f be a Darboux polynomial of degree m € N of system (1.6) with cofactor
k. Then k = ko + kqxy.

Proof. Let k = ko + k1x1 + koxo + ksxs + kqxg4 + ksxs be the cofactor of f. Taking the
homogeneous part of degree m + 1 of the equation X'(f) = kf and using the Euler theorem of

homogeneous functions for f,,, we get the equation

0
—(k1z1 + koxotkszs + (kg + cim)zy + ksxs) frn, + (c1 — 63)1‘21’4& + cm;»,.mﬂ
8%2 (91’3
Ofm Ofm
+ x4(—clx2 — 379 + 01x4)7 + 364(01:131 + c3x2 + 01305)7 =0.
8%4 8x5

(3.1)



The general solution of this equation is

kyzytkgzg+(kgtcym)zytksas

kozg
(c1—c3)zy

fm(xb xr2,X3,T4, :E5) = ele1—ea)ug D

c1 c1 cq

Chm, (x1,wg‘“_63w3,x2‘“_63(x1-+-x2 —-x4),w2‘“_63(x1-+-x2-+-$5)>-

where C), is an arbitrary function. We must take k2 = 0; moreover the exponent of x5 cannot

depend on the variables, hence k; = k3 = ks = 0. Then the proposition follows. O

We prove the statements of Theorem 2.3 separately.

3.2.1 Proof of statement (a)

Lemma 3.4. The polynomial functions Hy = x1 + xo + x3 + x5 and Hy = x4 + x5 are first
integrals of system (1.6).

Proof. It follows after direct computations. 0
Statement (a) follows after next proposition.
Proposition 3.5. Any polynomial first integral of system (1.6) is a polynomial function of Hy, Ho.

Proof. Let f be a polynomial first integral of (1.6). Then f satisfies the equation X'(f) = 0; that

is,

0 0 o
—arity 851 + (—c3woma + 621‘5)8;2 + 641‘5853
+(centies — canyoe + -+ eus) (52 - 20) —o.

Write f = g(x1, 22,23, 24) + th($1,$2,$3,$4,.%'5>, with Hy 1 h and j € N. Then on
H, = 0 we have, after some simplifications,

=0,

0 0
1712 4 (e3 + c312) =L + s 4 (cra1 + c3a2 + o+ €a)
ors 014

8$1 8x2
taking into account that g = f|z,—¢. The solution of this equation is

c3
Ly

C. C.
g(x1, 29,23, 24) = F ( 23 — —log Ty, 41 + Ty — T4 + 410gx1) ,

(c2 + cgza)er’ c1 c1
with F" an arbitrary function. Then g = g(z7*(c2 + c322) ™, Hy). Since c¢1c3 > 0 and we want g
to be a polynomial, we have g = g(H1).

At this time we have f = g(H;) + Hg h, thus h is either a polynomial first integral or a

constant, since
0= X(f) = X(g(H)) + X(H)h + HyX(h) = H}X (h).

Indeed we can assume it is a constant, otherwise we apply the above arguments repeatedly until

we obtain a constant. So f is a function of H; and Hs and thus the proposition follows. O
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Remark 3.6. We note that from the proof of Proposition 3.5 we get that any polynomial first

integral of system (1.6) restricted to {2 = 0 is a polynomial function of H;.

Remark 3.7. We notice that z; “® (ca+c322)°" is a Darboux first integral of system (1.6) restricted
to Hy = 0.

3.2.2 Proof of statement (b)
We need two lemmas and one proposition to prove statement (b).

Lemma 3.8. The unique Darboux polynomial of degree one of system (1.6) is x1. Its cofactor is

k = —ciza4.
Proof. 1t follows after easy computations. O

Lemma 3.9. Let f be an irreducible Darboux polynomial of system (1.6) of degree greater than

one with cofactor k. Then k = kyx4.

Proof. From Proposition 3.3 we have k = ko + k4z4. We want to prove that ko = 0.

Suppose that kg # 0. Let f = f|,—o. Since f is irreducible it is clear that 1 { f, hence
f # 0. Moreover f satisfies

0 of
(—c3zozy + 021‘5)8;2 + 0416583{3
of  of\ _ .
+ (—csxoxy + (c2 + cq4)xs) ((%4 - 8355) = (ko + kaza)f. (3.2)

We first suppose that Hy 1 f. Let f = f|z,—0 % 0. We note that Gan; = 88751 — 5)7_5. Then f
satisfies equation (3.2) on Hy = 0, that is

of of of .
—T4 ((631'2 + CQ)@ZLZ + C48${; + (031‘2 + Cc2 + 64)8;1) = (k‘o + k‘4$4)f. (33)
Since we are assuming that ky # 0, we have 4| f. Hence f = x4g # 0, where £ € N and

g € Clxza, x3,x4] is such that x4 1 g. Moreover, ¢ satisfies the equation

0 0 0
—X4 <(63x2 + 02)873392 + 6487;15 + (02 +c4 + ngg)(,?.%'i) = (ko —I—g(Cz +C4) +Llesxo +k4.%’4)g.

Since fc3 # 0 and x4 1 g, we have g = 0, which is a contradiction.

Thus the case Hs { f cannot happen. We write f = Hff, with ¢ € N, Hy ¢ fand f Z 0. Let
f = f |ir,—0 #Z 0. We notice that f satisfies (3.3). Then, proceeding as above, we conclude that

f = 0, which is again a contradiction. This concludes the proof of the lemma, since the assumption

ko # 0 leads to contradiction.
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In view of Lemma 3.9 the cofactor of any Darboux polynomial of (1.6) has the form k = kyx4.
Proposition 3.10. System (1.6) has no irreducible Darboux polynomials other than .

Proof. Suppose that f is an irreducible Darboux polynomial of system (1.6) of degree greater than

one and cofactor k = k4x4, see Lemma 3.9. Since x;1 1 f, we can write
_ J
f — fO(:C27 T3, T4, 1135) + xlgl(xla X2,T3,T4, 565),

with j € N and fy # 0. From the equation X (f) — kf = 0 restricted to z1 = 0 we have

9fo 9fo 9fo _0fo _
( C3$2$4+62$5)ax2 +eqws B3 (c3woxy—(c2+cq)s5) (6354 Bus kszsfo =0. (3.4)

We first suppose that Hs { fo. Let f = fo|g,—0 # 0. Notice that 8% = g—ﬁ — g—ig. We have
fo = f(xa, 23, 24) + Higo(2, 73, 24, 25), with £ € N, Ho t go and go # 0. On Ho = 0 equation
(3.4) becomes

of of of -
(c3zo + 02)89{2 + 648;3 + (cgxe + 2 + 64)8:1{4 +kyf =0, (3.5)

from which we obtain
Flxo, 3, 24) = (c329 + ) TF/ S F (29 + 23 — 14),

where F' # 0 is an arbitrary function such that f is a polynomial. We must take k4 = —c3n, with

n € N. We note that n # 0 since f is not a first integral.

Now equation (3.4) writes as

0 0
Hg (—631‘2564 + 62$5)87g(2) + C4x587g(;
dgo 090
(csxoxg — (c2 + ca)x5) (61’4 D5 + c3nwago

— csn(esxe + 02)”_1(02x4 + 2c3x914 — Cox5)F = 0.

Since ¢ > 0 we take Ho = 0 to obtain F' = 0, and hence f = 0, a contradiction.

Thus the case Ho 1 fo cannot happen and we have fy = Hffl # O with ¢ € Nand Ho 1 fi. Let
f = film,—=0 #Z 0. We notice that f satisfies (3.5). Therefore f = 0, which is again a contradiction.

This concludes the proof of the lemma. O
After Lemma 3.8 and Proposition 3.10, statement (b) of Theorem 2.3 follows.

3.2.3 Proof of statement (c)

We divide the proof of statement (c) into different partial results.

Lemma 3.11. The function e¢*? is an exponential factor of system (1.6). It has cofactor cyxs.
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Proof. 1t follows from direct computations. O

We notice that, since system (1.6) has only one Darboux polynomial and two polynomial first

integrals, if (1.6) has an exponential factor, then it must be of the form

exp(g/ (21 Q(H1, Hz))), (3.6)

withn € NU {0} and Q € C[H;, Hz]. Next lemma will be useful later on to finish the proof of

statement (c).
Lemma 3.12. System (1.6) on x1 = 0 has no Darboux polynomials.

Proof. Let g € C[xo,x3,24, 5] be a Darboux polynomial of degree m € N of system (1.6)
restricted to z; = 0, which will be called ) in this proof. Let k = ko + koxo + ksxs + kazg + ks
be its cofactor. We write g = > g;, where g; is a homogeneous polynomial of degree i in
the variables. From the terms of degree m + 1 of equation )(g) = kg we have, using the Euler

Theorem of homogeneous functions for g,,,

gm(£2a£37$47$5) = T3 Ty ;

katkgtks kg _ k3z3tks(zqtzs)
s M T T T Sl —ny) o T2 — T4 T2+ s
m 2
Y ,CL'3 ;U3 Y

where C,, is an arbitrary function. Since g,, is a homogeneous polynomial of degree m we must
take k3 = ks = 0 and thus

k ko+k k
oy gtm _%C Ty — Ty T2+ Ts
gm(x27x37x47$5) - 332 .’173 I4 m 9 b
T3 T3

which rewrites as

m m—mi—ma—1m3—m. m

Im (T2, 3,4, 25) = x5y tay T TRTSTIMGI (19 — 14) " (22 4 25) ™,
with m; € NU {O} and k4 = —mics, ks = —mocs.
From the homogeneous equation of degree m we obtain
o 1 mi1—1_m—mi—mo—m3z—myg—1_mo—1 ms3—2 ma—1
gm—1(v2, 23, T4, 75) =2 a3 ry? " (12 — x4) (w2 4 5)
3

X | L1 log To + Lo log T4 + l‘3($2 — 134)(1‘2 + $5)(02m1x4(952 + 135)
— (2 + ca)maxa(za + x5)) | + x5 2y Cr—1 (X2 — T4, T2 + 5, 23),

where C,,,—1 is an arbitrary function and L1, Lo are some homogeneous polynomials of degree 5.
We must take L.y = Lo = 0. The equations corresponding to the coefficients of L; and Lo equaled

to zero lead to

_62(02 +cq) _ Cctc C2

ko=—""—"m, m = m, Mmg=-———m
2c0 + ¢4 2co + ¢4 2co + ¢4
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We notice that m|k. Moreover,

catcy c2
_ 02 (62 + 04) 2co+cy m— 2co+cy m—1
Im—1(T2, 23, T4, 25) = ———————< My Ty 5

03(262 =+ 64)

cotcy co
2¢co+c 2¢co+c
+ xZFZ c4 x4¢2 c4

Crm—1(x2 — x4, 22 + x5, 23).

Since g,,—1 has degree m — 1, we must take C),,—1 = 0.

From the homogeneous equation of degree m — 1 we obtain

cotcy c2
_ 2co+tcy m— 2co+cy m—2
Gm—2(T2, 23, T4, T5) = Lo Ty

2,2
<$2x4cm_2(1’2 — T4,T2 + T3, .753)

Ppoo cacy(ca + ca)m(zy + x5) (229 + x4 + 35)
(.7:2 — Jj4)3 03(202 + C4)(HZ2 — 334)4

2.2 L2
rywy log 964)’

where C,,,_o is an arbitrary function and P,,_» is some homogeneous polynomial. Since g,,—2 is
to be a polynomial, we must take m = 0 to remove the logarithm, and hence no such g can exist.

This ends the proof of the lemma. O

Next we prove that the expression of an exponential factor (3.6) cannot contain a power of x;

in the denominator of the exponent.

Lemma 3.13. Suppose system (1.6) has the exponential factor E = exp(g/(z{Q(H1, H2)), with
g € Clxy, z2, 3, x4, 25, n € NU{0}, 1 1 g and Q € C[Hy, Hs|. Then n = 0.

Proof. Suppose that n > 0. Let L be the cofactor of E. Since X (Q(H1, Hz)) = 0, we have
pp

X(g) 27 —g- X(af)

LE =X(F) = 22Q(H,, Hy)

Hence
X(g9)x] + neyxgge] = Lx%nQ(Hl, Hy),

see Lemma 3.8. Therefore
X(g) +ncizag = LaTQ(Hy, Ha). (3.7)

Let § = g|x,—0 # 0. Since n > 0, equation (3.7) on z; = 0 writes

0g 0g 0g
(—c3zozs + 02555)8752 + 0496‘56)7“?3 — (cgwoxy — (c2 + c4)x5) (33994 - &vgg,) = —NC1243,

which means that g is a Darboux polynomial of system (1.6) restricted to z; = 0. In view of
Lemma 3.12, this is a contradiction, which comes from the assumption n # 0. Therefore n = 0

and the lemma follows. O

The following result completes the proof of statement (c).
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Proposition 3.14. Let E = exp(g/Q(H1, H2)), with Q € C[H1, Hs], be an exponential factor
of system (1.6), where g € Clx1,x2, 3,24, 25]. Then g — ks/caxsQ(Hy, Ha) is a polynomial
function in the variables Hy, Ho, where ks is the coefficient of x5 in the expression of the cofactor
of E.

Proof. Let kg + kix1 + koxo + ksxs + kaxy + kszs be the cofactor of exp(g/Q(Hi, H)).
Consider the alternative exponential factor exp(h/Q(H1, H2)), with h = g — ks /cax3Q(H1, H2),
see Lemma 3.11. We notice that its cofactor is ko + k121 + koxo + ksxs + ksx4. We shall prove
that h is a polynomial function of Hy, Ho.

Since exp(h/Q(H1, H2)) is an exponential factor, h satisfies
X (h) = (ko + kix1 + kaxo + ksxs + kazs)Q(H1, Ha), (3.8)
see (1.4). Evaluating (3.8) on 1 = 3 = x5 = 0, we get
0= (ko + kaxs + kaxa)Q(x3, x4).
Since @ # 0 we get that kg = k3 = k4 = 0. Now evaluating (3.8) on z4 = z5 = 0, we obtain
0= (kiz1 + kox2)Q(x1 + x2 + 23,0).

If Hy 1 Q, then from the relation above we get k1 = ko = 0. Thus from (3.8) we get that h is
a polynomial first integral. Hence h = h(H;, H2) in view of Lemma 3.5 and thus the proposition
follows.

We are left with the case Q(x1 + x2 + x3,0) = 0. In this case Hs|Q(H1, H2), hence we write
Q(Hy, Hy) = HSQ(Hy, Hy), for some £ > 0 and Q a polynomial such that Hy t Q(Hy, H>).
From (3.8) we have

X(h) = (k11 + kowo) HSQ(Hy, Ha). (3.9

Let h = h|g,—o. Evaluating (3.9) on Hy = 0 we get that h is a polynomial first integral of
system (1.6) restricted to Ho = 0. By Remark 3.6 we conclude that h = l_z(H 1). Hence, we can
write h = h(Hp) + Hgfl, where 7 > 0 and he Clx1, x2, 3, x4, x5 is such that Hy 1 h. Since H;
and Hj are first integrals of (1.6), from (3.9) we get

X(h) = (kyzy + koxo) Hy T Q(Hy, Hy). (3.10)

Since X'(h) is a polynomial and Hy 1 Q we have j < £. We consider two different cases.

Case 1: j = ¢. Evaluating (3.10) on x4 = x5 = 0 we get

(klfcl + kQI'Q)Q(iUl + 29 + 23, 0) =0.

Since Q(H1,0) # 0 we have k; = ko = 0. Then, from (3.8) h is a polynomial first integral. Hence
h = h(Hj, Hs) in view of Lemma 3.5 and thus the proposition follows.
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Case 2: j < {. Let h = B| H,=0. From (3.10), hisa polynomial first integral of system (1.6)
restricted to {2 = 0. Regarding Remark 3.6 we have h = iL(Hl) Hence h = ﬁ(Hl) + Hg”iz
where m € N and h € Clzy, zo, 23, 24, x5] satisfies (3.10) with j — £ — m. Now proceeding
inductively we can repeat this process until we obtain a polynomial h such that X (71) = (kyz1 +

koxo)Q(H1, Hs), and hence proceeding as in Case 1 we conclude that h = h(H;, Hs), as we

wanted to prove. Hence the proposition follows also in this case. O

After these results, statement (c) follows.
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