THE ROLE OF THE MULTIPLE ZEROS IN THE AVERAGING
THEORY OF DIFFERENTIAL EQUATIONS
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ABSTRACT. In this work we improve the classical averaging theory applied
to A-families of analytic T-periodic ordinary differential equations in standard
form defined on R. First we characterize the set of points zp in the phase space
and the parameters A where T-periodic solutions can be produced when we
vary a small parameter €. Second we expand the displacement map in powers
of the parameter ¢ whose coefficients are the averaged functions. The main
contribution consists in analyzing the role that have the multiple zeros zp € R
of the first non-zero averaged function. The outcome is that these multiple
zeros can be of two different classes depending on whether the points (20, \)
belong or not to the analytic set defined by the real variety associated to the
ideal generated by the averaged functions in the Noetheriang ring of all the
real analytic functions at (20,A). Next we are able to bound the maximum
number of branches of isolated T-periodic solutions that can bifurcate from
each multiple zero zg. Sometimes these bounds depend on the cardinalities of
minimal bases of the former ideal. Several examples illustrate our results.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The method of averaging is a classical tool that allows to study the dynamics
of the periodic nonlinear differential systems. It has a long history starting with
the intuitive classical works of Lagrange and Laplace. Important advances of the
averaging theory were made by Bogoliubov and Krylov, the reader can consult [2]
for example. For a more modern exposition of the averaging theory see the book
of Sanders, Verhulst and Murdock [11].

In this work we consider a family of T-periodic analytic differential equation in
Q C R of the form

(1) &= F(t,z; N\ €) :ZFi(t,x;)\)ei,

i>1
where ¢ is the independent variable (here called the time), and x € § is the de-
pendent variable with 2 a bounded open subset, A € RP are the parameters of the
family, for all ¢ the function F; is analytic in its variables and T-periodic in the ¢
variable, and the period T is independent of the small parameter ¢ € I with I C R
an interval containing the origin.

For each z € 2 we denote xz(t; z, A, £) the solution of the Cauchy problem formed
by the differential equation (1) with the initial condition z(0; 2, A, €) = z. From the
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analyticity of (1) and the fact that F(¢,z;A,0) = 0 one has
(2) w(tiz A e) =2+ it 2N e,

Jj=1

where z(t,z,\) are real analytic functions such that z;(0,z,A) = 0. Assuming
that z(t; 2z, A,e) is defined in the interval ¢ € [0,7] (this is guarantee for € close
enough to 0 since there is existence and uniqueness of solutions for the Cauchy
problem on the time-scale 1/¢), we can define the displacement map at time T as
d:QxRP x I — Qwith d(z,\e) =x(T;2,\,¢) —x(0;2,\,¢) = x(T; 2, N\, €) — 2.
Clearly, its zeros are initial conditions for the T-periodic solutions of the differential
equation (1).

Integrating with respect to the time ¢ the differential equation (1) along the
solution z(t; z, A, €) from 0 to ¢ we obtain

t
x(t;z, N\, e) — 2z = / F(s,xz(s;2,€),\ ¢)ds,
0
from which we get
T
d(z, A\ e) = / F(t,xz(t; z,e), A, €) dt.
0

The displacement map is analytic at ¢ = 0, so we can express it as the following
series expansion

(3) d(z,\e) = Z fi(z ) €,

i>1

and from (2) we have that f;(z;A) = x;(T; 2, A) for all positive integer i. We call
the coefficient functions f;(z;\) the averaged functions. The way in which we can
get (3) is explained with details in [6]. There we can see that the first coefficient is

T
fi(zA) = /0 Fi(t,z,\) dt.

For the expression of all the other coefficients, see [6] again where the recursive
expression of x;(t; z, A) for i > 1 is given. We summarize these results in Theorem
21 of the Appendix.

We say that a (complete, or positive, or negative) branch of T-periodic solutions
of (1) bifurcates from the point zy € Q if there is an analytic function z*(\,¢)
(defined either for all € in a neighborhood of zero, or just for all £ > 0 close to zero,
or € < 0 close to zero, respectively) such that z*(),0) = zg and d(z* (), €), A,€) = 0.

Therefore the solutions z(t; 2*(\, €), A, ) of equation (1) are T-periodic and bi-
furcate from zy because lim,_ o+ x(t;2*(\, &), A\, e) = zo where the lateral limit is
taken according with the complete, or positive, or negative nature of the branch.

Now we state the following easy result and, for completeness, we prove it in
subsection §5.1.

Lemma 1. Let z*(g, A) be a function such that d(z*(e,\), A\,e) =0 for all |e| # 0

sufficiently small. Then fo(z0(A); A) = 0 where z*(0,A) = z9(A) € Q being ¢ the
first subindex such that fy(z; \) # 0.
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By Lemma 1 in order to control the bifurcation of the families of T-periodic
solutions of the differential system (1) for small values of ||, we need to study the
zeros of the function fy(.; A) defined in Lemma 1.

Given a particular differential equation (1) with A = A\*, let £ be the first positive
integer such that f, # 0, and let zg € Q be a zero of fy, i.e. fi(20;A*) = 0. By

0 0
definition, if Efg(zo;)\*) # 0, then zg is a simple zero; but if afg(zo;)\*) =0,

then zq is a multiple zero.

For the simple zeros zp of fy(.; A*) one has the following well known result (see
for instance [8]) consequence of the Implicit Function Theorem, for more details see
subsection §5.2.

Theorem 2. For a fixed \* € RP, assume that ¢ is the first subindex such that
fe(z;A*) # 0 and that zy € Q is a simple zero of fi(.;;\*), that is fi(zo; ) =0

and &fg(ZO; A*) #£ 0. Then, for |e| sufficiently small, there exists a unique branch

of T-periodic solutions x(t; z, \*, ) of equation (1) with A = \* bifurcating from zy
which is complete.

We say that a T-periodic solution x(t; z, A, &) is isolated if there is a neighbor-
hood N C Q of z such that z(¢; 2, A, €) is not T-periodic for all 2 € N\{z}.

_ Recall that, as usual, a zero 29 € @ C R of fe(:;A%) is said to be of multiplicity
k if

o/, O 0" fy

) = g M) == Z ¢

Jel20: A7) 0z (203 X°) Qzk—1 0zk

For such multiple points, by using several times the Rolle theorem, in [9] it is proved

the following result. The last part of the theorem is consequence of the fact that

univariate real polynomials of odd degree always have an odd number (greater or

equal than 1) of real roots.

(z0; A") =0, (z0; A™) # 0.

Theorem 3. For a fired \* € RP, assume that { is the first subindex such that
fe(z;0%) 2 0 and that z9 € Q is a multiple zero of fo(.;\*) of multiplicity k.
Then the number of isolated branches of T-periodic solutions bifurcating from zg
for equation (1) with A = X\* and |¢| < 1 is at most k. Moreover, all these branches
are complete and if k is odd then the number of branches is also odd and at least
one branch bifurcates from zy.

We call Theorems 2 and 3 the classical averaging theory. In the rest of the
work when analyzing the role that multiple zeros zo € 2 of fy(.; A*) have in these
bifurcations, we change the classical strategy of finding the (complete) analytic
branches of T-periodic solutions of (1) bifurcating from 2y € Q computing the
functions z*(A, €) satisfying z*(A\*,0) = zp and d(z*(\*,€), A\*,¢) = 0 for any € close
to zero. Instead, we opt to find the functions £*(z, A*) with €*(29, A*) = 0 such
that d(z, \*,e*(z,A*)) = 0 for any z close to zp. As far as we know, this point of
view is new and, in some cases, gives improved bounds with respect to the bound
k of Theorem 3 for multiple points.
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8 *

Remark 4. We emphasize that, if ai(zo, A*) # 0, then for each function £*(z, \*)
z

we count just one branch of isolated T-periodic solutions bifurcating from zy for

any |e| < 1, and moreover the branch is complete. On the other hand, when

13
%(zo, A*) =0, then from each function £*(z, A*) we count one (complete) branch

of isolated T-periodic solutions bifurcating from zg for all |e| < 1, or two (positive
or negative) branches for either ¢ > 0 or ¢ < 0 sufficiently small depending on
whether the function function *(., A*) possesses an inflection point or a minimum
or a maximum at zg, respectively. Clearly in particular situations we can find out
which of the above situations actually occurs, see for more details Proposition 11
and its proof.

In this direction our first result is the following.

Theorem 5. For a fized \' € RP, assume that £ is the first subindex of the displace-
ment function (3) such that fy £ 0. Let zo € Q be a multiple zero of the function
fe(s AT). Assume also that there erists a positive integer k which is the minimum
integer satisfying foir(z0; AY) # 0. Then for |e| sufficiently small the number of
(either positive or negative) isolated branches of T-periodic solutions that equation
(1) with A = At can have bifurcating from zy is bounded by 2k. Moreover, if k is
odd then the number of such branches is also odd and at least one branch bifurcates
from zp.

The proof of Theorem 5 is rather similar to that of Theorem 2 by using the
Weierstrass preparation theorem instead of the Implicit Function Theorem and
interchanging the role of z and ¢, see the proof in subsection §5.3. Also we note that
the upper bound 2k, obtained in Theorem 5 for the maximum number of isolated
branches of T-periodic solutions that equation (1) with A = A can have bifurcating
from the multiple zero zg, is not related with the multiplicity k of the zero zy as
it is explained in Theorem 3. In this way we are providing a new mechanism to
obtain such a maximum bound.

Remark 6. We note that the positive integer k of Theorem 5 may not exist. A
typical example is a zero (29, \*) € Q x RP of the displacement function (3) such
that zg is an equilibrium point of the differential equation (1) with A = \*, i.e.
F(t, z0;A*,e) =0 for all t € R and |¢| < 1. For such a zero one has f;(zo; \*) =0
for all positive integer i although fy # 0 for some /.

Based on Remark 6 we need to develop a procedure taking also into account
these kind of zeros, and to do a complementary theory for studying them.

1.1. Multiple zeros of finite-type and of infinite-type. Assume that fi(z;\) =
coo= fr_1(z;A) = 0 and fr(z; A) #Z 0 for some index ¢ > 1, that is, the displacement
map of family (1) is given by d(z, A, ) = -5, fi(z; M)e'.

We say that a point (2, ) = (20, AT) € Q x RP is of finite-type if there exists an
integer k > 1 such that fy(z0; A") = -+ = fopx_1(20; AT) = 0 but foix(z0; A1) # 0.
We call k the order of the zero (zp, AT). For example, the point (zg, A) in Theorem
5 is of finite-type.
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We say that a zero (29, \*) € Q x RP of the function fy is of infinite-type when
[i(z0; A*) = 0 for all positive integer j. Let R{z, A}, x+) be the Noetherian ring
formed by all the real analytic functions at (zp, A*). If N denotes the set of all
positive integers it is clear that for (z, A) sufficiently close to (zg, A*), the sequence
{fi(z: M) }jen € R{z, A}(zy,a+), and we define the ideal Z = (fi(z; ) : i € N) in the
ring R{z, A}z, 1) as the ideal generated by all the functions f;(z;\).

From the properties of the Noetherian rings there is a minimal basis of Z of finite
cardinality m > 1 formed by an initial string of averaged functions. We denote such
minimal basis by

{fjl (Z; /\)a SR fjm(z; /\)} >
where j; € N are ordered as ¢ < j; < ja < --+ < jp,. It is clear that Z can be
minimally generated by a number of elements in R{z, A}, 1) less than m. But
we abuse of notation and when we write a minimal basis B of 7 we mean a basis
whose elements are averaged functions selected as follows:

(a) initially set B = {f;, }, where f;, is the first non-zero element of B;
(b) sequentially check successive elements f,., starting with r = j; +1, adjoining
fr to B if and only if f, ¢ (B), the ideal generated in R{z, A}, x+) by B.

If we denote by Vg (Z) the real variety of the common zeros of all the functions
of the ideal Z, then clearly the infinite-type point (29, A*) € Vg (Z). In particular,
d(z0,A*,e) = 0 for all || < 1 which means that equation (1) with A = A* has a
T-periodic solution starting at the fixed initial condition zq for all |¢] < 1.

We remark that the typical points (zo, A*) € Vg(Z) are just the equilibrium
points zg of the differential equation (1) with A = A*, ie., the points zg € Q
such that F(¢,29;\*,e) = 0 for all ¢ € R and |¢|] < 1. See the forthcoming Hopf
bifurcation section for more details.

1.2. Main results. Now we present our main results. The proof of the following
theorem is inspired in the seminal Bautin’s work [1] about Hopf bifurcations from
focus and centers of polynomial planar vector fields where the role of the Poincaré-
Liapunov quantities is played now by the averaged functions.

Theorem 7. Let d(z,\,e) =Y ,5, fi(z; A" be the displacement map associated to
the family of differential equations (1) and let £ > 1 be the first subindex such that
the function fo(z; \*) Z 0 for some fixed parameter value \*. Assume that zg € Q
is a zero of the function fy(.; \*). Let M be an upper bound of the number of (either
positive or negative) isolated branches of T-periodic solutions that the differential
equation (1) with A = A* and |e] < 1 can have bifurcating from zy. Then the
following holds:

(i) If (20, A*) is of finite-type with order k > 1 then M = 2k. When k is odd
then the number of such branches is also odd and M > 1.

(ii) If (z0,A*) is of infinite-type then M = 2(m — 1). Here, m is the cardi-
nality of the minimal basis of the ideal T = (fi(z;\) : i € N) in the ring
R{Z, )\}(Zoﬁ)\*)'

Theorem 7 is proved in subsection §5.4. Of course, statement (i) of Theorem 7
is just Theorem 5 and we include it for completeness.
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When zg € Q is a zero of fy(.; A*), from the proof of Theorem 7 it follows that for
(z, A) sufficiently close to (zp, A*) and for |¢| < 1, the displacement map d(z; A, .)
can have at most either k or m — 1 small isolated (either positive or negative) zeros
depending on the nature of the point (2o, A*). Therefore 2(m — 1) is a bound on
the number of isolated branches of T-periodic solutions of (1) with A near A* and
initial condition near zo for either € > 0 or € < 0 sufficiently small. This is the
reason why (see subsection §1.3 and examples) we can also work with families of
differential equations varying also A and not only the perturbation small parameter
E.

Remark 8. We consider a point (z9,\*) € Q x RP of infinite-type. Since the
associate ideal Z is an ideal in the ring R{z, A}, a+), it is clear that Z depends
on the point (29, A*). Consequently, Z and m also depend on (29, A*). Until now
we have analyzed just one point (zp, A*) of infinite-type and we have not used any
notation taking care of such a dependence. In the rest of the paper we can have
the situation that, for some \*, the function fy(., \*) can have several zeros z, € Q
and all the points (z., A*) can be of infinite-type for all the subscripts r. In this
case we will use the notation Z(; -y and m(z,, \*).

The following result is a straightforward consequence of Theorems 2 and 7 in
case that, for fixed \*, the zero set f[l(O) = {z0 € Q: fi(z0,\*) = 0} has finite
cardinality.

Corollary 9. Let d(z,\,e) = > .~ fi(z; \)e® be the displacement map associated to
the family of differential equations (1) and let £ > 1 be the first subindex such that
the function fe(z; A\*) #£ 0 for some fixed parameter value \*. Assume that the set
of real zeros of the function fo(.; A*) in Q is finite and given by s simple zeros, my
multiple zeros of finite-type with orders k; for j =1,...,m¢, and m. multiple zeros
of infinite-type {z1,...,2m.} C Q. For each r € {1,...,m.}, let m(z,,\*) be the
cardinality of the minimal basis of the ideal I(. -y = (fi(z;A) : i € N) in the ring
R{z, A}z, x+)- Then, for|e| < 1, the number of (either positive or negative) isolated
branches of T-periodic solutions that differential equation (1) with A = A* can have
bifurcating from a finite point is at most s + Y 1o 2k; + Yo 2(m(z, AF) — 1).

Joining Corollary 9 and Theorem 3 we obtain the following result.

Corollary 10. Under the hypotheses of Corollary 9, let k; be the multiplicity of
each multiple zero of the function fo(;;\*) for i = 1,...,m¢ + m.. Define for
i =1,...,my and for j = 1,...,m. the integers m{ = min{k;, 2k;} and m§ =
min{k;,2(m(z;,\*) — 1)}. Then, for |e| < 1, the number of (either positive or
negative) isolated branches of T-periodic solutions that differential equation (1) with
A = A" can have bifurcating from a finite point is bounded by

my me

s+ mi+Y me.
i=1 j=1

The bounds 2k or 2(m — 1) of Theorem 7 (that also affect Corollaries 9 and 10)
are based on the bounds k or m — 1 on the number of analytic functions *(z, \*)
such that €*(zp, A*) = 0 and d(z, \*,e*(2,A*)) = 0 for any z close to a zero z
of f¢(;;A\*). The origin of the duplication factor 2 in such bounds is explained in
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Remark 4, but these duplications (corresponding with the case o = 2 in the next
Proposition 11) only apply when z is an extremum of £*(., A*). Therefore, the
next proposition (although not exhaustive) is useful in concrete applications to get
a bound smaller than the stated in Theorem 7 and Corollaries 9 and 10. Here we
only analyze some subcases of 2 < k > k which are those that interest us.

Proposition 11. Assume there is an analytic function *(z, \*) with e*(z9,A\*) =0
such that the displacement map d(z, \*,e*(z,\*)) =0 for any z close to a multiple
zero zg of fo(.; N*). Let a € {1,2} be the number of branches of isolated T-periodic
solutions bifurcating from zy and contained in the graph of €*. Then the following
follows:

If 2z is of finite-type, then

(i) If zo has order 1 then « = 2 or a = 1 depending on whether zy has even or
odd multiplicity, respectively;

(ii) If zo has order 2 and multiplicity 4 then o = 1 or o = 2 depending on
whether zg is a simple or a multiple zero of foy1(.; \*), respectively;

If zy is of infinite-type, then:

(iil) If zo has multiplicity 2 then a = 1;
(iv) If zo has multiplicity 3 then « = 2 or a = 1 depending on whether 2y is a
simple or a multiple zero of for1(.; \*), respectively;

Proof. We consider the reduced displacement map
d(z,A\*,e)

Az, \*,¢e) = 0

= oz X))+ fepilz X7)e?

i>1
which has the same zeroes than the displacement map for € # 0. Then, taking
derivative with respect to z in the equality A(z, \*,e*(z,A*)) = 0 for all |¢] < 1
and evaluating at z = zg gives

oA . 0N, 0t .
0= E(ZOJ\ ,0) + g(zoﬂ\ ,O)E(ZOJ\ )-
Ofe

Recalling that
0z

(z0; A*) = 0, the former is written as

(1) 0= frinz0i A) (20, X°).

In a similar way, repeating the procedure taking derivatives with respect to z again
and valuating at z = 2y, we obtain

82.}(‘2 * aff+1 * * Oe* * Oe” *
0 8z2 (207)\ )+2( D2 (Z();)\ )+f£+2(2’0;)\ )E(Zo,)\ )) 92 (Zo,)\ )+
(5) fot1 (205 A )T;(Zo,)\ )

and as many equations like (4) and (5) as we need. We do not display such equations

since they are long but are needed to prove the result. From these equations we
Jg*

can check what is the first non-vanishing derivative W(zo, A*) # 0 so that we can
z
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assure that exactly two or one branches of isolated T-periodic solutions bifurcate
from zy depending on whether j is even or odd, respectively. (I

1.3. The averaged cyclicity. From now on we will deal with families of differen-
tial equations (1) and not with a unique member of the family as until now. So we
do not fix the parameters of the family and we allow that A varies in RP.

We define the averaged cyclicity of the full family of differential equations (1)
as the maximum number of (either positive or negative) isolated branches of T-
periodic solutions bifurcating from points in €2, that is, coming from the zeros of
the function f,(.;\), defined in the statement of Lemma 1, when |¢| < 1, for any
value of the parameters A € RP, and any initial condition zy € Q2. We will denote
such a number as CycT(F ), and we can compute under some finiteness assumptions
an upper bound of it as follows.

First, for a fixed j € N we define the open region Q; x A; C Q x RP such that
its points (20, Ag) are characterized by the existence of a neighborhood U, »,) C
; x A; of the point (29, Ag) where j is the smallest subindex such that f;(z;A) Z 0
for all (2,A) € U, ). Observe that with this definition there can exist points
(2e; Ac) € € x A; which are of infinite-type because f;(z0; ;) = 0 for all ¢ € N.
The number of these points (z., A.) can be finite or not and also they can be isolated
or not. We define Q* x A* C Q x RP as the set of points of infinite-type, i.e.,

Q" x A" = {(Zo,Ao) c QO xRP: fj(ZO;)\O) = 0 for all ] S N}
Note that (£2; xA;)N(Q* x A*) can be nonempty, but always (€, xA; )N (2 xA;) =0
if i # 4.
We claim that there are finitely many possible indices j of the sets Q; x A;.

More precisely, 1 < j < v < oo due to the fact that the ideals Z, \-) are finitely
generated by the Hilbert basis theorem. Actually, v = max,.{m(z,,\)}.

On the other hand, it is clear that all the solutions of (1) with A € A* and
initial condition z € Q* are T-periodic for all |¢| <« 1. In particular, if we have the
cardinalities #(A*) > 1 and #(Q*) = oo, then there are infinitely many T-periodic
solutions of (1) with A € A* for any |e| <« 1.

Finally we shall apply Corollary 9 to each component §; x A; starting from

j = 1 until j = v, assuming that #{(Q; x A;) N (Q* x A*)} = m¥! < oo, and
that the number of points in §2; x A; which are of finite-type is mEf] < o0. In
this way we obtain, for each j, a finite bound M; on the number of T-periodic
solutions of (1) with A € A; having initial condition zo € §; under the hypothesis

that (J7Z] (s x A;) = 0.

1.4. The algorithm for computing the averaged cyclicity.

i) Calculate the set Q;, x A, where the function f; (z; ) is not identicall
J1 Ji Jji\% Yy
zero and the subindex j; is minimum.
(ii) Compute the zero-set of the function f;, (.;A) on €, x A;, given by

FH0) = {(20(A), A) € 5, x Ay, : f5,(20(N), A) = 0}
We continue assuming the finite cardinality #( f ;1 (0)) of the zero-set f ]:1 (0).
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(iii) Separate, for each A € A;,, the simple and the multiples zeros in fﬂl(O).
Thus we define

SY = oA € F710): 5 i), V) £ 0%
MY = ()N € 710) %fﬁ (200, ) = 0},

and also the cardinals #(S3,) = sl for all X € A5,
(iv) For each A € A, consider the sets of points of infinite-type C;‘l = M;‘l N

(Q* x A*) and of finite-type F /\/l)‘ \ (2" x A*) with finite cardinalities
#(CJ)»‘I) ([:)‘ 91 and #( j1) = m[f/\’]l], respectively.
(v) Compute the order kp’jl] of all the points in F, fori=1,.. 53‘ al,

(vi) For any point (z;,A;) € Cj,, compute a minimal basis of the 1deal Zizine)
and denote its cardinality by m(z;, ;).

(vil) Then, the averaged cyclicity Cyc” (Fy) of family (1) in Q;, x A;, is finite
and bounded by Cyc” (F\) < M;, where

X 231] [>\ 1]

- A, [Ad1]
Mﬂ_f?i‘ji s 31+22k +Z m(zi, A) — 1) p < 0.

(viii) Repeat from step (i) until step (vii) changing j; by the next subindex j;
for i =2,...,v, assuming that the finiteness condition in step (ii) holds in
all the repetitions, that is, #(f;l(O)) < oo for all A € A, and any 1.
(ix) Finally we get an upper bound M for the averaged cyclicity CycT(F ) of
the full family of differential equations (1) in 2 x RP given by

Cyc” (Fy) < M = max {M;} < cc.

We note that Cyc’ (Fy) can be unbounded when #(f;l(O)) = oo for some
admissible 4. This is the case when #(A*) > 1 and #(£2*) = co producing infinitely
many T-periodic solutions of (1) with A € A* for any |¢| < 1.

2. HOPF BIFURCATION IN THE PLANE

Consider a family of polynomial planar vector fields

(6) t=—y+Plx,y;N), §=2+Q(z,y; ),

with nonlinearities P and @ and parameters . Introducing the rescaling (z,y) —
(x/e,y/e) and next taking polar coordinates x = rcosf, y = rsin 6, family (6) can
be written near the origin as

dr
(7) 0= F(O,r; ) ¢),
with F(6,7;A,0) = 0, that is, equation (7) is written in the standard form of the
averaging theory (1) with period T' = 27. Notice that the differential equation (7)
is defined on the cylinder {(r,0) € Q x S'} with Q C R an open interval containing

the origin and S! = R/27Z.
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Remark 12. In special cases the set Q* x A* C Q2 x RP of points of infinite-type
have associated ideal Z independent on the specific point (zg, A*) € 2* x A* that
we choose. This phenomena occurs when the sequence {f;j(z;A)}jen C Rlz, A]
is polynomial. Under this hypothesis Z is a polynomial ideal in the ring R[z, A].
Therefore, * x A* = Vg(Z) and we have a unique value of m independently of the
point of infinite-type that we consider.

If we expand the displacement map d(z, A\, 1) of (7) with e = 1 in powers of z
we obtain d(z, A\, 1) = Y_,o, v;(\)z" where the coefficients v; € R[\] are called the
Poincaré-Liapunov constants associated to the equilibrium point localized at origin
of coordinates of the differential equation (6). The Bautin ideal B C R[] associated
to the origin of family (6) is defined as B = (v;(A) : ¢ € N). The center variety is
defined as Vg(B) C RP, and it follows that system (6) with A = A° has a center
at the origin if and only if A° € Vg(B). Now we point out a relation between the
Bautin ideal B and the ideal Z. We note that both ideals are polynomial ideals.

Proposition 13. Let d(z,A,e) = 3,5 fi(2: ) g’ be the displacement map asso-
ciated to (7) in a neighborhood of the origin. Then fi(z;\) = 0 and fj(z;\) =
Pj(A)z3+ where P; € R[N for all j € N, that is, the j-th Poincaré-Liapunov con-
stant is v;(A) = Pj_1(X). In particular, the Bautin ideal B and the ideal T have the
same cardinality in their respective minimal basis. More precisely, if {P;,,..., P;, }
is a minimal basis of B, then {f;,,..., fi,.} is a minimal basis of T.

Proof. The structure f;(z;A) = Pj(\)z/T! where P; € R[] for all j € N is easy to
check for the differential equation (7). So we will prove only the second part of the
proposition.

Since B = (P;(A) : @ € N), let {P;,,...,P;,_} be a minimal basis of B with
cardinality m. For any j > i, we have f;j(z;\) = Pj(A)z/*! and, since P; € B,
there are polynomials gy (\) such that fj(z;A) = 2937 qu(N) P, (V). Clearly
this can be rewritten as fj(z;A) = Y1, rk(2, ) fi, (2, \) just taking r(z,\) =
qx(N\)z2 7" € Rz, Al. Thus f; € (fi,,..., fi,,) for all j > iy,. O

Note that the polynomial differential system (6) has a center at the origin when
A = A° € Vg(B) if and only if d(z, A\°,€) = 0 for all (2, €) in a neighborhood of (0, 0)
or, equivalently when the functions f;(z; A°) = 0 for all z near the origin and all
j € N. Clearly, for the values A° of the parameters we get that all the non-isolated
points (z,\°) are of infinite-type for any z € Q.

As usual RT denotes the set of positive real numbers.

Remark 14. By construction one has F(0,0; A\,¢) = 0, that is, » = 0 corresponds
to the equilibrium point localized at the origin of coordinates for the full family of
differential systems (6). Then it follows that d(0, A,e) = 0 for all A € R? and any
le] < 1 or, in other words, (z9,A) = (0,A) € Vg(Z). From Proposition 13 we see
that zp = 0 is always a multiple zero of fy(.;A) for any A € RP. But zp = 0 has
associated a finite multiplicity & > 2 only in case that A\ ¢ Vg(). Hence, in this
multiple zero scenario, in order to discern how many nontrivial isolated periodic
solutions system (6) can have near the origin (called small amplitude limit cycles)
when A € Vg(B) we must first calculate m to finally obtain a bound of 2(m — 1)
for the small amplitude limit cycles of (6).
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The cyclicity of the origin of the family of polynomial differential systems (6) is
the maximum number of small amplitude limit cycles that can bifurcate from the
singularity at the origin of that family. We denote such a cyclicity by Cyc(&X), (0,0)).
We have a method for computing, under some assumptions, an upper bound of the
cyclicity Cyc(X), (0,0)) based on Corollary 10 applied to differential equation (7)
and the algorithm developed for families in subsection §1.4.

Of course, for a fixed parameter \*, one has Cyc(Xy-, (0,0)) = Cyc*™(Fy~), and
when Corollary 10 is used in the Hopf bifurcation context only two differences arise:

(a) The zero-set f, '(0) is the set of zeros zy of f¢(.; A*) but restricted to Q N
(Rt U{0}).

(b) For the polynomial differential system (7) we have that the functions f; €
R[z, A] are polynomials, hence the ideal Z = (f;(z; A) : ¢ € N) is a polyno-
mial ideal in the ring R[z, \] instead of the ring R{z, A} ., 1+). See Remark
12.

2.1. Quadratic systems. Consider the quadratic polynomial differential system
(simply quadratic system in what follows) in the Bautin normal form

(8) & = —y+Pz,y;\) = —y — Aga® + (242 + As)xy + Agy?,
U = z+Q(z,y; ) =2+ Asx? + (245 + Ag)zy — Asy?,

hence A = (AQ,A3,A4,A5,A6) € R5.

It is well known, see the seminal work [1] and also [15] that Cyc(X), (0,0)) = 2
when we consider any A € R®. In the work [15] Zotadek makes the classification of
the cyclicity Cye(X), (0,0)) of the origin in terms of parameters of family (8):

(I) If (A5 — Ag)(AG — A3) 7& 0 then CyC(X)\, (0,0)) =0.
(II) If (A5 _AG)(AG —Ag) =0and (5A3 —|—A4 _5A6)2 +A§ 7& 0 then the CyCliCity
is Cyc(Xy, (0,0)) = 1.
(ITT) If (As—Ag)(Ag—As) = (5A3+As—545)2+A2 = 0 then Cyc(Xy, (0,0)) = 2.

Now we want to bound the cyclicity Cyc(Xy, (0,0)) for the quadratic family (8)
using our theory.

Using Theorem 21 of the appendix we compute the functions f;(z; \) associated
to the differential equation (7). Next, we let f; = f;( mod Z; ;) where Z; =
(fi(z\),..., fi(z;\). Thus f; denotes the remainder of f; upon division by a
Grobner basis of the ideal generated by the previous f;. Unless multiplicative
constants we get

fZ(Z;)‘) = PQ(/\)237 fg(Z,)\) =0, f4(zv)‘) = P4()‘)257 f5(2’,)\) =0, fg(,Z,)\) = PG(A)27

where

Py(\) = As(A3 — Ag),
Pi(\) = AxAu(As— Ag)(5A3 + Ay — 5As),
Ps(\) = AyA%(As — Ag)(PA2 + AyAg + 5A2).

We remark that the ideal Zg for systems (8) is not radical, ie. Zg # VZg.
Hence, Theorem 22 of the appendix does not work for proving that Zg is Z. But
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from Bautin’s work [1] it follows that the Bautin ideal B = (Py(\), Py(N), Ps(N)).
Thus, from Proposition 13, we conclude that Z = Zg and consequently m = 3.

Recalling that f;(0;A) = 0 for all j € N and all A, one has the point (0,)) €
Vr(Z) is of infinite-type for any A € R®. In particular, we have the cyclicity bound
Cyc(Xy,(0,0)) < 2(m — 1) = 4. Notice that this bound is not sharp and only can
be improved using the multiplicity k of the zero zg = 0 if f(z; \) Z 0.

2.2. Cubic Sibirsky systems. Consider a cubic differential system with cubic
homogeneous nonlinearities and having a center with purely imaginary eigenvalues
or a focus at the origin of coordinates. Following Sibirsky [13], see also [12] and the
references therein, after a linear change of coordinates the system can be written
in the following form

& = —y+Pla,y))=—y+pr—(w+0—a)r’ - (n—3pu)r’y
9) —(8w =30 +2a — Eay® — (u —v)y’,
j = 2+ Qx,y;A) =+ By + (n+v)a® + (3w + 30 + 2a)2%y

f(n=3uay® + (w— 0 —a)y?,
where A = (w,©,a,n, i1, &, v) € R are the parameters of the family.

After Zotadek’s work [16] it is known that, for system (9), Cyc(Xy, (0,0)) = 4
when considering any A € R®. More specifically, [16] gives the following classifica-
tion of the cyclicity Cyc(&Xy, (0,0)) in function of the parameters of family (9):

(I) If £ # 0, then Cyc(X), (0,0)) = 0.
(IT) If £ = 0 and v(10a — &) # 0, then Cyc(Xy, (0,0)) = 1.
(D) If £ = v(10a — &) = 0 and (10w — £)? + 2502 # 0, then Cyc(&X), (0,0)) = 2.
(IV) This case is not possible in family (9).
(V) If £ =w =v =n=0, then Cyc(Xy,(0,0)) = 4.

Now we want to bound the cyclicity Cyc(&X), (0,0)) for the cubic family (9) using
our theory.

We compute the first elements f;(z; A), after we reduce them modulo the ideal
Z;_1, and thus we obtain f;(z;A). We obtain fo;11(2;A) =0 for i = 0,1,2,3,4,5
and, unless a multiplicative constant, the first expressions of fa;(2; \) = Pa;(\)22+1:

fa(z2) = €25, fi(z;\) = av2®, fo(z:A) = a@wz",

Falz50) = a2102%,  Fo(2; ) = a20(a? — 467 — 4?)51L,

Let m be the cardinality of a minimal basis of the ideal Z. Unfortunately Z;q #
V2110, so we cannot use Theorem 22 to obtain that Z is 73, and therefore that m is
5. We also note that we cannot use Theorem 23, because the primary decomposition
1o = RN N is such that the point we want to analyze (z9,A) = (0,)) is in the
variety Vg(N). But we can use Zoladek’s results in [16] from where we know that

5 is the dimension of a minimal basis of the Bautin ideal B. Adapting this result
to our framework gives that

B = (Py(\), Pa(\), Ps(N), Ps(A), Pro(N)) = (€, av, aOw, a*n©, a*O(a” —40° —4p?)).
Therefore, by using Proposition 13, we conclude that Z = 7, so that m = 5.
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On the other hand, clearly f;(0; \) =0 for all j € N and all A, so (0, \) € Vg(Z)
for any A € R7. This means that the cyclicity Cyc(Xy, (0,0)) < 2(m—1) = 8, which
is not a sharp bound and only can be improved taking into account the multiplicity
k of the zero 2o = 0 of fo(;A*) if f;(2;\) # 0 for some j € {2,4,6}.

3. BIFURCATIONS FROM THE PERIOD ANNULUS

3.1. Perturbing a linear center inside the generalized Liénard systems.
We shall study the maximum number of limit cycles that can bifurcate from the
periodic orbits of the period annulus of a linear center perturbed inside a class of
polynomial generalized Liénard differential equations of degree 7. More specifically
we analyze the perturbed system

(10) i=y, §=-v—c (yfoles\2) + s ),0)),
with
~ 6 . 6 .
folx; X e) = Z<AZ + Bie)x', ge(x; M\ e) = Z(CZ + Dje)x’.
i=0 i=1

Here the parameters A € R?6 are the coefficients A;, B;, C;,Dj fori=0,...,6 and
j=1,...,6. In this example, first we see how from Theorem 3 we obtain a uniform
bound on the number of bifurcating limit cycles that is either equal or sharp than
the obtained using our theory.

Proposition 15. Consider the family of quintic Liénard polynomial differential
systems (10) (that is with A; = B; = C; = D; = 0 for i = 5,6) under the parameter
restriction \* given by A3 — 8AgAy = 0 and Ay Ay < 0. Then, for |e| sufficiently
small, limit cycle bifurcations in the period annulus of the linear center can only
be produced from the periodic orbit x® + y? = —As/As. Moreover, the mazimum
number of such bifurcating limit cycles is bounded by 2.

Proof. Taking polar coordinates = rcosf, y = rsinf and observing that § =
—140(e), system (10) can be written as dr/df = F(0,r; \, &) with F(6,r; A,0) = 0.
This differential equation is defined on the cylinder {(r,0) € QxS!'} with Q C R and
St = R/27Z. Thus we can apply to it averaging theory with period T' = 27. In order
to prove the proposition we need to compute the averaged cyclicity Cyc% (F») of
systems (10) in @ x A with A = R'® and Q = R*. We recall that, perturbing a linear
center by a polynomial field is other situation where the ideal Z = (f;(2; A) : i € N)
is a polynomial ideal.

Computations show that fi(z;\) = 72(84¢ + 24222 + A42%)/8 # 0. By assump-
tions A4, < 0 and the discriminant A = A2 — 84¢9A4 = 0. Then the function
f1(:; A*) only has one positive zero zg = /—As/A4 > 0, with multiplicity k& = 2.
Therefore, by Lemma 1, the bifurcations in the period annulus are only possible
from the periodic orbit 22 + y? = 22 of the unperturbed linear system and, by
Theorem 3, at most can bifurcate k = 2 limit cycles.
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Further computations show that
™

fa(z\) = T 02(384030 —1920A40C; + 1920427 — 12804,Cs2

+960B52% — 480A45C1 2% — 960A,Ca2% — 2640A0C52>
+1920A0Aom2% + 32045C5 2% — 2304A0C,2° + 480B42*
—240A4C, z* — 800A3C,2* — 600A45C52* — 480A4,Cy 24
+360A372* + 1440 A0 Aymz? 4+ 480A4,4Co2° — 19245,C42°
—285A4,C525 — 420430, 2% + 48045 A48 4+ 96 4,C, 27

+150A%72%).
20
Therefore fa(zo; A) = P(\) where
768 A3
P(\) = T68A3By — 192A5A7(By — A1Cy) + 8445430,

+A§A4(96B4 —160A43C5 + 3A45C5 — 96A104)

So fa(zo; A*) # 0 if P(A*) # 0 and fa(z0; A*) = 0 otherwise. In the first case
the point (zp, A*) is of finite-type with order 1 while in the second case it can be
either of finite-type with order k& > 2 or of infinite-type. Anyway, if (29, \*) was
of infinite-type, we claim that the cardinality m of a minimal basis of the ideal
Z = (fi(z;A) : i € N) in the ring R[z, A] is m > 3 finishing the proof after using
Corollary 10.

To prove the claim first we check that, defining Z; = (fi(z;A) : 1 < i@ <
j € N), it follows fo ¢ Z; and f3 & Zo. This means that f;(z;\) with j =
1,2,3 are elements of a minimal basis of the ideal Z and therefore m > 3. We
have make these computations with polynomial ideals in the ring R[z, A] with
A= (AO’Al,A27A37A47BO,BI,BQ,BS’B4701,02,C37 C4,D17D2,D3,D4) and in-

troducing the discriminant A as an additional generator in each Z;.

It is worth to remark that we cannot get a bound lower than 2 in the case
P(X*) # 0 for which the point (29, A*) has order 1 using statement (i) of Proposition
11 because the associated multiplicity k is even. O

In next example we show how the bounds obtained using the classical theory for
multiple points stated in Theorem 3 is improved using our results.

Proposition 16. Consider the family of septic Liénard polynomial differential
systems (10) under the parameter restriction \* given by 4A3 — 154546 = 0,
8A3 — 675A0A%2 = 0 and A4Ag < 0. Then, for |e| sufficiently small, limit cycle
bifurcations in the period annulus of the linear center can only be produced from the
4

periodic orbit 2% + y? = Moreover, exactly one complete branch of limit

1544
cycles bifurcates when P(A*) # 0, where
P(\*) = T68A3By —192A5A%(By — A1Cy) + 84A3A3C, +

A§A4(96B4 —160A3C5 + 3A5C3 — 96A104)

Proof. As in the proof of Proposition 15, after taking polar coordinates, we write
family (10) into the 27-periodic standard form dr/df = F(0,7; A,¢) in  x A with
A =R?* Q=R*, and associated polynomial ideal Z = (fi(z;\) : i € N).
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The first averaged function is fi(z; \) = m2(64A¢+16A22°+8A,2* +5A4425) /64 #
0. The zeros of fi(.;\) comes from a cubic equation for the unknown z2. Using
the discriminants of the cubic equations it follows that f1(.; A) has a multiple zero
2o > 0 of multiplicity 3 if and only if A; = 0 for i = 1,2, 3, where A; = —4A43A4% +
32A0A3 + 2043 A6 — 18040 Az A4 Ag + 675 A2A2, Ay = 4A3 — 154546 and Az =

8A
16A4% — 904244 Ag + 67540 AZ. In particular, 2§ = —= 2
6

A4Ag < 0. In order to simplify the polynomial conditions in the parameter space
producing the unique zero zg > 0 of fi(.;\) with multiplicity & = 3 we calculate
the resultants of each pair of polynomials A; with respect to As and, since Ag # 0
we obtain the necessary condition 843 — 675A49A4% = 0 stated in the proposition.
Solving for Ag this condition and substituting into As = A3 = 0 produces the extra
necessary condition 44% — 1545 A6 = 0 also stated in the proposition. Notice that
we can solve for A, from the above equation.

with our assumption

In summary, when |¢| < 1, the bifurcation of limit cycles from the period annulus
of the linear center is only possible from the circle #? + y?> = 23. By Theorem 3,
the maximum number of complete branches of limit cycles that can bifurcate is
bounded by k = 3.

Now, we will use our method in order to improve the above classical bound. The
next averaged function is

fo(z0) = g 68; 552 (860160B — 43008045C' + 43008045 — 286720 A0Ca +

215040B522 — 1075204504 22 — 215040A41C52% — 591360A40C522 +
430080 A0 Aamz? + 71680 A5C5 2% — 516096 AgCy 2> + 107520B,2* —
53760A4,C1 2% — 179200A5C52* — 134400A45,C52* — 107520A4,Cy2* —
663040A40C52* + 80640 A37m2* + 32256040 Aymz* + 107520A4,Co2° —
43008 A45C42° — 614400A0Cs2° + 67200B62° — 33600A46C, 25 —
156800 A45C52°% — 63840A4,C52° — 94080A43C,2° — 150080 A45C52° —
672004, Cs2% 4+ 107520 A5 A4m2° + 26880040 A672° + 11200046C 27 +
21504A4,C,2" — 92160A45Cs2" — 38640A6C52° — 84672A5C,2° —
70560A44C52° — 60480 A3Cs2° + 33600A372% + 840004, Agm2® +
40320A46C,2° — 15360A44C52° — 42280A46C52'° — 55440A5C 210 +
5040044 Agmz'® + 9600A46Cs 2" + 18375A2m212)

Therefore one can check that fa(z9; A*) # 0 if and only if P(A\*) # 0 where P is
displayed in the statement of the proposition. Thus, we conclude that the point
(20, A*) is of finite-type with order 1 only when P(A*) # 0. In this situation, from
statement (i) of Theorem 7 improved by statement (i) of Proposition 11 we conclude
that exactly one complete branch of limit cycles bifurcates from zy finishing the
proof.

We emphasize that, although we will not do it, the degeneracy of the problem
can be augmented imposing P(A*) = 0 and solving for By so that we get new
(and huge) parameter restrictions in the expression of f3(zp; A*) from where we can
decide if the point (29, A*) is of finite-type with order 2. O
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4. POLYNOMIAL IDEAL 7 WHEN THE PARAMETERS ARE FIXED

Throughout this section we will pick up just one element of family (1) by fixing
its parameter, say taking A = A*. We will also work under the hypothesis that the
ideal Z is polynomial. Indeed, following the proof of Lemma 9 in [6], we know that
Z = (f; : j € N) is a polynomial ideal in the ring R[z] when equation (1) with fixed
A = A* is a polynomial equation, i.e., when F;(¢,z; \*) are polynomial in z for all
i eN.

Under these hypothesis we will see now that Theorem 22 is strongly simplified.
We recall before that, since Z is an ideal in the ring of univariate polynomials, Z is
a principal ideal, see for instance [3]. Thus Z is generated by one element Z = (g)
where g € R[z] is unique up to a multiplication by a nonzero constant in R. In
fact, if Z # {0} then the generator g is a nonzero polynomial of minimum degree
contained in Z. Moreover, we note that for any p,q € R[z] one has (p,q) = (r)
where r = ged(p, ¢) is a greatest common divisor of p and ¢, see again [3]. Defining
Zs = (fj : 1 < j < s € N) the ideal in R[z] generated by the first s averaged
functions, we have the following result.

Theorem 17. Let the ideal I, = (§) C R[z] where all the roots of § are real and
simple. Assume the equality Vr(Z) = Vr(Zs) of real varieties holds. Then T = Zs.

Proof. The proof consists on several steps.

(i) First, we claim that Zs is a radical ideal. To this end we recall that in the ring
R[z] of univariate polynomials the nontrivial radical ideals are precisely those ideals
generated by square-free polynomials, see [3]. In consequence, when § & {0,1}, Z;
is radical if and only if § has no repeated roots over C or, equivalently g and its
derivative ¢’ are coprime. Since by hypothesis the roots of § are simple, then g is
square-free and we prove claim (i).

(ii) Second, we claim that the equality V¢ (Z) = V¢(Zs) of complex varieties
hold. Actually, since the polynomial § has no non-real roots then clearly V¢(Zs) =
VRr(Zs). Adjoining our hypothesis we obtain that Vg(Z) = V¢ (Zs). Since by
definition Vg(Z) C V¢(Z), the former implies that

(11) Ve(Zs) CVe(Z).

Finally, taking into account that Z, C Z, one has V¢(Z) C V¢(Zs) which combined
with (11) gives the proof of claim (ii).

From the former claims (i) and (ii) and Theorem 22 applied with a number of
parameters p = 0, we conclude that Z = Z; finishing the proof. (]

Remark 18. Notice that, under the assumptions of Theorem 17, for |e| < 1, the
maximum number of isolated T-periodic solutions that can bifurcate from a point
29 € R of infinite-type is bounded by m — 1, where Z; has a minimal basis formed
by averaged functions of cardinality m. In order to check whether this upper bound
is sharp we can use the following classical strategy of bifurcation theory. Assume
that averaged functions {f;, (2),..., fj,.(2)} form a minimal basis of the ideal Z
and satisfy, for |z — 29| < 1, the chain of inequalities | f}, ()| < |f;,(2)] < -+ <
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| fin (2)] < 1, with fj,(2) fj,..(2) <0fori=1,...,m—1. Then we get that m — 1
isolated T-periodic solutions can be made to bifurcate from zg.

4.1. An Abel equation. We consider the 27-periodic Abel differential equation
in standard form

2
(12) i:a’cZAi(t,e) 't
i=0

defined on Q = R with coefficients
Ag(t,e) = e—2e% cost+sint, Aj(t,e) = 3e+costtesint, Ay(t,e) = 1+cost+sint.

Let z € R be the initial condition for the solutions of (12). Since (12) is polynomial
in , we known that the averaged functions f;(z) are polynomial. Hence, the ideal
Z = (f; : j € N) is an ideal in the ring R[z]. It is easy to compute the first averaged
function f1(z) = 2mz® # 0. From here we see that 2o = 0 is a multiple zero of
f1. Clearly zj is of infinite-type since it is an equilibrium of (12) for all e. Notice
that zo = 0 has multiplicity k¥ = 3, hence at most three 2r-periodic solution can
bifurcate from the equilibrium x = 0 for |¢| <« 1, according with Theorem 3. In the
next result we will improve this bound using our theory to compute the associated
ideal Z to zg.

Proposition 19. For |g| < 1, there is no nonconstant 2mw-periodic solution of the
Abel equation (12) bifurcating from a finite point.

Proof. Computing the first averaged function we obtain fi(z) = 2723 # 0. There-
fore, for |e| < 1, the 2m-periodic solutions of the Abel equation (12) bifurcating
from a finite point only can bifurcate from the equilibrium at z5 = 0. Due to the fact
that the multiplicity k of zo = 0 is odd, we know that at least one complete branch
of 2m-periodic solutions bifurcates from zg = 0, see Theorem 3. More precisely,
since k = 3, the number of complete branches of 2r-periodic solutions bifurcating
from zg = 0 is either one or three.

Now we compute the next averaged functions yielding fa(2) = 72(2+5z + 222+
23+ 6mz*) and f; € I, for j = 3,...,7, so that it is probable that Z is just Zo.
To see that this is indeed the situation, let g = ged(f1, f2) = z be the greatest
common divisor of f; and fo. Then Zy = (§) with §(z) = z which only has a real
simple root at zp = 0. On the other hand, since f;(0) = 0 for any j € N because
z = 0 is an equilibrium, it is clear that Vg (Z) = Vr(Zz) = {z = 0}. In conclusion,
from Theorem 17, Z = 7, and therefore Z has a minimal basis formed by averaging
functions of cardinality m = 2. Thus, using statement (ii) of Theorem 7, at most
two positive or negative branches of 27m-periodic solutions bifurcate from the origin.
We note that we cannot use Remark 18 to reach the above bound since for |z| < 1
we have f1(z) ~ 2% and fa(2) ~ z, hence fi(z)fa(2) > 0.

Joining both results we conclude that there is exactly one complete branch of 27-
periodic solutions of (12) bifurcating from zy = 0. Since the origin is an equilibrium
of (12) for any e, it counts as a branch of 2m-periodic solutions and therefore the
proposition follows. O
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5. PROOFS

First we note that the zeros of the displacement function d with £ # 0 coincide
with the zeros of the reduced displacement map

W = fe(z A + D fera(z Ve

i>1

(13) Az, N e) =

5.1. Proof of Lemma 1.

Proof. From d(z*(e,\), A\,e) = 0 for all |¢| # 0 sufficiently small we see that also
A(z*(e),\,e) = 0. Thus we have fy(2*(e); \) + O(e) = 0, see (13). Evaluating this
condition at € = 0 yields fs(z0; A) = 0. O

5.2. Proof of Theorem 2.

Proof. We will analyze the reduced displacement map (13). Since zq is a simple zero
of f¢(.; A*), by the Implicit Function Theorem applied to A(z, A\*,¢) in a neighbor-
hood of (z,e) = (20,0) we find a unique analytic function z*(e) defined for |¢] < 1
and satisfying z*(0) = zg such that A(z*(g),A\*,e) = 0. So Theorem 2 follows. O

5.3. Proof of Theorem 5. Theorem 5 is just a consequence of Remark 4 and the
following result.

Proposition 20. Assume that fo # 0 and there exists zo € Q such that fo(z0; \) =

0
0 and — fe(z0;A) = 0. Assume also that there is k > 1, the minimum integer
z

satisfying foyr(z0;A) # 0. Then there are at most k functions €f(z) with i =
1,...,k where €} (z0) = 0 and satisfying A(z, X\, €5 (2)) =0 for all z in a sufficiently
small neighborhood of zy. Moreover, if k is odd then €% (z) exists.

Proof. Taking k derivatives of A with respect to ¢ and evaluating at (2o, A, 0) gives

OFA

@(2’0, A 0) = k! forr(z05A) # 0,
where we have used in the last step the hypothesis frir(20;A) # 0. Then, from
the Weierstrass preparation theorem (see for instance [14]), we can factorize A

analytically around the point (z, A,) = (20, A, 0) as
(14) A(szag) :Pk(Z,)\,€)U(Z,/\,€),
where U(zg, A,0) = 1 and Py is a polynomial of degree k in the variable ¢ given by
k-1
Pr(z,\ &) = fo(z;N) + Z ai(z; e + ¥,
i=1
where the coefficients a;(z; A) are analytic functions near z = zy5. Due only to the
degree, it is clear that there are at most k functions ef(z,\) with i = 1,...,k
where £f(z0,A) = 0 and satisfying Py(z, \,ef(z)) = 0, hence A(z,\, e (z)) = 0.
This proves the first part of the proposition. The last part is a straightforward
consequence of the continuous dependence of roots of polynomials on its coefficients
if the degree of the polynomial does not change. O
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5.4. Proof of Theorem 7.

Proof. Let (29,A*) be a point of finite-type with order ¥ > 1. By definition,
ferr(z0;AT) # 0. Then for (z,)) close to (z0,AT) we have fryr(2;A) # 0, and
consequently we can write

l+Ek—1

d(z )‘ 5 Z f’L Z3 )\ 5 +f£+k(z )\)w(z,A,g)ngrk,
=L

where the function v is analytic and satisfies ¥(z,A,0) = 1. Now we can make
repeated application of the Rolle’s Theorem as in the proof of Proposition 6.1.2 of
[10] to see that the function d behaves like a polynomial in & near (2o; AT), hence the
number of zeros of d(z, A, .) is bounded. More specifically, from there it follows that
the maximum number of isolated zeros of d(z, ),.) coming from the zero (zo; AT)
of order k in the interval (0,é) with € > 0 sufficiently small is k. We note that
using the same arguments we obtain that the number of isolated zeros of d(z, A, .)
n (—£,0) with £ > 0 sufficiently small is also bounded by k. This proves statement

(i).

Now we will prove statement (ii). Let (29, A*) be a point of infinite-type. Let

{fjl (Z; )‘)a .- '7fj7n(2; )‘)}7

a minimal basis of the ideal Z of finite cardinality m > 1 where £ < j; < jo < --- <
Jm- Then, adapting Lemma 6.1.6 [10] to this context, for (z, A) sufficiently close to
(20, A*) and for € near zero, the displacement function d can be written as

d(z,\€) Zf]z)\ajwl(z/\e)

i=1

where 1); is an analytic functions such that ¥;(z, A,0) = 1. Again following [10] (in
particular Theorem 6.1.7 of [10]) we have that d(z; A,.) can have at most m — 1
small isolated (either positive or negative) zeros, that is, there are at most m — 1
functions either €5(z;A) > 0 or €j(2;A) < 0 such that d(z,,€j(2;A)) = 0 for
j=1,...,m—1, for all (z, A) sufficiently close to (zp, A*). This proves statement
(ii). O

6. APPENDIX

6.1. The expansion of the displacement map. In order to compute the ex-
pansion in power series of ¢ in the displacement map d(z, \,e) = 32,5 fi(2;A) &'
first we impose that z(¢; 2, A, £) be a solution of (1), that is,

Oz
(15) 8152)\5 ;thtzAs))\)

for all small enough |¢|. Taking into account (2), the left-hand side of (15) is
expanded as

ox ox;
E(taz7>‘7€) _Z ot (t 2, )‘)

i>1
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The power series in ¢ of the right-hand side of (15) is more involved. To get it, first
we can perform the Taylor expansion of F;(t,z; A) at x = 2. Using (2) again we get

Fi(t,ox(t;z, N\ e);A) = Fz‘(tyz‘f—Zl'j(LZ,)\)gj;)\)
Jjz1
1 F
— t Z; )\ +Z a ’ Z, ij t z, )\

7>1

Now we impose that equation (15) is verified equating all the coefficients of like
powers of €. From this procedure one obtains a sequence of linear differential
equations for the unknown functions x;(t, z, A) which can be solved with the initial

conditions (0, z, A) = 0. Finally we recall that f;(z;\) = z;(T’; z, ). In particular,
0

the function (¢, z, \) satisfies the Cauchy problem %(t, z,A\) = Fi(t,z,\) with

initial value x1(0,z,\) = 0, hence z1 (¢, 2, \) = fot Fi(7,2,\)dr and therefore

filzA) = /OTFl(t,z,)\) dt

The above algorithm can be summarized in the next result of [6].
Theorem 21. The solution x(t; z, A, €) of the T-periodic analytic equation (1) hav-
ing initial condition x(0; z, A\, &) = z can be written as x(t; z, \,&) = Z+Zj21 zj(t,z,\) e’
where the z;(t, z, ) can be computed recursively as follows:

t
x1(t,z,\) = /Fl(T,z;)\)dT7
0
t k=1 ¢ i
190°Fy_
or(t, 2, ) = /(ka;mzzi, RCEEPY
0 =1 i=1

Jjitj2+--+ji=€ p=1
for all k > 2, where j,, are positive integers for allm =1,... 1.

6.2. Cyclicity bound theorems in averaging theory. The results of this sec-
tion are restricted to the case in which the ideal Z is a polynomial ideal in the ring
R[z, A]. The reason is because in the proofs of the forthcoming theorems we need
to use Hilbert Nullstellensatz that relates complex varieties and ideals in C[z, A].

The following result is useful to obtain a set of generators of the polynomial ideal
7 in case that 7 = v/Z, that is, Z is a radical ideal. It is useful for analyzing the
multiple zeros zg of fe(.;A) with (20, ) of infinite-type in Corollaries 9 and 10, in
particular for the computation of the cardinality m of the minimal base of Z. We
use the notation Zy, = (f;(z;A) : 1 <14 < k). The following theorem is proved in [5],
we only state it using our notation and prove it since it is a short proof.

Theorem 22 (Radical Ideal Cyclicity Bound Theorem). Let Z be a polynomial
ideal. Assume that the equality of complex varieties V(Z) = Ve (Zy) holds in
CPHL for some k € N and that Iy, is a radical ideal. Then T =Ty
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Proof. Suppose that V¢(Z) = Ve (Zg). From the Strong Hilbert Nullstellensatz we
know that the above equality of complex varieties is equivalent to the equality of
polynomial ideals vVZ = /Zj. You can consult for example Proposition 3.1.16 of
[10]. Then, using the assumption /Zy = Zy, yields

I, CICVI =T =1

and therefore Z = 7, finishing the proof. (]

Assume that Z # v/Z. Now Theorem 22 does not work but we still can bound
the number of positive or negative isolated T-periodic solutions of equation (1) with
A = A* that, for |¢| sufficiently small, come from the zeros zo € §2 of the averaged
function fe(.; A*) when (29, A*) is a point of infinite-type and (zg, A*) belongs to
certain pieces of the variety Vg(Z) that we specified below. The following theorem
is an adaptation to our framework of Theorem 20 in [5].

Theorem 23 (Non-Radical Ideal Cyclicity Bound Theorem). Let the ideal T be a
polynomial ideal. Assume that the equality of complex varieties V¢ (Z) = Ve (Zy)
holds in CP*1 for some k € N but I, is not a radical ideal. Let k be the cardinality
of a minimal basis of Iy, hence with k < k. Suppose a primary decomposition
of Iy can be written as I, = R NN where R is the intersection of the ideals in
the decomposition that are prime and N is the intersection of the remaining ideals
in the decomposition. Then the number of (either positive or negative) branches of
isolated T-periodic solutions that can have any equation of family (1) corresponding
to parameters | A — X\*|| < 1 bifurcating, for |e| < 1, from a point zg € Q when
(20, A*) € Vr(Z) \ Vr(N) is at most 2(k — 1).

A key step in the proof of Theorem 23 is to use the following result from [4]
based on the arguments of Proposition 1 in [7]. For a subset S C CP*!, we denote
by I(S) the ideal in the ring C[z, A] defined by I(S) = {g € C[z, A] : g(z0,X0) =
0 for all (29, X0) € S}.

Proposition 24. Suppose I = {(¢1,...,9x), R, and N are ideals in C|z, \] such that
R radical and I = RN N. Then, for any g € I(Ve(I)) and any (20, A\o) € CPT1\
V¢(N), there exist a neighborhood U of (z0, o) in CPT1 and rational functions
hi,...,hg on U such that g = h1g1 + -+ 4+ hxgx on U.

Proof of Theorem 23. The Strong Hilbert Nullstellensatz and the hypothesis V¢ (Z) =
V(Zy) yield

I CVI=1(Ve(D)=1(Ve(Ty)).

From now we complexify and assume 2 C C and parameters A € CP so that the
averaged functions f; € C[z, A] and, in particular we have that f; € I(V¢(Z)) for
any j € N. Let {fi, (#;A),..., fi.(2; A\)} be a minimal basis of Z;. Hence for any f;
and any (zp,\*) € CPT1\ V¢ (N), by Proposition 24 there exists a neighborhood
U of (z0,A\*) in CP™! and k rational functions hy,...,h, such that, as analytic
functions from U to C, f; = h1fi, +--- 4+ hyfi, is valid on U for any j € N. This
means that working with the germs at (zg, A*) of the analytic functions involved,
the displacement function d can be written, for (z, A) in a neighborhood of (zg, A*)
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and |e| sufficiently close to 0, as

d(zv A, E) = Z fj(Z; )‘)Ej = Z fiq (Z§ /\)[1 + 'l/)q(z’ A, E)]Elq
j=1 q=1
where 1, are analytic functions with 14(z, A,0) = 0. Then (see for example Propo-
sition 6.1.2 of [10]) there are at most x — 1 small (either positive or negative) zeros
of d(z, A,.) for any (z,\) sufficiently close to (zg, A*). In other words, the number
of (either positive or negative) isolated branches of T-periodic solutions that can
have equation (1) with parameters |A — A\*|| < 1 and |e| < 1, bifurcating from zo
is at most 2(k — 1). O
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