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Abstract

We study the existence of limit cycles in planar piecewise linear Hamilto-
nian systems with three zones without equilibrium points. In this scenario,

we have shown that such systems have at most one crossing limit cycle.
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1 Introduction and statement of the main re-
sults

The study of piecewise smooth vector fields, especially the planar case, has
grown over the last thirty years mainly due to its great applicability as a
mathematical model of a series of applied phenomena in relay systems, me-
chanics, electrical circuits, among others. As a landmark for such studies, we
cited the book of Andronov et al. [1], and more recently Filippov’s book [5]
and the book of di Bernardo et al. [2].

Many of the studies developed so far consider piecewise smooth vector
fields with two zones and few studies are found with more zones. A piecewise
smooth vector field with three zones in the plane is composed of three C”
vector fields X, Y and Z, r > 1, defined on R? and separated by a pair
of disjoint connected unbounded smooth curves ¥; and ¥,. The separation
curves Y; are obtained by considering ¥; = h;*(0), where h; : R? — R
are differentiable functions having 0 as a regular value, for ¢ = 1,2. Thus
R? = RiURyUR3UX; Uy, where the zones R;, i = 1,2, 3, are unbounded
disjoint regions defined on the complement of the separation curves. So, a

piecewise smooth vector field with three zones in the plane can be written as
X(z,y),  h(r,y) <0,
Wi(z,y) =< Y(z,y), hi(z,y) >0 and hy(x,y) <0, (1)
Z(z,y), ho(z,y) > 0.
System (1) will be denoted by W = (X,Y, Z,3;,%5), or simply by W =
(X,Y, Z) when the separation curves ¥; and ¥y are well understood.

We will use the vector field X and the separation curve ¥; in the next
definitions. However, they can be easily adapted to the vector fields Y and
Z and the separation curve Y.

The contact between the smooth vector field X and the separation curve

)1 is characterized by the derivative of h; in the direction of the vector field
X, that is, by the expression Xhy(p) = (Vhi(p), X(p)), where (-,-) is the
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usual inner product in R?. Some important subsets of ¥, are the following

ones (the same for ¥s):
(a) Crossing set: X = {p € 31| Xhi(p) - Yhi(p) > 0};
(b) Sliding set: 3% = {p € X1 | Xhi(p) < 0,Yhq(p) > 0};
(c) Escaping set: ¢ = {p € X1 | Xhi(p) > 0,Yhi(p) < 0}.

When p € ¥; and Xhi(p) = 0 we say that p is a tangential singularity
of X. A tangential singularity is called a fold point of X if Xhy(p) = 0
but X?h(p) # 0, where X2h(p) = (VXhy(p), X(p)). Moreover, p € ¥ is a
visible (invisible, respectively) fold point of X if X%y (p) = 0 and X2y (p) > 0
(X2hy(p) < 0, respectively).

In order to define a trajectory of a piecewise smooth vector field with three
zones in the plane passing through a crossing point p € ¥, it is enough
to concatenate the trajectories of X and Y by p. However, in the sliding
and escaping sets we need to define an auxiliary vector field and use the
Filippov’s convention (see [5]). We say that an equilibrium point p of X is
real if hy(p) < 0 and it is virtual if hy(p) > 0.

A piecewise smooth vector field with three zones in the plane W =
(X,Y, Z, %, %) is called continuous if

X(p)=Y(p), VpeX; and Y(q) =Z(q), Vqé€ .

Otherwise, it is called discontinuous.

Without being exhaustive we present some results relative to the study
of piecewise smooth systems with three zones in the plane. A beautiful and
simple example can be found in the introductory chapter of the book [4]
where the authors studied the problem of a particle under the gravity law
rolling in an inclined plane followed by a horizontal displacement and next
moving in another inclined plane. This problem is modeled by a piecewise

linear system with three zones in the plane with a continuous of equilibria.
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In fact, as far as we know, the studies found in the pertinent literature deal
with piecewise smooth systems with three zones in the plane with at least
one equilibrium point which can be real or virtual. This is the case, for
instance, in the studies carried out in [3], [6], [7], [8], [9], [10]. We emphasize
that in these articles the authors studied the existence and the number of
limit cycles under the hypothesis of the continuity of the vector fields in the

separation curves which are straight lines.

In this article we are mainly interested in the study of the existence
and the number of crossing limit cycles of a piecewise smooth vector field
with three zones in the plane W = (X,Y,Z,%;,%,) under the following

assumptions:

H1. The separation curves >; and Y, are straight lines.
H2. The vector fields X, Y and Z are linear.

H3. The vector fields X, Y and Z are Hamiltonian.

H4. The vector fields X, Y and Z have no equilibrium points, neither real

nor virtual.

We emphasize that when the vector fields X, Y and Z are Hamiltonian
the solution curves of the respective differential equations are contained in the
level sets of the Hamiltonian functions. This greatly simplifies the analysis
of the transitions maps in and between the separation curves by seeking for
points in ¥; that are on the same level curves of these Hamiltonian functions.

In this case, we avoid working with transition times.

We can state the main results of this article.

Theorem 1. Continuous planar piecewise linear Hamiltonian systems with
three zones separated by two straight lines and without equilibrium points,

neither real nor virtual, have no crossing limit cycles.



Theorem 2. Discontinuous planar piecewise linear Hamiltonian systems
with three zones separated by two straight lines and without equilibrium points,

neither real nor virtual, have at most one crossing limit cycle.

The article is organized as follows. In section 2 are presented the proofs
of Theorems 1 and 2. Examples of discontinuous planar piecewise linear
Hamiltonian systems with three zones separated by two straight lines and
without equilibrium points, neither real nor virtual, are analyzed in section
3. In particular, we give an example of a discontinuous planar piecewise
linear Hamiltonian system with three zones separated by two straight lines
and without equilibrium points, neither real nor virtual, with one crossing

limit cycle.

2 Proofs of Theorems 1 and 2

Without loss of generality, from the assumption H1, we can take hq, hy :
R? — R given by hi(z,y) = = + 1 and hy(z,y) = x — 1. Thus, the

separation lines can be written as

leh
Egzh

110) = {(x,y) eR? r = —1},
SH0) = {(z,y) €eR? : x = 1}.

These two straight lines decompose the plane into three regions: Rp =
{(x,y) eR? 1z < =1}, Re = {(z,y) e R?: =1 <z < 1}, Rg = {(z,y) €
R?: 2 >1}. Thus, R =R, URcURr U UX,.

Taking into account the assumptions H2, H3 and H4, we can write
a piecewise linear Hamiltonian vector field with three zones and without

equilibrium points in the plane as



where

Xp(z,y) = (—Apbrx + bry + 0, —A3bra + Abry +61)
Xe(z,y) = (=Acbex + by + o, —Agber + Acbey + 0c)
Xr(z,y) = (—Arbrz + bry + g, —ALbrx + Arbry + 0r) ,
and O # M\vk, k € {L,C, R}. In fact, in order to satisfy conditions H2 and

H4 these vector fields can be written as
Xk(l’, y) = (akx -+ bky —+ Yk )\kakx + )\kbky -+ 5k> y (3)
where O # AV, k € {L,C, R}. Then in order to satisfy condition H3 the

divergence of (3) must be zero, that is ay = —A\gbg.

If by = 0 for some k € {L,C, R}, then the vector field &} has the form
Xe(z,y) = (9K, 0k), with 6 # Apye. So the trajectories are straight lines
implying that W has no periodic orbits. Henceforth, we consider b, # 0, for
ke{L,C, R}.

As the vector fields X, Ao and Xy in (2) are linear and Hamiltonian,

there are quadratic functions Hj, : R*> — R (Hamiltonian functions) such

that
(M, O,
Xk($7y> - (_a—y(xvy)v E(l‘?y)) ) ke {L7 Ca R}

By elementary calculations, we found

A2h b

From the assumption of the continuity of W expressed in Theorem 1, we

obtain
XL(—l,y) = Xc(—l,y) and Xc(l,y) = XR(l,y), vy € R.
These equalities imply that

AL=Ac=Ag=A, b,=bc=bgr=0,
YL =7 =R =", 0L =0c=0r=0.



Therefore, from (2), a continuous piecewise linear Hamiltonian vector field
with three zones and without equilibrium points in the plane can be written

as
W(z,y) = (=Xbz +by +v,—X%bz + by +6), §#Xy, b#0. (5)

By hypothesis this vector field has no equilibrium points. So it has no periodic

orbits and, in particular, it has no limit cycles. In short, Theorem 1 is proved.

Now we will begin the proof of Theorem 2.

From (2) a piecewise linear Hamiltonian vector field with three zones and
without equilibrium points in the plane has a crossing periodic orbit if there
are crossing points (—1,yo), (—1, y3) € ¥; and crossing points (1, y1), (1,y2) €
Yo such that

Hi(—1,90) = Hr(=1,13),

Ho(—1,90) = He(L,y1), (6)
Hr(1,y1) = Hr(1,y2),
Ho(l,y2) = He(—1, y3)

ar =M ({He(=1,50)}) N Ry,
acy = He' ({He(=1,3)}) NRe,
ace =He' ({He(=1,y3)}) N Re,

ap=Hg ({Hr(l,y1)}) N Rx,

then

a=arUaciUapUacs

is a crossing periodic orbit of W. See Figure 1.
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Figure 1: A crossing periodic orbit of W: o = ar Uac1 Uar Uacs.

From the above four equations in (6) and (4), we obtain

1

—5(2/0 —y3) (2br. AL + bryo + brys + 291) = 0, (7)

1 1
—Acbeyo — §bcy02 — 26 — Yoo — Acbeyr + §bcy12 +9cn =0, (8)
1
—§(y1 — yg) (—QbRAR + bRy1 + bRyg + 2’}/3) = 0, (9)
1 1
Acbeys — §bcy22 + 20c — Yoy2 + Acbeys + §bcy32 +ycys =0.  (10)

As yo # y3 and y; # yo, equation (7) can be solved for yo as well as
equation (9) can be solved for y,. Substituting the obtained expressions of
yo and yo into equations (8) and (10), respectively, we get the equations of
two hyperbolas in the plane y;y3 given by

(p—A)° (y3—B)* b1 -0 (ys— D)’

A x - x b W




where

A:)‘C_’y_cv

bo
B=-2" o) a1+ 10,
by bo
O=—272 L ong— Ao+ 29,
br bo

D:_<)\C’+7_C)>
bc

o 450 - >\ch.
bc

We have the following three possibilities:

Case 1. The hyperbolas do not intersect. So, the discontinuous piece-
wise linear Hamiltonian vector field with three zones and without equilibrium
points in the plane given in equation (2) has no periodic solutions. See Ex-

ample 1.

Case 2. The hyperbolas coincide. In this case, the discontinuous piece-
wise linear Hamiltonian vector field with three zones and without equilibrium
points in the plane given in equation (2) has infinitely many periodic solu-

tions. See Example 2.

Case 3. The hyperbolas intersect at two points. Thus, the discontin-
uous piecewise linear Hamiltonian vector field with three zones and without
equilibrium points in the plane given in equation (2) has only one limit cycle.
It is easy to check that the two hyperbolas (11) at most can intersect at two
points. See Example 3.

In short, under the hypotheses of Theorem 2, a discontinuous piecewise
linear Hamiltonian vector field with three zones and without equilibrium

points in the plane has at most one limit cycle. Theorem 2 is proved.



3 Some examples

In Figures 2, 3 and 4, related to Examples 1, 2, 3, we will use the following
notations: the separation lines >J; and X, are illustrated in dashed lines while

the sliding sets are depicted in black solid lines. Black dots are used for fold

points.
Example 1. Consider W = (X, Xc, Xg) defined by
Xp(r,y)=(—z+y+1,—x+y+3), (12)
Xe(z,y) = (—r+y+1,—2+y+2), (13)
Xp(r,y) = (20 +y+1, -4 +2y+1). (14)
In this case we have
by =1, AL =1, v =1, o =3,
be =1, Ao =1, Yo =1, oo =2,
br =1, Ar = 2, Yr =1, og = 1.

The Hamiltonian functions (4) are, respectively, given by

22 2
22 y?
2
Hr(r,y) = —22° + 2y — 5 +x—y.
Then, the equations of the two hyperbolas (11) are
v (s +2) _ 1 (1 —2° (1+2)° _q
4 4 ’ 4 4 ’

It is easy to show that the two hyperbolas do not intersect.

The point (—1,—2) € ¥y is an invisible fold point of X and a wvisible fold
point of Xo. The point (1,0) € Xy is an invisible fold point of Xo while the
point (1,1) € Xy is an invisible fold point of Xgr. They are the endpoints of
the sliding set in 5. The phase portrait of W is depicted in Figure 2.
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Figure 2: Phase portrait of W defined by (12), (13) and (14).

Example 2. Considering the parameters

bLzl, )\Lzl, ’}/Lzl, 5L:37
bC'Zla )\Czla 70217 6C:2a
szla )\Rzla f}/Rzla 6R:_17

W = (XL, Xo, Xg) can be written as

Xp(x,y)=(—x+y+1,—z+y—1).
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Figure 3: Phase portrait of W defined by (15), (16) and (17).

So the Hamiltonian functions (4) have the expressions

2 2

X
HL(w,y)z—E +f€y—‘%+3x—y,
1.2 y2
Hc(%y):—g tay— 5 +2r—y,
1.2 y2
MHelr,y) = -5 +ay— 5 —w—y.

The equations of the two hyperbolas (11) are equal and given by

y_%_(?/3+2)2:1
4 4 '

The point (—1,—2) € 3 is an invisible fold point of X1, and a visible fold
point of Xc. The point (1,0) € ¥y is an invisible fold point of both X¢ and
Xr. The phase portrait of W is illustrated in Figure 3.
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Example 3. From equation (2), consider W = (X, X¢, Xr) defined by

Xp(r,y)=(—z+y+1,—x+y+3), (18)
Xe(z,y)=(—x4+y—1,—x+y+2), (19)
Xp(z,y) = (20 +y+1,—4o+2y—2). (20)

In this case we have

bLzl, )\Lzl, ’)/Lzl, 5L:37
bC = 17 >\C = 17 Yo = _17 50 = 27
br =1, AR = 2, YR =1, op = —2.

Then the Hamiltonian functions (4) are, respectively, given by

2 2

T

HL(xuy):_E—i_xy_%_'_Bx_yu
1'2 y2

Hc(xay):—?+$y—5+2$+y,

2
Hr(z,y) = —22° + 22y — % —2xr —y.

Equations (7), (8), (9) and (10) can be written as

%(yo —y3)(yo +ys +4) =0,
%(—y§+y?—4y1 -8) =0,
—%(yl —y2)(y1 +y2 —2) =0,
% (—y3 + 4 +y; +8) =0,
which imply that the equations of the two hyperbolas (11) have the form
(1 =2 (s+4)° | wi vi_

12 12 12 12

As yo # y3 and y; # yo, the real symmetric solutions of the above system are
yo=-2-V5 y=1-2V5 1p=1+2V5 y3=-2+5
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Yo=—2+V5 y=1+2V5, y=1-2V5 y3=-2—5

Note that both identities provide the same four points on the separation lines
Y1 and Xy, The points (—1,y0), (—1,y3) € X1, and (1,y1), (1,y2) € 3y are

crossing points because

(Xr(—1,y0) - (1,0)) (Xe(—1,50) - (1,0)) =2v5+5 > 0,

(XL(~1,93) - (1,0)) (Xe(—1,33) - (1,0)) = 5 — 2v/5 > 0,
(Xc(l y) - (1,0)) (Xa(13) - (1,0)) = 2 (V5 +10) >0,
(Xe(1,92) - (1,0)) (Xa(1,32) - (1,0)) = 20 — 2v/5 > 0.

So the level sets of Hy containing the points
(=1,-2—=V5),(-1,-2+V5) €%y and (1,1 —-2V5),(1,1+2V5) e,

form a crossing limit cycle of W = (X, Xc, Xr) defined by (18), (19) and
(20), see Figure 4. This crossing limit cycle is attractor since the associated

Poincaré map can be written as

Ply) = —\/90% + 4v/50% T Sy1o 28 + 8y + 20,

and its derivative evaluated at yo = —2 — /5 gives
1
P(=2-V5) = (109 - 48v5).

which satisfies 0 < P'(—2 —/5) < 1.

The point (—1,—2) € Xy is an invisible fold point of X and the point
(—=1,0) € ¥4 is a wisible fold point of Xc. They are the endpoints of the
sliding set in X1. The point (1,1) € Yo is an invisible fold point of Xr
while the point (1,2) € ¥y is an invisible fold point of X¢, and they are the
endpoints of the sliding set in 3.

14



T S B SR B S SR |
-4 -2 0 2 4 6

Figure 4: Phase portrait of W defined by (18), (19) and (20) with the attracting
crossing limit cycle.
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