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LIMIT CYCLES OF CONTINUOUS AND DISCONTINUOUS
PIECEWISE-LINEAR DIFFERENTIAL SYSTEMS IN R3

BRUNO R. DE FREITAS!, JAUME LLIBRE? AND JOAO C. MEDRADO?

ABSTRACT. We study the limit cycles of two families of piecewise-linear
differential systems in R® with two pieces separated by a plane . In
one family the differential systems are only continuous on the plane X,
and in the other family they are only discontinuous on the plane X.

The usual tool for studying these limit cycles is the Poincaré map,
but here we shall use recent results which extend the averaging theory
to continuous and discontinuous differential systems.

All the computations have been checked with the algebraic manipu-
lator mathematica.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of piecewise linear differential systems essentially started with
Andronov, Vitt and Khaikin [1] and still continues to receive attention by
researchers. The continuous and discontinuous piecewise-linear differential
systems plays an important role inside the nonlinear dynamical systems.
First they appear in a natural way in nonlinear engineering models, where
certain devices are accurately modeled by such differential systems, see for
instance the books of di Bernardo, Budd, Champneys and Kowalczyk [3],
and Simpson [28], and the survey of Makarenkov and Lamb [26], and the
hundreds of references quoted in these last three works. Moreover these
kind of differential systems are frequent in applications from electronic engi-
neering and nonlinear control systems, where they cannot be considered as
idealized models; they are also used in mathematical biology as well, see for
instance [7, 29, 30, 31].

There are many studies of the limit cycles of continuous and discontinuous
piecewise-linear differential systems in R? with two pieces separated by a
straight line, see for instance [2, 4, 6, 9, 10, 11, 12, 13, 14, 15, 16, 21, 22,
23, 25, 27]. But there are few results about the limit cycles of continuous
and discontinuous piecewise-linear differential systems in R? with two pieces
separated by a plane. The objective of this work is to study the limit cycles
of some of these last systems.
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We consider perturbations of the linear differential system

T = —-Y,
(1) U=z,
z =1z,

with (x,7,2) € R? and i a real parameter. The dot denotes derivative with
respect to an independent variable ¢, usually called the time. Straightfor-
ward computations show that the solutions of (1) are all periodic with the
exception of the z—axis which is filled with equilibria.

In this paper first we study the periodic solution of the following perturbed

continuous piecewise linear differential system

& =—y+e(a+br+cy+dz|),
(2) y=uz+ele+ fz+gy+hlz]),

Z=1ix+e(j+ kx +ly+m|z|),
of system (1) with two zones z > 0 and z < 0, where a,b,c,d,e, f,g,h, j,1
and m are real parameters and the parameter ¢ > 0 is sufficiently small.
Changing z by —z if necessary, we always can assume that the parameter
1> 0.

Our main result on the periodic solutions of the continuous piecewise
linear differential system (2) is the following. This result is obtained using
the extension of the classical averaging theory for smooth differential systems
to continuous differential systems given in [20], see section 2 for more details.

Theorem 1. Using the averaging theory of first order for the continuous
piecewise linear differential system (2) the following statements hold.
(a) For ¢ # 0 sufficiently small if i > 0 system (2) has the periodic
solution
(x(t),y(t),z(t)) = (r*cost 4+ O(e),r* sint + O(e), z* + ir* sint + O(e)),
if
(b+g)m [ ™ > < 77} 27 (ei — j)
—— e |-= — d ——= :
o < 2Y)Y\%g] Ty
In the proof of this statement we describe how to compute the values
of r* and z* in function of the parameters of system (2).
(b) If i = 0 system (2) has two periodic solutions
(@(t),y(t), (1)) = (O1(e) cos t + O(e*), O1(e) sint + O(e?), 5 /m + Oa(e)),
if (b+g)m #0, j/m <0 and € # 0 sufficiently small is such that
O (6) > 0.
Theorem 1 is proved in section 3.

Many problems in physics, economics, biology and applied areas are mod-
eled by discontinuous differential systems but there exist only few analytical
techniques for studying their periodic solutions. In [19] the authors extended



LIMIT CYCLES OF PIECEWISE-LINEAR DIFFERENTIAL SYSTEMS IN R? 3

the averaging theory to discontinuous differential systems. An improvement
of this result for a much bigger class of discontinuous differential systems is
given in [18].

Applying these tools we also investigate the periodic solutions of the dis-
continuous piecewise linear differential system

&t =—y+ela+br+cy+df(z)),
3) j==z+ele+ fr+gy+hf(z)),

=iz +e(j+kr+ly+mf(z)),
with two pieces defined by f(z) = z + sign(z) and

. 1 if z>0,
sign(z) = -1 if z<0.

We get the following result on the periodic solutions of the discontinuous
piecewise linear differential system (3).

Theorem 2. Using the averaging theory of first order for the discontinuous
piecewise linear differential system (3), the following statements hold.
Ar(ei — i
(a) Ifi >0 and 'w
/l J—
(3) has the periodic solution

(z(t),y(t),z(t)) = (r*cost+ O(e),r*sint + O(e), z* + ir*sint + O(e)),

€ (0,4w], fore # 0 sufficiently small system

i} ir* 72(b+ g+ hi)?(r*)? _, dw(ei — j)
where z* = - 16 — % if — - ——— € (0, 4]
L ' 72(b4 g+ hi)?(r*)? . 4n(ei — j)
and z —T\/16— 72 if — r— € (0,4n].
drlei —
(b) Ifi >0, %‘6(47?,7*) and h(b+g—hi) <0 or h(b+ g+

3hi) > 0, for ¢ # 0 sufficiently small system (3) has two periodic
solutions given by

(z(t),y(t),2(t)) = (r{gcost+ O(e),r] g sint + O(g), 21 o +ir] g sint + O(e)),

. 2 2+ 2 ‘ ‘
w T (b+ g+ hi)*(r 4 _
where zj, = —_1172 16 — (b+g o )°(ris) if w(ei — 7)

i 72 (b+ g+ hi)?(r} 5)?
(4m,v*) and 2] 5 = = 16 — 2
(4m,v*).

(c) Ifi=0, (b+g)m #0, ’—%’ > 1 and € # 0 sufficiently small is such
that O1(e) > 0, the system (3) has one periodic solution

(@(8), y(#), (1)) = (O1(e) cost + O(e), 01 (e) sint + O(e2), 2* + Os(e) ),

hi —m

Z,f_47r(ez'—j) .

hi—m

—j—m —Jj+m

m

where z* =

if—l>1, or z* = z’f—i<—1.
m m
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In the proof of this theorem we describe how to compute the values of r* and

v* in function of the parameters of system (3).

Theorem 2 is proved in section 4.

2. BASIC RESULTS ON THE AVERAGING THEORY

For proving Theorems 1 and 2 we apply two recent results from the av-
eraging theory, one for the continuous piecewise linear differential systems,
and the other for the discontinuous piecewise linear differential systems. In
this section we present these results and some remarks necessary for their
applications.

2.1. Continuous piecewise linear differential systems. From Theorem
B of [20] taking the k which appears in its statement equal to 1 we get the
next result.

Theorem 3. Consider the following differential system
(4) i(t) = Fy(t,z) + eFy(t,x) + 2 R(t, z,¢€),

where F; : R x D — R™ fori = 0,1 and R : R x D x (—ep,e9) — R"
and for each t € R the functions Fy(t,.) € C, Fi(t,.) € C° and D, Fy is
locally Lipschitz in the second variable, and R € C° and locally Lipschitz in
the second variable. Moreover D C R"™ is an open subset and € is a small
parameter. Assume that there exists an open and bounded subset of V with
its closure V. C D such that for each z € V, the solution x(t,z) of the
unperturbed system ©(t) = Fo(t,x) is T-periodic and satisfies x(0,2) = z.
Denote by M,(t) the fundamental matriz of the variational equation

(5) M, (t) = Dy Fo(t, z(t, z)) M, (t),
with z € V' such that M,(0) is the identity. If a € V is a zero of the map
f:V = R" defined by
T
$e) = [ MR 2)de
0
and

(6) det(D.f(a)) # 0,

then for e > 0 sufficiently small, system (4) has a T—periodic solution x(t,¢)
such that x(0,e) — a when £ — 0.

The next result was obtained in [5], for a definition on the Brouwer degree
see [24].

Theorem 4. We consider the following differential system

(7) i =eFy(t,z) + 2R(t, z,¢),
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where F1 : R x D — R", R : R x D x (—¢5,67) — R" are continuous
functions, T—periodic in the first variable, and D is an open subset of R™.
We define f: D — R" as

®) 56 = [ FaGs,2)s,

and assume that:
(i) F1 and R are locally Lipschitz with respect to x;
(ii) for a € D with f(a) = 0, there exists a neighborhood V' of a such that

f(2) #0 for all z € V\ {a} and dg(f,V,0) # 0.
Then, for |e| > 0 sufficiently small, there exists an isolated T'—periodic solu-
tion x(t,e) of system (7) such that x(0,e) — a as e — 0.

From the proof of Theorem 4 it follows the next remark.

Remark 5. If f : D — R" be a C' function, with f(a) = 0, where D is
an open subset of R™ and a € D. Whenever a is a simple zero of f (i.e.
the Jacobian det Df(a) # 0), there exists a neighborhood V' of a such that
f(2) #0 for all z € V \ {a}. Then dp(f,V,0) € {-1,1}.

2.2. Discontinuous piecewise linear differential systems. Let D C R"
be an open subset and h : R x D — R a C! function having 0 as regular
value. Consider F!, F2 : R x D — R" continuous functions and ¥ = h~1(0).
We define the discontinuous diffeential system as

® 0= Pl = { B0 () €27

where X7 = {(t,z) € Rx D : h(t,z) > 0} and ¥~ = {(t,z) € R x D :
h(t,z) < 0}. The manifold X is divided in the closure of two disjoint regions,
namely Crossing region (X¢) and Sliding region (X%) where

2¢={peX: (Vhp), (L, F(p)(Vh(p), (1, F*(p))) > 0},
2* = {pe X (Vh(p), (1, F(p)(Vhp). (1, F(p))) < 0}.
The differential system (9) can be written as
(10) i(t) = F(t,z) = x4 (t, ) F(t,z) + x_(t, ) F?(t, z),
where x 1, x_ are the characteristic functions defined as

[ 1 if h(t,z) >0, [0 if h(t,z) >0,
X+(t’:”)_{ 0 if h(tx) <0, N X—(t’:")_{ 1 it h(t,z) < 0.

We apply the Fillipov’s convention for the solutions of systems (9) or (10)
passing through a point (t,z) € X (see [8]). Let P be the space formed by
the periodic solutions of (9) or (10). If dim(P) = dim(D) = d then the
following result follows directly from Theorem B of [18].

Theorem 6. Consider the differential system

(11) i(t) = Fy(t,z) + eFy(t,z) + €2R(t, z,€),
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where
Fi(t7x) = X+(t7$)F’il(t7x) + X—(t7x)F;'2(tv$)7 fOTZ’ = 07 17 and

R(tv :E) = X+(t7 :E)Rl (t7 l‘) + X—(tv $)R2(t7 l‘),
with F}, F? € C1, for i = 0,1 and R', R? are continuous functions which
are Lipschitz in the second variable, and all these functions are T —periodic
functions in the variable t € R.
For z € D and £ > 0 sufficiently small denote by (., z,€) : [0,1(, -] — R?
the solution of system (11) such that x(0,z,e) = z. Define the averaged
function

£lz) = /OT M (s) Py (s, 2(s, 2,0))ds,

where (s, z,0) is a periodic solution of (11) with ¢ = 0 such that (0, z,0) =
z and M,(s) is the fundamental matriz of the variational system M, (t) =
D, Fo(t,z(t,z,0))M,(t) associated to the unperturbed system evaluated on
the periodic solution x(t,z,0) such that M,(0) = Id. Moreover we assume
the following hypotheses.

(H_) There exists an open bounded subset C' C D such that, for e suffi-
citently small, every orbit starting in C' reaches the set of discontinu-
ity only at its crossing region.

(Hy) For a € C with f(a) = 0 there exists a neighborhood U C C of a
such that f(z) # 0, for all z € U/{a} and det(D,f(a)) # 0.

Then for e > 0 sufficiently small there exists a T'—periodic solution x(t,e) of
(11) such that x(0,e) — a as € — 0.

Let D be an open subset of R"™. We shall denote the points of R x D. Let
h:Rx D — R be a C' function having the 0 € R as a regular value, and
let ¥ = h=1(0).

Let X,Y : R x D — R" be two continuous vector fields. Assume that
the functions h, X and Y are T—periodic in the variable . Now we define a
discontinuous piecewise differential system

X(t if h(t
(12) Pty = 20y = {000 1D >0
Y(t,z) if h(t,z) <O0.
We concisely denote Z = (X,Y).

The discontinuous differential system (12) can be written using the func-
tion sign(u) as
(13) .Z'/(t) = Z(ta ‘T) =F (t7 .’1’) + Slgn(h’(ta x))FQ(ta x)y

where

Fl(t,x):%(X(t,:n)—i—Y(t,:n)) and  Fy(t,z) = = (X(t,2) — Y(t,2)).

| =

The next result is Theorem A of [19].
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Theorem 7. We consider the following discontinuous differential system
(14) 2/ (t) = eF(t,x) + e R(t,x,¢),
with

F(ta ‘T) =F (t7 .Z') + Slgn(h(t7 x))FQ (t7 .Z'),

R(t7 z, E) =R (t7 z, E) + Slgn(h’(ta x))RQ (ta z, 5)7
where F1,Fy : Rx D — R", Ri,Ry : R x D x (—¢gp,g9) — R" and h :
R x D — R are continuous functions, T —periodic in the variable t and D is
an open subset of R™. We also suppose that h is a C' function having 0 as

a reqular value.
Define the averaged function f: D — R" as

T
(15) flz) = /0 F(t,2)dt.

We assume the following conditions.

(1) F1, Fy, Ry, Ry and h are locally Lipschitz with respect to x;

(17) there exists an open bounded subset C C D such that, for |e| > 0
sufficiently small, every orbit starting in C reaches the set of discon-
tinuity only at its crossing regions.

(1i) for a € C with f(a) = 0, there exist a neighbourhood U C C of a
such that f(z) #0 for all z € U\{a} and dp(f,U,0) # 0.

Then, for|e| > 0 sufficiently small, there exists a T—periodic solution x(t,¢)
of system (14) such that x(0,e) — a as e — 0.

If the function f(z) in (15) is C! the Remark 5 works for it.

3. PROOF OF THEOREM 1

Proof of statement (a) of Theorem 1. By assumption we have that i # 0.
Changing to cylindrical coordinates = rcosf,y = rsinf, z = z, the system
(2) writes as

r= eq(b,r z2),
6= 1+ E(cos O(e+ h|z| + frcosf) —sinf(a + d|z|+
(16) '
(b — g)rcosf) — crsin? 9),
Z= ircos®+e(j +mlz| + krcosf + lrsinf),
where
g1(0,7,2) = cosf(a+ d|z| + brcos) + sinf(e + h|z|+
(c+ f)rcos®) + grsin®6,
and taking 6 as the new independent variable system (2) becomes
' =eg(0,r,z2),

(17) ,
2l =ircosf+ega(b,r, 2),
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where the prime denotes derivative with respect to 6, and
g2(0,7r,2) = j+ml|z| — fircos® 0 + Irsinf — icos? 0 (e+
h|z| + (g — b)rsin @) + cos @ (kr + di|z| sin 0+
isinf(a + crsinf)).
The unperturbed system is
r_
(18) ; = ?77* cos 6.

For each (rg, z9) the solution ¢(6, (ro, 20)) such that (0, (ro,20)) = (70, 20)
is ©(0, (9, 20)) = (10, 20 + irg sin ), which is 27-periodic for all ry # 0. For
ro = 0 the system has a straight line filed of equilibria.

Now the differential system (17) is in the normal form (4) with

Fy(0,(r,z)) = (0,ir cos 0),

Fl(97 (Tu Z)) = (gl (97 T, 2)7 92(07 T, Z))7
satisfying all the assumptions of Theorem 3. So we apply this theorem to
system (17) and we must calculate the averaged function

27
f(ro,z0) = ; MY (0)F1(0, (ro, 20))df,

where the fundamental matrix M (6) of the variational equation (5) on the
periodic (r(0), 2(0)) = (ro, 20+ irg sin 0) of system (17), satisfying that M (0)
is the identity matrix, is
1 0
M(ro,Zo)(e) = M(e) = <Z sin 6 1> :
In short we have

(19) f(ro,20) = (f1(ro, 20), f2(r0, 20)),

where

21
fi(ro,z0) = /0 g1(6, 79, 20 + irgsin6)do,

27
fa(ro, 20) = / (920,70, 20 + irosin@) — isin0gy (0, o, zo + irgsinf))d6.
0

For calculating these two integrals for a given zy and ry we need to know
the sign of S = 2y + irgsinf in function of 8, because in the functions ¢y
and go appears the expression |z + irgsin@|. Thus we have to distinguish
the following cases.

For i > 0 we have that

(i) If 22 < —1, then S < 0 for all . If =% = —1, then S < 0 for all 6,
10 ro

except for 6 = g where takes the value 0.
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.. 20
If | —
(11) ‘ iT()

Z .2
< 1, then § > 0 when 6 € <— arcsin ,—0,7r + arcsin ,—0>;
ro 1T

(iii) If =2 > 1, then S > 0 for all . If -2 =1, then S > 0 for all 6,
10 o

except for 6 = 3; where takes the value 0.

Case (i): 2 < _1. In this case the averaged function (19) is
o

f(ro,20) = ((b+ g — hi)mrg, 2m(—ei + j + hizg — mzp)),

er—j
whose unique zero is (79, zg) = <0, : J ) This solution (when it exists)
i—m
el —j
corresponds to the equilibrium (x =0,y=0,z= ¥ J ) of the initial sys-
i—m

tem when € = 0, so the averaging theory in this case does not provide any
periodic solution.

Case (ii): 2'270
0

fQ(T‘(], ZO)) is

< 1. In this case the averaged function f(ro, z0) = (f1(ro, 20),

20
m+arcsin —

fi(ro, z0) = / 2027’0 (bro cos? 0 + (2o + irgsin 0)(d cos § + hsin §)+
— arcsin %

cosf(a+ (c+ f)rosin@) + sinf(e + grp sin 6))d6’+

20
2mw—arcsin —

/ ZSTO (bro cos 9% — (z0 +irgsinf)(dcos§ + hsin 0)+
w4arcsin —
1o

cosf(a+ (c+ f)rosin@) + sinf(e + grp sin 6))d6’,

T4arcsin ﬁ
fa(ro, z0) = / zom) (j —ei+ (m — hi)(zp + irgsin )+
—arcsin —
iro
(k — fi)rgcos @ + (I — gi)rgsin 0) do+
20
2w —arcsin —
/ 237‘0 (j—ei — (m — hi)(zp + irgsin @)+
m4arcsin
1o

(r — fi)rocos @ + (I — gi)ro sin 9)d0.
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Computing these integrals we obtain

2 .
fi(ro, 20) = m(b+ g)ro + 2h <z0@+ iTparc csc <@)> )
i?r§ 0
] ) ) y z(% ’i?"(]
fa(ro, z0) = 27(j — ei) + 4(m — hi) | irgy/1 — W 1 2parc csc =)

Subcase (ii.1): Assume that h and m — hi are not zero. Then for computing
the solutions of the system fi(rg,20) = fa(ro,20) = 0, we must solve the
equivalent system

2 : b
,Z—O 1—%+arccsc<@>:a:—m,
o 1°Tg 20 2hi

2 . . .
24 20 iro 27 (ei — j)
T 1— —= + —arccsc [ — ==
0 ( i%r3 +Z’7‘0 <z0)> p 4i(m — hi)’
or equivalently we must solve the system
1
a(u) = uv1 —u? + arcesc — = a,
u

20
(20) b(u) =19 (m—i-uarccsc %) = f,

where u = — with u € [—1,1]. We obtain that a(1) =

da(-1) =
- and a(—1)

ol 3

T
—5 In Figure 1 there are the graphics of the functions a

—~

u) and b(u)/rg
respectively.

151
15F

100
141
05
131

. . . .
-10 -05 05 10
12
-05}

11f

-15}f -10 -05 05 10

FIGURE 1. Graphics of functions a(u) and b(u)/ro.

From the graphic of a(u) we conclude that given o € [—m/2,7/2] there
is a unique solution u* € [—1,1] for u satisfying the first equation of (20).
Substituting u* in second equation b(u) =  of (20), and taking into account
the graphic of b(u)/ro it follows that there is a unique solution r* for ro > 0
if 5 > 0 and u* # 0. Hence we have proved that in the subcase (ii.1)
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there is one periodic solution using the averaging theory of first order if
a € [-7n/2,0)U(0,7/2] and 5 > 0. So, by Theorem 3, the periodic solution
(r(0),2(0)) = (r*, 2" +ir*sinf)
of the unperturbed system (1) can be continued to a periodic solution
(r(0),2(0)) = (r* + O(e), 2" +ir*sinf + O(¢))
of the perturbed system (17). Going back through the changes of coordinates
this periodic solution for the system (16) becomes
(r(t),0(t),z(t)) = (r* + O(e),t + O(e), 2" +ir*sint + O(g)).
Finally for system (2) we get the periodic solution
(x(t),y(t),z(t)) = (r*cost 4+ O(e),r" sint + O(e), z* + ir* sint + O(e)).

In short we have proved the positive result of Theorem 1, but it remains
to show that the averaging theory of first order does not provide more results
on the periodic solutions of the continuous piecewise differential system (2).

Subcase (ii.2): Suppose that h = 0 and m — hi = 0. Then
fi(ro,z0) = 7(b+ g)ro and fo = 27(j — ei).

This system has no solution if j —ei # 0. For j — ei = 0 the Jacobian
determinant (6) will be zero, so in any case the averaging theory does not
provide information about the periodic solutions.

Subcase (ii.3): Suppose that h = 0 and m — hi # 0. Therefore
fi(ro, z0) = 7(b+ g)ro,

P :
fa(ro, 20) = 2m(j — ei) + 4(m — hi) (iro\/@ + zparc csc <@>> :
%7 20

If b+ g = 0 then the Jacobian determinant (6) will be zero, so we can assume
b+ g # 0. Then we obtain the solution r9 = 0, which corresponds to an
equilibrium point of the unperturbed system (18), therefore the averaging
theory does not provide any periodic solution in this subcase.

Subcase (ii.4): Suppose now that h # 0 and m — hi = 0. We obtain

2 .
fi(ro, 20) = m(b+ g)ro + 2h (zo@ + irparc csc <@>> ;
i’rg 20

f2(7’0, Z()) = 27T(j — ei).

The same arguments than in the subcase (ii.2) show that the averaging
theory does not provide information about the periodic solutions in this
subcase. This completes the study of case (ii).

2
Case (iii): 0 > 1. In this case the averaged function is given by
1o

f(T(), ZO) = (W(b +9g+ hi)?‘o, 27T(j —ei+ (m — hi)ZO)),
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j—el

whose unique zero is (rg,zp) = (0

Case (i).

y — ) The conclusion follows as in
hi —m

O

Proof of statement (b) of Theorem 1. Since i = 0 we have system (17) with
1 = 0. This system satisfies the assumptions of the averaging Theorem 4, so
we must compute the function (23), i.e.

27T
(2 far2) = [ (01(0,7:2),92(0.7,2))d0
= (n(b+ g)r,2m(j +m|z])).

This function has two simple zeros if and only if (b+ g)m # 0 and j/m < 0,
namely (r,z) = (0,£j/m). Going back through the changes of variables as
we did in the proof of statement (a) we get the result of statement (b).

We note that the function (fi(r, z), f2(r, z)) has a unique zero if (b+g)m #
0 and j = 0, but in this case the Brouwer degree is zero, and the averaging
Theorem 4 cannot be applied.

If (b+ g)m = 0, then it is easy to verify that the averaging Theorem 4
does not provide information about the periodic solutions of system (17).
This completes the proof of statement (b) of Theorem 1. O

4. PROOF OF THEOREM 2

Proofs of statements (a) and (b) of Theorem 2. Changing to cylindrical co-
ordinates © = rcosf,y = rsinf, z = z, system (3) writes as

7= ¢chy(f,r, z),

0= 1+ ;(COS O(e+ hz + frcos@ + h sign(z)) — sinf(a + dz+
2 (b—g)rcos® + d sign(z)) — crsin? 9),

z= drcosf+¢e(j+mz+ krcosf + m sign(z) + lrsiné),
where

hi(0,r,z) = cosf(a+ dz + brcosf + d sign(z)) + sinf(e + hz+
(c+ f)rcosf + h sign(z)) + grsin? 6,

and taking 6 as the new independent variable system (3) becomes

r = €h1 (07 T, Z),

(22) ,
2l =ircosf +chy(0,r, 2),
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where the prime denotes derivative with respect to 6, and

ho(0,7r,2) = j+mz+ cos@(kr —icosf(e+ hz+ frcos6)) + lrsin 6+
icosfsinf(a+ dz + (b— g)rcos@ + crsin )+
sign(z)(m + icos 6(—hcosf 4 dsin 0)).

As in the continuous case the unperturbed system is given by

=0,

,,,,/
2 =ircosf.

Now the differential system (22) is in the normal form (11) with
Fy(0,(r,z)) = (0,ir cos ),
Fy (97 (T7 Z)) = (hl (97 T, 2)7 ha (97 T, Z)),
satisfying all the assumptions of Theorem 6. So we apply this theorem to
system (22) and we must calculate the averaged function
27

f(ro,20) = (f1(ro, 20), fa(ro, 20)) = ; M~H0)Fy(6, (ro, z0))d6,

where as in the proof of statement (a) of Theorem 1 the fundamental matrix
is

1 0
Mro,z0)(0) = M(8) = <z sin 6 1> '
In short we have

2
f1(ro, z0) = h1(0, 70,20 + irgsin 6)do,
0

2T
fa(ro, z0) = / (ha(6,70, 20 + irg sin @) — isin Ohy (0, o, 2o + iro sin §))db.
0

Analogously to the study of the continuous system for ¢ > 0, we separate
the computation of the averaged function in the same three cases, because
in the functions hy and hs also appears the expression sign(zg + irg sin 6).

2
Case (i): Z0 < _1. In this case the averaged function is
o

f(ro,20) = ((b+ g + hi)ro, 2m(—ei + j —m + mzo + hi(1 — 20))),

(h—e)i+j—m
hi —m

whose unique zero is (rg, zg) = (0, > This solution (when

(h—e)i+j— m)
hi —m

of the initial system when ¢ = 0, so the averaging theory in this case does

not provide any periodic solution.

it exists) corresponds to the equilibrium (z,y, z) = (O, 0,
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Case (ii): ’z’ro
fQ(T‘O,ZO)) is

< 1. In this case the averaged function f(rg, z0) = (f1(ro, 20),

20
m+arcsin ——

fi(ro,2z0) = / ZSTO (bro cos? 0 + (dcos @ + hsinf) + cos 0(a + dzg+
— arcsin %

(c+ f+di)rgsinf) + sinf(e + hzo + (g + hi)rg sin 6))d0+

20
2m—arcsin —

/ P (bro cos® 0 — (dcos @ + hsin @) + cos 0(a + dzo+

+arcsin —
1o

(c+ f+di)rosin®) + sinf(e + hzg + (g + hi)rg sin 9))d0,

20
w+arcsin —

fa(r0,20) = / 2027’0 ( —ei+j— hizog + mzo + (—fi + k)rg cos 0+
— arcsin ——
iro

(—hi+m)+ (I —i(g + hi —m))rosin 9)d9+

20
2m—arcsin ——

/ , Zgro (_ei+j_hi30+mzo+(—fi—l-k:)rocosﬁ—
T+arcsin iTO
(=hi+m)+ (I —i(g + hi —m))rosin e)de.

Computing these integrals we obtain

2
fi(ro,z0) = w(b+g)ro +h (mro + 4\/@ ) :
(23) 2rg

fa(ro, 20) = 27 (j — ei) + (m — hi) <2m0 +darcesc (Z_(?>> '

Subcase (ii.1) Assume that h and m — hi are not zero. Note that fi(ro, 20) =

; 2 b hi 2,.2
0 if and only ifz()::l:@ 16—7T( +9+ i) 0 As ,Z—O < 1, we
4 h? i
get that (b + g + hi) is nonzero. These zeros exist if and only if ro €
4h
i
(b+ g+ hi)m
A that h e iro [16 7% (b+ g+ hi)*rg :
ssume that ——— and zp = —— — . In
b+g+ hi 0 4 h2

z
this case zg < 0 and thus —1 < 2 <o Substituting this zg in fa(ro, 20),
o
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we get that fa(ro, z0) = 0 if and only if G(rg) = p where

2 2.2 4
G(ro) :m'ro\/16— (bt g+ i)y + 8arccsc ( ) ,

h? \/16 b+g+m) r2
and p = w. Note that G(rg) > 0, G(0) = 4w, G(rg) — 0 if
i —
T %L and
07" T+ g+ hi)’

(b+ g+ hi)*rd

16mh%irg — 2m3i(b + g + hi)*rd — 8h27r\/ 3

2 \2,.2
B PR T

(24)  G'(ro) =

h
s ———— > 0, we obtain that the point (when it is real)
b+ g+ hi

C_
rg = —

2 h(b+ g — hi)
m\ i(b+ g+ hi)?

is a maximum of G(rg). It exists if and only if h(b+ g — hi) < 0. Let
G(r§) = ~* be the maximum value of G(rg). In Figure 2 there are the
graphics of the function G(rg) for h(b+ g — hi) < 0 and h(b+ g — hi) > 0
respectively.

47.’\

FIGURE 2. Function G(rg) for h(b+ g — hi) < 0 and h(b +
g — hi) > 0.

In short, from Theorem 6, for A(b+ g — hi) < 0 we have that system (22)
has at least one periodic solution if p € (0,47], and system (22) has at least
two periodic solutions if p € (47,~*).

For h(b+g—hi) > 0 the function G(rg) is decreasing and thus if p € (0, 47),
system (22) has exactly one periodic solution. In both cases going back
through the changes of coordinates the periodic solutions of system (3) are
of the form

(x(t),y(t),z(t)) = (r*cost 4+ O(e),r" sint + O(e), z* + ir* sint + O(e)),
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. % b hi 2, 2(,.%\2
wherez*:—% 16—( +g+h22) () ;and G(r*) = p.
h . . .
For —————— < 0 we get analogous results, changing the critical point
b+ g+ hi

— 2 |h(b hi
of function G(rg) (see (24)) for r§ = — % that exists if and
T\

only if h(b + g + 3hi) > 0.

; b hi 2,.2,.2
Suppose now that zg = % 16 — (b+g +h2 i) TO. In this case zp > 0
and thus 0 < ,Z—O < 1. Substituting zg in f2(ro, z0) we get that fa(rg,z9) =0
iro
if and only if G(r9) = —u. The result is analogous to the previous case,

changing u by —pu.

Subcase (ii.2): Suppose that h = 0 and m — hi = 0. The system (f1(ro, 20),
fa(ro,20)) = (0,0) has no solutions if —ei+ j # 0, and when —ei+ j = 0 the
Jacobian determinant (6) will be zero. So, by Theorem 6 in any case the
averaging theory does not provide information about the periodic solution
in this subcase.

Subcase (ii.3): Suppose that h = 0 and m — hi # 0. We obtain the solution
ro = 0, so the averaging theory does not provide periodic solution.

Subcase (ii.4): Suppose that h # 0 and m — hi = 0. This case is similar to
the subcase (ii.2). This completes the study of case (ii).

Case (iii): ,Z—O > 1. In this case the averaged function is given by
1o
f(ro,z0) = ((b+ g + hi)wre, 2m(—ei + j + m + mzo — hi(1 + 20))),

(—e—h)i+j+m
hi —m

whose unique zero is (rg,z9) = (0, ) The conclusion

follows as in Case (i).
(]

Proof of statement (c) of Theorem 2. Since i = 0 we have system (22) with
i = 0. This system satisfies the assumptions of the averaging Theorem 7, so
we must compute the function (15), i.e.

2
(2 Lol 2) = [ ((0,12). o 6,7, 2)d8
= (m(b+ g)r,2m(j +m(z + sign(2)))).

This function has one simple zero if and only if (b+g)m # 0, namely (r, z) =
0, (m—j)/m)ift —j/m < —1or (r,z) = (0, (—m—j)/m) if —j/m > 1. Going
back through the changes of variables as we did in the proof of statement
(a) we get the result of statement (b).
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Clearly if (b4 g)m = 0 the averaging Theorem 7 does not provide infor-
mation about the periodic solutions. This completes the proof of statement
(c) of Theorem 2. O
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