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We study the Darboux integrability of a differential system in R> with parameters coming
from a chemical reaction model. In particular, we find all its Darboux polynomials and expo-
nential factors and we prove that it is not Darboux integrable.
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1. Introduction and statement of the main result

Consider an n-dimensional polynomial differential sys-
tem of degree d ¢ N

x=P(x), xeR" (1.1)

where P(x) = (P;(x),...,P:(X)), B € C[x], and the dot de-
notes derivative with respect to the independent variable t.

A function H(x) is a first integral of system (1.1) if it is con-
tinuous and defined in a full Lebesgue measure subset 2
R™, is not locally constant on any positive Lebesgue measure
subset of €2 and moreover is constant along each orbit in 2
of system (1.1). If His ¢! and we name X the vector field as-
sociated to system (1.1), then we have

oH 0H
X(H):P]TM+"'+PnWZO.
n

System (1.1) is Ck-completely integrablein 2 if it has n — 1
functionally independent C* first integrals in §2. Recall that k
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functions H; (X), ..., Hy(x) are functionally independent in €2
if the matrix of gradients (VHy, ..., VH;) has rank k in a full
Lebesgue measure subset of 2.

For an n-dimensional system of differential equations the
existence of some first integrals reduces the complexity of its
dynamics and the existence of n — 1 functionally indepen-
dent first integrals solves completely the problem (at least
theoretically) of determining its phase portrait. In general for
a given differential system it is a difficult problem to deter-
mine the existence or non-existence of first integrals.

During recent years the interest in the study of the inte-
grability of differential equations has attracted much atten-
tion from the mathematical community. Darboux theory of
integrability plays a central role in the integrability of the
polynomial differential systems since it gives a sufficient con-
dition for the integrability inside a wide family of functions.
We highlight that it works for real or complex polynomial
differential systems and that the study of complex algebraic
solutions is necessary for obtaining all the real first integrals
of a real polynomial differential system.
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