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An algorithmic method to determine integrability
for polynomial planar vector fields
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In this paper we study some aspects of the integrability problem for polynomial vector fields
X = P(x,y), y = Q(x,y). We analyze the possible existence of first integrals of the form
I(x,y) = MO 6=antW Taa =700, (o) TT7_, (v — (X)), where gi(x) and f;(x) are unknown
particular solutions of dy/dx = Q(x,y)/P(x,y), @ € € are unknown constants, and a;(x),
hi(x) and hy(x) are unknown functions. We give an algorithmic method to determine if the
polynomial vector field has a first integral of the form above described. In the case when
some of the particular solutions remain arbitrary and the other ones are explicitly determined
or are functionally related to the arbitrary particular solutions, we will obtain a generalized
nonlinear superposition principle, see [6]. In the case when all the particular solutions g;(x)
and fj(x) are determined, they are algebraic functions and our algorithm gives an alternative
method for determining such type of solutions.

1 Introduction

We consider in this paper two-dimensional differential systems
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in which P,Q € R[x,y] are polynomials in the real variables x and y and the in-
dependent variable (the time) ¢ is real. Throughout this paper we will denote by
m = max{deg P,deg O} the degree of system (1.1). Obviously, we can also express system
(1.1) as the differential equation

dy _ 0(xy)

dx  P(x,y)

We associate to system (1.1) the vector field 2 defined by & = P8/0x + Q8/0y. The
divergence of this vector field is div&¥ := 0P /0x + 8Q/0y.

(1.2)
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