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Abstract

We consider the family of rational maps given by Fy(z) = 2"+ \/z¢
where n,d € N with 1/n + 1/d < 1, the variable z € C and the pa-
rameter A € C. It is known that when n = d > 3 there are infinitely
many rings S with k& € N, around the McMullen domain. The Mc-
Mullen domain is a region centered at the origin in the parameter
A-plane where the Julia sets of F) are Cantor sets of simple closed
curves. The rings S¥ converge to the boundary of the McMullen do-
main as k — oo and contain parameter values that lie at the center of
Sierpinski holes, i.e., open simply connected subsets of the parameter
space for which the Julia sets of F)\ are Sierpinski curves. The rings
also contain the same number of superstable parameter values, i.e.,
parameter values for which one of the critical points is periodic and
correspond to the centers of the main cardioids of copies of Mandelbrot
sets. In this paper we generalize the existence of these rings to the case
when 1/n+1/d < 1 where n is not necessarily equal to d. The number

of Sierpiriski holes and superstable parameters on St is it 4

and on S* for k > 1 is given by T:’d =dnf2(n—1) —nFt 1.

=n-—1,
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1 Introduction

In this paper we consider the family of complex rational maps® F} : C—C
given by

W A
Fi\(z) == +;

where n,d € N with 1/n+1/d < 1 and the parameter A € C. Let m =n+d
denote the degree of F}.

McMullen introduced F) in [1] where he shows that when A\ # 0 is suf-
ficiently small, the Julia set of F) is a Cantor set of simple closed curves,
see also [2]. The condition 1/n 4+ 1/d < 1 is equivalent to nd > m and this
defines the set of values n,d > 2 with m > 5. The dynamics of some of
these maps, the topological structures of their Julia sets and the structure
of the parameter A—planes have been widely studied by several authors, see
for example [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. A recent
survey of results involving some of the maps in this family is given in [19].
The structure of the parameter planes of these maps is furthered studied in
20, 21, 22].

In the dynamical plane the object of principal interest is the Julia set of
F\, which we denote by J(F)), and is the set of points at which the family of
iterates { F{'} fails to be a normal family in the sense of Montel. It is known
that J(F)) is also the closure of the set of repelling periodic points for F) as
well as the boundary of the set of points whose orbits escape to co, or the set
of points where the map presents chaotic behavior. For background results
in complex dynamics see for example [23, 24, 25, 26, 27].

The function Fy has 2(n+ d) — 2 critical points counted with multiplicity,
namely, n — 1 at oo, d — 1 at 0 and n + d additional critical points whose
orbits depend on the value of the parameter A\. One of the reasons this family
of maps has gained so much attention is the fact that these “free” critical
points all behave symmetrically. This implies that there is essentially one
critical orbit and then the A—plane is a natural parameter plane for each of
these families.

Since n > 2, the point at oo is a superattracting fixed point for any value
of \. Let B, denote the immediate basin of attraction of oo, and notice
that B, is mapped to itself at least in an n—to—1 fashion. When all the
critical points are in B, the Julia set of the map is a Cantor set of points

I'We use C for the complex plane and C = C U {oo} for the Riemann sphere.



and B, is mapped to itself in an m—to—1 fashion. Let T} be the preimage
of B, that contains the origin. When T} is disjoint from B, then T) is a
simply connected set that is mapped d—to—1 onto By. We call T)\ the trap
door, since every point that escapes to infinity and it is not in B, must fall
throuth T)\ along its orbit.

When the orbits of all the critical points of F) are attracted to oo, the
Julia set of F) can have exactly three different topological structures. The
following result is included in [2], where a more general result is proved.

Theorem 1.1 (The Escape Trichotomy). Fizn,d € N with 1/n+1/d < 1
then,

(a) If the critical values of Fy lie in By, then the Julia set is a Cantor set
of points.

(b) If the critical values of F, lie in Ty # By, then the Julia set is a Cantor
set of simple closed curves.

(c¢) If the critical values of F) lie in any other preimage of Ty, then the
Julia set is a Sierpiniski curve.

Case 1 corresponds to A in the Cantor set locus, that is, an open connected
set that surrounds infinity in the A—plane where the Julia set of F) is a
Cantor set of points. In this case the Fatou set consists of one infinitely
connected region, i.e., By = T)\. Case 2 corresponds to the McMullen domain,
that is, a punctured (at the origin) open disk that is bounded by a simple
closed curve in the A—plane where all the maps F) have Julia sets that
are Cantor sets of simple closed curves. Then the Fatou set consists of
2 simply connected domains (B, and 7)) and infinitely many concentric
annuli that are preimages of T). Case 3 is very different; the parameter
plane of the family F) shows infinitely many Sierpinski holes, that is, disjoint
simply connected domains with parameters for which the Julia set of F) is a
Sierpinski curve. A Sierpinski curve is a set homeomorphic to the well-known
Sierpiriski carpet fractal, see [28]. For convenience, when comparing different
maps from the family F), sometimes we use < n,d > to denote 2™ + \/z<.
Figure 1 illustrates the Escape Trichotomy Theorem 1.1. Unlike cases 1 and
2, Sierpinski curve Julia sets happen also when the free critical points do not
escape to infinity, see for example [29, 30, 31].

In this paper we discuss some of the properties of the parameter plane
for these maps. The following result can be found in [6].

3



Figure 1: The top line of pictures shows Julia sets for the family F\(z) that
illustrate the three topological structures presented in the Escape Trichotomy
Theorem 1.1. From left to right: a Cantor set of points for the case <
n,d >=< 5,6 > with A = 1 + ¢, a Cantor set of simple closed curves for
the case < 6,5 > with A = 0.001(1 + 2¢) and a Sierpinski curve for the
case < 7,5 > with A = 13i/50. The basin of attraction of oo is By and its
preimage containing the origin is the trap door 7). The maps < 5,6 > and
< 6,5 > have degree m = 11 and therefore there are 11 sectors of the sphere
that are equal to each other under rotation by 27/11. The map < 7,5 >
has degree m = 12 and therefore there are 12 sectors of the sphere that
are equal to each other under rotation by 7/6. The bottom line of pictures
shows (from left to right) the parameter A—planes for < 5,6 >, < 6,5 > and
< 7,5 >. Notice the (n — 1)—fold symmetry of these planes illustrated by
the white baby Mandelbrot sets symmetrically distributed around the origin
A = 0. The unbounded region is the Cantor set locus B, the disk centered
at the origin is the McMullen domain M and the other shaded disks in the
connectedness locus correspond to Sierpinski holes.



Theorem 1.2 (Principal baby Mandelbrot sets with halos) Fiz n,d € N with
1/n+1/d < 1, then there exists a small copy of the Mandelbrot set in pa-
rameter A—plane for F\ in each of the n — 1 sectors of the form

(25 — D)m
n—1

(25 + 1)m

<Arg A<
n—1

, j=0,1,2,...n—2.
FEach of these baby Mandelbrot sets have infinitely many “halos” attached,
i.€., infinitely many points on the boundary of Sierpinki holes.

Notice that the cases with n = 2 and d > 2 show only one principal baby
Mandelbrot set straddling the real axis. These babies are slightly different
from the ones in the rest of the family in the sense that the “tail” (the portion
of the set to the left of the period-2 bulb) of these Mandelbrot sets and the
period-2 bulbs are smaller. When n = d = 2, a map that is not in our family,
the tail seems to completely disappear. See Figure 2.

It is known that there are infinitely many disjoint Sierpinski holes for each
of these families (see, [10] and [32]) and that there is a unique parameter in
each Sierpinski hole for which the orbit of the critical point lands on 0 at
some iteration and therefore on oo at the next iteration, say at iteration
k > 2. We then call this A-value the center of the Sierpinski hole and k the
escape time of the hole. All other parameters in a given Sierpinski hole have
the property that the orbit of the critical value lands in B, at the escape
time iterate. By Whyburn’s result, the Julia sets corresponding to any two
parameters drawn from a Sierpinski hole are homeomorphic. However, as
shown in [2], there exist Sierpinski holes corresponding to each escape time
k > 3, and these have the property that if A\; and A\, lie in Sierpinski holes
with different escape times, then F), and F), are not topologically conjugate
on their Julia sets. Much more information about the A—planes for the case
n =d > 3 is given in [20, 21, 22].

Our goal in this paper is to investigate further properties of the param-
eter plane for these maps and, in particular, to extend a result from [3]
that explains the structure of the parameter plane in a neighborhood of the
McMullen domain.

Figure 3 displays magnifications of the region around the McMullen do-
main in the case n = 5 and d = 6. In the first image, note that there are four
large Sierpinski holes symmetrically placed around the McMullen domain.
These Sierpinski holes all have escape time 3. Between the Sierpinski holes



Figure 2: The top line of pictures shows the parameter planes for the family
2" 4+ \/z?% from left to right we have < n,d >=< 2,2 >, < 2,3 > and
< 2,4 >. The bottom line of pictures shows magnifications in the region
—0.03 < ReX < 0.03 and —0.03 < ISmA < 0.03.

there are 4 small copies of the Mandelbrot set. Indeed, one may draw a sim-
ple closed curve, S*, that encircles the McMullen domain and passes through
the centers of each of these Sierpinski holes and the centers of the main car-
dioids of the Mandelbrot sets. That is, on this simple closed curve, we find
four parameter values for which F) has a superstable fixed point and four
other values for which F)\ maps the critical points to oo, and these parameter
values alternate between the superstable and the centers of Sierpiniski holes
as the parameter winds around the closed curve.

Inside these 4 Sierpiniski holes there is another simple closed curve, S2,
passing through the centers of 20 Sierpinski holes. Each of these holes has
escape time 4. Also, each pair of these holes apparently has either a small
copy of a Mandelbrot set or a portion of a principal Mandelbrot set between
them. Examining the further magnification in Figure 3, we see a smaller



Figure 3: The parameter plane for the family 2°> + \/2® and magnifications
that show the structure around the McMullen domain.

closed curve (§%) passing through 96 Sierpiriski holes with escape time 5 and,
inside that curve, an even smaller curve (S?*) passing through 476 Sierpinski
holes with escape time 6. We call these curves rings around the McMullen
domain.

The general formula for the case n = d > 3 gives 7' = (n — 2)n*~!1 + 1
Sierpinski holes for k£ € N, see [3]. The proof in [3] works for the cases where
n = d > 5 and special corrections need to be made for n = d = 3 and 4, see
[3]. In a subsequent paper [13] it was shown that these superstable parameter
values each lie at the center of a small copy of a Mandelbrot set.

Our goal is to extend these results by proving the existence of the rings
S* and presenting the general formula when 1/n + 1/d < 1 and n is not
necessarily equal to d. Our proof works for n,d > 5 and special corrections
need to be made for the other cases. In this paper we prove the following
theorem.

Theorem A. (Generalized Rings Around the McMullen Domain) Let
n,d > 5 then the McMullen domain for the family Fy(z) = 2" + \/z% is
surrounded by infinitely many simple closed curves S* for k =1,2,... having
the property that:

(a) Each curve S* surrounds the McMullen domain as well as S, and
the S* accumulate on the boundary of the McMullen domain as k — oo;

(b) The curve S* meets the centers of 7;' 4 Sierpiniski holes, each with escape
time k + 2 where, for k =1 we have T,j’d =n—1, and for k > 1,

T,?’d =dn*2(n—1)—n"1 1.



(¢) The curve S* also passes through Tg’d superstable parameter values
where a critical point of Fy is periodic of period qk for some q € N.

The ideas behind the proof are similar to the ones used in [3]. However,
some important differences are the fact that in the general case there is no
involution of the form z — A/"/z that conjugates F) to itself as in the case
n = d. Also, the proof in the more general case requires the use of generalized
symmetries and ideas that where developed in [6, 33].

The paper is organized as follows. In §2 we explain the main dynamical
properties of the family F\ and describe part of the general structure of the
parameter A-plane. In §3 we present the proof of Theorem A. In §3.1 we
prove the base case, that is, the existence of the curve S'. In §3.2 and §3.3
we present the mapping properties of F)\. The existence of the rest of the
rings S* for k > 1 is proven in §3.4 and §3.5. The rings are first constructed
in the dynamical plane (§3.4) and then translated to the parameter plane

(53.5).

2 Preliminaries and previous results

In this section we explain the main properties that arise in the dynamical
and the parameter planes of the family F), given by

WA
F/\(Z):Z +?

where n,d € N with n,d > 2 and the parameter A € C.

2.1 Dynamical plane

Note that when A\ # 0, F) has degree m = n+ d and so it has 2m — 2 critical
points counting multiplicities. Infinity and the origin are critical points with
multiplicities n — 1 and d — 1, respectively. As we mentioned before, oo is
a superattracting fixed point of F\ and 0 is the only finite preimage of it.
Thus, the remaining m “free” critical points, are given by

e ()" o

We see that the critical points all lie on a circle, the critical circle, and are
symmetrically distributed around the origin. The associated critical values
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vy = Fy(cy) are also distributed in a circle, the critical value circle, and
simple computations show that

vy = Fy(cy) = % (%)n/m. (2.2)

For later reference, we also point out that there are m prepoles p,, verifying
Fi(py) =0, so
1/m
pr= (=N (2.3)

that lie on a circle, the prepole circle, and are also symmetrically located
around the origin.

We use Cy, V) and P, to denote the critical circle, the critical value circle
and the prepole circle, respectively. The three circles are centered at the
origin with radius |c,|, |vx| and |p,|, respectively. We can compare any two
of these three circles in the natural way by comparing their corresponding
radii. We introduce the following notation,

e () < Vyif and only if |c)| < |val,
o () =V, if and only if x| = |va|,
e () » V, if and only if ‘C)\’ > ‘U,\‘.

When the context is clear we may drop the subindex A of the critical
points, critical values and prepoles. Let v = eim be a primitive m—th root
of unity, we write ¢; = /¢, for j = 0,1,--- ,m — 1, where ¢, is a concrete
critical point. The same applies to the critical values and the prepoles. We
restrict the use of the letters ¢, v and p for critical points, critical values and
prepoles, respectively.

We turn our attention to the symmetries that arise in the dynamical plane
of the family F). It is easy to check that F)(vz) = v"F)\(z) and then for all
keN,

FPrz) = V" FP(2). (2.4)

Hence the orbits of points of the form 17z all behave “symmetrically”
under iteration of Fy. For example, if Ff(2) — oo, then F¥(172) also tends
to oo for each j. If F¥(2) tends to an attracting cycle, then so does F¥(v72).
Note, however, that the cycles involved may be different depending on j and,
indeed, they may even have different periods. Nonetheless, all points lying
on these attracting cycles are of the form 17z, for some z, € C.

9



Theorem 2.1 (Symmetries in dynamical plane, see [6]) Let n,d € N with
1/n+1/d <1 and let v = eim, then there exist r,q € N such that for all
k>,

FitF(vz) = " FITF(2), (2.5)

Moreover,

(a) If every prime factor of m is a prime factor of n, then there exists
r € N such that Vk > r, v =1 and the orbits of vz and z coincide,
that is, F¥(vz) = Ff(2).

(b) If m and n are relatively prime, then there exists ¢ € N such that v™" =
v and FY is conjugate to itself under z — vz, that is, FY(vz) = vF}(z).

This implies that the dynamics and the Julia sets of F)\ are symmetric
under rotation by 27 /m, see Figure 1.

We call the straight line connecting the origin to oo and through one of
the critical points (resp., prepoles) a critical point ray (resp., prepole ray).
The critical point rays C; are defined by tc; with 0 < ¢ < oo and j =
0,1,...,m — 1. It follows from Equation (2.4) that for all j € N we have
F\(v1z) = vI"Fy(z) and then the image of the ray C; is given by Fj(tc¢;) =
t'vj, where vy = F)(¢;) and j' = jn (mod m) and ¢’ > 0.

Similarly, let the prepole ray P; be given by tp; with 0 < ¢ < oo and
Jj=0,1,...,m— 1. Then the image of the ray P; is given by Fj(tp;) = t'p},
where t' = ¢t=4(t™ — 1) is a real number. Notice that if ¢ > 1, then ¢ > 0,
and if ¢t < 1, then ¢’ < 0. It follows that the straight ray connecting prepole
p;j to oo is mapped onto a straight ray connecting the origin to oo, and the
segment connecting the origin and the prepole p; is mapped onto the opposite
straight ray to that of ¢t > 1.

Hence each of the critical point rays is mapped in a two-to-one fashion
onto a ray connecting v; to oo. Similarly, each of the m prepole rays is
mapped in a one-to-one fashion onto the straight line defined by #’ p}, where
t' is now any real number.

2.2 Parameter plane

Let C denote the connectedness locus, that is, the set of A-values for which the
Julia set of F), is a connected set. The complement of this set in C* = C—{0}
has two components each homeomorphic to a disk with a puncture, namely,

10



the Cantor set locus, that is the set of A-values for which the Julia set is a
Cantor set of points, that we denote by B; and the McMullen domain, that
is, the set of A-values for which the Julia set is a Cantor set of simple closed
curves, that we denote by M. See Figures 1 and 3.

The following bounds of the regions C, B and M in the A-plane are found
in [6],

md

A< Amin =5 (5)™7 then Ae M.

) (2.6)
A2 Ao =4 (2)" then A€ B

We turn now our attention to the relative position of the three concentric
circles defined in the dynamical plane: the critical circle C'y, the critical value
circle V) and the prepole circle Py. The relative position between these circles
depends on the values of n, d and A\. We first analyze the relative position
between C) and P, since it does not depend on A. Thus, for example when
n = d then P, = C), when n > d then P\ > C) and, finally when n < d then
P, < C\.

Finally, we also define two auxiliary real values A, and A, . The first one,
A¢, is the real value of A such that V) = C). The second one, ), is such that
V\ = P,. Simple computations show that

n(d\~1 d\ "1 (n) "1
Ae== | — dXN=(— - . 2.7
() wn=() @) e

The circle of radius A. plays an important role in the parameter plane, for
if A lies inside the circle of radius A, that is, |A| < A, then V) < C. Instead,
if X lies in the circle of radius A., that is, |[A\| = A, then V) = C). Finally, if
|A| > A; then V), = C\ . We call the circle of radius \. in parameter plane
the dividing critical circle.

In a similar fashion, if A lies inside the circle of radius A, then V) < Pj.
We call the circle of radius A, in parameter plane the dividing prepole circle.

It is easy to see that if n > d then A\, > A. and this implies that Py > C},
that is, the prepole circle lies outside the critical point circle. If n = d then
Ap = A¢c and Py, = C). Finally, if d > n then A, > A\, and C) > P;.

The parameter plane also possesses several symmetries. First of all, we
have F)\(z) = Fx(Z) so that F\ and Fy are conjugate via the map z — Z.
Therefore the parameter plane is symmetric under the map A — . We also
have (n — 1)—fold symmetry in the parameter plane for F\. See Figure 1.
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Theorem 2.2 (Symmetries in parameter A—plane, see [6]) Let n,d € N
with 1/m+1/d < 1. Let w = ei%, then there are k', q € N such that FY is

conjugate to Fy under z — w%z, that 1s,
q L4 E g
Foylwaz) =wa Fy(z).

It follows that the parameter \-plane is symmetric under the map \ — wA.

3 Proof of Theorem A

In this section we prove the main result of this paper. The proof of the
existence of the rings S* for k € N when n,d € N, and verifying n,d > 5, is
done by induction.

3.1 The curve S!

In the case that n = d the first ring S*, is a round circle in the parameter
plane such that for all A values in this circle, the critical points, the critical
values and the prepoles belong to the same circle. Since, when changing the
argument of A\, the critical points and prepoles rotate at a rate n-times slower
than the critical value, we get the results of [3].

In the case that n # d the critical circle C and the prepole cicle Py have
different radii, and this fact makes the proof of S! necessary. However, in
this section we show that there is a natural curve, denoted by Iy, in the
dynamical plane that goes through each critical point and prepole of F). See
Figure 5. We translate this curve I'y to the parameter plane to find the curve
S! that goes through the centers of Sierpinski holes and the centers of the
main cardioids of the principal baby Mandelbrot sets.

We split the proof of the existence of the curve S! in the parameter plane
into two parts. In the first part, Propositions 3.1, 3.2 and 3.3, we prove the
existence of a Jordan curve I'y that surrounds the origin in dynamical plane
such that it contains every critical point and prepole and is symmetric under
rotation by 27/m. We also show that the curve I'y is contained in between
the critical circle C\ and the prepole circle Py, except at the intersection
points where they agree. In the second part, Proposition 3.4, we transfer
this curve to the parameter A—plane, using the Schwarz Lemma, to show the
existence of S'. This new curve is also a Jordan curve that surrounds the
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origin and contains the centers of the main cardioids of (n—1) principal baby
Mandelbrot sets and the same number of centers of Sierpinski holes in the
case n = d. Indeed, the existence of these (n — 1) principal baby Mandelbrot
set was proved in [6].

We recall that V) denotes the critical value circle, that is the circle of
radius |vy| centered at the origin.

Proposition 3.1 The preimage of the critical value circle Vy consists of two
simple closed curves 't and I'g that surround the origin and intersect exactly
at the m critical points. There is a third simple closed curve I'y that goes
through the critical points and prepoles and is contained in between I'; and
['s. Moreover, F\ maps the curve I'y inside the closed disk bounded by V)
and for all z € '\ we have that

min{|ex|, [pal} < |z < max{[cal, [pal}, (3.1)
and I'1, T, and Ty are symmetric with respect to rotations by 2w/m.

PrOOF. We first explain the idea of the construction and later on we compute
explicitly these preimages of the critical value circle V). We observe that
V\ contains all the critical values of I\ except the critical value located at
infinity. We recall that oo is a critical point with multiplicity n — 1 and 0
is also a critical point with mutlitplicity d — 1. Thus the set C \ V) has two
connected components, the first one is a punctured annulus A between V)
and oo and, the second one, a round disk D bounded by V) (see Figure 5).

We claim that the preimage of the punctured annulus A are formed by two
annuli, A, and Ay, the first one punctured at oo and the second punctured
at 0. To see the claim, we notice that by the Riemann-Hurwitz formula the
preimage of an annulus without critical values is always an annulus and the
only preimages of oo by F) are oo and 0. Moreover, the boundaries of the
punctured annulus A., are co and a Jordan curve, denoted by I'g, and by
construction Fy(I'gy) = V) with degree n. In a similar way, the boundaries of
the punctured annulus Ay are 0 and a Jordan curve, denoted by I'; such that
F\(T';) = V) with degree d. Finally, since by the Riemann-Hurwitz formula
the preimage of a disk without critical values is always a simply connected
region and the map between these two simply connected regions is conformal,
the preimage of the disk D consists of m simply connected regions, denoted
by €2; for 0 < j < m —1, each one containing one of the m prepoles and such
that F’\ maps each (2; conformally onto the disk D. See Figure 5.

13



Now we can compute explicitly the two curves I'g and I'; preimages of
the critical value circle V. For this, we write vy = pA™™, so that u =
m/d(d/n)"™, see Equation (2.2). We search for the values of z such that
|F\(2)| = |val, since the radius of Vy is |va]. We write z = r|\|we™ with
r >0, and using the definition of vy = F\(c)) (see, Equation (2.2)) we have
that

[Fa(2)] = [A[mr|L 4 r el e = fuy| = A1,

where A = |48V We define the auxiliary function

H(r, o) =r*"[1+ pmeiArg (A)—me) 2 = r? 4+ 29" % cos(Arg () — mep) 4+ r~2,

(3:2)

and now the preimage of Vy writes as H(r, p) = u*. We obviously have that
Gin (1) =172 = 2" 42 < H(r ) < 4 20 472 = g (7).

It is easy to see that g, has minimum at r = 1 with ¢,,;,(1) = 0 and gpas
has a minimum at r = (d/n)w With ¢mnag <(d/n)%> = p?. See Figure 4.
Computing the derivative of H(r) with respect to r gives

OH
W(T’ @) = 2r 27 (np®™ 4 (n — d)r™ cos(Arg (\) — my) — d).
Now let p =™ and let g(p) = np* + (n — d)pcos(Arg (\) — my) —d. We
see that there exists a unique p.(p) > 0 for which g(p.(p)) = O given by,

1(d- —d\?
5 n cos(Arg (A) — my) + \/(n_) cos?(Arg (A) — my) +4d/n
n n
(3.3)
Then, for each ¢ the function H(r, o) has a minimum at r.(¢) = p,(@)m.

By (3.2) we see that for each ¢,
lim H(r,p) = lim H(r,p) = oco.

r—=0+ T—00

Hence we conclude that H(r,, ) < u?. See Figure 4. Then there exists three
unique functions r7(¢), r«(¢) and rg(p), such that r;(p) < r.(p) < re(p)
and H(r;(¢),») = H(rg(p), ) = u?. Thus we can define
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0 P+

9(p)

Figure 4: Diagram for the proof of Proposition 3.1, for fixed .

o Tu(p) = |Nm - ru(p) - e
o Ti(p) = A7 -71(p) - €

o Ii(p) = [A[m - 7ulp) - €

By construction we have that Fy(I'g) = F\(I'y) = V) and Fy(T')) C
D. We now turn our attention to the curve I'y. First, we observe that
if Arg(\) —mp = 0 (mod 27), then r/(¢) = r5(p) = r.e) = (d/n)m
and T\ (rg(¢)) = Ta(ri(9)) = Tx(r:(p)) = (Ad/n)m, thus the three curves
pass trough the critical points c¢,. If Arg(\) — mp # 0 (mod 27), then
rr < ry < rg. Finally, if Arg (\) — my = m(mod 27) then we obtain r, = 1
and I'\(p) = (—)\)%, proving that I') passes trough the prepoles p,.

The maximum and minimum of p,(y), see Equation (3.3), are determined
by the maximum and minimum of the term %" cos(Arg(A\) — me), that
depends on the values of d and n. When n > d we see that the maximum
is obtained for Arg (\) — my = 0 (mod 27), and the minimum for Arg (\) —
my = 7 (mod 27), while for d > n the opposite happens. It follows that

min{1, (d/n)*} < r.(¢) < max{1, (d/n)*}
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Thus, if z lies in 'y we see that min{|c,|, [pa|} < |2] < max{|cal|, [pal}-
Finally, by construction these three curves are symmetric with respect to
rotations around the origin by z — vz, with v = €?>™/™, O

Figure 5: The curves I'; (grey), I'g (solid black) and I"y (dashed) when n = 5,
d = 6 and then m = 11. These three curves intersect at the critical points.
The region €2; between I'; and I'p contains a prepole that lies in the curve
Iy, and it is mapped by F) in a one-to-one fashion over D. For n =d > 3
the curve I'y coincides with the critical circle.

Figure 5 illustrates the curves when A is small so that |vy| < min{|c,|, |pa|}-
If n = d then critical points and prepoles are at the same distance from the
origin. Instead, if n > d we see that the critical points are closer to the origin
than the prepoles, and if d > n then the prepoles are closer to the origin than
the critical points.

The image of Iy is a “flower” that passes successively through the critical
values and the origin and it is contained in the closure of the critical value
circle.

It follows from the previous proposition that there are m domains €;
with j =0,1,...,m — 1, whose boundaries consist of I'; and I'g in between
two consecutive critical points. Each of these domains €2; contains a prepole
inside and is mapped in a one-to-one fashion onto D.

The following result is a direct consequence of Proposition 3.1.
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Proposition 3.2 The curves I'; and I'g that are the preimages of Vy\ are
such that

(a) F\ takes the curve I'gy passing through two consecutive critical points
one-to-one onto a sector of V\ whose argument is 2“7” F\ takes the
curve I'y passing through two consecutive critical points one-to-one onto
the remainder sector of V) whose argument is 2%[.

(b) Fx maps the domain §; that is enclosed by the curves I't and ' between
two consecutive critical points in a one-to-one fashion onto the domain
D.

c) F\ maps the curve U'g in an n-to-one fashion, and the curve ' in a
F. th I'g i t hi d th Iy
d-to-one fashion, both onto the critical value circle V.

In the parameter A—plane we restrict our attention to the region O given
by
T
O={2eClAin < |\ <Az and JArg(N)| < —1}
n —

See subsection 2.6 for the definition and properties of A, and Ay.c. For
A € O, we denote by ¢y = ¢o(A) the unique critical point with |Arg (¢q)| <
7/m. We notice that if A € RT then ¢y € R*.

Hereafter we parametrize I'y(6) for # € R and we recall that this curve
joins critical points and prepoles in the counterclockwise direction. So I")(#)
is 2m-periodic in # and depends analytically on A for A € O. We fix I'y(0) =
F)\(Qﬂ') = Co()\).

In the next proposition we bound the position of the curve I'y when the
parameter A belongs to O, see Equation (2.6).

Proposition 3.3 The curve T'y is contained in the region {z € C; vy
12| < vaaet for all A-values in O, where vy, = (1/2)n;‘fm (d/m)7am and

x

Vrmaz — 2.

min —

PROOF. Let A be a parameter in O then we have that ¢, . <|ca| < cannns
Unen < lea] < won,.. and py . < |pa| < ..., see Equations (2.1) and (2.3).
Using the definition of vy = F)(c,) we have that,

U>\min = F>\mzn (C)\mzn)

(1/2)7 (d/m) "
U>\ma:c - F>\maa: (C>\maa:) =2

(3.4)
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We recall that for any parameter A the critical circle C), the critical value
circle V), and the prepole circle Py have radii |c,|, |vy| and |p,|, respectively.
Moreover, for all z in the curve I'y, see Proposition 3.1,

ming|ea], [pal} < [2] < max{ea], [pal}-

First we show that v, > max{cy,..,Pr... - On the one hand, since

1/n
d/m < 1, we have that ¢, = (%) < 2=w,,,,- On the other hand, we

have py,... = (n/d)"/™2Y"(d/m)"™ and we need to analyze different cases.
If d > n then by the above inequality we conclude that py,... < ex,... < 2.
If n > d we see that

Prnas = /"2 (l> < nt/mol/myiin (l> = (2) 2Mm < 2.
m m m

Second we show that v
that

d d d nd m
d nd—m 1 nd—m d nd—m 1 nd—m d nd—m

For the inequality that corresponds to py, . = (n/d)"/™(d/2m)¥md=m)
we compute vy . /px,.. and show it is smaller than 1. We start with

min

< min{cy,,,., P, }- To do this we observe

min

d(n—1) 1 n
,UAmzn B 1 nd—m d m d nd—m
Pa, \2 n m ’

and notice that, since d(n — 1)/(nd —m) > 1 we have

w o d\
)
Then, it is enough to show that
1 _n
)G
n m
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But this is clear, since

g < 2n+d'
n
This last inequality follows easily from elementary calculus. Then vy ., <
Dx,.im> a8 we wanted to show. O

Now, we are ready to prove the existence of the first ring S! in the param-
eter plane. To do so, we transfer the curve I') constructed in the dynamical
plane to the parameter A—plane, using the Schwarz Lemma.

Proposition 3.4 The ring S' in parameter space is a simple closed curve
surrounding the McMullen domain of F\, such that it passes through n — 1
centers of Sierpinski holes with escpape time equal to 3, and n—1 superstable
parameter values where a critical point of Fy is periodic of period q for some
q € N.

ProoF. We consider the simply connected region defined in the parameter
plane O given by,

T
-1

O = A€ C hmin <A < Apaw and  [Arg (V)] < ——}.

Given a parameter A € O, we denote by co(\) the critical point given by

1/m
co(\) = (M) eiArg (\)/m

n

We claim that c¢o()) is a holomorphic map of A. To see the claim we notice
that co(A) = exp (£ log(dA/n)), where log denotes the principal value of the
logarithm map and since n > 2, then |Arg (\)| < 7/(n—1) < 7.

We define the map G : O — W defined by G(\) = vo(A), where vg()) is
the critical value of F)\ corresponding to the critical point ¢o(A). This map
takes O onto the set W. Both sets O and W are simply connected. It is
easy to compute the set W, the precise values of v, , and vy, are given
by Equation (3.4). We have,
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nm

W:{ZEC;U)\ m

i < |2l <V, and |Arg (z)] < }-

Also, by Proposition 3.3 the map I'y : O — W defined by A — I'\(6)
takes O inside W. This function is analytic on its domain, and its image is
bounded from the origin.

We finally define, for each value of 6, the new map Q(\) = G~1(T'\(9)).
Then applying the Schwarz Lemma to the map ) we obtain a fixed point
inside O so that there exists a unique value of A\, that we denote Ay, such
that for each 6 the point vy, € I'y, i.e., I'y,(0) = vo(Ag). The set of \g’s for
which this happens varies continuously with 6 and defines a simple closed
curve in the parameter plane that is symmetric under rotation by 27 /m and
such that the critical value is mapped to the curve I'y. This curve is the first
curve St

)\min

Figure 6: The mapping from set O to set W in the parameter A-plane.

For all points z in W we have that

T n
A < — -
Arg (2)] < =~

I

and this is larger than 27/m. Then we see that in the region O we have
exactly two parameters values Ag, and Ag,, such that vg(Ag,) = co(Ng,) and
vo(Ae,) = po(Xe,). The first one corresponding to the center of the main
cardiod of the principal Mandelbrot set, and the second one corresponding
to the center of a main Sierpinski hole. Then the critical value v, coincides
with one critical point and one prepole. Finally, using the symmetry of the
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parameter plane, see Theorem 2.2, we get n — 1 cases where \g corresponds
to vy, = ¢y, and vy, = p),. These values locate the centers of the main
cardioids of the n — 1 principal Mandelbrot sets alternating the centers of
n — 1 Sierpinski holes. O

Using the curve S! we can divide the parameter A-plane into two pieces
bounded by S'. We denote by I(S') and E(S') the bounded and unbounded
component of C \ S, respectively.

By Proposition 3.1 the image of I'y under F) is contained in the closed
disk bounded by the critical value circle V) centered at the origin with radius
|un]. Therefore, we have the following result.

Proposition 3.5 The set I(S') contains all the parameters \ such that the
critical values vy lie in the region bounded by T'y. Moreover, when \ € I(S*)
then F\ maps 'y strictly inside itself.

3.2 Elementary Mapping Properties

In the rest of the paper we restrict, for technical reasons, to the parameter
values A in the following simply connected region depending on d and n.
Recall that if n < d then C\ = Py, and if n > d then P, = C', see §2.2.

e If n <d then

O ={N€C; A > Anin, AEI(SY, and |Arg)| <7} (3.5)

e If n > d then

1
— 17?}.
(3.6)

O ={NeC; |\ > nin, AEI(S"), and |Arg)| <

n

For example, in the case n = 5 and d = 6, as well as for all cases where
n = d, we get that |Arg A\| < 7. Instead, for example, when n = 6,d = 5 we
get |Arg A\| < 4m/5.

We recall that when || < A, see Equation (2.6), then the Julia set of
I is a Cantor set of circles. In addition, we observe that when A € O then
F\ maps I'y strictly inside of itself, see Proposition 3.5.

As before, for A € O, we denote by ¢y = ¢o(A) the unique critical point
with |Arg (¢o)| < m/m, where ¢y € RT if A € R™.
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Figure 7: In this picture we illustrate the critical sectors A, B and their
images for the case d > n (e.g.,n = 5,d = 6), and then F\(A) C F)\(B), with
|A| small so that |vy] < |ca|. The critical point sector has argument 2w /m.
The image of A (dark grey) lies in a sector with argument 27n/m, and the
image of B (light grey) lies in a sector with argument 27wd/m.

Let A be a sector bounded by two prepole rays corresponding to adjacent
prepoles in the exterior of the curve I'g, and let B be a sector bounded by two
prepole rays corresponding to adjacent prepoles in the interior of the curve
I';, i.e., A is an exterior sector, and B is an interior sector in the dynamical
plane with argument 27 /m. We call A a critical point exterior sector and B
a critical point interior sector since A and B contain at the “center” of their
boundary a unique common critical point ¢o(\) of Fy. See Figure 7.

We also define the following auxiliary sets,

A_ = {Z € A:Argeg —7m/m < Argz < Argco},

B, = {z € B;Argcy < Argz < Argcey +7r/m}.
It follows that,
Proposition 3.6 Let F)\(z) = 2" + \/z%, with 1/n+1/d < 1. For A\ € O’

we have that,
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Argco +7m/m

Arg ¢

Figure 8: The regions A_ and B,.

(a) Fy maps A in a one-to-one fashion onto the sector with argument 2”7”,
bounded by the images of two prepole rays, i.e., two half straight lines
in the exterior of the critical value circle V.

(b) F\x maps B in a one-to-one fashion onto the sector bounded by the
opposite straight rays to the line boundaries of Fy\(A) with argument
2nd/m, in the exterior of V\. The circular boundaries of F\(A) and
F\(B) both contain vy = F\(cy), the common boundary point of A and
B.

(¢) Moreover, either F\(A) or F\(B) is contained in the other, that is,
A C F\(A) C F\(B) when d > n, and A C F\(B) C F\(A) when
n > d.

(d) If Arg A\ > 0 then A_ C F\(A_) N Fx\(By).

PRrROOF. The first two statements are clear from Proposition 3.2. We first
prove the third one. Let A € (O’. The straight line boundaries of A and
B are the prepole rays and their arguments are denoted by Argco + 7/m.
Letting z be a point of the images of the straight line boundaries, we have
Arg z = n(Argcy £ 7/m) or Arg z = d(Argcy F m/m). See §2.1.
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Using the definition of the critical value cy, we have that [Arg (co)| < =
and we see that

n(ArgCO—l) <Arg00—£<0<Arg00+£<n(ArgCO+£)7
m m m m
and

d(Arch—l) <Argco—£<0<Argco+£<d<Argco+£>

Since 2rd/m + 2mn/m = 21 we see that, either F)\(A) or F)(B) is con-
tained in the other. If d > n we obtain that A C F)\(A) C F\(B), and if
d < n we obtain the symmetric result A C F\(B) C Fy(A).

Now we prove the fourth statement. Let A € O with Arg A > 0. The
curve 'y boundary of A_ lies outside the circular boundaries V) of Fy(A_)
and F(B;). On the one hand, we know that the arguments of the line bound-
aries of A_ are Argco — m/m and Argcy. In a similar way, the arguments of
the line boundaries of F)(A_) are Arguvy = nArgcy and Arguvy — 7n/m. So
we have that

Argvy — nm/m < Argcy — m/m < 0 < Argcy < Arguy

since Arg A > 0. This shows that A_ C Fy(A_).

On the other hand, the arguments of the line boundaries of F)(B) are
dArgcy and dArgcy — dn/m. Now using the different definition of O’ de-
pending on d and n, see Equations (3.5) and (3.6), we have that

e If n <d then Argcy < m/m and (n — 1)Argcy — m(d — 1)/m < 0.

o If n > d then
Argeyg <m(d—1)/(m(n—1)) and (n — 1)Argco — w(d — 1)/m < 0,

Thus, since

we get

d
Arg oy — ™ - Argcy — T o< Argcy < Arguy.
m m

Hence A_ C F)(B.), and the result follows. O
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3.3 Some Special Cases

In this section we discuss the dynamics of several special cases of F) that
help define the rings around the McMullen domain.
First suppose that A > 0 and such that the critical point ¢y is a fixed

point, see §2.2. If
n(d\m1
A= — [ =
! (m) -0,

n

1
m[(d\™ =« d \™
vy = Fi(cy) = ’l (ﬁ) Am = <ﬁ)\> =cy,

so that ¢y € R" is a super-attracting fixed point. By the symmetry of
the parameter plane, it follows that for n — 1 other parameters w/\ with
j=0,1,...,n—2, where w = 2™/~ there is an iterate F} for some q € N
with a super-attracting fixed point, see Theorem 2.2.

We next restrict attention to values of A lying in R*. Following [3], we
can consider that there is a Mandelbrot set whose central spine lies along
the interval [A_, A;], where A_ and A, correspond to the interval [—2,1/4]
of the actual Mandelbrot set, contained in R™. The existence of these and
other copies of Mandelbrot sets in the parameter plane of F) is given in [6,
20, 21, 22].

then

Proposition 3.7 (Superstable parameters for A € R") There is a decreasing
sequence of parameters in RY, such that \y > X\y--- converging to A_, and
for A = A, the critical point cy is periodic with period k, and the critical
orbit in Rt has the special form when k € N and k > 2:

0 <wvy=Fi(cg) < o= F)]f(co) < F)]f_l(co) < < F/\g(co) < Ff(co).

In particular, \p is a superstable parameter value of period k, and the
orbit of Fy, (co) is monotonically decreasing for k — 1 iterations along R

We shall show below that each ), lies on S*. Because of the (n — 1)-fold
symmetry in the parameter plane, we have a similar sequence of superstable

parameter values along the ray A = w - RT, for FY(z) and some ¢ € N with
. 27
w=enT,
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Proposition 3.8 (Superstable parameters for A € w-RY) . Let Ay > Ay - - -
be the decreasing sequence in Rt defined in Pmposition 3.7. Then there exists
natural numbers k', q and r with r € {0,1,. — 1} such for A = wi the
orbit of the crmcal point ¢, is pertodic wzth perwd kq and the critical orbit

along the line w T . RT has the special form when k > 2 :

Fl(e,) < ¢ = FF(¢,) < F*¢e) < oo < F2(c,) < F2(c,).

PROOF. Let v = ei%ﬂ, w = ei%, and A\ = aw with a € RT. Then ¢y = ¢\ =
1 .
(dwa/n)w and ¢; = e\, where j = 0,1,...,m — 1. By Theorem 2.2, with

a in the role of A\, we get that there exist k’,¢q € N such that Fgw(w%z) =
w%Ff( ). Then for some 7, § € N we have that k's = r(n — 1)+ 1 and

/

6=y =wh (da/n) cwe R+ Since FY :we -Rt - w T -R*, the orbit
of the critical point ¢, lies on w v .R*. For a = Ak, then the crltlcal pomt

¢, is periodic with period kg, the critical orbit for FY along the line w T RT
has the special abovementioned form when k > 2, as we wanted to show. O

3.4 Rings in Dynamical Plane

In the rest of the paper we restrict, for technical reasons, to the parameter
values A in the simply connected region O’ depending on d and n, as defined
n (3.5) and (3.6). Recall that when A € O’ then F) maps I'y strictly inside
itself, see Proposition 3.5.

For A € O, we denote by ¢y = ¢o(A) the unique critical point with
|Arg (co)| < m/m. We notice that ¢y € Rt if A € Rt and thus the critical
poins of Fy are located at ¢; = /¢y with v = eim for j=0,1,....,m— 1.

In this section we prove the existence of infinitely many rings % and &§
fork=0,1,2,... in the dynamical plane. Each ring % (resp., £§) is a simple
closed curve that is mapped n*-to-1 (resp., dn*~!-to-1) onto the curve % by
F¥. We shall use these rings in the next section to construct the rings S* in
the parameter plane, for k¥ > 1. We begin by defining 79 to be the curve Ty,
defined in Proposition 3.1.

Let E and I be the exterior of I'y and interior of I';, respectively. If
A € O, then F) maps 7Y strictly inside itself. By Proposition 3.2, it follows
that F) maps the exterior of the simple closed curve I'p and the interior of
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['; as n-to-1 and d-to-1 covering, respectively, onto the exterior of the critical
value circle V). Therefore there are two preimages of 7Y, that we denote by
73 and &} that lie in F and I, respectively. The curve v} lies outside of 79
and the curve £} lies inside of 7). The function F) maps the curve 73 (resp.,
£}) in an n-to-1 (resp., d-to-1) fashion onto 73. See Figure 9.

Since F) is a covering map in these regions, it follows that i and &}
must be disjoint simple closed curves. Then F) maps the exterior of 73, n-
to-1 onto the exterior of 7Y, and there is a preimage of v} lying in this region
and mapped n-to-1 onto 4. Call this simple closed curve 73.

Similarly, F\ maps the interior of £} as a d-to-1 covering onto the exterior
of 79, then there is a preimage of 73 lying in the interior of £} and mapped
d-to-1 onto ~y4. Call this simple closed curve 3.

Continuing inductively, we find a collection of simple closed curves 7% and
5 for k > 1 having the properties that:

L. A% (resp., €§T1) lies in the exterior of 4§ (resp., interior of ¥);

k+1
A as a

2. F)\ takes fyf“ as an n-to-1 covering onto 7§ and F) takes &
d-to-1 covering onto 75

3. so F¥*! takes 43 as an n*-to-1 covering of 7 and Fy ! takes ¢§+!

as a dnF-to-1 covering of 7Y;

4. fy’/\”l converge outward to the boundary of By as k — oo and &

converge inward to the boundary of T\ as k — oc.

k+1
A

We now construct a parametrization of each of the 7% and £§. The curve
7Y is the curve Ty defined in Proposition 3.1. We parametrize it by ~9(6)
for 6 € R and we recall that this curve joins critical points and prepoles
in the counterclockwise direction. So 79(6) is 27-periodic in 6 and depends
analytically on A for A € O'. We fix 49(0) = 79(27) = ¢o()\). By construction
of I'y (see Proposition 3.1) this curve is symmetric with respect to rotations
around the origin by z — vz, with v = €2™/™. So, we have that 177(0) =
V(0 + 25 /m) for all j and all §, in particular the rest of the critical points
located at /¢y correspond to 7 (27j/m).

To parametrize 7%, consider the critical point exterior sector A and the
critical point interior sector B in Proposition 3.6. We assume A and B
contain the critical point ¢o(\) in their boundaries, see Figure 7. It follows
that there is a unique point in A mapped to ¢y by Fy; call this point 73 (0).
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Figure 9: Schematic picture that shows the positions of the curves 7%, 9B,
and 9T (thick) and how they are mapped by Fy. The curve 7{ is mapped
inside of itself, the curves 7%, and &3 are mapped to 73, and the curves 73
and &} are mapped to 7.

There is also a unique point £}(0) € B mapped to ¢y. Then we define 73 (6)
and &} () by requiring that

FA(1(8)) = Fx(63(8)) = 73(0)
and such that vi(6) and &() vary continuously with . Note that ~;(6) is
2mn-periodic and & is 2wd-periodic, respectively. The direction of £}(6) is
the opposite of 71 (#). Since v1(0) € A and £}(0) € B, we proceed inductively
to define 75 () and £5(0) such that 75§(0) € A and £§(0) € B are the unique
points that are mapped by F) to 45~1(0), and requiring that

FA(7x(0)) = FA(€3(0)) = 1" (0)- (3.7)

For each k, v¥() is 2mn* periodic and &§(0) is 2mdn*~! periodic in 6,

and both depend analytically on A. The following proposition shows the
relationship between the parametrization and the symmetry.

Proposition 3.9 For each k € N and 6 € R, vi7%(0) = 75 (0 + 2mjn”*/m)
and VI8 (0) = & (0 — 2mjdn*~t /m) .

PROOF. First when k& = 1, using Equations (2.4) and (3.7) we have
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Fx(7:(0)) = v Fx(70(0)) = v/"3(0) = 2 (0 + 2mjn/m)
= F\(1y (6’ + 27Tjn/m)).

Then it follows that 773 (0) = 73 (6 + 2mjn/m) . For the induction argu-
ment, we assume that 177y (6) = 757" (0 + 27jn*~'/m) . Then, v¥~{"(0) =
pIyit (0 + 27Tjnk*1/m) = it (0 + 47Tjnk*1/m), and

VIRTHO) = (0 + 2t /m). (3.8)
Hence, using Equations (2.4) and (3.7), we have

FAW5(6)) = 7"k (8) = 7510 + 2mjnt fm) = FA(5(6 + 2mjn* /m).

We conclude that v79¥(6) = ~% (6 + 2mjn*/m) . Similarly, the result for
&5 is proved. O

In the next proposition we study the location of the rings £5(6) for certain
values of 6.

Proposition 3.10 If A € O, then for each k > 1, if n < d the portion of
the ring £5(0) with |0] < 2wdn*=t/m lies in the region |Arg z| < 47 /m, and
if n>d >4 it lies in the region |Argz| <12 (%)
PROOF. First we assume that A € O and ArgA > 0. Since ¢y € A_ it
follows, from Proposition 3.6, that £§(0) € B,. Then, since the arguments of
the line boundaries of B, are Argcy and Argcy + 7/m, we obtain Argcy <
Arg £5(0) < Argcy + m/m. See Figure 8.

We deal first with the case —27dn*~!/m < 6 < 0. The direction of £¥(6)
is opposite to that of 0, then Arg&f(0) < Argéh(0) < Arg &8 (—2mdn*~1/m).
Since by Proposition 3.9, v€¥(0) = &5 (—2rdn*~1 /m), it follows that

0 < Argey < Arg £§(0) < Argflj(e) < Arg £§ <—27rdnk*1/m> = Arg Vﬁl/\“(())

2 2 3 Arg A
=—W+Arg§§(0)<—W+ArgCO+1:—W+ 2ol (3.9)
m m m m m
Using the different definition of O" depending on d and n, see Equations (3.5)

and (3.6), we obtain that
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e For n < d, since 0 < ArgA < m, then 0 < Arg&f() < 2. Then we
have that |[Arg £5(0)| < 4w /m.

e Forn >d >4, since 0 < Arg A < w(d—1)/(n—1), then 0 < Arg&§(0) <
314 mdol < qpndol Qo we conclude that [Arg&F(6)] < w2 d=1.
Now consider the case 0 < 6 < 2xdn*~!/m. By Proposition 3.9, we have
veR(0) = && (0 — 2mdn*~ /m) = €§(t), where we let t = § — 2wdn*~!/m and
—2mdn*~1/m <t < 0. It follows that £§(0) = v=1¢5(¢) and

Arg €5(0) = Arg€5(t) — 27 /m.
Then, since —2mdn*~!/m <t <0, it follows from Equation (3.9) that

3 Arg A\
0 < Argé&h(t) < AR -1
m m

Hence 5 Ape )
I Argel(g) < L4 2T8A
m m m

e For n < d, since 0 < Arg\ < 7, we have —%’T < Argéh(9) < %’T, and
then it follows that |Arg &X(0)| < 4w /m.

e For n > d > 4, since 0 < Arg\ < 74=L, we have _2% < Arg&f(0) <

n—1’
%—i—%% < W%fﬁ. It is easy to see that %’T < F%%,
that |Arg £8(0)| < w2 d=L

mmn—1"

so we conclude

3
_ (n—=1)" m( . .
we invoke the z — Z symmetry in the parameter plane. Since F) is conjugate

to Fy via z — Z, it follows that the curves £}(f) are mapped to £5(—0) by
the conjugacy. Hence these curves lie in the same region when Arg\ < 0.
This concludes the proof. O

Finally, since 2Z < (771371;2)# we have |Arg&f(0)| < % If Arg\ < 0,

We have shown the existence of the curves £5(6), we have studied their
parametrizations and positions. In the next section we translate these curves
to the parameter plane to obtain the curves S* to obtain our main result.
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3.5 Rings in Parameter Plane

Before turning to the proof of the existence of the rings in the parameter
plane, we need to examine more carefully the parametrizations of the rings
in the dynamical plane in two of the special cases discusses earlier, namely
when A € RT and A € w- R, where w = et

First suppose that A € R*. For the special parameters )\, among the
superstable parameters in R*, we have seen that Fj, (co) always lies in R
and satisfies (see Proposition 3.7),

0< F)\k(Co) < cy= F)]\ﬁk(CO) < F/{CI:I(CO) <0 < ng(C()) < ka(CO)
Hence, F} (co) lies on 'y’jk_z N RT, and F/{k (co) lies on fy];k_j N R*, for

j =2,...,k. In particular, since the definition of the parametrization requires
that

FA((0)) = FA((0) = 1 (6),

it follows that, for the special parameter value )\, we have

VSk (0) = (o,
& (0) = By (),
7, 20) = FR (o),
N o0) = F (o),

13.0) = FX(eo),

By (11,(0) = F¥ (co) = co.

Next we turn our attention to the special parameter value w\; lying along
the line w - R* in the parameter plane. For this we first need a result for
A = wa, with a € RT,

We recall that the critical point ray passing through the critical point c;
is denoted by C; and it is defined by the set of points tc; with 0 < ¢t < oo.
See §2.1. If v; = F\(c¢;) denotes the corresponding critical value, then the
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critical point ray C; is mapped under F) in a two-to-one fashion onto a ray
connecting v; to oo.

We also introduce the following notation, if the critical point ray Cj, is
mapped under F) to the critical point ray C}, and the ray C}, is rotated by an
angle o from ray C;, in the counterclockwise direction, we write C;, =5 Cj,.

Proposition 3.11 Let A\ = wa with a € RT, where w = i1, Then the
following conditions hold,

(a) F\ maps critical point rays onto critical point rays, and if C; is a critical
point ray then,

T (i-D+1)
Oj j(n—1)+1-

It follows then that critical point rays are eventually periodic under F).

b) For eachl € N, F. maps the critical point ray Cy onto the critical point
A
ray Ciypy.. ni—1, and the rotation angle from ray Cy to ray C i i1
is 210(1 +n+ -+ +nl"Y)/m. The next diagram follows,

27 2mn 2702

Cg i /Cl m>Cn+1 — ..
-1 !

2mn 2mn

—_— Cl+n+...+nl*1 E— C1+n+...+nl

Notice that in part (a) the points in the rays may not be periodic, just
the rays themselves are.

PROOF. Let tc; with 0 < t < oo be the critical point ray passing through
the critical point ¢; where ¢; = 1vicy = 19 (dA\/n)Y™ with v = e . Its image
is given by
Fy(te;) = (t" + n/dt_d)c? =(t"+ n/dt_d)cjc?_1
with ! = (Vo)™ ! = (v (dwa/n)"/™)"~!. Then we get
F)\(th) = t/Cjn_H,
where t' = (t" 4+ n/dt=%)(d/na) "= , where we have used the fact that w"n =

v. Hence the critical point ray C; is mapped by F)\ onto the critical point ray
Cjni1. Moreover, the angle from the ray C; to ray the Cj, 1 is Arg /("=D+1 =
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27(j(n—1)+1)/m. Since the number of critical point rays is finite then they
are eventually periodic by F), proving the first statement.

For the second statement we proceed by induction. If j = 0 then Cj is
mapped onto C; by F\ and the angle from ray Cy to ray C; is 2w /m. So,

27

CO = Cl.

We assume that F /{’1 maps the critical point ray Cy onto the critical point
ray C1 n4...4ni-2 and then, using the first statement of this proposition and
the fact that

(I+n+-+n"n+l=1+n+-+n"",

then the image of the ray C'\ ., .. ,—2 is the critical point ray C . fpi-1.

Then F! maps ray Cy onto ray Cy,,..,n-1 and the rotation angle from
ray Ol ppoqmi—2 t0 18y Cppio i1 is 200~ /m. We can see that for each
| € N the critical point ray Cy is mapped by F! onto the critical point ray
Clina..oni—1 With rotation angle 27(1 +n + ... + n=1)/m, as we wanted to
show. O

In §3.4 we showed the existence of infinitely many rings % and &§ for
k=0,1,2,... in the dynamical plane. Each ring 7§ is a simple closed curve
such that F¥ : 4% +— ~{ with degree n*-to-1, and in a similar way F¥ : £&§ s 4
with degree dn®~1-to-1, where 7Y is the curve I'y defined in Proposition 3.1.

Thus, for kK = 0,1,2,... the point Ff(v¥2r(1 +n+ - +nk71)/m)) =
Y@2r(1 4+ n+ -+ n*1)/m) lies on the critical point ray Cy ,y. 4nr-1. It
follows that the point 75 (27 (14 n + - - -+ n*~1)/m) lies on the critical point
ray Cy and then, the point F\(vf(2m(1+n+ - +n*1)/m)) =512 (1 +
n+ -+ +n*1)/m) lies on the critical point ray Cj.

On the other hand, by Proposition 3.9, for all 8 we have vy§(6) = 75 (0 +
2k /m), setting B, = 2r(1 +n + -+ + n* 1 — n*)/m, we have +¥(8;) =
v NN (B +27n* /m). Tt follows that the point v¥(/3;) lies on the critical point
ray C_y. Since FE(EF(By, + 2mn* /m)) = 3By, + 27n* /m), it follows that the
point (B + 27n* /m) lies on the critical point ray Cy. See Figure 10.

By the same result, for all § we have v&\(0) = &5(0 — 2ndn*~1/m), so
5 (Be+2mn*/m—2mdn*~t /m) = vE§ (B +27n* /m). Hence the point &¥(Bx +
2mn® /m — 2mdn*~1/m) lies on the critical point ray C;. Similarly, the point
E8(By + 2mn® /m + 2wdn*~1 /m) lies on the critical point ray C_;.
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Figure 10: Parametrization of 7,(6) when A\ = wa,a € RT, where ¥ =
W21+ n+n?)/m), 4§ =R 2r(1+n)/m), ¥2; =32 (1 +n —n?)/m).
7 =n2r(1+n)/m), 15 = 1(27/m), and 7L, = 1 (27(1 —n)/m). Also,
& =6 2n(1 = d)/m), & = (2m/m), and £ = {{(27(1 + d)/m). Finally,
& = &@r(1+n—nd)/m), § = E2r(1+n)/m), and 2, = &2 (1+n+
nd)/m).

We now turn to the proof of the existence of the rings S* in the parameter
plane for & > 1. For technical reasons, we consider only the case when n d>

5. Set a = Apyq. It follows from Proposition 3.8 that, along the line w 0 ‘RT,
for some k', q € N there is a critical point ¢, for some r € {0,1,...,m — 1}
such that its orbit has the special form when k > 2 :

Fi(e,) < ¢y = FF(c,) < FF V() < - < F¥(c,) < F2(c,).
Since ¢, € 7Y, by Equation (3.7), we have that the set of curves given by
(W, &6 A1 482 41} is k+1 periodic. Then, FY maps the curves in the

following way, 1) — &8 = A8 =452 = o 5 91 = .
Since ¢y € 7% and FY(cp) € &%, then by Proposition 3.11, FY(cy) € Cy,
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that is,
Fi(co) € &N Cy.

To simplify the notation we define,

ap =21(1+2+ -+ 0t —dn* ) /m. (3.10)

The point &¥(ay,) lies on the critical point ray Cj, and then vy = vy =
F(co) = & (w).

Theorem 3.12 Let n,d > 5. For each k > 1 and every 0 satisfying 0| <
27rdnk_1/m, there exists a unique parameter X = gy such that vy = F\(co) =

&x(0).

ProOOF. We consider the simply connected region defined in the parameter
plane O depending on the values of n and d given by,

o Ifn <dthen O ={\ €C; |\ > A\in, A € I(S"), and  |Arg\| < 7}.

e Ifn > d then
O ={A€C; A > Apin, A€ I(SY), and  |Arg \| < =L}

Given a parameter A € O, we denote by co(A) the critical point given by

1/m
co(\) = (M) etArg (\)/m

n

We claim that c¢g(A) is a holomorphic map of A. To see this, we notice
that co(A) = exp (£ log(dA/n)), where log denotes the principal value of the
logarithm map. We observe that, in both cases, the critical point ¢; is such
that |Argco| < m/m.

We define the map G : O’ — W' defined by G(A) = vo(\), where vg(A) is
the critical value of F) corresponding to the critical point c¢o(A). This map
takes O’ onto the set W’. Both sets @' and W' are simply connected. The
set W’ is given in the following way,

e If n <d then

W' ={z € C; |z| > v, Vo(A) with A € S'and |Arg 2| < L7}

e If n > d then

W' ={z €C; |z| > vxn,., vo(A) with A € S'and [Arg 2| < =127}

min ?
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The precise values of vy, are computed in Equation (3.4). The function
G(N\) = vy = (m/n)(d)\/n)m, see Equation (2.2), takes the subset O’ of the
parameter plane univalently onto the open set W' in the dynamical plane.

Also, for fixed @, the function A — £5(6) is analytic on O’ and we claim
that for each @ such that |0] < 2wdn*~!/m, then the set of points £}(6) lies
inside a compact set in W’. To see the claim we deal first with the arguments
of the boundaries. We notice that in Proposition 3.10 we precisely computed
the arguments of the set of points in £¥(0) for |0] < 2wrdn*~1/m. Thus, if z
is £8(0) for |0| < 2mdn*~1/m it follows that (see Proposition 3.10),

e If d > n with n > 5 then |Arg z| < 47/m < nw/m.
e If n > d with n > 5 then |Argz| < (n/m)(d —1)/(n —1).

We notice that by definition £5(6) lies inside the open set bounded by
['x(0). Hence, for each 6 with |0] < 2wdn*~!/m, the set of points £5(6)
lies inside a compact set in W’. Hence we may consider the composition
Q(N\) = G71(&5()) acting on a region of the parameter space. As a function
of A\, @ is analytic and maps the simply connected region O’ inside itself.
By the Schwarz Lemma, ) has a unique fixed point in this set or on its
boundary. But the fixed point cannot lie at A\ = 0 since 0 is surrounded
by the McMullen domain so that the curves £§ are bounded away from the
origin. Hence there must be a unique fixed point in the interior of @’. This
fixed point is Mg . O

Notice that for each k, the fixed point g varies continuously with 6, so
6 — Mo is a curve in the parameter plane. The following proposition iden-
tifies the specific values of Ay corresponding to the special cases considered
earlier.

In the case § = 0, the parameters A\;,; € RT and f’ij(O) = Unp,» SO
that Ao x = Arr1. When 6 = ay, if a = A\ 1, it follows that £° (o) = v. So
Aok = WAk+1. We write this result as a proposition for future reference.

Proposition 3.13 When 0 = 0 and k > 1, the parameter values Aoy are
given by the parameters A1 € RY. When 0 = «y, then \gy is given by
WAp41 on the symmetry line w - RT.

The parameters in Proposition 3.13 are the unique parameters, on the
corresponding lines in parameter space, for which the orbit of the second
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iterate of the appropriate critical point monotonically decreases along the
corresponding line for k—1 iterations, before returning to itself and becoming
periodic.

So the curve 6 — Ay, meets each of these symmetry lines only once.
Hence the portion of this curve defined for 0 < 6 < «y, either lies outside the

sector 5
0<Argh< ——
n—1

for all values of 6, or else this entire curve lies inside the sector. But the
former cannot occur since this would imply that some g would lie in R™,
contradicting the fact that each A\gj lies in O’. Hence the portion of the
curve Ay defined for 0 < 6 < a4 is a continuous arc connecting § = 0
and 6 = 27 /(n —1). It then follows by the (n — 1)-fold symmetry that, for
each k > 1, then Ay is a simple closed curve in parameter A-plane which is
periodic of period
(n—1ay = (n—=1)(EZ1+n+---n*1—dn*1))
2
= —W(nk — 1 —dn* 4+ dn*™1).
m
We therefore define the ring S to be the simple closed curve 6 — \g .

That is, S**! consists of parameter values for which the critical orbit has the
following behavior:

1. the critical values lie inside the curve 19
2. F2(cy) lies on 4571

3. subsequent iterates decrease through the vi until, at the k' iterate,
the critical orbit lands back on the curve 4.

We have shown:

Lemma 3.14 When n,d > 5 and for k > 1, the ring S**1 in parameter
space 1s a simple closed curve that is parameterized by 0 — Ag , and is periodic
of period

2T

- (n*td(n —1) — n* 4 1).
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These curves accumulate on the boundary of the McMullen domain. More-
over, there are precisely T,:”’d = dn*2(n—1) —n*"14+1 parameters along S***
that are superstable parameters and the same number of centers of Sierpinski
holes.

This concludes the proof of our main result Theorem A for n,d > 5.

4 Discussion

For the case when n or d are not larger than four, the proof does not work
because the function G(\) does not cover enough of the curves 7§ to find
the fixed point Mgy, see [3]. We believe that the result still holds for all
these cases, as long as 1/n + 1/d < 1. However, we would need to use
G(X) = F(vy) for some g € N, with ¢ > 1, and then estimate the location
of 0By and M to prove that the function G has the required properties, for
each particular case. Therefore, we leave these cases for future work.
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