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Abstract

Quasi-homogeneous systems, and in particular those 3-dimensional, are cur-
rently a thriving line of research. But a method for obtaining all fields of this
class is not yet available. The weight vectors of a quasi-homogeneous system
are grouped into families. We found the maximal spatial quasi-homogeneous
systems with the property of having only one family with minimum weight
vector. This minimum vector is unique to the system, thus acting as iden-
tification code. We develop an algorithm that provides all normal forms of
maximal 3-dimensional quasi-homogeneous systems for a given degree. From
these maximal systems can be trivially deduced all the other 3-dimensional
quasi-homogeneous systems. We also list all the systems of this type of degree 2
using the algorithm. With this algorithm we make available to the researchers
all 3-dimensional quasi-homogeneous systems.

Keywords: quasi-homogeneous, polynomial differential system, algorithm,
weight vector.

1. Introduction

We deal with polynomial differential systems of the form
i =Pz,yz), §=Qyz2), Z=R(xy2) (1)

being P, Q, R € C[x,y, z|, with degrees n1, ne, ns respectively. Asusual C[z,y, 2|
denotes the ring of all polynomials with coefficients in C and the complex vari-
ables x, y, z. The dot denotes derivative with respect to an independent vari-
able t, which can be real or complex. We say that the degree of the system is
n = max{ni,n2,nz}. From now on a polynomial differential system (1) will be
denoted by S (P, @, R), or by S when it does not lead to confusion.
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Let ZT denote the set of positive integers, and RT the set of positive reals. A
polynomial differential system S (P, @, R) is quasi-homogeneous (from here on,
simply QH) if there exist si, s2,53,d € ZT such that for an arbitrary a € RT,

P(a®iz, a2y, a®z) = s~ 4P (2,9, 2),
Qo x, a2y, a®z) = a®27114Q (2, y, 2), (2)
R(oﬁlx, a2y, aszz) — OéssflerR(x, Y, Z)

We call s1, so and s3 weight exponents of S, and d the weight degree with
respect to the weight exponents s1, so and ss3.

Suppose that a system S is QH, with weight exponents s1, so and s3 and
with weight degree d. In this case we state that w = (s1, s2, s3,d) is a weight
vector of the system S.

In the set of weight vectors of a QH system S it is possible to define a partial
order relation as follows: given two weight vectors of S, w = (s1, $2, s3,d) and
v = (s7, 85, s%,d*), we write that w < v when

s1 <87, 82 <83, 83 <3, d<d". (3)

We say that a weight vector wy, is the minimum weight vector of the QH
system S if for any other weight vector w of the system S it is verified that
Wi < W.

A QH system is called mazimal if any new monomial added to its structure
prevents it to be QH.

As an example consider the polynomial differential system

&= zyz + 22,
U =y?’z + xy, (4)
2 =y2® + 22

It is a QH system with weight vector (2,1,1,3), as can be seen from (2). But
this system is not maximal, because it can be completed to

T =zyz +y> + 22,
y=y*2 +x2* + 2y, (5)
i =y2? +y? +xz,

which still is QH with the weight vector (3,2, 1,4).

We will focus our study on the maximal systems, considering the rest as
particular cases of these in which some monomials are zero. A non-maximal
system will possess all the weight vectors of those maximal systems to which it
can be completed, and perhaps other new weight vectors. All the weight vectors
of (5), i.e. the set {(3a,2a,a,3a+ 1) :a € ZT}, are also weight vectors of (4),



besides others as the mentioned (2,1, 1, 3).

The QH systems are a generalization of the homogeneous systems, to which
they contain as a particular case. Several reasons motivate their study. For
example, if a system S is QH with weight vector v = (s1, s2, s3,d), being d > 1,
then S is invariant under the changes of variable x; — a™iz;, t — o~ 't, for
any o € R*, where w; = s;/(d—1) for i = 1,2,3. In addition, the structural
properties of QH systems allow to find their possible analytic first integrals
through the Kowalevski exponents, see Yoshida, [15].

In the literature many authors have made contributions to this field, and
in recent times it generates an increasing interest. The integrability has been
studied extensively, highlighting the contributions of Llibre-Zhang [12], Kozlov
[8], and Garcia-Llibre-Pérez del Rio [3]. In Liang-Huang-Zhao [10] are studied
the phase portraits. The centers and limit cycles are discussed in Tang-Wang-
Zhang [13], Geng-Lian [5], Li-Wu [9] and Xiong-Han-Wang [14]. Chiba [2] and
Yoshida [15] have explored the Kowalevski exponents. Other topics such as the
period function of the sum of two quasi-homogeneous [1], or the isochronicity
and normal forms [6] have also been treated recently. On the other hand, Garcia-
Lombardero-Pérez del Rio [4] have studied the classification and counting of this
class of systems in dimension 2. Although the mentioned previous papers deal
with systems in the plane, the area of QH systems in the space has recently
begun to be explored, as shown by the works of Huang-Zhao [7], devoted to the
limit set of trajectories, and Liang-Torregrosa [11], which studies the centers of
a certain class of 3-dimensional QH systems.

The objective of this work is to develop an algorithm that provides, given a
degree n supplied by the user, all normal forms of existing spatial QH polynomial
differential systems of degree n. As we have said, we will restrict ourselves to
maximal QH systems. A similar objective, but for systems in the plane, have
been carried out in [3]. However, to the best of our knowledge, there is no
work focused on supplying the complete set of 3-dimensional QH. We provide
such algorithm in the present paper, which will be of valuable assistance for
the development of future works in the field of study of polynomial differential
systems

This work is organized as follows. In section 2 we present some properties
about weight vectors of QH systems, besides provide some concepts like the
weight vector family. Section 3 deals with the particular case of homogeneous
QH systems. In section 4 we introduce the concept of brick, the unitary element
with which we will later build the QH systems. Section 5 contains some of the
most important theoretical results, such as Theorem 16, which states that the
maximal QH systems have a single family of weight vectors, or the fact that
the minimum weight vector can be constituted as a unique identifier in this
type of systems. In section 6 are the main practical results used directly by the
algorithm, which is provided in pseudocode in section 7. The work is closed with
the list of all QH systems of degree n = 2, obtained by applying the algorithm,
see section 8.



2. Some results on weight vectors

Given a QH system S (P, @, R), where

ni no ns
P=3 P, Q=) Qi R=) Ri (6)
k=0 k=0 k=0

we define its homogeneous parts of degree k, Py, Qp and Ry as:

k k—p1

Pk(‘r’ Y, Z) = Z Z ampzk*plfmmplymzk_pl_p2 (k =12, nl) ) (7)
p1=0 p2=0

k k—q1

Qk(xﬂyvz) = Z Z bqumk*th*qgquylhzk_ql_qz (k =12 "'vnQ)v
q1=0 g2=0
k k—t1

Ry(x,y,2) = Z Z Coytgh—ty—tyt Y228 700702 (k=12 ... n3).

t1=0t2=0

Now we are going to obtain some properties of the coefficients of the QH
systems. The equations included in the following result provide information of
great relevance about the structure of the QH systems, because they are the
key for determining when a monomial is present in the system or not.

Proposition 1. Given a QH system S (P,Q, R), being Py, Qk and Ry, its
homogeneous parts of degree k, and
D1, P2, q15 G2, t1, t2, P14+ P2, 1 + G, t1 + 12 € {0,1,...,k}, then

Upipak—pr—ps 7 0= (P1 — 1)1 +p2s2 + (k—p1 —p2)ss=d—1, (8)
bthzk—lh—qz 7& 0= qis1 + (Q2 - 1)52 + (k —q1 — QQ)SS =d—1, (9)
Ctytok—t,—to #£0=t181 +taso + (k —t] —to — 1)83 =d-—1, (10)

for any weight vector w = (s1, s2, s3,d) of S. If S is a maximal system, then
the three reciprocal implications are also true.

Proof. We will do the proof for the coefficients of Py, because the proofs for the
coefficients of @y and Ry are identical. Let {w;}._; be the weight vector set of
the QH system S.

Due to (6) and (7) we have that

iel

ni k k*pl

k—pq—
P(:c,y,z):§ §, E Apypok—py—p T YP2 207012

k=0 p1=0 p2=0

satisfies
Pla® z, oy, a3 z) =



mny k k:—p1

— p151+p2s2+(k—p1—p2)s3 .p1,,p2  k—p1—p2
=D D D kom0 "y :
k=0 p1=0 p2=0

Then it follows from the fact that S is QH (see (2)) that

p1S1+p2sa+(k—p1—p2)ss _ s1—1+d
Ap1pak—p1—p2 @ = Qpypork—p1—p2 & (11)

for all coefficients, for all w € {w;};.; and for any o € R*. Then we fix a
coefficient ay, pyk—p; —p,, corresponding to the k-degree monomial

Ap1pak—p: *;szpl ypzzk—;m P, (12)
Due to (11)7 if appsk—p1—ps 7 0

(p1 —1)s1 +paso +(k—p1 —p2)sg =d—1 (13)

is necessarily fulfilled for all w € {w;}
is proved.

ser» and thus the necessary condition (=)

We now study the sufficient condition (<) supposing that S is maximal.
Fixed the values pi, p2, k, we have that (13) meets for any w € {w;}, ;.
Suppose, by reductio ad absurdum, that ap,p,x—p, —p, = 0, that is the monomial
(12) is not present in Pj. Let us see that a new monomial can be added to Py
by maintaining the QH character of the system. The new system S’ (P’, Q’, R')
will be

P’ (Z‘, Y, Z) — P (.13, Y, Z) + xplyp2zk—1?1—[)27

Q' =Q, R =R.

Then if we take any weight vector of S, w € {w;}
since S is QH, that

se1 » we have due to (13) and
P (a® 2,0y, a%z2) =
—p (0451337 Oész, 04532:) 4 ap151+P2S2+(k—P1—pz)ssxplypzzk—pl—pz
= P (a®'z, a2y, a®?z) + a1 "1 TdgPryp2 k=pi—p2
— oS~ 1+d [p (1,7 v, Z) + xplymzk*pl*m]
=171 P (g, 2)
for an arbitrary o € RT. As this same property is also fulfilled for @’ and R,

we get that S’ is also a QH system. As a consequence S was not maximal, a
contradiction. O

Corollary 2. If a QH system S has a monomial of degree k, then there exist
x1,29 € {—1,0,...,k}, =1 < z1 + xo < k, verifying

I151+1‘252+(l€71‘171’271)83:d71



for any weight vector (s1, $2,83,d) of S.

Proof. 1t is deduced from Proposition 1 taking into account that p;, ¢;, t; €
{0,1,...,k} fori =1,2. O
Corollary 3. If a system S (P,Q, R) is QH, then Py = Qo = Ry = 0.

Proof. The equivalence (8) shows that if Py = ag,,0 is not null, then d < 0,

a contradiction. Also, if Qg or Ry are different from zero, we obtain the same
conclusion from (9) and (10). O

The following results are a direct consequence of Corollary 2, taking into
account that a system must have some coefficient different from zero.

Remark 4. (i) A necessary condition for a vector w = (s1, 2, 83,d) € (Z"’)4
to be a weight vector of some QH system is that ged(sy, 2, 83) be a divisor of
d—1.

(i) Given a QH system S, the weight degree d of any weight vector is uniquely
determined by the weight exponents s, s and s3.

The following result proves that the set of weight vectors of a QH system is
infinite, and also provides a method for constructing new weight vectors from a
given one.

Proposition 5. Given a weight vector (s1,$2,83,d) of a QH system S and
r= g € QF with p and q coprime, the vector (rs1,782,783,d*) is also a weight
vector of S if and only if q divides ged (s1, $2,83) and d* =7r(d—1) + 1.

Proof. Note first that (rsy,rss,rss,7(d—1) + 1) is a vector of positive in-
tegers if and only if ¢ divides ged (s1, 82, 83,d — 1). Taking int account that
ged (81, 82, 83) is a divisor of d — 1, it is enough that ¢ divides ged (s1, s2, 83).

As (s1, 82, 53,d) is a weight vector, for any « > 0, we have that
P(a®'z,a®y,a®z) = o TP (2, y, 2).
On the other hand r € QT, whereby o” > 0, and consequently
Pla™iz,077y,07%2) = P((")" 2, (') y, (o) 2)
= (@) P (2,y,2)
= TP (g ).

Therefore (rs1,7rs2,7rs3,d*) will be weight vector if only if d* = r(d—1) + 1.
Similar conclusions for Q and R. O

The next result provides another way to build a new weight vector.



Proposition 6. If (s1,s2,53,d) and (s3, s5,s%,d*) are weight vectors of a QH
system S, then (s1 + s, 82+ 85,83 + 535, d+d* — 1) is also a weight vector of S.

Proof. As (s1, 2, s3,d) and (s7, s3, s, d*) are weight vectors of S, we have that
for every a € R,

8171+dP(

P(a51x7 a52y’ as3z) = x? y’ Z)?

P(a®iz, 0’2y, a®z) = o® 177 Pz, y, 2).

Then,
P(O[81+SI£C a52+s; s3+s3 = P(a®! sy ED) s5 s3 s3
, Y, & z) = P(a® (a”1z),a” (a®2y),a® (a3 2z))

o . .
= a1 P etz a2y, e 2)

_ Ofl—l""da‘%—l""d P(m,y,z)

— a(51+sf)—1+(d+d*—1) )

We get the same for @ and R, obtaining that (s1 + s}, s+ 55, 83+ s5,d+d* —1)
is a weight vector of S. O

Given a QH system S and A\, u € QF, the weight vector family of S with
ratio (A, 1), Fs (A, p), is defined as the set of weight vectors of S where the
proportion between the exponents sy and ss is A and the proportion between
the exponents s; and s3 is u:

Fs (A p) = {(51,32,53,(1) weight vector of S : S Nand 2 = u} .
52 53

Note that in this definition is not relevant the value that can take the weight
degree d, which is uniquely determined by sy, so and s3. Moreover, if we fix
the system S and the family Fs (A, ), the first weight exponent s; of a weight
vector uniquely determines the rest of the vector, because so = s1/A, s3 = s1/p
and, as we said before, the weight degree d depends functionally on s1, so and
S3.

However, fixed A and pu, and given two systems S and T, it can happen that
families Fs (A, p) and Fr (A, p) are different. In this case the weight exponents
of the vectors match but not necessarily the weight degrees.

Given a weight vector family Fs (A, u), a weight vector that minimizes the
rest of vectors of the family in the sense of the order relation (3) is called the
family generator and we denote it by gy ,). Now we will prove that g, ) exists
for every family. As it happens in two dimensions (see [4]), we have:

Proposition 7. Given a weight vector family Fs (A, u) of a QH system S, it is
verified that:



(i) The family generator gy ) exists.

(ii) Given w = (s7,53,83,d") € Fs (X, p), then g\ ) = W if and only if
ged(sy, s5,s%) = 1.

Proof. Let w = (s7, 53, s3,d*) be the only weight vector of the family Fs (A, p)
that verifies s7 < s; for every (si, $2,83,d) € Fs (A, ). This weight vector al-
ways exists, because the weight exponents are positive integers; and it is unique,
as two weight vectors of Fs (A, u) with the same weight exponent s} are iden-
tical. We will see that w is the generator of Fs (A, u). Let v = (s1, s2, s3,d) be
any weight vector of Fs (A, ). From s < s; we easily follow that s5 = s7/\ <
$1/A = sz and s = s7/u < 81/ = s3. For proving d* < d, we suppose P # 0.
As w and v are weight vectors of Fs (A, u), for any «, 8 > 0 we have:

o1 1

P <a8Tx7a A y,oz“z) = aSI_Hd*P(JU,ZU,Z) (14)
and

P (5813:,6871%5%'2) =BT P (2,y,2). (15)

s

Then, setting 5 = a1 > 0, (15) becomes:

=%

P (asfx,a?y,asiz> =TT EIP @y, 2). (16)

So, by (14) and (16), and since P is not zero in the whole plane, we have

d*—1 2L

-1
o =qn @7,

The exponential function is injective, hence d*—1 = Z—i (d —1). As a conclusion,

s1<s1 < d <d (17)
If P=0, then Q # 0 or R # 0, and the result is proved in a similar way. Thus
w < v and accordingly w = g, ).

Now let gy ) = (s7,53,53,d*) be the family generator, and we suppose
that s1, so and s3 share a common divisor ¢ > 1. Making use of r = 1/q in
Proposition 5, gy ,) would not be the family generator.

On the other hand, the fact that the weight exponents are coprime implies,
also by Proposition 5, that they cannot be reduced more. Neither the weight
degree, due to (17). O

The reason for calling such vector of Fs (A, u) family generator is clear when
we observe that the whole family can be constructed based on gy ,) multiples.



It is clear from the above results that
Fs(\, p) = {(as},as},asi,a(d* —1)+1) : a€Z"},

being g ) = (87, 85,53, d") the family generator of Fs (A, p).

As a consequence a weight vector family is always contained in an unidi-
mensional linear variety of R* passing through the point (0,0,0,1). The linear
variety that contains the family generated by (s}, s3,s5,d*) is g + L, where
xo = (0,0,0,1) and L =< (s}, s3, s5,d* — 1) > is the vector subspace with basis
(s%,85,85,d* —1). For the same reason, a dimension 1 variety of R* cannot
contain two different families, even if the families belong to distinct systems.
Or it contains a unique whole family, or it does not contain any.

The next question is how many weight vector families can have a QH system.
There are many examples of systems with more than one family of weight vec-
tors. As an example, system (4) has {(a,b,a —b,a+1) : a,b € Z* and a > b} as
a set of weight vectors, which means that F' (a/b, a/ (a — b)) is a weight vector
family of (4) for every pair a,b € ZT verifying a > b. Therefore this is a case of
infinite number of families.

The fact that a system S has more than one weight vector family implies
that the existence of the minimum weight vector w,, of S is not guaranteed. If
it exists, it should be the minimum of all family generators, and this minimum
may not be reached. However in systems with a single family Fs (A, ) we have
that g\ ) = Wi,. We will show in Theorem 16 that the maximal QH systems,
the main object of our study, always fulfill the property of having a unique
family, and therefore they have minimum vector of the system.

3. The homogeneous maximal case

We say that a polynomial differential system S (P, @, R) is homogeneous of
degree n if
P(ax,ay,az) = a™P(z,y, 2),
Q(O‘xa ay, 042) = anQ(x’ Y, Z),
R(az,ay,az) = a"R(x,y, z)

for every @ € R. This is equivalent to verify that all the monomials that
constitute S are of degree n. All homogeneous polynomial differential systems
belong to the set of QH systems. In order to verify this property, it is enough
to take (1,1,1,n), or any of its multiples, as weight vector. We will now see
that the reciprocal is also true, whereby the homogeneous systems of degree n
are totally determined as those having (1,1,1,n) as weight vector.

Proposition 8. If the system S (P,Q, R) is QH and w = (s, 8, s,d) is a weight
vector of S, then the system is homogeneous.

Proof. If n is the degree of S, we can apply Corollary 2 to the weight vector w



and k = n to obtain (n —1)s =d—1, so s — 1+ d = ns. Therefore, from (2) we
get
P(afz, 0y, az) = o™ P(x,y, 2),
Q(O‘vaa‘gyaasz) = ansQ(x,y7z)7 (18)
R(a®z, 0y, az) = " R(x,y, 2).

Now we observe that any positive parameter § can be written in the form

1
a® just taking o = 85 > 0 and therefore, by using (18), the system verifies
P(Bz, By, Bz) = B"P(z,y,2), Q(Bz, By, Bz) = B"Q(z,y, z) and R(Bz, By, Bz) =
B"R(z,y, z), that is, the system is homogeneous. O

The system constructed with all possible monomials of degree n is the only
maximal homogeneous system of degree n. We will denote this system by H,.
The only weight vector family of H, is

Fy, (1,1) ={(a,a,a,a(n—1)+1) : a € Z*},

being w,,, = (1,1,1,n) the minimum weight vector. Again non-maximal homo-
geneous systems are very varied and generally have more weight vectors than
the maximal one.

4. Bricks and compatibility

We will use the weight vectors to list the set of maximal inhomogeneous QH
systems. With the aim of reduce the total number of cases, in what follows we
will consider only those weight vectors (s1, $2, $3,d) that verify

81 > 89 > S3. (19)

Also, taking into account Proposition 8, and with the aim of determine just
the inhomogeneous systems, we impose that the condition

S1 > 83 (20)

must be also verified. That is, we are going to construct the maximal sys-
tems that have among their weight vectors someone satisfying (19) and (20).
In this way we simplify our study, significantly reducing the number of sys-
tems to study. The rest of systems are symmetrical to those obtained with
these restrictions, without doing more than permutations on the variables =z,
y and z. As an example, if we find system (5), whose weight vectors, the set
{(3a,2a,a,3a+ 1) : a € Z*}, verify the restrictions (19) and (20), we are auto-
matically finding five more systems, as there are six possible permutations of
the variables =, y and z. One of these systems is obtained by permuting the

10



variables x and y, and has as weight vectors the set {(2a,3a,a,3a + 1) : a € Z*}:

T =22z +y2% + xy,
g =ayz+a’+y?
i=x22 4+ 2% +yz.

In order to simplify the equations involved in the process, and taking into
account the restrictions (19), we define the new variables 1, $3, $3 and d as

follows:

S1 =81 — 83, S2 =892 —S83, S3 =83, C?:d—1+83. (21)

It follows from (19), (20), (21) and from the fact that the weight vectors are
made of positive integers, that these new variables verify the constraints

571787275?‘})6?6 Z7 (22)
51> 52 > 0, (23)
$1 >0, (24)

CZ > 53 > 0. (25)

Given a weight vector w = (s1, 2, 83, d) that satisfies (19) and (20), the new
vector W = (51, $2, 3, d) obtained by the change of variables (21) is called the
transformed vector of w, and we denote the implicit bijection by w = t (w).
A transformed vector always verifies the conditions (22), (23), (24) and (25).
Reciprocally, given a transformed vector w = (57, $2, 53, d), its corresponding
weight vector w = ¢t~ (W) = (s1, 82, 83,d) can be obtained doing:

S1 28714-873, S92 28724-873, S3 2873, d:d—873+1. (26)

The transformed vectors are also grouped into families. That is the weight
vector family Fs (A, u) = {(as1,asa,as3,a(d—1) +1) : a € Z"} is transformed
by t into the set

Fs(\ p) = {(as’has’g,as’g,a@ ta€ Z+},

which is called the transformed weight vector family of Fs (A, p). While a
weight vector family was contained in a straight line of R* passing through the
point (0, 0,0, 1), a transformed weight vector family exists within a more simple
unidimensional subspace of R*. As previously, a subspace of R* of dimension 1
cannot contain two different transformed weight vector families.

The following result, an improved and simplified version of Corollary 2, will
be an important tool in this work, and shows the close relationship between the
monomials of a QH system and a certain type of homogeneous linear equations.

11



Proposition 9. A mazimal QH system S has a monomial of degree k if and
only if there exist x1,x9 € {—1,0,...,k}, =1 < a1 + 22 < k, verifying

X181 + 2282 + ks_g = CZ (27)

for any transformed vector ($1, $2, $3,d) of S .

Proof. Using of the change of variables (21), the equivalences of Proposition 1
can be rewritten for transformed vectors, as

Uprpak—p1—ps 7 06 (p1 — 1)81 + p2sa + ksz = d,
bgrask—qi—qo 7 0 q151 + (g2 — 1)52 + kss =d,
Cirtokimti—t, 7 0 & 1181 + t282 + ks3 = d.

Therefore, the proof concludes simply by taking into account that S is a maximal
system and p;, g, t; € {0,1,....,k} fori =1,2. O

As a consequence of Proposition 9, we have an interesting property of the
maximal QH systems: certain monomials of the same degree k, belonging to
each of the three homogeneous parts Py, @ and Ry, are related. That is, if one
of them appears in a given maximal system, the other two also appear.

Corollary 10. Given a mazimal QH system S (P, Q, R) of degreen, 1 <k < n,
1,22 €{0,1,...,k—1}, 0 <zy + a9 < k—1, then

Azy 1,00, k—z1 —x2—1 #0& bw17$2+17k—$1—$2—1 #0& Cay,x0,k—x1—12 #0

Proof. By Proposition 9, the three inequalities of the statement are equivalents
to the verification of equation (27) for every transformed vector of S. O

Fixed a degree k some monomials of Py, @ and Ry are not related with
other monomials. They appear freely within the QH maximal systems. This
happens because they have zeros as exponents of the variables z, y or z. These
are the following;:

1. Monomials of the homogeneous part P, with exponent 0 in the variable
x, as
Aopsk—p, ¥ 2P (0 <y <K),

which are present in the system when the equation —$; 4+ pass + ksz = d
is verified for any transformed vector (s, $2, 53, d).
2. Monomials of the homogeneous part @) with exponent 0 in the variable
Y, as
Qpi0k—py P Zkipl (0 <p1 < k) y

which are present in the system when the equation p;s; — sz + ks3 = d is
verified for any transformed vector ($1, $2, §3, d).
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3. Monomials of the homogeneous part Rj with exponent 0 in the variable
z, as
afplk—p10'rp1 yk_pl (O S P1 S k) 5

which are present in the system when the equation p1s; + p2$s + ks3 = d,
with py + po = k, is verified for any transformed vector (s, $2, 53, d).
From now on, when we speak of a brick of a system, we will refer to one of
these sets of linked monomials, that are the simplest constituent elements of
the maximal QH systems. We denote by [z1,2z2; k] the brick associated with
the equation (27). Bricks can contribute to the system with three monomials,
one in each of the components P, () and R, or with only one if they are in any
of the special situations studied before. The brick [z1, z2; k] contributes to the
component P with the monomial

x1+1 Igzk—l‘l—mg—l

Axy4+1,x0,k—x1—20—1T Y )

to the component ) with the monomial

1 x2+1zk7I17I271

bzl,mg—i-l,k—zl—:vg—lx Yy )

and to the component R with the monomial

Cl’l7£E2,k*931*962x£1y$22k_x1_wz'
Although as we said two of these monomials may be null. When this be neces-
sary, we will summarize the contributions of [z, x2; k] with

T
’1:1

(P, Q, R) — (I$1+1y12 Zkfxlfaafl’ xmlym2+1zk71171271 T2 Zk‘fiblfibg) .

Y

We denote by By the set of bricks of degree k, meaning brick of degree k those
[€1,x2; k] that contribute with monomials of such degree. From the constraints
for z1 and x5 stated in Proposition 9 we deduce that given k € Z* we have

Bk:{[.’tl,l‘g;k} : $1,$2€Z and 71§1’17I’2,$1+$2§k}. (28)

Table 1 shows the bricks of B; together with their associated equations and the
contributions to the maximal systems in which they are present.

Fixed a degree k the set of bricks By can be represented graphically in the
plane without more than taking into account the restrictions on the integers
x1, %2, which will act as abscissa and ordinate respectively in this graphic. In
the region of the plane corresponding to B3, shown in Figure 1, it is observed
that the bricks that contribute with a single monomial correspond to the border
points of the region.

Proposition 11. An inhomogeneous QH system of degree n. can be constructed

13



(x1,%x2:1] | x1851 + X252 +53=d | (P,Q,R)
[—1,0;1] —sit+s3=d (2,0,0)
[0, —1;1] —S+s3=d (0,2,0)
[-1,1;1] —S +S+s=d (y,0,0)

[0, 0; 1] 3 =d (z,y,2)
[1,-1;1] s s=d (0,,0)
[0,1;1] S+ 8 =d (0,0,y)
[1,0;1] 1+ 53 =d (0,0,2)

Table 1: The set of bricks of degree 1 (By).

with 5
29
% + 2n2 + FTL

different bricks.

Proof. An inhomogeneous QH system of degree n can be constructed with the
bricks of the sets By, k € {1,...,n}. The cardinal of By, which matches the
number of bricks of Hy, is

2+3+...+(k:+2)+(k+1):w.

2
Then, the total number of available bricks is
“~(k+1)(k+6) n® 5 29
S BEDEES) 10y gy 20,

k=1
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[-1,3;3] [0,3;3]

[-123]  1[0.23] [1,2;3]

L ] L ]

18 1013 (1,181 \_[2,1:3]

® L ] L

[-103]  [00:3] (1,03  [20;3] \ [3,0;3]

P13 (3 2 |13

Figure 1: B3 region in the plane

As an example, the maximal system (5) is splitted into the bricks that com-
pose it. This QH system is built of five bricks with degrees running from 2 to
3.

T = | +xyz +y3 +22

g =| +y’z +122 +ay

2 o= +yz? +xz +12
Brick: [0,1;3] [1,-1;3] [—1,3;3] [1,0;2] [0,2;2]

In the next two results we will study when two given bricks can coexist in
the same QH system, that is, their compatibility. It is obvious that in this sense
there must be restrictions. Otherwise, there would only be one possible maximal
QH system of degree n, constituted by the % +2n2+ 26—971 bricks mentioned in
Proposition 11. We will start by analyzing the compatibility of a pair of bricks,
understanding for compatible bricks those that can coexist in a QH system, and
incompatible those that cannot do so under any circumstances. Note that brick
compatibility is not equivalent to the compatibility of their respective associated
equations (27), because the equations can have common solutions (57, $2, 53, d),
but without satisfying the conditions (22), (23), (24) and (25).

Proposition 12. Let x1,x2,y1,y2,k,p € Z be with —1 < x1,2x2, 21 + 2 < k,
—1<y1,y2, 501 +y2 <p and 0 < p < k. The bricks [x1,22;k] and [y1,y2;p] are
compatible in an inhomogeneous QH system if and only if Y1 > 0, or Y1+Y5 > 0,
beingY; =y; —xy, 1 =1,2.

Proof. First we note that the compatibility of [x1, zo; k] and [y1, y2; p] within the
same inhomogeneous QH system means that there is some transformed vector

(81, $2, $3,d) that satisfy the system
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T181 + 2252 + ks3 —d =0,
=0.

Y181 + Y282 +ps3 —d

This system has the infinite set of solutions

{(a, B, Mra+Y2p)/(k —p), (X1a+ X2f8)/(k —p)) : o, B €R},

where Y; = y; — x; and X; = ky; — px; for i = 1,2. But the solutions that count
for compatibility are those that are a transformed vector, i.e., those verifying
(22), (23), (24) and (25).

We start proving that the compatibility implies Y7 > 0 or Y7 + Y5 > 0, that
is, if Y7 < 0 and Y;+Y5 < 0 then there are no values of « and 3 in the conditions
of statements (22), (23), (24) and (25). Since k — p is positive, it is sufficient to
prove that Y1a+Y>0 is negative or zero, so consequently statement (25) does not
hold. If Y7 < 0 and also Y5> < 0, then Yia+ Y58 < 0 for all a, 5 € N. Otherwise,
if Y1 <0 and Y5 > 0, from condition Y7 + Y5 < 0 it is deduced that Y; < —Y5
and since —a < 0, it follows that Yia+Ye8 < (—=Y2)a+Yef=Y2 (8 —a) <0
for every a, 8 € N.

To study the reciprocal implication we distinguish two cases:

Case Yy > 0. Let « = k—p and 8 = 0, so we obtain the solution (k — p,0, Y7, X1).
It is clear that conditions (22), (23), (24) are verified with these values, and
also that s3 = Y3 > 0. To prove d > $3, note that d — §3 = X1 — V7 =
(k—1)y1 — (p—1)x1 and that Y3 > 0 implies y; > x1 > —1, so y1 > 0. All
this, together with 0 < p — 1 < k — 1, means that (k—1)y; > (p— 1)1, so
d > S3.

Case Y1 +Ys > 0. Now we set « = = k — p, obtaining the solution
(k—p,k—p, Y1 +Ye, X5 + Xo), and the proof is identical as in the previous
case, although now d — s3 = (X1 +X2) — (Y1 +Y2) = (k—1)(y1 +12) —
(p—1) (21 + x2), and Y; +Y5 > 0 implies y; +y2 > 21 +22 > —1,50d > $3. [

Note that in addition to the transformed vector obtained in the proof there
is not a single family of transformed vectors, but there are infinity families,
contained in a dimension 2 vector subspace of R%.

We have studied the compatibility for two bricks of different degrees. On
the other hand, two bricks of the same degree k are always compatible; even all
bricks of degree k are mutually compatible, giving rise to the maximal homoge-
neous system Hy. But this is a compatibility that, in the search for exclusively
inhomogeneous systems, we are not interested in. The following result estab-
lishes the conditions of compatibility between bricks of the same degree in the
case of inhomogeneous systems, those that consist of two or more different ho-
mogeneous parts. Note that previous papers ([3], [4]) have shown that the
mentioned type of compatibility does not exist in two-dimensional QH systems.

Proposition 13. Let x1,x2,y1,Y2, k € Z be with —1 < x1,x2,Y1, Y2, T1+T2, Y1+
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y2 <k, and k > 1. Two different bricks [x1,x2; k] and [y1,y2; k] are compatible
in an inhomogeneous QH system if and only if Y1 = 0, or —Y5/Y1 > 1, being
Y=y, —x; fori=1,2.

Proof. First we note that the compatibility of [x1, z2; k] and [y1, yo; k] within the
same inhomogeneous QH system means that there is some transformed vector

(81, $2, §3,d) that satisfy the system

181 + X282 + kS_g - J: O,

yls_l + y28_2 + kS_g —d=0.

The matrix expression of the system, after Gaussian transformations, adopts
the form
r1T X2 k -1
Y1 Y5 0 0 '

The bricks are not the same, so it must be verified that Y2 + Y2 # 0. As a
conclusion the rank of the system is 2, and the set of solutions is

{(Y2a7 _Yla7 Ba (Y2$1 _le2)a+kﬂ) : Oé,ﬂ S R}v (29)

where Y; = y; — x; for i =1, 2.

We start by proving that the compatibility of the two bricks implies Y; = 0,
or —Y2/Y; > 1, or equivalently, that when —Y5/Y; < 1 is verified, being Y7 # 0,
then the bricks are incompatible. The solutions (s1,$2,3,d) have to be of
the form (29), so when —Y2/Y; < 1 is verified we have |s2| > [$1]. In that
case (s’l,s’g,s’g7ci) cannot be a transformed vector, and therefore there is no
compatibility between the bricks.

For proving the reciprocal implication we distinguish two cases:

Case Y7 = 0. The solutions are in this case
{(Yaa, 0, B, Yoria +kB) : «,B € R},

where Y # 0. Setting « = 1/Y5 and 8 = 1 we obtain the solution (1,0, 1, z1 + k).
Taking into account that z; > —1 and that k > 1, the solution is a vector that
satisfies the requirements (22), (23), (24) and (25), so it is a transformed vector.

Case —Y5/Y7 > 1. Note that in this case Y3 # 0 and 0 < —Y7/Y> < 1. To find
a transformed vector, we will take from the solutions (29) the case a@ = 1/Y5,

=1
I Yi
(81782as33d) - <17 Yv2 ;1,1'1 - 72552 + k) .

This vector trivially satisfies the conditions (23) and (24). Also fulfills §3 > 0
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of condition (25). Therefore we only need to prove d > s3, that is,

Y;
- —= kE>1.
1 Y21?2+ >

If x5 > 0,asx; > 1land k > 2, then 2y — Y120 /Yo +k > 14+ (=Y /Yo) 25 > 1.

In the case x9 = —1, then z; > 0 because 1 + x5 > —1, and as well £ > 2.
Then Iy —Y1$2/Y2+k':.’171 — (_}/1/5/2) + k > 2 — (—Y1/§/2> > 1.

Finally if the vector obtained is not formed by integers, it is suffice to mul-
tiply it by |Y3| to meet (22) and accordingly obtain a transformed vector. [

Remark 14. Proposition 13 does not study the compatibility between pairs of
bricks of degree 1, that is, the bricks of B1. If we study case by case all the
possible compatibilities, we observe that here are some special situations that
slightly modify the previous result. In gemeral, Proposition 13 is true, but with
the following exceptions:

1. The brick [—1,0;1] has as associated equation —s; + 3 = d, which is
incompatible with the requirements (24) and (25). Therefore, this brick
can never exist in a QH system.

2. The compatibility between the bricks [0, —1;1] and [—1, 1;1] is not verified,
contrary to what would be deduced from the application of Proposition 13.

5. w,, as unique identifier of maximal QH systems

Lemma 15. Given a brick [z, xo; k] belonging to By, it is satisfied that:
(i) [x1, 22 + 15 K], [x1,22 — 15 K], or both belong to By.
(ii) [x1 + 1,20 — 1; k], [x1 — 1,22 + 1; k], or both belong to By.

Proof. Let k € Z* be and [z1, z2; k] € By.

From the definition (28) we know that the bricks of By are exactly those
[p, q; k] that verify the conditions

(a)p,g€Z, (b) —1<p<k, (c)—-1<q<k, (d—-1<p+qg<hk.

(¢) Let [z1,x2; k] = [x1,—1; k] € Bk. Then (a) and (d) imply 0 < z; < k, so
[x1, 22 + 1; k] = [21,0; k] € By.

On the other hand, if [z1, 22; k] € By, being 0 < x5 < k, then [z, 29 — 1; k]
belongs to By, except if 1 = —1 and x5 = 0. But in such a case [z1, 22 + 1; k] =
[—1, 1; k] € By.

(i7) Let [x1,x9;k] € By where 1 > 2. Then, by (b) and (¢), 0 < z1 < k
and —1 < 29 < k — 1. As a consequence [z1 — 1,25 + 1; k] verifies (a), (b), (¢)
and (d), so [r1 — 1,22 + 1; k] € Bx.
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In a similar way we can prove that [z1 + 1,25 — 1; k] € Bk when 21 < z5.

Now let [x1, z2; k] € By being 1 = z5. By (d), we have that —1 < 21, 225 <
k,s0 0 < x1, 9 < k/2, and being k > 1, we conclude 0 < x1, 9 < k — 1. Thus
[1 + 1,20 — 1; K], [£1 — 1,20 + 1; k] € By. O

Theorem 16. A mazimal QH system has a unique weight vector family.

Proof. The case of maximal homogeneous systems has already been studied in
section 3. The maximal homogeneous system of degree n, H,, only has the
weight vector family Fy (1,1).

We will therefore analyze the case of inhomogeneous maximal systems. An
inhomogeneous QH system of degree n must have at least two compatible bricks:
one of the degree of the system n, [x1,22;n], and another of degree m < n,
[y1,y2; m]. Being compatible, we know from Proposition 12 that either Y7 > 0,
or Y1 + Y5 > 0 must occur, with Y; = y; — x; for i = 1,2. Distinguishing these
two cases we will show that there is always a third brick compatible with the
two previous ones, so that it can be added to the system. In addition, we will
see that any maximal system formed from these three bricks has a unique family
of weight vectors.

Case Y1 > 0: By Lemma 15 we know that [x1, 22 + 1;n], [£1, 22 — 1;n], or both,
belong to B,. We suppose that [z1,z2 4+ 1;n] € B,, because the other case is
identical, and we will see that [x1, 22 + 1;n] is compatible with [z1, z9;n] and
[y1,y2; m]. The system of equations associated with these three bricks is
181 + 2952 +nsz3 —d =0,
Y151 + Y282 + msz —d =0, (30)
x181+ (x2+1)$2+ns3 —d=0.

Solving it we observe that it is a system of rank 3 with the following infinite set
of solutions of dimension 1:

Y]
{(a,O, ! a,( n lfl—i—xl)a):aeR}.
n—m n—m

Using the inverse transformation (26), we obtain the solution set

Y; Y Y; -1
{(< ! +1)a, ! a, ! a,(n Y1+x1>a+1):a€R},
n—m n—m n—m n—m

of the corresponding system (30) in the variables s1, s2, s3 and d.

This space of solutions has dimension 1, and therefore can contain at most
one weight vector family. We will see that it contains that family: if we set
a = n—m, the solution of the obtained system is a weight vector. This solution
is

(81a827837d) = (Yl +n_m7 Y17 }/17 (n_ 1)}/1 + (n_m)xl + 1)7
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whose components are integers. In order to (s1, 2, $3,d) be a weight vector, we
have to check that s; > s5 > s3 > 0 and d > 0. Since Y7 > 0 and n > m, the
first is evident. To prove d > 0, we observe that being n > m > 1, Y7 > 0 and
x1 > —1, the unique problematic case could appear when 71 = —1. When it
happens, we have that d = (n — 1) (y1 +1) = (n—m)+1=(n— 1)y +m >0,
because y; > x1 > —1.

It is possible to ask, since we deal with maximal systems, if adding a fourth
brick, and therefore another equation to system (30), can reduce the number of
solutions, thus losing the obtained family.

If we add the brick [z1, z2; p] we have the system of equations in the variables
$1, 2, §3 and d
T181 + X289 + NSz — d= 0,
Y1§1 + Y282 + msz —d =0,
7181 + (22 +1) 52 +ns3 —d =0,
2181 + 2282 + pss —d = 0.

If this new system of equations maintains the rank 3, it has the same solutions as
(30) and therefore the corresponding QH system has a unique family of vectors.

If the system reaches rank 4 it would be a determined compatible system
with single solution (0, 0,0, 0), which cannot be a transformed vector because it
does not satisfy (24) nor (25). Thus any system containing these four bricks can
be QH. Therefore as we add bricks to the system while maintaining the quality
of being QH, we maintain the rank 3 in the corresponding systems of equations,
and also maintain the existence of a unique family of weight vectors.

Case Y1+Y5 > 0: This case is proved almost identically to the case Y7 > 0, so we
will only point out the differences. Now the third brick will be [y; + 1, y2 — 1;m)]
or [y1 — 1,y2 + 1;m], depending on which of the two exists (see Lemma 15). If
we assume that the first one exists, the system of equations is

2161 + 2250 +nsz —d = 0,

Y1851 +y252 +msz3 —d =0,
(+1)s1+(y2—1) 2 +ms3 —d =0,

whose solutions are

Y + Y-
{(a,a, L+ Qa,< i (}/1+Y2)+x1+x2)a) SOLER}.
n—m

n—m

Using the inverse transformation (26), we obtain the solutions in the variables
S1, S2, s3 and d:

{((A+1)a7 (A+1)a, Aa, (n(Y1+Y2)+x1+w2>a+l> : aeR},

1
n—m

where A = (Y1 +Ya) / (n — m).
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As in the previous case if we take a = n—m we obtain the particular solution
S1 :SQZY1+Y2+TL*7TL,

53 =Y + Yo,

This solution consists of integers, verifies s; > s5 > s3 > 0 and verifies d > 0
providing that Y7 + Y5 > 0 implies y; + y2 > @1 + x5 > —1. It is, Therefore, it
is a weight vector.

O

Corollary 17. A mazimal QH system is made up of at least three bricks.

Proof. The homogeneous maximal system H, has, as we have seen in Proposition
11, (k + 1) (k + 6) /2 bricks, which exceeds 2 for every n > 0.

An inhomogeneous maximal QH system must have at least two bricks of
different degrees. In the proof of Theorem 16 it is showed that there is always
another compatible brick that can be added to the system. O

Corollary 18. A maximal QH system always has minimum weight vector of
the system.

Proof. Let S be the system, and Fs (A, p) its unique family of weight vectors.
Then, wWp,=g(xu)- O

Corollary 19. Given a mazimal QH system S, a weight vector (s1, s2, S3,d) is
the minimum weight vector of S if and only if gcd(sy, s2,83) = 1.

Proof. The proof is an easy consequence of Theorem 16 and Proposition 7. [

An important consequence of Theorem 16 is that a weight vector of a maxi-
mal QH system S verifies conditions (19) and (20) if and only if all other vectors
of S verify them. Because of this we avoid the possibility that, when filtering
with (19) and (20), we did not consider other vectors of S (for example (1,2,3,4))
whose presence would imply a modification in the algebraic structure of the sys-
tem.

Proposition 20. Two different maximal QH systems of degree n have no com-
mon weight vectors.

Proof. Let S and T be two maximal QH systems of degree n that share the
weight vector w = (s1, $2,83,d). Let Fs (A, p) and Fr (A, u) be the vector
families to which w belongs in S and T respectively. We will show that S and
T are the same system, proving that any monomial of S is contained in T and
vice versa.
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Let (12) be a monomial of S. Proposition 1 assure that w verifies the equa-
tion of the right side of (8). Since, by Theorem 16, all the weight vectors of
T are those of Fr (A, 1), so being of the form (rsy,rss,rs3, 7 (d — 1) + 1), with
r a rational number, it is trivial that all of them also verify the equation (8).
Therefore, due again to Proposition 1, the monomial (12) must be present in T.
In the same way, we can show that all the monomials of T are in S, so S and T
match. O

It should be noted that if we vary the degree n of the system, then the
weight vectors could be repeated, and therefore also the families. For example,
the weight vector w = (2,2, 1,2) and their corresponding family appears in the
following maximal system of degree 2

T =xz+ Yz,
y=xz+yz,
i=224x+y,

and also in the following maximal system of degree 3

=22 4+z2+yz,
y =23+ 12 +yz,
i=2242x+y.

Remark 21. As a consequence of the previous results we have that, given a
mazximal QH system S of degree n, its minimum weight vector w,, always exists
and is a unique identifier of S within the set of maximal QH systems of degree
n.

6. Constructing the set of maximal inhomogeneous QH systems

By Corollary 17 we know that every inhomogeneous maximal QH system
contains a minimum of three bricks. In addition, Theorem 16 assures that
the system has a single family of weight vectors. Therefore given an n-degree
system S of this type, we can always choose three bricks [x1,z2;n], [y1,y2;m]
and [z1, 22; k] in such a way that:

(a) At least one of them is of the same degree as S, but they do not have all
the same degree , i.e., 1 <m<n,1 <k <n.

(b) Their respective associated equations form a system of rank 3, and therefore
its solution space in R* has dimension 1.

(¢) The bricks are compatible. That is, some of the solutions of (b) verify the
constraints (22), (23), (24) and (25).
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When three bricks of S satisfy these requirements we say that they form a
seed of S. With requirement (a) we force that the three bricks belong to an
inhomogeneous system of degree n. From conditions (b) and (c¢) it follows
that the compatibility between the three bricks is reduced to a single family
of weight vectors. Consequently two distinct maximal systems cannot share a
seed, although they may share three or more bricks that do not form a seed.

A maximal system always has at least one seed, although it usually owns
more. In a later theorem we will show that if we have a seed of a system S,
the rest of the system and its corresponding family of vectors are totally deter-
mined. Thus, all the information about the algebraic structure of a maximal
inhomogeneous QH system is in any of its seeds. So we will start by identifying
them in the following result.

Theorem 22. The bricks [x1,x2;n], [y1,y2;m] and [z1, z2; k], with 1 <m <n
and 1 < k < n, form a seed of some n-degree maximal inhomogeneous QH
system S if and only if the following three conditions hold:

(’L) Tg 75 O, T1 'T2 < 0 and |T1| < |T2‘,

g Yi Y5
@Uﬂ{ﬂ B]>Q

o T = YoTh | woTh — aTh
(444) > )
(n—m)Ty (n—1)Ty

where Y, =y, —x;, T =(k—m)x;, + (n—k)y; + (m —n) 2, fori=1,2.

Proof. The equations associated with these three bricks form the homogeneous
linear system

2161 + 2250 +nsz —d = 0,

Y181 + Y282 + msz —d =0, (31)

2181 + 2982 + ks_g —d=0.

After Gaussian transformations the system can be represented in its matrix
form as

1

r1 T2 n -1 5 0
Yi Y2 m—n 0 83 =10 (32)
T T» 0 0 j 0

The set of solutions obtained solving this system is

YTy — YoT: YTy, — Y5T;
(Tga, “Tia, 142 2 1a, <71( 142 2 1)

n—m

-+ £L'1T2 - 1'2T1> Oé> 5 (33)

n—m

where o € R.
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In order to prove the necessary condition (=), we suppose that the three
bricks form a seed. Then, by (c), some of the solutions of the set (33) verify (22),
(23), (24) and (25). Let (51, $2, $3, d) be one of these solutions, i.e., a transformed
vector obtained by setting a particular @ € R in (33). Consequently, §1 > s > 0
and $3 > 0, so (i) must be verified. Also, $; and $3 have the same sign, so being

n —m > 0, we get (ii). Finally, d > s3, and then

«

n
a ( (YlTQ — YQTl) + .TlTQ — $2T1> Z n (YlTQ — Yng) .

n—m —m

As & and T, are not null and have the same sign (because §; > 0), the
previous inequality is equivalent to

n i1, - Yo n 21T — 22T S YTy - Yo
n—m T T - (n—m)TQ’

and from this by simple algebraic operations we obtain

Y1T2 - YQTl > l‘ng - l‘ng
n—m)Ty = (n—1)Ty "~

so (#i7) is proved.

To prove the sufficient condition (<) we must verify (a), (b) and (c) of the
seed definition. Being n > m, (a) is fulfilled trivially. Due to T» # 0, and being
n # m, the system has rank 3, as can be seen just checking the matrix of (32).
Also, as a homogeneous system of equations, it has solutions. Therefore (b) is
true. Now let 75 > 0 be. Setting a« = n — m we get the following particular
solution of the set (33):
1=T2(n—m),

$o=-T1 (n—m),
sz = Y11 — Y517,
d=nMTy = YoTh) + (n—m) (x1Ty — 25T1) .

This solution verifies (22), (23), (24) and (25), then (c) holds. If T5 < 0 we set
a = m — n with the same conclusion. O

Theorem 23. If the bricks [x1, z2;n], [y1, y2; m] and [z1, 22; k], with 1 <m <n
and 1 < k <mn, form a seed of an n-degree mazximal inhomogeneous QH system
S, then

(1) The brick [t1,t2;1] with 1 <1 < n, belongs to the system S if and only
if TyRy = ToR,.

.. . . ) $1 S 3 d
(i) The minimum weight vector of S is Wy, = (é, 52, 63, re + 1) , where
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Yi=vyi—xzi, fori=1,2,
Ti=k-m)z,+(n—k)y; + (m —n) z, fori=1,2,
Ri=(l-m)z;+(n—Dy;+(m—n)t;, fori=12,
§1 =Ty —YoTi |+ (n—m)|Ts|,

$o = NTy — YoT |+ (n—m)|Th|,

s3 = ["1Tp — YoT|,

d= (n — ].) ‘YlTQ — Y2T1| + 1) (TL — m) (l’lTQ — iEQTl),
0 = sgn (Tv),

G = ged (61, $2, 83) .

Proof. (i) Since [x1,z2;n], [y1,y2;m] and [z1, 22; k] form a seed of S, we know
that its associated system of equations (31) has rank 3. A fourth brick [t1,%2;!]
also belongs to S if and only if the increased system

181 + 2989 +ns3 —d =0,

Y181 + Y252 + msz —d =0, (34)
2181 + 2282 + ks3 —d =0,

tls_l + tQS_Q + lS_g —d= 0,

which includes the equation associated to [t1, t2;[] maintains the rank 3, because
of the rank of (34) goes up to 4 the system becomes compatible determined
with unique solution (0,0,0,0), and in this case S would not be QH because
it would not have weight vectors. Then the matrix expression of system (34),
after Gaussian transformations, adopts the form

T1 X2 n -1 $1 0
Y1 YQ m-—-n 0 5o o 0
T1 T2 0 0 810, - 0 ’ (35)
Ri Ry 0 0 d 0

with Y;, T; and R; being the values of the statement for i = 1,2. Finally the
matrix of (35) has rank 3 if and only if Ty Ry = ToR;.

(7i) As seen in (i) the solution space of all the equations associated with
bricks of S is the same as the solution space of (31). That is, it is the set
defined in (33). Within (33) exists the transformed vectors of S. Applying
to (33) the inverse transformation ¢~! given in (26), we obtain the solutions
corresponding to the equations in the variables sy, ss, s3, and d, which are

ViTy — YaT
ﬁa<12221+n),

n—m
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Y15 — Y5T,
o= a (1221 _TI), (36)

N ((n .y i1, - Yo

n—m

+ x115 — :L‘QT1> + 1,

with @ € R and Y;, T; being the values of the statement for ¢ = 1,2. The
elements of (36) which are formed by positive integers are the weight vectors
of the maximal QH system S. We now obtain a particular weight vector. For
this we can take o = sgn (T») (n —m). Taking into account that by Theorem
22 we know that Y175 — Y577 has the same sign of T5, and also that when T3
is not null, it has the opposite sign of T3, we obtain the weight vector of S
w = (1, S, s},cf), where

SAl = |Y1T2 - Y2T1| + (Tl — m) |T2|,
SAQ = |Y1T2 — Y2T1| + (’I’L — m) |T1|,
s3 = Y11y — YT,

dAZ (n — 1) |YiT2 — YYQTll + 5(n — m) ((ElTQ — :EQTl) +1,

being § = +1 with the same sign as T5, i.e., d = sgn (7). By Proposition 5
and Corollary 19 we know how to obtain the minimum weight vector w,, of a

maximal system from one of its weight vectors w = (1, $2, $3, d), namely

S1 So S3 d—1
Wm = A~ ~ A ) A~ A~ A~ ) A~ A ~ ) A~ A~ A~ + 1 M
ng (51,82783) ng (51,52753) ng (81,52753) ng (81,52753)
_In this way the result is proved without further action than setting d =
d—1. O
Remark 24. Note that if the minimum weight vector of a system S is known,
we have an alternative way to Theorem 23 (i) to determine if a brick [t1,t2;]

is in' S or not. It is enough to check if the minimum weight vector of S wverifies
the equation associated with the brick, that is

t1$1+t252+(17t17t271)83:dfl.

In the same way that happens with the seeds, if we fix the degree of S the
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whole information about the algebraic structure of S is in its minimum weight
vector. Then when the minimum weight vector has previously been calculated
this is a faster method than the one proposed in Theorem 23 (7).

7. The algorithm

The objective of our algorithm is to find all the maximal QH systems of a
certain degree n. The only homogeneous maximal system is H,, so the algorithm
is focused on the inhomogeneous. The algorithm is mainly based on Theorem 22,
Theorem 23, and Remark 24. Briefly any system of this type must have among
its constituent bricks one or more seeds, and detected a seed all information
about the structure of the system can be obtained by using Theorem 23 and
Remark 24. Therefore, our first goal is to get a list of all possible seeds of n-
degree systems, for which we will use Theorem 22 with the help of Propositions
12 and 13. In this way we will obtain all the wanted systems, although there can
be repetitions because two different seeds can generate the same system. We
will avoid these repetitions using the minimum vector of each system as unique
identifier of it.

It is an algorithm that requires quite computation, which also grows notably
when the degree n of the required systems increases. Because of this, a basic
principle of design has been to avoid unnecessary calculations. For this reason
we have taken different steps that will be discussed later.

The algorithm has a modular structure, and is formed by a main process
together with four auxiliary functions. The criterion that we followed to extract
computation from the main body to the functions has been to isolate those
calculations that are repeatedly executed.

In order to facilitate its practical implementation, but at the same time
to provide a tool as general as possible, we present the algorithm written in
pseudocode. The structure is highly detailed so that their later translation to
any programming language will be simple.
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Algorithm 1: Determines whether two bricks are compatible

Input: Two bricks: B; = [z}, z%; k], B; = [, x}; k]
Output: true if the bricks are compatible, false if not
Function ARECOMPAT(B;, Bj)
Y1<—x{—x§ ;Yg<—$§—x§
if (k' #k7) and (Y1 >0 or Yy + Yz >0) then

‘ return true
else if (k' =k7) and (Y1 =0 or —Y3/Y; > 1) then
‘ return true
else

L return false

o N o A W N+

The first function, ARECOMPAT(B;, B;), receives two bricks and determines
whether they are compatible or not. We try to avoid unnecessary computation
by leaving the function as soon as possible. We do not consider the special cases
of incompatibility stated in Remark 14, since these would fulfill their function
of filtering in a very limited number of executions of the function, and in return
we would have a remarkable computational cost. Besides, the few incompatible
cases that are allowed to pass are subsequently filtered into other functions. We
make use of Proposition 12 (Line 3) if both bricks are of different degree, and of
Proposition 13 (Line 5) if the bricks are of the same degree. Note that in case
of bricks of different degrees it is important the order of the inputs: the highest

degree brick must be the first one.

Algorithm 2: Determines whether three bricks form a seed

Input: Three bricks:B; = [z}, 2b; k%], B; = [2],23; k7], B, = [}, =

Output: true if the bricks form a seed, false if not

1 Function ARESEED(B;, B;, B))

2 | Ty (kP — k)b + (K" — kP)a, 4 (k7 — k")
3 if T, = 0 then

4 L return false

5 | Ty (kP — k)l + (K — kP)2] + (K — k')ah
if Ty - Ty >0 or |Th| > |T»| then

L return false

8 Y1<—x{—x§;1/2<—xg—x§
if T2 . (Y1T2 — YQTl) S 0 then
10 L return false
o V1T = YoTT  wo Ty —x1Th
f — . < A th
B e e ) L P (S Y
12 L return false
13 return true

Dp. kP

29

]
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Our second function, ARESEED(B;, Bj, Bp), determines whether the three
bricks B;, B;, and B, form a seed or not. The function verifies the requirements
stated in Theorem 22. It avoids unnecessary computation exiting the function
at the moment in which one of these conditions is not verified. The calculation
of the values of Y7, Yo, T7 and Tb only takes place when it is indispensable.
Condition (i) of Theorem 22 is checked in Lines 3 and 6; condition (#¢) in Line
9; and condition (¢7¢) in Line 11 of the function.

Algorithm 3: Finds the minimum weight vector of a QH system

Input: Three bricks that form a seed: B; = [z}, z%; k'],
B; = [37]1755%51{3”’ By, = [af, x5; k7]
Output: The minimum weight vector w,, corresponding to that seed

1 Function CALCULATEWM(B;, B;, Bp)

2 Y+ 53]1 —

3 | Yyl —ab

4 | Ty (K —k)ah + (K — kP)a] 4+ (K — k)b
5 | Ty« (kP — k)ah + (K — kP)ah + (K9 — k')
6 0 + sign(Ts)

7 §1 |Y1T2 — }/QTl‘ + (kz — k‘])|T2|

8 So +— |Y1T2 — YéTﬂ + (k7 — k‘j)lTl|

9 8A3 <— |Y1T2 — YQTl‘
10 | d (K= 1)|ViTs — Yoy | + 6(kF — k) (2 Ty — 24Ty
11 G <+ gcd(s1, $2, S3)

8A1 SAQ SAg d

12 Wm<_(576’575+1)
13 return w,,

On the other hand, CALCULATEWM(B;, B;, B,,) function accurately repro-
duces the statement of section (i¢) of Theorem 23. That is, it receives three
bricks, which are known to form a seed of a maximal QH system S, and calcu-
lates the corresponding minimum weight vector of S.

Algorithm 4: Determines if a brick is in a maximal QH system with
a given minimum vector

Input: The minimum weight vector w,, = (s1, s2, s3,d) of a QH
system and a brick B, = [2], zd; k9
Output: true if the brick is in the system, false if not
1 Function ISBRICKINSYSTEM(w,,,, By)
if 2is; +xdso + (k7 — 2% — 21 —1)s3 =d — 1 then
‘ return true
else
L return false

(3, S U V)
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The last of the auxiliary functions is ISBRICKINSYSTEM(W,,, B,). As we
have seen, the minimum vector of a maximal QH system stores all information
about the algebraic structure of the system. This function receives the minimum
vector wy, of a system S together with a brick By, and decides if B, is present
in S or not (Line 2). It is based on the result stated in Remark 24, because when
we have the minimum vector, this method requires much less computation than
the one exposed in section (i) of Theorem 23. This brief function has the last
word in the process of construction of the maximal QH systems.

Algorithm 5: Provides all QH systems of a given degree

Input: Degree of the systems (n)
Output: List of all QH systems of degree n

| N ¢ Gt(50)

2 T+ %3 +2n? + %n

3 Aux < empty matrix of 4 columns

4 create ordered list of bricks {B;}_,, where B; = [z}, z}; k']
5 for 1 <1 to N do

6 for j« N+1toT do

7 if ARECOMPAT(B;, B;) then

8 forp+—i+1toj—1do

9 if ARECOMPAT(B;, B,) and ARECOMPAT(B,,, B;) then
10 if ARESEED(DB;, Bj, B,) then

11 W, <~ CALCULATEWM(B;, B;, B))

12 if w,, is not a row of Aux then

13 add w,,, as a new row of Aux

14 for g < 1to T do

15 if ISBRICKINSYSTEM(W,,,, B,) then
16 L | add B, to system S

17 output system S

The main process of the algorithm starts by asking the user for the only
necessary input datum, that is, the degree n of the maximal QH systems that
must to be listed. With this datum we apply Proposition 11 to obtain two
values: N (Line 1) is the total number of n-degree available bricks, that is, the
cardinal of B,; and T (Line 2) is the total number of bricks of degree less than
or equal to n, that is, the cardinal of {By};_,. To avoid repeating systems, we

will store in the matrix Auz the minimum weight vector of each new system
that we find.

In Line 4 is made the ordered list of the T' available bricks. These must be
ordered so that we can go over them one by one. The only condition for this
order is to place first the N bricks of maximum degree. Once this is done, the
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rest of the ordination details are irrelevant to the operation of the algorithm.

Subsequently, there is a series of nested for loops (Lines 5, 6 and 8) which
are intended to run, without repetitions, all possible trios of bricks made up of
at least one brick of degree n and at least one brick of degree less than n. Thus
we assure two things: the degree of the systems obtained from these trios is n,
and the systems are inhomogeneous.

Obviously not all brick’s trios are a seed, so we check each of them by calling
the function ARESEED(B;, B;, By,) (Line 10). In fact, most of trios do not form
a seed. So with the aim of saving computation of unnecessary calls to this
expensive function, we include several conditional structures (Lines 7 and 9) in
which we check every required compatibilities of pairs of bricks. This is done
by means of function ARECOMPAT(B;, B;).

For each detected seed, we know that there is a maximal inhomogeneous QH
system. But two different seeds can give rise to the same system, thus producing
repetitions. To avoid them, we obtain the minimum weight vector associated
with the seed by calling (Line 11) the function CALCULATEWM(B;, Bj, Bp).
The easiest way to identify this type of systems is through its minimum weight
vectors. If the minimum weight vector obtained is already in the matrix Aux, it
means that this system has already been found before, in which case we discard
it. Otherwise we insert the vector into Aux and go to the process of building
the system.

The function ISBRICKINSYSTEM(W,,,, B,) is called for each of the T avail-
able Bricks (Line 15), even for the three bricks which, by forming the seed, we
know that they are in the system. It is a function with little computation, so
establishing filters to avoid calling it in these three particular cases would have
more computational cost than leaving it that way.

Every time the function 1ISBRICKINSYSTEM(W,,, B,) returns true implies
that the brick B, = [z{,23; k7] belongs to the system S we are building. This
means (Line 16) that the monomial

w(ll-‘rl xgqu—x‘f—wg—l

Y

Az 41,0 ke —a?—2d—1T
is added to the P component of S; the monomial

q .q q_.9_,.q9_
bz‘lz,:vg+1,k‘17:v;17mgflleyz2+1zk Timrl

is added to the @) component of S; and the monomial

q

q

zd x
C9 .9 q_,ax Y2z
r],xs,kd—x{—x] Yy

a_..9_ .4
k?—x{—x3

is added to the component R. We must take into account here the cases in which
a brick contributes with a single monomial, studied previously in this work.

Finally being the construction process finished, the algorithm returns S in
the format that is considered most appropriated (Line 17). This task is done
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recursively until the trios of bricks, and therefore the seeds and the possibility
of forming new systems of these characteristics, are exhausted.

8. QH systems of degree 2

The following is the list of normal forms of 3-dimensional maximal inho-
mogeneous QH systems of degree 2, obtained by the algorithm described in
the previous section. The minimum weight vector w,, of each system is also
provided. Being w,, the generator of the unique weight vector family of each
system, it is easy to obtain from it the remaining weight vectors. Since these
are maximal systems, the coefficients a, b and ¢ of the systems in the list can
take any complex value other than zero.

& = ap20y? + ao11yz + ago22? + a0 T = ai102y + a10122
S y= bo10y + boo1 2z So : y= bozoyz + bo11yz + boozzz + bioox
z = co10Y + Co01% Z = €020y~ + co11YZz + co022“ + c100T
wm = (2,1,1,1) Wi = (2,1,1,2)
& = ago22? + a100T + ao10y & = ag20y?
s, . U= boo222 + biooz + bo10y S, . U= boo22” + bioox
21 L 100 5 _
Z = coo1%2 z=0
wm = (2,2,1,1) wm = (6,4,3,3)
i=a 2 2 . 2
020Y“ + @011YZ + apo22 T = ap20Y
S, - Y = bioox St ¥ = boo2z>
3 115
Z = C100T Z = Co10Y
wm = (3,2,2,2) wm = (5,3,2,2)
& = ago22? T = ap11y2
Z = c100Z + co10Y Z = c100%
wm = (3,3,2,2) wm = (5,4,3,3)
= ago2z2 T = 110201,/2
S Y = bioox Sy ¥ = boo2z?
5: L 13: 5
zZ = co10Y Z = C100X
wm = (5,4,3,2) W = (7,5,4,4)
& = ao11yz + a100T * = a10122 + ao11y=
S : y = boo222 + bo1oy Syu: y = b1019622 + bo11yz
Z = Co01% z = cp022~ + c100Z + co10Y
wm = (3,2,1,1) wm =(2,2,1,2)
& = ap20y? + a100z & = a10122 + ao20y>
S - § = boo222 + bo1oy Si- - ¥ = bo11yz + bioox
7oL 150 5 2
Z = 012 Z = €p022° + co10Y
wm = (4,2,1,1) wm = (3,2,1,2)
T = ao11yz & = a10172 + ap20y>
S : y = bgo222 + brooz Syg: y = bOllyg
Z = C010Y Z = c0022° + c100T
wm = (4,3,2,2) wm = (4,3,2,3)
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& = ap20y? T = ai10zy

Sym y = bio12 Sio: y = bo20y? + bio1z2
Z = co10Y z = co11Y% + c100T
Wm = (473)1:3) Wm = (372’173)
T = a020y2 =0

Sis y = bio172 S0 y = b101$22
Z = c100% 2z = €020y~ + c100%
Wm = (57 47 274) Wm = (47 2, 1,4)

We could add to this list of inhomogeneous systems the only homogeneous
maximal QH system of degree 2, Hp, with w,,, = (1,1,1,2), and thus we obtain
the complete list of maximal systems of degree 2.

In particular non-maximal QH systems are also represented in the above list.
They are obtained from the maximals just canceling some of the coefficients,
taking into account that we must always leave at least a monomial of degree 2,
and that if we additionally want the system to be inhomogeneous, we must also
leave some monomial of degree 1.

Another aspect to consider is that, as we have seen, in order to simplify our
algorithm this provides only those systems whose weight vector family satisfies
the restriction (19). This is just one of the six possible restrictions of this type
that we can establish. But the remaining QH systems are again easy to obtain
from the list we have. We could add to the 20 inhomogeneous systems of the list
those systems obtained from making permutations of the variables z, y, and z.
In this way we arrive at a total of 102 maximal inhomogeneous systems of degree
2, and not to 120 as one would expect of multiplying the number of systems by
3!. This is because there are systems, such as S; or Sz, which are symmetrical
with respect to two of their variables, and therefore there are permutations that
provide repeated systems. Thus, by adding the unique homogeneous system we
have a total of 103 maximal QH systems of degree 2.

The number of systems increases notably with the degree. There are 137
inhomogeneous systems of degree 3 verifying the restriction (19), and we have
found 643 systems of degree 4 and 2119 systems of degree 5 making use of our
algorithm.
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