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aDepartment d’Eng. Informàtica i Matemàtiques, Universitat Rovira i Virgili, 26 Avenue Paı̈sos
Catalans, 43007, Tarragona, Spain; bDepartment of Mathematics, University of the Pacific, 3601

Pacific Avenue, Stockon, CA 95209, USA

(Received 16 July 2009; final version received 23 July 2009)

Dedicated to Robert Devaney on the occasion of his 60th birthday

We consider the family of complex maps given by f l;aðzÞ ¼ z n þ l=ðz 2 aÞd where n,
d $ 1 are integers, and a and l are complex parameters such that jaj ¼ 1 and jlj is
sufficiently small. We focus on the topological characteristics of the Julia and Fatou
sets of f l;a.
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1. Introduction

In the last few years, a number of papers have appeared that deal with the dynamics of

functions obtained by a perturbation of the complex function z 7! zn by adding a pole at

the origin [3, 5–7]. These rational functions are of the form f lðzÞ ¼ zn þ l=zd. When

jljp 1, we consider this function as a singular perturbation of z n. The reason for this

terminology is that when l ¼ 0, the map is z n and the dynamical behaviour is well

understood. When l – 0, however the degree jumps to n þ d and the dynamical behaviour

changes significantly. The interest in this type of perturbation arises from the application

of Newton’s method to find the roots of a family of polynomials that, at one particular

parameter value, has a multiple root. At this parameter value, the Newton iteration

function undergoes a similar type of singular perturbation.

In [8], we investigated a more general class of functions for which the pole is not

located at the origin but rather is located at some other point in the complex plane that does

not lie on the unit circle. In particular, we considered the family of functions given by

f l;aðzÞ ¼ zn þ
l

ðz 2 aÞd
; ð1Þ

where n $ 2 and d $ 1 are integers, and a and l are complex parameters where jaj – 0; 1
and jlj is sufficiently small.

In this paper, we continue the study of the family f l;a. In the first part, we study the

dynamics of equation (1) when the pole a is on the unit circle and jlj is sufficiently small.
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