DISCRETE MELNIKOV FUNCTIONS
ARMENGOL GASULL AND CLAUDIA VALLS

ABSTRACT. We consider non-autonomous N-periodic discrete dynamical systems of
the form 7,41 = F,(ry, ), having when ¢ = 0 an open continuum of initial conditions
such that the corresponding sequences are N-periodic. From the study of some varia-
tional equations of low order we obtain successive maps, that we call discrete Melnikov
functions, such that the simple zeroes of the first one that is not identically zero control
the initial conditions that persist as N-periodic sequences of the perturbed discrete
dynamical system. We apply these results to several examples, including some Abel-
type discrete dynamical systems and some non-autonomous perturbed globally periodic
difference equations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The interest on the study non-autonomous periodic discrete dynamical systems has
been increasing in the last years, among other reasons, because they are good models
for describing the dynamics of biological and ecological systems that vary periodically,
either due to external disturbances or for effects of seasonality, see for instance [2, 11,
12, 13, 15, 16, 17] and the references therein.

Consider non-autonomous discrete dynamical systems of the form

Tny1 = fn("%); Tn € Rda ne N, (1)

where d € NT, and f, is an N-periodic sequence of real smooth invertible such that
fn = fman for all m € N. Here, f, : U4 C RY — U being U an open set of RZ. Given an
initial condition o = p € U we will denote by 7, = ¢,(p) the sequence defined by (1).
For convenience, for n > 0, we write f,,,—1..10= fn© fa—1---0 fio fo. Then, for n > 0,

Tn = 9071(,0) = fn—l,n—z,...,l,O(p)- (2)

It is well-known that given an N-periodic discrete dynamical system (1), it can be
understood via the so called composition map fn_1n-2.. 10. For instance, if all maps
share a common fixed point, the nature of this steady state point can be studied through
the nature of this fixed point for fy_1 n_2.. 10, see [2, 6]. Similarly, the attractor of a
periodic discrete dynamical system (1) is the union of attractors of some composition
maps, see [13, Thms. 3 and 6].

To find N-periodic solutions of (1) is equivalent to find solutions of ¢n(p) = p, or
equivalently of the equation fy_in—_2. 10(p) = p. Usually, is not easy to deal with it.
The main goal of this paper is to give an alternative and indirect mechanism to study
this problem for a special class of discrete dynamical systems. More specifically, it is
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said that (1) is globally N -periodic in U when for all 7o = p € U it holds that oy (p) = p.
We will consider N-periodic perturbed discrete dynamical systems of the form

Tnt1 = Fn(rrwg) = fn(rn) + ‘Egn(Tn) + 82]1”(7“”) + 0(53)7 ne N7 re Rda (3)

where for ¢ = 0 it is globally N-periodic and € € R is a small parameter. Here F;, are
N-periodic and of class C3(U x I), for I a small open interval containing 0.

In other words, we want to determined which of the continuum of periodic sequences of
the unperturbed dynamical system (3) with € = 0, remain as isolated periodic sequences
of (3) when € # 0 is small enough. With this aim we adapt to this setting the use of
variational equations, that was introduced by Poincaré for studying similar questions for
ordinary differential equations. As we will see, we obtain some functions of p, M;(p), for
1 € N such that their simple zeroes give rise to the searched N-periodic sequences. These
functions can be seen as a kind of Melnikov functions for discrete dynamical systems.

Let ¢,(p,c) be the sequence solution of (3) such that ¢¢(p,e) = p € U. It can be
written as

Tn = ¢n(p’ 5) = SOn(P) + un(p)g + ’Un(p)gg + 0(83)’ (4)
for some sequences u,(p), v, (p) such that ug(p) = vo(p) = 0. We define M;(p) = un(p)
and call it the first discrete Melnikov function for the discrete dynamical system (3).
When M; = 0, then Msy(p) = vy(p) is the second discrete Melnikov function. In a
sufficiently enough smooth setting, the j-th discrete Melnikov can be similarly defined
when all previous Melnikov functions identically vanish.

Our first result gives a closed expression for M; and M,. Given a smooth function
F:R? — R? we will denote by DF its Jacobian matrix and D?F its Hessian matrix.
We will use the following notation: given x € R? and a d x d matrix C' = (¢;;) then
TCxr =3, Z]‘ ci jrix;, where 27 is the transpose vector of z.

Theorem 1. Let 1, = ¢,(p,e) be the sequence (4) generated by (3). Assume that
on(p) = p for all p € U and all f, are invertible in U. Then the first two discrete
Melnikov functions associated to (3) are

Mi(p) = (D;i(p) " g3(5(p)).

Mo(p) =) (Dey(p) (%Uf(p)Dij(%(p))uj(p) + Dgs(5(p))us(p) + hi(5(0)) )

where uy(p) =0 and for j > 0,

u;(p) = Dp;(p) (i (DSOk(P))_lgk(QOk<P))) :

k=0

Moreover, for e sufficiently small and any j € {1,2}, each simple zero of M;, p = p* €U
gives rise to an isolated N -periodic sequence of (3). This periodic sequence has an initial
condition ro = R(g) such that lim._,o R(¢) = p*.

After looking to our proof it will clear that the same approach allows to get similar
expressions for some more M;, j > 2. We do not include their expressions for the sake of
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shortness. In the particular case f,(r) = r for all n, then ¢, (p) = p and the expressions
of M; are much simpler. In the following proposition we give them for : =1,...,3.

Proposition 2. Consider the class C*, N-periodic discrete dynamical system
Tn+1 = Tn + E:gn<rn) + €2hn(rn) + gskn(rn) + 0(54), n e N, reld C Rd,

with € small enough. Then

Mi(p) = 3 95(p);
M) = 3 (Dasphsto) + i)
M(p) = Y (50 () D0,(0)us(0) + Doy (0)v,(9) + Dhs(pus(p) + ki),

where ug(p) = vo(p) =0 and for j > 0,

j—1 !

u;(p) = D gilp) and v;(p) = Y (Danlp)uclp) + hilp)).

k=0 k=0

<.

Moreover, including also Ms, the same conclusions that in Theorem 1 hold.

In fact, this paper can be seen as an extension of the results and ideas introduced
in [9] for studying isolated periodic solutions of T-periodic non-autonomous differential
equations to N-periodic discrete dynamical systems. As an example of the similarities
of the results obtained we recall the first Melnikov function given there when studying
the T-periodic in time differential equation

dr

= = f(t,r) +eg(t,r) +O().

It is
Mi(p) = / (Dot p) (. ot p)) d,

where ¢(t, p) is the solution of the above differential equation when ¢ = 0 and such that
©(0,p) = p. Compare with the expression of M; given in Theorem 1. It is clear, that
both could be obtained simultaneously by using all the machinery of time scales, see
again [3] and [4, 5].

The proof of Theorem 1 is given in Section 2. The proof of Proposition 2 is similar
and it is omitted for the sake of shortness, see Section 2.1. In Section 3 we present
several examples of application, including Abel type discrete dynamical systems and
some perturbed globally periodic difference equations.
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2. PROOF OF THE MAIN RESULTS

Proof of Theorem 1. Write ¢n(p,e) = @n(p) + epn(p,€), as in (4), where p,(p,e) =
un(p) + cvn(p) + O(g?). By imposing that 7, = ¢,(p,e) satisfies (3) we get the iden-
tity

Oni1(p,€) =Fo(dn(p,€),€) = fu(dn(p,€)) + gn(dn(p,€))e + hn(dn(p,€))e® + O(e?)

2

=fa(@n(p)) + eDr fu@n(p))pn(p, €) + %pf(ﬂ; €)Drr fr(en(p))pn(p, €) + O(€7)

+ (90(£n(0) + £Dsgu(20(P))palp;2) + O(%) )2
+ (ha(en(p)) + O(e))e® + O(%).
By collecting the terms in €°, ¢ and £? into the above expression, we obtain the
unperturbed difference equation (1) and two new linear N-periodic difference equations

(the variational equations of first and second order) with unknowns wu,(p) and v, (p) and
initial conditions ug(p) = ve(p) =0,

Pnt1(p) falen(p)),
un+1(p) - Dfﬂ(@‘?n(p))un(p) + gn((pn(p))v (5)
vis(0) = Dulnlp)vnlp) + 30l () D Fulon()unl)

Let us recall how to solve the non-autonomous linear difference equation
Tnt1 = Anxn + bn> To = 07

where z,,b, € R? and A,, are d x d real matrices, see for instance [10]. By direct
substitution, for n > 0,

n—1
Ty = g Ap1Ap_o- - Aj+2Aj+1bj;
§=0

where by the sake of notation, when j = n — 1, the term in the above sum is simply
b,—1. If we assume that all A; are invertible, then

n—1
Ty = An_lAn_Q s A1A0 <Z (AjAj—l s Ale)_lbj> .

=0
Let us apply the above formula to (5). Notice that A; = D f;(y;(p)). Thus, by the chain
rule,
AnaAng - Ao = Dfua(pn-1(p) D fra(@n-2(p)) - - Dfi(p1(p)) D fo(po(p))
= Dfo1(fu-2n-3,..100)Dfo2((fr-sn-a..10(p) - Dfi(fo(p))Dfo(p)
= Dfo-1n-2..10(p) = Den(p).
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As a consequence

un(p) = Dipu(p) (i (Dej(p)) (¢ (p))>
In particular for n = N, since pn(p) = p,
Mi(p) =un(p) = 2_ (Des(p) gi(s(p)),

as we wanted to prove.
Notice that derivating with respect to p, p,i1(p) = fu(en(p)), and using that px(p) =
p, we arrive to

Dni1(p) = D fulen(p)) Den(p),  with  Deo(p) = 1d,

proving that Dy, (p) is a fundamental matrix of (5) and providing an equivalent way to
obtain wu,(p).

It is clear that doing similar computations we can obtain the solution of (6) and the
expression of Ms(p), given in the statement. We omit the details.

To end the proof, let us show that each simple zero of M (p) gives rise, for € sufficiently
small, to an isolated N-periodic solution of system (3). From (4), we have that py(p,¢) =
p+eMi(p) + O(e?) and let p* be such that M;(p*) = 0 and det (DM;(p*)) # 0. Then

_yn(pe)—p

Mp,e) = == Mi(p) + Oc).

We know that
= DM (p").

p=p*
Then, since det (DM1 (p*)) # 0, from the implicit function theorem the result follows.
When M;(p) = 0 for we can apply the same argument to M, by considering

II(p*,0) =0 and DII(p,0))

~ ,E) —
fi(p,2) = 2228 agy(p) 4 0Ge).
This completes the proof. Il

2.1. Relation between Theorem 1 and Proposition 2. Consider the discrete dyn-
amical system (3). Let @, be a family of invertible smooth diffeomorphism and define
the new sequence s,,n > 0, by the equation r,, = ®,(s,). Then straightforward compu-
tations give that

Sn+1 :Cbg_h (Fn(@n(sn)a 5)) = @7:41-1 (fn(q)n(sn)) + €gn(Pn(sn)) + O<52>)
:q);}rl (fn(q)n(sn» + 5Dq)r;1r1(fn ((bn(sn))gn ((I)n(sn)) + 0(52)-

If we take as special family of diffeomorphisms the solution of the unperturbed dyna-
mical system, that is ®,, = ¢,,, notice that by (2),

CI);-|1-1 (fn(q)n(sn>) 2907:_51_1 (fn(%pn(sn)) - (fn,n—l ..... 1,0)_1(fn(fn—1,n—2 ..... 1,O(Sn)))
:(fn,n—l ..... 1,0)_1(fn,n—1 ..... 1,0<Sn)> = Sp.
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Hence (3) can always be written as

Spt1 = Sp + €D90;41_1 (fn (Spn(sn>)9n (Spn(sn)) + 0(52)

and Theorem 1 and Proposition 2 can be deduced one from the other.

3. APPLICATIONS

3.1. Abel type discrete dynamical systems. It is well-know, see for instance [3],
that the 1-dimensional discrete dynamical version of the Riccati differential equation
& — a(t) + b(t)r + c(t)r? is
an + by,
Cp + dnTn
The main reason is that in the two cases, the continuous and discrete flows are given by
Mobius transformations. For this cause, both equations, assuming T-periodicity in the
first case or that the four sequences are N-periodic in the second case, have at most 2
isolated T" or N periodic solutions, respectively. In fact, both cases can be simultaneously
studied by using the time scales setting, see again [3].

For similarity, we consider as a discrete version of the Abel differential equation & =

dt
a(t) + b(t)r + c(t)r? + d(t)r® the discrete dynamical system

Tnt1 =

ap + b1y,
Cn + dpry + €572

(7)

In this section, as an application of Theorem 1, we reproduce some results of [3]. We
prove that when the five sequences defining (7) are N-periodic there are examples of this
dynamical system having at least NV — 1 isolated N-periodic orbits. As a consequence, in
contrast of what happens for the Riccati case, there is no upper bound for the number
of isolated periodic sequences generated by general discrete dynamical systems of the
form (7). This result is a natural extension of a similar property that holds for 7-
periodic Abel differential equations, proved in the pioneering work [14].

We will prove for (7) the above result by studying the first order discrete Melnikov
function M; associated to the particular family

Tny1 =

T'n

= 8
14 dyr, + ce,r?’ (8)

with d,, and e,, N-periodic sequences and such that Dy = 0, where for k > 0, D, =
Z;:é d;, Dy = 0 and ¢ is a small parameter.

When € = 0, (8) is a Riccati equation and the sequences generated by it such that
ro = p, are given by the Mobius maps

Tn+1

P
Tn = @n(p) :TD,O’ n > 0.

Notice that this unperturbed dynamical system is globally periodic in a neighborhood

of 0, because pn(p) = Tiby; = p- Moreover,

T T enr
1+ d,r, +ce,r?

4+ O(e?).

n = Fn ) - -
s (7, ) 1+d,r, éj(1 +d,rn)?
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Hence, in the notation of Theorem 1,

r Enl
fn(r> - 1+dn7’7 gn(r> _<1+dn7")2.
Thus, since ¢/, (p) = (1 + D,p) 2,

N-1 N-1 3

/ 2 e;r
Mi(p) =) (#(p) "9i(i(p)) = = > (1+ Djp) 1 dr)

j=0 =0 J r=;(p)
N-1

— S e L+ Djp
=0 ’ (1 + Dj-i-lp)

Therefore, the number of simple isolated zeroes of the above function in a suitable open
interval U = (0, R) will give the same number of periodic sequences of (8), for ¢ small
enough. Although it is not difficult to study this number (bellow we will recall a well-
known procedure to have lower bounds for it) we prefer to take advantage of the idea
introduced in Section 2.1 to simplify the problem. With this aim, and following the
notation of that section we introduce the new variables s, as r, = ®(s,) = 1/s,. Notice
that here, ®(s) = 1/s is independent on n. With these variables (8) writes as

€n
Spt1 = Sp + d, + 8_7 (9)
and the initial condition is sy = 1/p = p. Using again the notation of Theorem 1 we
obtain that

Sn=vn(0) =0+ Dy, [fu(s)=s+d, and g,(s)=e,/s.

In these new variables, the discrete Melnikov function, say ]\/Zl, is
N-1 N-1

o)=Y ((0) aies(@) = 3 e

=0 = et D

and we are interested in its zeroes in a suitable neighborhood of infinity. Notice that M;
and M are quite similar, but different due to the action of the diffeomorphism ®. We
continue our study with the second one because it is simpler. It is convenient to use the
following lemma, proved in [8]:

Lemma 3. Leth; : U CR =R, j=0,1,...N—1, be N linearly independent functions.

(1) Given N — 1 arbitrary values x; € U,j =1,2,... N there exist N constants c;, j =
0,1,...,N—1 such that h(x) = Z;V:_Ol cjh;(z) is not the zero function and h(x;) =0
forj=1,2,... N —1.

(11) Furthermore, if all h; are analytic inU and there exits one of them that has constant
sign in U, it is possible to obtain an h of the above form such that it has at least
N — 1 simple zeroes in U.

If we take all D;,j = 0,1,..., N — 1, different it is not difficult to see that all the

functions h;(z) = 1/(x + D;) are linearly independent. By applying Lemma 3 to M,
we obtain that we can take suitable e; such that the corresponding function has N —1
simple zeroes in a given neighborhood of infinity, as we wanted to prove. By Theorem 1,
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these zeroes give rise to the desired N — 1 isolated N-periodic sequences for discrete
dynamical systems of type (7).

3.2. Polynomial type discrete dynamical systems. Recall that by Proposition 2
the formulas of M, are simpler when the unperturbed discrete dynamical system is
Tni1 = Tn. Moreover, when d = 1 and F' is a polynomial in r of degree ¢ the computation
of the discrete Melnikov functions simplify even more. Consider

Trg1l = Fn(Tn, €) = 1 + €gn (1) + €2hy (1)) + 3kn (1) + O(*)

where all g, (r), h,(r) and k,(r) are polynomials of degree ¢ and the three sequences are
N-periodic.

By Proposition 2 we obtain that M, Ms and Mjs are polynomials of degree at most ¢,
20 —1 and 3¢ — 2, respectively. These values are in consequence the maximum number of
isolated N-periodic sequences that can be constructed with our approach. Let us discuss
if these maximum values can be achieved.

It is clear that there are examples where M; has exactly degree ¢ and it has ¢ simple
real roots, because M (p) = Z;.V:_Ol gj(p) and all the g; are polynomials in p.

To study M, recall that we have to assume that M; = 0. We write each polynomial
gj as g;(p) = yjr’f + Q;(p), for some polynomials @); of degree at most ¢ — 1. Hence, in

N-1_—

particular, Y -0 g, = 0. Moreover, from the expression of M, we have that

Ms(p) = z_: (g}(p) i gr(p) + hj(p)) = i (Ej iﬁk) p* 7+ Rop_s(p),
j=0 k=0 =0 k=0

where Ry o is a polynomial of degree at most 2¢ — 2. Hence it is clear that the values
g; can be taken such that M; = 0 and M; has exactly degree 2¢ — 1. It can be seen that
to have an example such that M, has exactly 2¢ — 1 real roots if suffices to consider g;
and hj, 7 =0,1,... N — 1, of the form

g;(r) :gﬂ“g o™ e TP e e + oo,
hi(r) =der® + de 7"+ dpor™ 2 4 - 4 dor® + dyr + dp,

for some suitable constants.
To study the actual degree of M3 we need a preliminary result.

Lemma 4. Given any sequence f;,j € N and 0 <n € N it holds that
n—1 n-1  j-1 ne1 o\ 2
Sy ya ().

§=0 j=0 k=0 j=0
where by the way of notation Z/;io fr=0.

Proof. Consider an arbitrary sequence Fj, 7 € N. As usual, AF; = Fj; — F}. Clearly,
(AF))” + 2F,AF; = F2,, — F2.

J J
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Summing both sides of the above equality from j = 0 until j = n — 1 and taking into
account that the right-hand side is a telescopic sum, we obtain that

n—1 n—1
> (AF)?+2) FAF; =F. - F;.
j=0 j=0

By considering Fy = 0 and for j > 0, F} = f;g fr we have that AF; = f;. Replacing
these values in the above equality we obtain the result of the statement. U

Recall that Mj is only defined when M; = My = 0. Then it holds that
N-1 N-1 j—1
>5,-0 i Y (5, %) -0
j=0 j=0 k=0
n—1-2

Hence, applying the above lemma to f; = g,,7 = 0,1,... N—1, we obtain that ijo g; =
0. Thus all g; = 0 and, as a consequence, the actual degree of all g; is £ — 1. Hence,
by using its expression in Proposition 2 we get that the degree of Mj is at most 3¢ — 5.
Therefore, to obtain more isolated N-periodic sequences that by using M,, the degree
¢ should be at least 5. Even for a fixed ¢, the construction of examples exhibiting the
maximum number of isolated N-periodic sequences is tedious. We prefer do not give
more details.

3.3. A 2-dimensional Abel type dynamical system. In this section we will see how
the ideas introduced in the Section 3.1, together with Theorem 1 can be used to study
the following 2-dimensional discrete dynamical system:

L,
Ty = )
T ATy + 5(bn$% + cn:z:nyn)
_ Yn
Yn+1 =

14+ dnyn + 5(enxnyn + h’"yz) ’

where 1, = (z,,y,), the 6 sequences are N-periodic and ¢ is a small parameter. Fol-
lowing again the idea introduced in Section 2.1 we perform the change of variables
Tn = (Tn,Yn) = P(sn) = P(un,vn) = (1/uy, 1/v,). By using it, the above system is
transformed into

by | Cn
un+1:un+an+5 — + — 5

Un, Un

e, hy
Upt1 =Up +d, + € <—+—) .

Uy Up

When ¢ = 0, the sequences generated by it, with initial condition ¢ = (ug, ve) = (p, 0),
are

n—1 n—1
(Un,vp) = (p+ Ay, 0+ D,), where Ay=DB;=0,4, = Zaj, D, = Zdj'
=0 =0

Hence they are N-periodic when Ay = Dy = 0. Moreover, in the notation of Theorem 1,

b, ¢ en  hy
gn(u,v) = bl B

v ou (%
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Therefore, the first discrete Melnikov function is

Mi(p. ) = Ni( g )Nf( O )
’ p+A4; o0+D;)’ p+A; o+ D

j=0 7=0

and it is defined in U, a neighborhood of infinity in R2. Its simple zeroes give rise to N-
periodic sequences defined by the 2-dimensional N-periodic discrete dynamical system.

3.4. Perturbations of autonomous globally periodic systems. When the unper-
turbed system in (3) is N-globally periodic and autonomous, that is when all f,, = f, the
expressions M; in Theorem 1 are simpler. If fO =1Id and f* = fo f*! then fV =1d,
rn = on(p) = f"(p) and, for instance,

N-1

Mi(p) =" (D;(p) " gi(5(p))

.
o

=2

(DF ()5 () = X DI ()P (e (10)

o

<.

because derivating fV(p) = fN(f(p)) = p we obtain that
DY (f(p))Df (p) =1d.

Moreover, in the particular case that f is linear, that is f(r) = Ar where Aisa d x d
matrix such that AV = Id, we obtain that

N-1
My(p) =Y AV g;(Ap), (11)
§=0
and, similarly,
N-1 j—1
My(p) = Y- A Dy (409) S Fau(a) i) ).
§=0 k=0

where the second sum, when j = 0 is defined as zero, because it corresponds to ug(p) = 0.
As an example, consider r,, = (z,,y,) defined by

(anrla yn+1) = (yna _xn) + €<gn<xn7 yn)a hn(xm yn)) + 0(52)7

with g, and h,,, 4-periodic sequences of functions and rq = (x,y0) = (p, 0). We have

that
(0 1 s (-1 0 3 (0 —1 4
A_(—l O)’ A—(O _1), A—(1 0) and A =1d.

Hence to find 4-periodic sequences generated to the discrete dynamical system we can
study the zeroes of its first associated discrete Melnikov function. By using (11), some
straightforward computations give that
Mi(p, 0) = (90(p; 0) — hu(0, —p) — g2(—p. —0) + ha(—0, p),
ho(p, ) + g1(0, —p) — ha(—p, —0) — gs(—e, p)).
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3.5. Some applications to difference equations. Consider second order difference
equations of the form
Tpto = Vo(Tp, Tngt).
As usual, they can be written as the discrete dynamical system (1) simply by taking
Tn = (T, Tny1) and fo(z,y) = (y, Va(z,9)).
We will apply Theorem 1 to find isolated N-periodic sequences of second order diffe-
rence equations of the form

Tryo = V(T Tny1) + W (Tn, Tnir) + O(€2),

where 2,19 = V(,,Tny1) is globally N-periodic in a suitable domain & C R? and W,
is a N-periodic set of functions. By using the above reduction we can write the above
difference equation as (3) where

fla,y) = (y,V(z,y)) and  gu(z,y) = (0, Wa(z,y)).
Several examples are given in Table 1, with their corresponding N, see for instance [1, 7].

In particular the case with period 5 corresponds to the celebrated Lyness difference
equation. Notice that in the first four cases U = {(z,y) € R? : = > 0,y > 0}.

N 416 5) 3 4 6
Vie.y) 1y |14y | 1 |ay+y°+p|ay+p
el 2| = Ty T —y T —y

TABLE 1. Examples of globally N-periodic difference equations. Here, p
is a real parameter.

As an illustration of the method we choose the simplest case, corresponding to N = 3.
Then

fan) = (noo) S = (5.0), FUUE) = @)

and g,(z,y) = (0,W,(z,y)). In order to obtain the expression of M; given in (10) we
need to calculate

O @) 5 )+ (e o) (),

where go = go(p, 0), 1 = 91(0,1/(p0)), 92 = 92(1/(po), p) and with ro = (zg, z1) = (p, 0).

Hence
1 1 0 1
Mi(p; 0) = ( — p*og (Q, —) + gz(—, p),go(p, o) — —92(—, p))-
po po P \po
Obviously, the same approach can be extended to study higher order difference equa-
tions. For instance we could apply it to study the 8-periodic sequences of the 3rd order

perturbed difference equation
T+ Zp1 + Togo

Tpy3 = T + €Wn(xna Tr41, 17n+2) + 0(62)’

taking 7, = (Tn, Tyt1, Tnio) because when € = 0 it is a 8-periodic difference equation,
called sometimes Todd difference equation.
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