LINEAR TYPE GLOBAL CENTERS OF LINEAR SYSTEMS
WITH CUBIC HOMOGENEOUS NONLINEARITIES
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ABSTRACT. A center p of a differential system in R? is global if R?\ {p}
is filled of periodic orbits. It is known that a polynomial differential
system of degree 2 has no global centers. Here we characterize the
global centers of the differential systems

& =ax+by+ Ps(r,y), y=cz+dy+Qs(z,y),

with P; and (s homogeneous polynomials of degree 3, and such that
the center has purely imaginary eigenvalues, i.e. a linear type center.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The notion of center goes back to Poincaré and Dulac, see [10, 6]. They
defined a center for a vector field on the real plane as a singular point having
a neighborhood filled of periodic orbits with the exception of the singular
point. The problem of distinguishing when a monodromic singular point is
a focus or a center, known as the focus-center problem started precisely with
Poincaré and Dulac and is still active nowadays with many questions still
unsolved. These last years also the centers are perturbed for studying the
limit cycles bifurcating from their periodic solutions, see for instance [1, 3].

If an analytic system has a center, then it is known that after an affine
change of variables and a rescaling of the time variable, it can be written in
one of the following three forms:

i':_y+P(x7y)7 y:x—i-Q(:U,y),

called linear type center, which has a pair of purely imaginary eigenvalues,

t=y+ Pz,y), 9v=0Q(y)

called nilpotent center

&= P(x,y), §=0Q(zy)
called degenerated center, where P(x,y) and Q(z,y) are real analytic func-

tions without constant and linear terms defined in a neighborhood of the
origin.
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We recall that a global center for a vector field on the plane is a singular
point p having R? filled of periodic orbits with the exception of the singular
point. The easiest global center is the linear center £ = —y, y = z. It is
known (see [11, 2]) that quadratic polynomial differential systems have no
global centers. The global degenerated centers of homogeneous or quasi-
homogeneous polynomial differential systems were characterized in [4] and
[8], respectively. However the characterization of the global centers in the
cases that the center is nilpotent or of linear-type has not been done. This is
the first paper in which such classification is done for the linear-type centers
for the systems having a linear part at the origin with purely imaginary
eigenvalues and cubic homogeneous nonlinearities.

A polynomial differential system can be extended in a unique analytic
way to infinity using the Poincaré compactification, for more details see
Chapter 5 of [7].

We now state our main results. We first provide normal forms for the
differential systems to be studied.

Theorem 1. Any vector field having at the origin of coordinates a singular
point with purely imaginary eigenvalues of the form linear plus cubic homo-
geneous terms and no infinite singular points in the Poincaré disc after a
linear change of variables and a rescaling of the independent variable can be
written as

. d? + w? .
) = dr-— p13® + (p2 — Bap)r’y + psay® — ay’®,
§ = cx + dy + ax® + pray + (po + 3ou)zy® + p3y®,

where a = £1 and ¢,d,w, u, p1,p2,p3 € R with ¢ # 0, w > 0 and p > —1/3.

The proof of Theorem 1 is given in section 2.

A singular point p of a planar system is called hyperbolic if both eigen-
values of the Jacobian matrix at p have real part different from zero. It is
called semi-hyperbolic if only one of the eigenvalues of the Jacobian matrix
at p is zero, and if both eigenvalues of the Jacobian matrix at p are zero
but this matrix is not identically zero it is called nilpotent. Finally, if the
Jacobian matrix at p is identically zero then p is said to be linearly zero.

Let ¢ be an infinite singular point and let A be a hyperbolic sector of q.
We say that h is degenerated if its two separatrices are contained at infinity,
that is, are contained in the boundary of the Poincaré disc.

It follows from Theorem 2.15 (for hyperbolic singular points), Theorem
2.19 (for semi-hyperbolic singular points) and Theorem 3.5 (for nilpotent
singular points) in [7] that a singular point which is either hyperbolic, semi-
hyperbolic or nilpotent cannot be formed by two degenerated hyperbolic
sectors. So in order that an infinite singular point ¢ can be formed by two
degenerated hyperbolic sectors it must be linearly zero.
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Theorem 2. Any vector field having at the origin of coordinates a singular
point with purely imaginary eigenvalues of the form linear plus cubic ho-
mogeneous terms such that all infinite singular points in the Poincaré disc
are linearly zero after a linear change of variables and a rescaling of the
independent variable can be written as one of the following three systems:

. d? 4+ w?

T = —dr — y + p13® + paa?y,
(2) c

y = cx+dy + az® + p12’y + pozy?;

d2 2

3) i =—dx — J;w y+ (p2 — 3a)x2y,

y = cx + dy + (p2 + 3a)zy?;

. d? + w?

@ = —do—— —y+ (- 3a)z?y + paay® — ay’,

§ = cx + dy + (p2 + 3a)xy” + pay’;
where o = +1 and ¢,d,w, p1,p2,p3 € R with ¢ # 0, w > 0.
The proof of Theorem 2 is given in section 3.

Theorem 3. Systems (1) have a linear type center at the origin if and only
if they can be written as one of the following five systems:

@
y = cx + dy + aa® + 3auzy?,

where o« = +1 and d,w,p € R with ¢ # 0, w > 0 and p > —1/3. These

systems are Hamiltonian with

2 2

c de+w o 3 o
H — 2 d LW 2 “ o4 9 2, 2 74.
(z,9) 57 + dzy + 5 Y +4:E +2auxy +4y
o + (p2 — 3p)z? 3
T=—-—— —3ua)ry —

§ = cx + ax® + (p2 + 3ua)ry?,
where a = £1 and c,w, u € R with ¢ #0, w >0 and p > —1/3;

) i =—dx —cy + p1a® — Bapz’y — pray® — ay®,
y = cx + dy + ax® + 12’y + 3apxy® — p1y?,

where a = £1 and ¢,d, p € R with |c¢| > |d|, p1 #0 and p > —1/3;
(V)

d? + w? 5 acd+pi(—d* —w?)

Yy—nxr —
cd
acd + p1(d® + w? — %)
cd

T = —dr — :c2y - p1$y2 — ay?’,

= cx +dy + az® + p1a’y + zy® — pry’°,
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where « = +1 and ¢,d,w € R with cd # 0, p1 # 0 and w > 0;

W) i =—cy+pa® + (p2 — @)2%y — pray? — ay?,
§ = cx + az® + praPy + (a + p2)ay® — 1y’

where o = £1, ¢ € R\ {0} and pi1p2 # 0.

The proof of Theorem 3 is given in section 4. In order to state the following
theorem we introduce the notation

(5)
R = (2d(p1 + o) +¢(2p1 + (1 = 31)))(2d(p1 — @) = ¢(2p1 — (1 = 3p))),

S| = fc3d4p‘11(da((02 + dz)pl + cda) + p1(ep1 + doz)w2),
Sy = 4+ 2c3(d* — w?) + (d* + P2

Theorem 4. Under the assumptions of Theorem 3 the following statements
hold.

(a) A system (I) has a global center at the origin if and only if ca > 0.

(b) A system (II) has a global center at the origin if and only if ca > 0
and either ((p2 + 3ua)w? — c2a)c(p3 + (1 — 9u?)) <0, or (c2(pa —
3ua) + aw?)e(ps + (1 —9u?)) > 0.

(c) A system (III) has a global center at the origin if and only if (c £
d)a > 0 and if py = —da/c then ca > 0, but if p1 # —da/c then
either R < 0, or R > 0 and ((2dp; +ca(1—3u)) £V R)(2p7 +a2(3u—
1)) <o0.

(d) A system (IV) has a global center at the origin if and only if ca((d*+
w?)\/Sy + (2d? + d* — Aw? + 2d*w? + wt)) <0 and if p1 = —da/c
then ca > 0, but if py # —da/c then either S; < 0, or S1 > 0 and
—2¢/57 + cdp? (3py + Ada + ep1 (d? — w?) — da(d? + w?)) < 0.

(e) A system (V) has a global center at the origin if and only if ca(ps +

VAT +p2) > 0 and calps — /4p% + p2) < 0.

The proof of Theorem 4 is given in section 6.

Theorem 5. Systems (2) have a linear type center at the origin and no
more finite singular points with all infinite singular points formed by two
degenerated hyperbolic sectors if and only if they can be written as one of
the following systems

d? + w?

(VI) T =—dr — y, 1 =cz+dy+ az®,
with « = £1, d,c,w € R, ¢ # 0, w > 0 and ca > 0. Note that these systems
are Hamiltonian with

2 2

c d*+w
H(z,y) = §x2+dxy+ e

2, @ 4,
y+4i€,
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d? + w?

y+pz’ + pz’y,
cd
d? + w? 5
TY°.
cd piry
with o = £1, d,c,w € R, w > 0, ca > 0 and dp; < 0;
2

(VIII) a = —%y +peaty, Y =cx+ ax’ + paay’.

d? 2
¥ = —dx — T

(VII)

Y = cx +dy + ax® + pra’y +

with a = £1, c,w €R, w >0, ca > 0 and cpy < 05

N d? + w? N ad(d® +w?) 3  a(d®+ w2)2x2y
(IX) c(d? — w?) A(d? —w)" 7
"=cx+d —|—am3+a(d2+WZ) 2 A&+ ) o
v= Y c(d? — w?) 2(d? — w?)

with « = £1, d,c,w € R, w > 0, |d| > |w| and ca > 0.

The proof of Theorem 5 is given in section 6.

Theorem 6. Systems (3) have a linear type center at the origin and no
more finite singular points with all infinite singular points formed by two
degenerated hyperbolic sectors if and only if they can be written as one of
the following systems

d? + w?

(X) T =—dr — y —3az’y, U= cx+dy+ 3oxy?,

with o = £1, ¢,d € R, ¢ # 0, w > 0 and caw > 0. These systems are

Hamiltonian with

d? + w?
2c

c 3
H(z,y) = §$2 + dzy + y+ §a$2y2;

2

(XI) &= —%y + (p2 — 3a)a’y, = cx+ (p2+ 3a)ay?,
with « = £1, c € R\ {0}, p2 #0, w > 0, ca > 0 and ps € [-3,3].

The proof of Theorem 6 is given in section 7.

Theorem 7. Systems (4) have a linear type center at the origin and no
more finite singular points with all infinite singular points formed by two
degenerated hyperbolic sectors if and only if they can be written as one of
the following systems

d? + w?

(XII) T =—dr— y —3azy —ay®, 9= cx + dy + 3ax?,

with a = £1, ¢,d € R, ¢ # 0, w > 0 and ca > 0. These systems are
Hamiltonian with
d? + w? 3a Q

Y2+ 73:23/2 + Zy4;

c
H(w,y):§x2+d:py+ 2
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2
w
(XID) & =——y+(p2 = 30)2’y — ay’, §=cz+(p2+3a)ay’,

with « = £1, ¢ € R\ {0}, p2 #0, w > 0, ca > 0 and ¢(p2 + 3a) > 0.

The proof of Theorem 7 is given in section 8.

An immediate consequence of Theorems 4, 5, 6 and 7 is the following.

Corollary 8. Any polynomial vector field having at the origin of coordinates
a singular point with purely imaginary eigenvalues of the form linear plus
cubic homogeneous terms has a global center at the origin if and only if it
satisfies the assumptions of Theorems 4, or 5, or 6, or 7.

2. PROOF OF THEOREM 1

Doing a linear change of variables and a rescaling of the independent
variable, planar cubic homogeneous differential systems can be classified
into the following ten classes, see [4]:

i = x(p12® + pawy + p3y?),
y = y(p12® + pazy + p3y?),

whose infinity in the Poincaré disc is formed by singular points;

(i)

) & = pra® + pox’y + pszy’,
(ii) - 3 2 2 3
Y =ax” +p1a7y + p2xy” + psy”,
where o = £1 and whose infinite singular points in the Poincaré disc are
the real solutions of az* = 0 at infinity.

i) & = (p1 — 1)a° + poa®y + pay?,
iii
§ = (p1+3)a%y + poay® + psy’,

whose infinite singular points in the Poincaré disc are the real solutions of
423y = 0 at infinity.

i) & = pra® + (p2 — 30)a?y + pswy®,
iv
§ = p1e’y + (p2 + 3a)zy® + psy®,

where o = +1 and whose infinite singular points in the Poincaré disc are
the real solutions of 6ax?y? = 0 at infinity.

. @ =p1a° + (pa — @)y + pawy?® — ay?,
A%
§ = axd + p1a’y + (p2 + a)zy® + psy?,

where o = £1 and without infinite singular points;
& = p1a® + (p2 — 3a)a’y + psxy® + o,

(vi) .
J = p2y + (p2 + 3a)zy> + p3y®,
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whose infinite singular points in the Poincaré disc are the real solutions of
y%(62% — y?)? = 0 at infinity;
(i) & = p12° + (p2 — 3a)a’y + psxy® — ay’,
vii
= p12’y + (p2 + 3a)zy® + psy’®,
where o = £1 and whose infinite singular points in the Poincaré disc are
the real solutions of ay?(6x? + y?) = 0 at infinity;

& =12’ + (po — 3u)2’y + pszy® +y°,
(viii) _ 3 ) ) 5
y =" +prx7y + (p2 + 3p)xy” + p3y°,
with ¢ € R and whose infinite singular points in the Poincaré disc are the
real solutions of z# + 6pz?y? — y* = 0 at infinity;

& = pi1a’ + (p2 — 3ap)z®y + psry® — ay?,

(ix) .
g = ax® + 1y + (po + 3ap)zy® + p3y®,

with @ = £1, p > —1/3, u # 1/3 and without infinite singular points;
i =p1a® + (p2 = 3p)a®y + psay’ — 7,

(%) .
g =2+ pray + (p2 + 3p)zy® + psy®,

with g < —1/3 and whose infinite singular points in the Poincaré disc are
the solutions of 2* + 6ux?y? + y* = 0 at infinity.

Note that when g = 1/3 system (v) becomes system (ix) and from now
on we consider system (ix) with u > —1/3 and forgot system (v).

In this theorem we are interested in systems without infinite singular
points. The only classes of systems that have no infinite singular points are
systems (ix) with g > —1/3.

For studying the cubic planar polynomial vector fields having linear and
cubic terms being the origin a singular point, it is sufficient to add to the
above family in (ix) a linear part. This is due to the fact that the linear
changes of variables that are done to obtain the classes (i)—(x) are not affine,
they are strictly linear. So a linear plus a cubic vector field being the origin
a singular point with no infinite singular points in the Poincaré disc can be
written as

- & = ax + by + pra® + (p2 — 3ap)a’y + psry® — ay’,

Yy =cx+dy+ ax’® + p1m2y + (p2 + 3au)my2 + pgy?’,

for some real constants a, b, c,d and with « = £1, > —1/3. The eigenval-
ues of the linear part of system (6) at the origin are
a+d++/(a+d)?—4(ad — be)
)\1,2 = 5 .
In order to have a linear type center at the origin, these eigenvalues must
be +wi, for some w > 0. So a = —d and d? + bc = —w?. We see that bc # 0,
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otherwise the left hand side would be non-negative. Then we can solve for
b and we get b = —(d? + w?)/c. So system (6) becomes

. d? 4 w? 3 2 2 3
7) &= —dr — Tyt + (p2 — 3ap)x"y + p3zy” — ay”,

y = cx + dy + ax® + p1a®y + (po + 3ap)zy® + p3y’.
This completes the proof of the theorem.

3. PROOF OF THEOREM 2

The proof of Theorem 2 is the same as the proof of Theorem 1 taking
into account that system (ii) has only the origin of the local chart U, as the
infinite singular points which is linearly zero if and only if ps = 0. This gives
system (2) in Theorem 2.

Moreover, system (iv) has only the origin of the local charts U; and Us
as infinite singular points and they are both linearly zero if and only if
p1 = ps = 0. This gives system (3) in Theorem 2.

System (vii) has an infinite singular point which is the origin of the local
chart U; and is linearly zero if and only if p; = 0. This gives system (4) in
Theorem 2.

Any other of the systems (i)—(x) either the infinite is formed by singular
points, or they do not provide infinite singular points in the Poincaré disc,
or they provide at least one infinite singular point which is not linearly zero.
After this, the proof is exactly the same as in the proof of Theorem 1 (that
is, adding the linear part).

4. PROOF OF THEOREM 3

We will use the following result, proved in [9].

Theorem 9. Any planar vector field of the form: linear plus cubic ho-
mogeneous terms being the origin a singular point with purely imaginary
etgenvalues can be written in the form

&=y + Fa’ + Go’y + (H — 3P)zy® + Ky,
y=—x+ La* + (M — H - 3F)2*y + (N — G)ay* + Py>.

The origin of system (8) is a center if and only if one of the following
conditions hold:

(8)

() H=M =N =0;

(b)y M =0, HL = —2FN — HK — HN + 2NP and H*F = GHN —
HKN +2N?P — H>P — HN?;

() M =0, H=5P—-F)/2, L=-G—4K, N = 5(G + 3K), and
3F? + 10FP + 16GK + 64K? + 3P = 0.
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First we write the linear part of system (7) into its real Jordan normal
form doing the change of variables x = (WY — dX)/c, y = X and then we
do the rescaling 7 = wt. Doing so, the new system can be written as in (8)
with

A3p3 — 3ac’du — Adpy + cd’py — ad®

F =

cw ’
G 3ac i + ?po —320dp1 —|—3ad2’ o 4p;w’ P w(cplz—ad)’
c c c
K:acf’ L:_a(c4+6§2d22u+d4)’
c 3w
4 (c?p3 — cdps + (d? + w? 2 —2d
M= (c?ps p22 ( )p1)’ N— (cp2 ! p1).
2w c

Condition (a) in Theorem 9 yields p;1 = p2 = p3 = 0 and so we obtain
system (I) in the statement of the theorem. Note that in this case system (I)
is Hamiltonian with the Hamiltonian stated in the statement of the theorem.

Condition (b) in Theorem 9 yields the following real solutions in which
ca#0,w#0and p>—1/3:

e d =p; = p3 = 0. This condition yields system (II) in the statement
of the theorem;

e p3 = —p1, p2 =0, w=+Vc?—d? (and so |¢| > |d|). Moreover p; # 0
because otherwise the system becomes a system (I). This condition
yields system (III) in the statement of the theorem;

e i =1/3, p3 = —p1, p2 = p1(d® + w? — c?)/(cd) (and so cd # 0).
Moreover p; # 0 because otherwise the system becomes a system (I).
This condition yields system (IV) in the statement of the theorem;

e 1 =1/3, p3 = —p1, w = +¢, d = 0. Note that p;ps # 0 because if
p2 = 0 then the system becomes a system (III), and if p; = 0 then
the system becomes a system (II). This condition yields system (V)
in the statement of the theorem.

We will show now that condition (c¢) is not satisfied. Indeed conditions (c)
yield that the unique possible solution with « # 0 is
_da ~2¢%dps + a(dt — 3c?) ct + d?
b1 = c ' b2 = 20242 y M= 602d2 .
Note that 4 < —1/3 and so this condition is not possible. This completes
the proof of the theorem.

5. PROOF OF THEOREM 4

We will study each of the systems (I)—(V) separately.
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First note that in case of system (I) we get that the system is Hamiltonian.
It was proved in [5] that in this case there unique condition so that the unique
finite singular point is the origin is caw > 0. Hence statement (a) is proved.

The singular points of system (II) are

(0,0), <Oiz\/%> (iz\/zo) (£7, +7)

with

_ (p2 + 3pa)w? — 2o [A(p2 — 3pa) + aw?
T = , =i
c(p3 + a2(1 — 9u?)) Y c(p3 + a2(1 — 9u?))

(note that if c¢(p3 + (1 — 9u?)) = 0 the points (£, 4+7) do not exist). So
in order that the candidates to be singular points different from the origin
do not exist we must have ca > 0 and either ((pa + 3ua)w? — c?a)c(p3 +
a?(1—9u?)) <0, or (2(p2 — 3pa) + aw?)c(p3 + a?(1 —9u?)) > 0. We recall
that if (p2 + 3pa)w? — 2a = 0, ie., py = a(c? — 3uw?)/w?, then T = 0
and ¥ = iw/y/ac which is non real because ca > 0. On the other hand,
if ¢2(pe — 3pa) + aw? = 0, that is, p2 = a(3c*u — w?)/c? then 7 = 0 and
T = iy/c/a which is also non real. So statement (b) is proved.

The singular points of system (III) (which has the condition |¢| > |d| and
P 7é 0) are,

. c+d ) c—d _ _
(0,0), :I:“/m(l,l), :I:“/m(l,l), +(Ty, —Ty)

where

_ 2dp; + ca(l —3u) £ VR _ 2dpy + ca(l —3u) FVR_
r4+ — 3 3 s yj: = —
2(2p1 +a*(3p — 1)) 2(cp1 + dav)
with R introduced in (5). Note that if 2p? + a?(3u — 1) = 0 then the

points £(Z+, —7) do not exist. On the other hand, if cp; + da = 0, i.e.,
p1 = —da/c then the points +(Z4, -7, ) become

(iz'\[i, 0) (0, j:z\/§>

So in order that all the candidates to be singular points different from the
origin do not exist, we must have (besides the condition |¢| > |d|, p1 # 0),
(ctd)a> 0 and if py = —da/c then ca > 0, but if p; # —da/c then either
R < 0,0r R>0and ((2dp; + ca(l —3u)) £ VR)(2p? + a?*(3u — 1)) < 0.
Hence statement (c) is proved.

)

The singular points of system (IV) (which has the condition c¢d # 0 and
p1 # 0) are, besides the origin,

(_ Ad3p £ /5 @@) j:<_d2+u12—c2i\/52g y)
c2d?p3(cpy + doa) 77 )’ 2cd ’
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where
_ =281+ edpi(p1 4 Ada + epi (d? — w?) — da(d® + w?))
Yy p‘fSQ s
o (d? + w2)\/Ss + (c2d? + d* — c2w? + 2d2w? + w?)
v= 2ca/So ’

and S1, Sy were introduced in (5). Note that if ¢p; + do = 0 that is p; =
—da/c then the singular points

02d3p?1’ +4/51 _
:l:<_ 2 72,2 y7y>
2d?pi(ep1 + da)

e N R - S S
(:I:z\/;,O), :I:z\/;\/g(d + w* —c”, 2dc).

So in order that all the candidates to be singular points different from the
origin do not exist, we must have (besides the condition ¢d # 0 and p; # 0),
ca((d? + w?)/Ss + (d? 4 d* — Pw? + 2d%w? + w*)) < 0 and if p; = —da/c
then ca > 0, but if p; # —da/c then either S; < 0, or S; > 0 and —2+/5; +
cdp? (3p1 + Ada + epy(d* — w?) — da(d? + w?)) < 0. This completes the
proof of statement (d).

become

The singular points of system (V) are, besides the origin,

Ve o /l—i 1+ Ve o l4i 1—i
e e v )

N (ﬂ Vo ) j:(ﬁ (p2 + /4p] +p%)T2>
V2 po+/Ap +p2 V2 2v/2p1

where

y R Ve R VA ) N L (o BV U )
a\/4pt + p3 av/4pi +p3
So taking into account that pips # 0, in order that all the candidates to be
singular points different from the origin do not exist, we must have ca(ps +

V4p? +p3) > 0 and ca(ps — \/4p? + p3) < 0. This concludes the proof of
the theorem.

6. PROOF OF THEOREM 5

First we write the linear part of system (2) into its real Jordan normal
form doing the change of variables z = (wY — dX)/c, y = X and then we
do the rescaling 7 = wt. Doing so the new system can be written as in (8)
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with
F = %(cdpl — py —ad?), G= py + 30&;22 - 20dp1’
K:OgQ, L:—cd;:)‘27 p:@“;da)w’
H:4];w’ N:2(cp26—22dpl)7 MZ%(p1(d2+w2)fcdp2),

Condition (a) in Theorem 9 yields p; = p2 = 0 and so we obtain system
(VI). Note that system (VI) is Hamiltonian with Hamiltonian

d? + w?

c @
H=-2214d 2, 2.4
295 + dxy + 20 Yo+ 4:1:
It was proved in [5] that in this case the unique infinite singular point which
is the origin of the local chart Us is formed by two degenerated hyperbolic
sectors if and only if ca > 0 and that in this case there are no more finite

singular points besides the origin.

Condition (b) in Theorem 9 with p} 4+ p3 + p3 # 0 yields the conditions

(b.1) po = p1(d? +w?)/(cd) with cd # 0 and p; # 0 because otherwise this
system becomes a system (VI);
(b.2) p1 =0, d = 0 and py # 0 because otherwise this system becomes a
system (VI);
do(d® + w?) a(d? + w?)?
b.3 = 2= 5
( ) p]. C(d2—w2) ’p2 CZ(dZ—w2)

System (2) with the conditions (b.1) becomes

with |d| # |w|.

d? + w? d? + w?
= —dx — Y+ p1I3 + Plﬂfzy,
(9) C Cd
d? + w?

plny-

Y = cx +dy + ax® + pra’y + -

The singular points of system (9) are

0,0), + ( [@ ety =i /ellda+ (e +da>w2>>
) ) pl ) )

p1(d? + w?)

I dwe
4+ .
' a(d? 4+ w?) (w, d? + w2>

In order that all the candidates to be singular points different from the origin
do not exist, and taking into account that condition cax > 0, dp; > 0 and
cd(d3a + (ep1 + da)w?) < 0 never hold, we must have ca > 0 and dp; < 0.

Now we study the infinite singular points. We already know that the
unique infinite singular point is the origin of the local chart Us that is linearly
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zero. On the local chart Uy we have
d? + w?
c
. <d2 + w?
U= —v

v? — 2duv® — aut — cu®v?,

U=

pru+ pru? + dv® + au® + cuv2>.

Doing two horizontal blow ups and one vertical blow up and taking into
account that cae > 0 and dp; < 0 we conclude that the origin of the local
chart Us is formed by two degenerated hyperbolic sectors. So we obtain
system (VII).
System (2) with the conditions (b.2) becomes
o = =Lyt paa?y
(10) c ’
y =cr+ ox® + pgxy2.

The singular points of system (10) are

) c w | 2pg + aw?
(0,0), il(\/Z, 0), (:l: CpQ,il CP€> .

In order that all the candidates to be singular points different from the origin
do not exist, and taking into account that condition ca > 0, cpo > 0 and
c(c?p2 + aw?) < 0 is null, we must have ca > 0 and cpy < 0.

Now we study the infinite singular points. We already know that the
unique infinite singular point is the origin of the local chart Us that is linearly
zero. On the local chart Uy we have

2

. w
u = —71]2 — au4 — cu2112,
c

b = uv(py + au’® + cv?).

Doing one horizontal and one vertical blow up, taking into account that
ca > 0 and cps < 0 we conclude that the origin of the local chart Us is
formed by two degenerated hyperbolic sectors. So we obtain system (VIII).

System (2) with the conditions (b.3) becomes
P HW ad(d®+ W) 5 a(d W),

2 = —dx

(11) c(d? — w?) A(d? — w?) vy
_ g ad(d@+w?) 5 a(d®+w?)
y’—cx+dy+ozx +m +m$y

The singular points of system (11) are

cw? (’ dc >’ c(d2—w2)(i1 cd(lj:i)).

D A (B _
00, @\ e (@ F?)\ T B ra?
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In order that all the candidates to be singular points different from the origin
do not exist we must have ca > 0.

Now we study the infinite singular points. We already know that the
unique infinite singular point is the origin of the local chart Us that is linearly
zero. On the local chart Uy we have

2, 72
U = _Y z—d v? — 2duv® — aut — cu®v?,
. v (c? (d? — w?) (vi(cu+ d) + au?) + au (d? + w?) (cdu + d* + w?))
V= — .

c2 <d2 _ w2)

Doing one horizontal and one vertical blow up, taking into account that
ca > 0 we see that if |d| > |w| the origin of the local chart Us is formed
by two degenerated hyperbolic sectors while if |d| < |w| there are parabolic
sectors arriving to the origin of the local chart Us and so it is not formed
by two degenerated hyperbolic sectors. In short, for having the origin as
the unique finite singular point and that the origin of the local chart Us is
formed by two degenerated hyperbolic sectors we must have caw > 0 and
|d| > |w|. So we obtain system (IX).

For condition (c) of Theorem 9 with p? + p2 + p3 # 0 systems (2) have no
linear type center at the origin. This completes the proof of Theorem 5.

7. PROOF OF THEOREM 6

First we write the linear part of system (3) into its real Jordan normal
form doing the change of variables z = (wY — dX)/c, y = X and then we
do the rescaling 7 = wt. Doing so, the new system can be written as in (8)
with

2
po dp2t30) i _patde g oo 6o
(&0 C cWw
P—0, H—0 N=2X2 p__ %2
C cw

Condition (a) in Theorem 9 yields po = 0 and so we obtain system (X).
Note that system (X) is Hamiltonian with Hamiltonian
2 4 w? 3

2 2 29
20 y+2a:1;y.

d
H(z,y) = %xz + dxy +
It was proved in [5] that in this case the unique infinite singular points
are the origin of the local charts U; and Uy and they are formed by two
degenerated hyperbolic sectors if and only if ca > 0 and that in this case
there are no more finite singular points besides the origin.
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Condition (b) in Theorem 9 with py # 0 yields the condition d = 0. So
system (3) becomes

2
(12) = —%y + (p2 — 3a)z%y, 9 =cx + (p2 + 3a)xy>.

First we study the finite singular points. They are

(0,0), (i\/c(m — 3a)7ii\/ D2 +3a> ’

where they do not exist if and only if either ¢(ps —3a) < 0, or ¢(p2 —3a) > 0
and c(p2 + 3a) > 0.

Now we study the infinite singular points of this system. We already know
that they are the origins of the local charts U; and Us. On the local chart
U system (12) becomes

2 2

o = 6au? + cv? + %u2v2, V= uv <3a —p2 + %v2).
The only infinite singular point of this system is the origin which is linearly
zero. Doing one horizontal and one vertical blow up, we get that if ¢(ps +
3a) > 0 and a(pa+3a) > 0 or po+3a = 0 and car > 0, then the origin of the
local chart U; is formed by two degenerated hyperbolic sectors. Otherwise
there are parabolic sectors arriving at the origin of the local chart U; and
so it is not formed by two degenerated hyperbolic sectors. These conditions
are equivalent to: either po+3a > 0,c>0and a =1; 0or p2+3a <0, c <0
and a = —1; or p + 3a = 0 and ca > 0.

On the local chart Us system becomes

2

. w .
0= —6au® — —v? — cu*v?®, = —uv(ps + 3a + cv?).
c

Doing one horizontal and one vertical blow up, we get that if ¢(ps —3a) < 0
and a(ps — 3a) < 0, or po —3a =0 and ca > 0, then the origin of the local
chart Us is formed by two degenerated hyperbolic sectors. Otherwise, there
are parabolic sectors arriving to the origin of the local chart U and so it
is not formed by two degenerated hyperbolic sectors. These conditions are
equivalent to: either po —3a >0, c< 0 and o = —1; 0r po —3a <0, c >0
and a = 1; or po —3a =0 and ca > 0.

In short, for having the origin as the unique finite singular point and that
both the origins of the local charts Uy and Us are formed by two degenerated
hyperbolic sectors we must have ca > 0 and pa € [—3,3]. Hence we obtain
system (XI).

For condition (c) of Theorem 9 with pa # 0 systems (3) have no linear
type center at the origin. This completes the proof of Theorem 6.
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8. PROOF OF THEOREM 7

First we write the linear part of system (4) into its real Jordan normal
form doing the change of variables z = (wY — dX)/c, y = X and then we
do the rescaling 7 = wt. Doing so the new system can be written as in (8)
with

F:cpg—dp2—3da, G:pg—i-?)a’ K=o
cw c
2 2
6d 2 4 —d
L= 6B o oo, =22 gy A dp)
cw c cw

Condition (a) in Theorem 9 yields p; = ps = 0 and so we obtain sys-
tem (XII). Note that system (XII) is Hamiltonian with Hamiltonian
C o P4+w? 5 3a 54 ay
H(z,y) = 5% + dzy + 5 Y + 5 &Y + T
It was proved in [5] that in this case the unique infinite singular point is the
origin of the local chart U; which is formed by two degenerated hyperbolic
sectors if and only if caw > 0 and that in this case there are no more finite
singular points besides the origin.

Condition (b) in Theorem 9 with p3 + p # 0 and a # 0 yields the
condition ps = d = 0. So we get the system
2
(13) =z = —%y + (p2 — 3a)z%y — ay®, 9= cx + (p2 + 3a)zy?,

whose finite singular points are

iw (p2 + 3a)w? — 2a | . c
0,0 0,£—— + ti, [ —— | .
00 ( \/@) ( \/ cpB—9a%) " \'p2+3a

Note that if po = £3a the last four points do not exist. So in order that they
do not exist we must have ca > 0 and either ¢(p2+3a) > 0, or ¢(p2+3a) < 0
and (p2 — 3a)((p2 + 3a)w? — 2a) > 0.

Now we study the infinite singular points of system (13). We already know
that it is the origin of the local chart U;. On the local chart U; system (13)
becomes

2 2
o = 6au? + cv? 4+ aut + %u2v2, U = uv <3a —pa + ou® + %v2>.
Doing one horizontal and one vertical blow up and taking into account that
ca > 0, we get that if ¢(p2 + 3a) > 0 and a(p2 + 3a) > 0, then after the
blow-down the origin of the local chart U; is formed by two degenerated
hyperbolic sectors. On the other hand, if the above conditions do not hold,
then the origin of the local chart U; is not formed by two degenerated
hyperbolic sectors. In short, in order that system (13) has no more finite
singular points besides the origin and the origin of the local chart U; is
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formed by two degenerated hyperbolic sectors we must have ¢(p2 + 3a) > 0
and ca > 0. Hence we get system (XIII).

For condition (c) of Theorem 9 with p3 + p3 # 0 systems (4) have no
linear type center at the origin. This completes the proof of Theorem 7.
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