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CENTERS AND ISOCHRONOUS CENTERS
FOR GENERALIZED QUINTIC SYSTEMS

JAUME GINE!, JAUME LLIBRE2 AND CLAUDIA VALLS?

ABSTRACT. In this paper we classify the centers and the isochronous centers
of certain polynomial differential systems in R? of degree d > 5 odd that in
complex notation can be written as

d—>5

2=(A+1)z+4(22) 2 (A2° + Bz*z + 02322 + D222% + Ezz* + F2%),
where A € R and A,B,C,D,E,FF € C. Note that if d = 5 we obtain the
full class of polynomial differential systems of the form a linear system with
homogeneous polynomial nonlinearities of degree 5. Our study uses algorithms
of computational algebra based on the Groebner basis theory and modular
arithmetics for simplifying the computations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The center-focus problem is one of the main problems in the qualitative theory
of real planar polynomial systems. For nondegenerate singular points this problem
is equivalent to have an analytic first integral in a neighborhood of the singular
point, see [26, 27] and [3, 14, 15].

We recall that a singular point is a center if it has a neighborhood such that
all the orbits, with the exception of the singular point, in this neighborhood are
periodic, and that a singular point is a focus if it has neighborhood such that all
the orbits, with the exception of the singular point, spiral either in forward or in
backward time to the singular point.

In this paper we study the center-focus problem for a class of polynomial systems
which generalizes the class of polynomial systems with homogeneous nonlinearities
of degree 5. The characterization of the centers of the polynomial differential sys-
tems begun with the quadratic ones and the class of cubic polynomial systems with
only homogeneous nonlinearities, see [2, 25, 32, 34]. See [30, 31] for an update
on these cases. Actually we are very far from obtaining a complete classification
of the centers for the class of all polynomial systems of degree 3. However some
subclasses of cubic systems with centers are know, see for instance [35, 36] and
references therein. The centers of polynomial systems of the form a linear center
with homogeneous polynomial nonlinearities of degree k > 3 are not classified, but
there are partial results for k = 4,5,6,7 see [4, 5, 13, 18, 19, 20, 21, 22, 23, 24].
However the huge amount of computations which usually are necessary becomes
the center problem in general computationally intractable, see [17] and references
therein.
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In this paper we consider the real polynomial differential systems in the plane
that has a singular point at the origin with eigenvalues A+ and that can be written
in complex notation as
(1) 2=\+di)z+(22)7 (A2° + Bz*z + C235% + D2253 + Ezz* + F5°),
where z = x + iy, d > 5 is an arbitrary odd integer, A € R and A, B,C,D,E, F €
C. For some particular systems first we want to determine the conditions that
ensure that the origin is a center. Of course, these systems for d = 5 coincide
with the class of polynomial differential systems of the form a linear system with
homogeneous polynomial nonlinearities of degree 5. So the class of polynomial
differential systems (1) of odd degree d > 5 generalizes the linear systems with
homogeneous polynomial nonlinearities of degree 5. We remark that there are
very few results about the centers for classes of polynomial differential systems of
arbitrary degree. The resolution of this problem implies the effective computation
of the Poincaré-Liapunov constants. Indeed, setting

A = ai;+iay, B=uaz+iaqy, C =as+iag,
D =ar+iag, FE =ag+iag, F =ai+iajo,

and writing (1) in polar coordinates, i.e., doing the change of variables r? = zz and
6 = arctan(Im z/Re z), system (1) becomes

(2) F=Mr+FO)r?,  0=1+G(0)r
where F(0) and G(6) are the homogeneous trigonometric polynomials
F(#) = a5+ (a3+ ay)cos(20) + (ag — aq)sin(20) + (a1 + ag) cos(46)
+(a10 — az)sin(46) + a11 cos(60) + a1z sin(66),
G#) = as+ (as + as)cos(20) + (a3 — a7) sin(20) + (a10 + a2) cos(46)

+(a1 — ag) sin(46) + a12 cos(60) — ay1 sin(66).

In order to determine the necessary conditions to have a center we work with the
Poincaré series

H(r,0) = ZHn(G)r",
n=2

where Hy(6) = 1/2 and H,,(#) are homogeneous trigonometric polynomials respect
to 6 of degree n. Imposing that this power series is a formal first integral of system
(2) we obtain

H(r,0) =Y Vor® = 0.
k=2

where Va are the Poincaré-Lyapunov constants that depend on the parameters of
system (1). Indeed, it is easy to see from the recursive equations that generate the
Va, that these Vay, are polynomials in the parameters of system (1) see [16]. As sys-
tem (1) is polynomial, due to the Hilbert Basis theorem, the ideal J =< Va5, V4, ... >
generated by the Poincaré-Liapunov constants is finitely generated, i.e. there exist
Wi, Wa, ..., W, in J such that J =< Wy, Wy, ..., W >. Such a set of generators
is called a basis of J and is a finite set of necessary conditions to have a center
for system (1). The set of coefficients for which all the Poincaré-Liapunov con-
stants V5, vanish is called the center variety of the family of polynomial differential
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systems and also it is an algebraic set. The determination of the first Poincaré-
Liapunov constants has been made using Mathematica and it took several hours of
computation.

In practice we determine a number of Poincaré-Liapunov constants assuming
that inside these number there is the set of generators of all Poincaré-Liapunov
constants. From this set the much harder problem is to decompose this algebraic
set into its irreducible components. For simple cases this can be done by hand,
see [4, 5, 18]. However for more difficult systems the use of a computer algebra
system is essential. The computational tool which we use is the routine minAssGTZ
[10] of the computer algebra system SINGULAR [12] which is based on the Gianni-
Trager-Zacharias algorithm [11]. Since computations are too laborious they cannot
be completed in the field of rational numbers. Therefore we choose the approach
based on making use of modular computations [29]. We have chosen the prime
p = 32003. To perform the rational reconstruction we used the MATHEMATICA
code presented in [29]. We follow the algorithm described in [29]. The last step
of this algorithm has not been verified because computations cannot be overcome.
This step ensures that all the points of the center variety have been found. That
is, we know that all the encountered points belong to the decomposition of the
center variety but we do not know whether the given decomposition is complete.
We remark that, nevertheless, it is practically sure that the given list is complete,
see also [29]. Therefore in the following we provide necessary conditions for having
a center (a complete list of them with very high probability), and later on we shall
prove that they sufficient. We remark that since the computations were performed
using modular arithmetics we cannot guarantee that we obtain all the centers, but
the probability that this not be the case is very small.

From system (2) we can obtain the associated equation

dr A+ F(0)rd

) 48 = 15 GO)

It is clear that equation (3) is well defined in a sufficient small neighborhood of the
origin. Hence if system (2) has a center at the origin, then equation (3) when § > 0
also has a center at the origin. The transformation (r,8) — (p, ) introduced by
Cherkas [8] defined by

pd—1 . . pl/(d—l)
= W, whose inverse is r = (1= pG(e) /@D

(4) P

is a diffeomorphism from the region 6 > 0 into its image. If we transform equation
(3) using the transformation (4), we obtain the following Abel equation

B~ - 0eOneo) - PO
(5) H(d— 1)(F(0) = 22G(8)) — G'(0)]0? + (d— DAp
= A(0)p® + B()p* + Cp.

The solution p(6, pg) of (5) satisfying that p(0, pg) = po can be expanded in a
convergent series of pg > 0 sufficiently small of the form

(6) p(0, po) = p1(0)po + p2(0)pg + p3(0)ps + -
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with p1(0) = 1 and pg(0) = 0 for & > 2. Let P : [0,p0] — R be the Poincaré
return map defined by P(pg) = p(27, pp) for a convenient py. System (1) has a
center at the origin if and only if pg(27) = 0 for every k > 2. If we assume that
p2(27) = -+ = pm-1(2m) = 0 we say that v,, = p,(27) is the m-th Poincaré-
Liapunov-Abel constant of system (1). Of course the set of coefficients for which all
the Poincaré-Liapunov-Abel constants v, vanish is the same that the set for which
all the Poincaré-Liapunov constants Vai vanish. This set, as we mentioned, is the
center variety of system (1).

Once we have determined the center variety of system (1) we also can to deter-
mine which of these centers are isochronous. A center of system (1) is isochronous
if the period of all periodic orbits in a neighborhood of the origin is constant. In
fact the isochronous centers of the linear centers perturbed by fifth degree polyno-
mials are known, see [28]. The contribution of this work is the classification of the
isochronous centers for the generalized families studied.

From the second equation of (2) we have

27 do 27 1
" =), 5= b TemEe

Using the change (4) the previous integral becomes
27 2m
T = / (1= GO)p(0))d0 = 27 — [ G(0)p(0)db,
0 0
where p(0) = >+, p;(6)p) is the solution given in (6). System (1) has an isochronous
center at the origin if it is a center and satisfies

“aopen =3 ([ com@m) s o

0 i>1

27
That is T' = / do/f = 2r — Zijé = 27, where
0 =1
2
Tj = o G(G)pJ(H)d&

are called the period Abel constants.

The next result proved in [33] gives the relationship between the existence of a
transversal commuting and the existence of an isochronous center.

Theorem 1. Let (S) and (St) be transversal plane differential systems of class
C2. Assume that the local flows defined by the solutions of (S) and (St) commute
(in the sense of the Lie bracket). Then any center of (S) is isochronous.

We note that the space of systems (1) with a center at the origin is invariant
with respect to the action group C* of change of variables z — &£z:

A £(d77)/2g(d75)/2£5A7 B — g(d77)/2§(d75)/2£4§_‘3‘
(8) C = g(d—?)/2g(d—5)/2€3g2c’ D — g(d—?)/2g(d—5)/2£2g3D.
E > §(d_7)/25(d_5)/2€§4E, F = E(d_7)/2£(d_5)/255F.

The next result will be used to check when system (1) is reversible with respect
to a straight line through the origin. Indeed system (1) is invariant with respect
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to a straight line through the origin if it is invariant under the change of variables
w = ez, 7 = —t for some real 7. The next result proved in [9].

Lemma 2. System (1) is reversible if and only if

A=—Ae %7, B = —Be 2", C=-C,

D = —De?", E = —Ee", F = —Fe%,
for some v € R. Furthermore, in this situation the origin of system (1) has a center
at the origin.

The main results of this paper are Theorem 3 where we classify the centers of
the polynomial differential systems (1) for two particular subclasses, namely

(c.1) A=1Im(C) =0, (c.2) E=Im(C) =0,
determining the conditions on the parameters \, A, B,C, D, E and F' in order that
the origin of the polynomial differential system (1) of degree d > 5 odd be a center,
and Theorem 4 where we classify the isochronous centers for such families.
Theorem 3. For d > 5 odd the following statement hold.

(a) System (1) satisfying conditions (c.1) has a center at the origin if one of
the following conditions hold:

(a.1) A\=C=E=2B+D =0,

(a.2) A\=C=F=3B+D=0,

(a.3) \=C=E=F=(d—3)B+ (d+1)D =0,

(a.4) A= C =Im(BD) = Re(DEF) = Re(BEF) = Re(D? E) Re(BDE) =
Re(B%E) = Im(DE?F) = Im(DE2F) = Im(D3F) = Im(D2BF) =

I
<l

(B2E
Im(B2DF) = Im(B3F) = Re(E>F?)
(b) System (1) satisfying conditions (c.2) has a center at the origin if one of
mg conditions hold:
=F= B+3D—0ford—5
C=F=(d—-3)B+(d+1)D =0,
=C= D +2B =0,
= C =0 and conditions (16) (see below) for d =5,

-
=
(9
S
:‘.
S

=Im(BD) = Re(DAF) = Re(BAF) = Re(D?A) = Re(BAE) =
Re(B?A) = Im(DA%F) = Im(DA%F) = Im(D3*F) = Im(D?BF) =
Im(B2DF) = Im(B3F) = Re(A%F?) = 0.

The proof of statements (a) and (b) of Theorem 3 are given in sections 2 and 3,
respectively.

Theorem 4. For d > 5 odd the following statement hold.

(a) System (1) satisfying conditions (c.1) has an isochronous center at the ori-
gin if one of the following conditions hold:
(al) \=C=E=F=(d-3)B+(d+1)D =0,
(a2) \=C=E=F=D—-B=0,

(a3) \=C=D=FE=0,F=-B?/B with B#0 andd =717,

(

(

ad) \=C=D=E=0,B=—F, Im(F) =0 andd =T,
ab) A\=C=D=FE=0,B=¢e"/3 Im(F)=0andd=1.
(b) System (1) satisfying conditions (c.2) has a center at the origin if one of
the following conditions hold:
b)) A=C=A=F=(d—3)B+(d+1)D=0,
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b2) A\=C=A=F=D-B=0,

(b3) A\=C=D=A=0,F=-B?/B with B#0 andd =71,
(bd) A\=C=D=A=0,B=—F,Im(F)=0andd =71,
(b5) A=C=D=A=0,B=e™/3 Im(F)=0andd=1,
(b.6) A\=C=F=Im(D?A)=3D+B=0 and d =5,

b)) A=C=B=D=F=0andd=5.

The proof of statements (a) and (b) of Theorem 4 are given in sections 4 and 5,
respectively.
2. PROOF OF THEOREM 3 (a)

Proof of statement (a.1). The conditions (a.l) written in real parameters are A =
as = ag = a1 = 2a4 — ag = 2a3 + a7 = 0. In this case system (1) takes the form

(9) 5 =iz 4 (22)479/2(B2*z — 2B2%2% + F2°).
Now we rescale system (9) by (22)(@5)/2 = |2|97% and system (9) becomes
- 0H
(10) s =iz|z|P"¢ 4+ Bz*2 — 2B2?2 + F7° = i
z

where for d > 5 odd with d # 7 we have
9 . - . -
H= 2| - B2+ S B - %FZG + %FZG,
and for d = 7 we have
H =log|z|* — %Bz422 + %Bz%‘l - éFZG + éFZG.

Note that the first integrals exp(H) for d = 7, and H for d > 5 odd with d # 7,
are real functions well defined at the origin. Therefore in this case the origin is a
Hamiltonian center. (I

Proof of statement (a.2). The conditions (a.2) expressed in real parameters are A =
a5 = a11 = a12 = 3a4 —ag = 3az + a7 = 0. System (1) can be written into the form
) i =iz 4 (22)975/2(B2*z — 3B2%2% 4+ Ez7%)
=iz + (22)479/2(B2® — 3B2% + EZ%).
If we rescale system (11) by |z|972 we get
_ 0H
s =iz|z>74 4+ B2® —3B22 + EZ® =i——,
0z
where for d = 5
H =log|z|* —i(Bz*z — Bzz%) — %(E24 — Ez%),
and for d > 7 odd we have

2
H=_=_
5—d
Note that the first integrals exp(H) for d = 5 and H for d > 7 odd are real
functions well defined at the origin. Therefore the origin is a center. O

127 — i(B2% — B23%) — i(Ez“ — Y.
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Proof of statement (a.3). The conditions (a.3) written in real parameters are A =
as = (d—3)a4— (d+ 1)&8 = (d73)a3+(d+1)a7 = ag = a1jp = a1 = a12 = 0.
Since in conditions (c¢.1) we have A = 0 and in conditions (¢.2) we have E = 0, it
follows that case (a.3) is a subcase of (b.5). O

Proof of statement (a.4). The conditions of this case expressed in the real param-
eters are

p1=as =0,

p2 = agay + azag = 0,

D3 = ArQ9a11 — AgA10G11 + agagaiz + araipaiz = 0,

P4 = A3a9a11 + G4G10011 — A409a12 + azajpaiz = 0,

ps = a2ag — adag + 2azasaip = 0,

De = asarag + asagag + 2azagaio = 0,

p7r = agag — aiag — 2azaqaig = 0,

ps = asagﬂbn — 3618&%0&11 + a7a§a12 + 4agagaipaiz + a7a%0a12 =0,

po = asadar — 3asalyarr — azadais + dasagarpais — azaigais = 0,

p1o = 3a2again — ada; — adaiz + 3azaiaiz = 0,

p11 = 3azaragayy + asaiarn — azaiais + 3azaiaix =0,

p12 = 3a3asai — ajasarr — ajarais — 3agasasars =0,

p1s = 3a3asa11 — ajary + aars — 3azajain =0,

p14 = agat; — 3agalyal, + 6adaipaiiarz — 2a3pa11a12 — agals + 3agalyai, = 0.
We now rewrite each of the conditions p; for j = 1,...,14 in terms of complex
parameters of system (1). We obtain that p; = Re(C), po = Im(BD), ps =
Re(DEF), py = Re(BEF), ps = Re(D?E), ps = Re(BDE), p; = Re(B?E), where
to obtain pg we have used the condition that p; = 0. Moreover, using that p3 = 0 we
get pg = Im(DE?F), and using that p, = 0 we get pg = Im(DE?F). Furthermore,
pio = Im(D3F), p1; = Im(D?BF), p1a = Im(B>DF), p13 = Im(B*F) and p14 =
Re(E3F?), where in p;; we have used that po = 0. In summary we have the
conditions of statement (a.3). Therefore we have

c-_o B_D B_(E;F) (9)2_@)
(12) -~ B D D \EF) \D/  \E/
b_EBF (2)' L (Ey - —(&y
D FE2F’ \D/ F \E/ \FJ°
Now let 61, 605,053,604 be such that
4 B - D ‘ E : F
0 0y _ i3 _ 0y _ _ T
e 5 © o € T © 7
From conditions (12) we have that
(13) 01 = —02(mod.27), 05 = 202(mod.27), 04 = 302(mod.27).
Now taking v = 6,/2 and using (13) we obtain
. , B . . . D
6217 _ 6191 _ 7§, 6727,7 — 67101 _ 6102 — 75,
and

F

e—4z'y _ 6—27,01 _ 621,02 _ 603 _ _= 6—61,7 —_ 6—3101 —_ 63192 _ 604 _

E’ F’
Hence by Lemma 2 system (1) under the conditions of statement (a.3) is reversible
and consequently it has a center at the origin. O
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3. PROOF OF THEOREM 3 (b)

Proof of statement (b.1). The conditions (b.1) written in real parameters are \ =
a5 = ag — 3ag = a3 + 3a7 = a;1 = a12 = 0 for d = 5. System (1) under these
conditions becomes

T=—-y+ a1m5 — 2a7x5 — 5a2x4y — 8a8:1:4y — 10a1:1:3y2 + 8a7m3y2
(14) +10as22y® — dagz®y® + Salay* + 10a7xy* — asy® + dagy®,
y=x+ asz® + dagx® + 5a1x4y — 10a7x4y — 10a2x3y2 — 4a3x3y2

— 10a12%y® — 8arx?y® + Sasxy® — Sagry® + a1y® + 2a7y°.
System (14) has the invariant algebraic curve

f=1+2(ag + 4ag)x* +8(ay — 2a7)x>y — 12a92°y* — 8(ay + 2a7)xy?
+ 2(ay — 4ag)y?,

Moreover V = f15 /* is an inverse integrating factor of system (14) which gives an
analytic first integral in a neighborhood of the origin. ([l

Proof of statement (b.2). The conditions (b.2) expressed in real parameters are A =
a1 =ay = a5 = (d—3)ag— (d+1)ag = (d—3)az+ (d+1)ay = a11 = a1z = 0. Since
in conditions (c.1) we have A = 0 and in conditions (c.2) we have E = 0, it is clear
that case (b.2) is a subcase of (a.3). O

Proof of statement (b.3). The conditions (b.3) written in real parameters are A =
as = as = a1 = 2a4 — ag = 2a3 + a7 = 0. System (1) can be written into the form

(15) i =iz 4 (22)479/3(Bz*z — 2B2%2% + F2°).
If we rescale system (15) by |z|?° we get
_ OH
5 =iz|2|° % 4 Bz*z — 2B2%7 + F2° = i
Z

where for d > 5 odd with d # 7 we have

2 _ ; _
H |2|7=1 = L(B2*5? — B2254) - %(FZG O

_ L
C7-d 2
and for d = 7 we have
H =log|z|* — %(Bz‘li2 — B2*7%) — %(F26 — F2%).
Note that the first integrals exp(H) for d = 7 and H for d > 5 odd with d # 7

are real functions well defined at the origin. Therefore the origin is a Hamiltonian
center. (]
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Proof of statement (b.4). The conditions (b.4) in real parameters are a5 = a4 =
az = 0 and

s1 = 203+ ara1; — a3y +agaiz — aiy = 0,

s9 = 2arag + agai; — araiz =0,

§3= 203 —agay) — a3} — agayz — ajy =0,

84 = aga7 + aiag +azai + aiaz =0,

S5 = aia7 — azag — a1a11 + azaiz = 0,

(16) s¢ = 2aiagail + axa3, — 2azagais + azai, =0,

S7 = a%ag + a%ag + 2a1asa11 + CL%CMQ — a%alg =0,

S8 = 2a§a8a11 + 3a1a2a%1 + 2@1&2&8(112 + 2&%&11@12
—2&%&11@12 - (11(1204%2 = 0,

Sg = 3a%a2a%1 — a%a%l + 2az{’a11a12 — 6a1a§a11a12 — 3a%a2a%2
+a3al, = 0.

If we sum the polynomials s; + s3 we obtain a? + a2 — (a2, + a?,) = 0. Now we
introduce the reparametrization a;, = kysinty, ajo = ky costy, a7 = kg sinty and
ag = kg costy. With this reparametrization sq + s3 = (ko — k1) (ko + k1).

In the case k1 = ko the conditions si, s and s3 take the form
51 = —s3 = k3(cos(t] — to) +cos(2ts)), s = ki(sin(t; — ta) + sin(2t3)),
The case ky = 0 implies a7 = ag = a1; = a12 = 0 which is a subcase of (b.1). The
case sin(t; —t9)+sin2ts = 0 and sin(t; —to) +sin(2t2) = 0 implies t; = 7+ 3to+2k7

or t1 = 3ty — w + 2km with k € Z. In both cases the conditions s4 and s5 become

sS4 = 2kgsinta(—ag cos(2ts) + aq sin(2tq)),

s5 = —2kg costa(as cos(2ta) — ay sin(2ts)).
The annulation of these conditions implies a; = agcot(2t2) and all the rest of
conditions sg, ..., Sg are zero. Undoing the parametrization, substituting costy —

ag/ks and sints — a7/ks and ky = \/a2 + a2, system (1) takes the form

(a7 — ag)(ay + ag)(—aga? + 4a2ag — agag)xs

2aras(a? + a?)
(5aza? — 16a2as + Hagad + 4a3)aty
a7 + ag
B (—bagat + 8arag — 32a2a3 + Hazagd)z3y?
arag(a? + a2)
+2(5a2a$ — 14a?ag + 5aza? + 6a3)z?y?
a7 + ag
n (—bagar + 12atag — 28a2a3 + bagag)ry*
2azag(a2 + a?)
(aga? — daag + azad)y®
a7 + ag

T= —-y+

Y
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(aza? + 4a2ag + aza?)z®

o
N R

(bagar + 12a%ag — 28a2a3 — bagag)rty
2azas(a? + a?)
B 2(5aza? + 14a2as + Saga? — 6a3)x3y>

2 2
az + ag

(bagas + 8atag — 32a2ay — Hazag)xy?

aras(a2 + a)
. (5aga2 + 16a2ag + Sagad — 4a3)xy*
a? + a?

(a7 — ag)(ay + ag)(a2a2 + 4a2ag + aza?)y®

2aras(a? + a?)

This system has the invariant algebraic curve

das(af — ag)xsy — 12a022y? + das(af — aj)
arag arasg

fi =1+ 2a22* — zy® + 2a0y”,

However we have not been able to find any additional invariant algebraic curve and
only with the curve f; is not possible to find any integrating factor or a first integral
for system (17). Hence we consider the initial differential equation (1) with A =0

=iz 4 (A2° + B2z + C2%2% + D227% 4 Ez3' 4 F7°),
and its associated complex conjugated equation
Z=—iz+ (AZ° + Bz*2 + C2%2% + D7*2° + Ezz* + F25),

Both equations define a differential system in C? with a complex saddle at the
origin that rewriting using the variables (x,y) and also applying the change of time
t — it becomes

i = x—asr’ — a3ty — anr®y® — a32%y? — apary® — a5y,
= —y+bs12° + baox'y + b312°y® + baoz?y? + biszy® + boay®,

where aq0 = ’iA, asy = iB, ago = iC, a3 = iD, apg = iE, als = iF, and bij = lei.
Substituting these values in the system (17) we obtain

(iar — ag)y®

2 2
ar + ag

. . 2 5
. ag(ay —tag)°x .
7 :xJFMJF(agfmﬁxzySJr :
(18) 2&7@8
. 2,.5 . . 2 5
. a7 —1ag)°x . 1a2(ar +1a
oy Ty o eler ies) Y
tar — as 2a7asg

System (18) has the invariant algebraic curve

as((ag + ia7)x? + (iay — ag)y?)((ar — iag)x? — (a7 — iag)y?)

=1
f2 + 2&7@8
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which is the transformation of the curve f; to these new variables. Now we repa-
rameterize system (18) of the form

b§1x2y3 bglys

. 5

T = — aqr” + )

19 O o1 b

(19) a40b3,y°

§ = —y+bsa® +bgaty? — —F

b5,
where as9 = —ias(ar—iag)?/(2azag), bsy = —i(ar—iag), bs1 = (ay—iag)?/(iar—asg),
and the curve fy takes the simple form
asob3iy’

fa(m,y) =1 — agoz* + —3
b51

Let bs; = me'®t and bs; = ro€e'®? where r; and ry are the moduli and ¢1 and @9
are the arguments, respectively.

We are going to prove that system (19) has an integrable saddle at the origin

and consequently system (??) has a real center. Note that f21 /2 has two roots. We
fix one of them and we call if ho(x,y). Now we consider the following change of
variables given by

(200 w=ulm,y) = hoy/fi(@y),  v=v=(2y) = ka/f (@),

where k; = —i\/rg/rlei(@*%)m, ko = i\/rl/rgei(d’l’d’?)/z and we take for both «
and v the same fourth root of fa(x,y), that we call hi(z,y), such that h3(z,y) =
ho(x,y). The inverse change is given by

B B \/Eewzﬂkw B B \/gewzﬂklu
T = l’(’u/,’l)) - Hl(u,v) ’ Yy = y(U,U) - Hl(u,v)

where Hi(u,v) = hq(x(u,v),y(u,v)) and
H = b2, k5 (kT + agou®) — asobi kivt.

Let
r% e2id2 r%emd)"‘

gg(’dﬂ)) = f2<x<uvv)’y(u’ U)) =

H{ — Hi
where Ho(u,v) = ho(x(u,v),y(u,v)). Then
ipa ip2
Y = uvm}e]12 = uvm}ejo = uUQQ(u,U)l/Q.

In these variables (u, v) system (19) becomes

du dv
E - _X(U7U)92(uav)7 E =
where X (u,v) and Y(u,v) is exactly the same system (19) in the variables (u,v)
that is

—V(u,v)g2(u,v).

2.2 3 3.5

bz u v bs v
2 b

bs1 b5,
asob3;v®
L

b3,

X(u,v)  =u—agu’® +

V(u,v) = —v+bsiu® + by uv?
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Suppose that the origin of system (19) is not integrable, then there exists a
formal power series F(x,y) = 2y + h.o.t, such that

dF(z,y) _ OF (x,y)

(21) dt s Oz
= A (zy)?™ 1 £ hot.,

OF (z,y)

X(x,y)+ a9y

V(z,y)

where h.o.t. indicates higher order terms, m is a positive integer and A, # 0 is the

focus quantity. Using the inverse change of (20) we define the function G as

G(u,v) = F(z(u,v),y(u,v)) = uv + h.o.t.,

then we have that

OG (u,v)
ou

OG (u,v)

X (u,v) + 5

G (u,v)/dt = —gs(u, v) { V(u, v)] .

Doing the change of variables (20) the previous expression becomes

= fa(=,y) {W?{(w,y) + %Z’wy(x,y)} + h.o.t.

(22) = (L + hot) Ao (zy) ™ + hont]
= — A (zy)?" 4 h.o.t.‘@o) = A ()™ + ho.t..

From (21) and (22) we have that A, = 0. This implies that system (19) is integrable
and therefore it has a complex center at the origin.

In the case ky = —ko the conditions s1, so and s3 take the form
51 = —83 = k3(—cos(ty — ta) 4+ cos(2tz)), so = k3(—sin(t; — t2) + sin(2ty)).

From —sin(t; — t2) 4 sin(2t2) = 0 we obtain t; = 7 — t3 and substituting this value
we have sy = —s3 = k3 cos(2tz) which implies to = 7/4 + kr with & € Z. The
annulation of rest of conditions sy,...,sg implies a; = 0. Hence is a particular
case of previous one with to = 7/4 + kr with k € Z, i.e. we get system (17) with

a? = a?. (]
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Proof of statement (b.5). The conditions (b.5) expressed in real parameters are

@ =as =0,

g2 = aqar + azag = 0,

g3 = a1arai; + asagail — azaraiz + ajagaiz =0,

g4 = 0103011 — A20401] — (203012 — A104012 = 0,

qs = alag — 2aqa7ag — alag =0,

g6 = aijazay — 2azazag + ajasag = 0,

g7 = a1a3 + 2azazas — arai = 0,

gs = 3a%agai; — ajar; — adai + 3araiarz = 0,

qo = 3asarasai + asagain — azazais + 3azajaiz = 0,

qi0 = 3a§a8a11 - aiasan - 11%(17!112 — 3azasagaiz = 0,

qu1 = ajaga1l — 3a3agar; + ajarais + ajazais — 4ajasagarz =0,

qi12 = 3a§a4a11 — aian + a§ * Q1 — 3a3aia12 =0,

Q13 = ajasarr — 3a3asa11 — ajazais — a3azars — 4ajasasars =0,

qi4 = a?afl — 3a1a§af1 — Ga%agaualg + 2a§a11a12 — a?a%Q + 3a1a§a§2 =0.

We now rewrite each of the conditions ¢; for j = 1,...,14 in terms of com-

plex parameters of system (1). We obtain that ¢; = Re(C), ¢2 = Im(BD),

q3 = Re(DAF), g4 = Re(BAF), g5 = Re(D?A), ¢¢ = Re(BDA), q; = Re(B%A),

where to obtain gg we have used the condition that g = 0. Moreover we have that

gs = Im(D?*F) and g9 = Im(D?BF). Furthermore q;o = Im(B2DF). Now using

g3 = 0 we get q11 = Im(DA?F) and ¢12 = Im(B3F). Finally using ¢4 = 0 we get

q13 = Im(DA2F), and using g2 = 0 we have q;4 = Re(A2F?). In summary, we have
the conditions of statement (b.5). Therefore we have

- B D D AF D\2 A
S BB DAy (B (3)
AF

g (-5 -6

From conditions (23) we have that
(24) 01 = —02(mod(27)), 05 = 205(mod(27)), 04 = 302(mod (27)).
Now taking v = 61 /2 and using (24) we have

iy _ i01 _ B
B’

727:’}/ — e*iel — ei92 —

ol

€ e

and

e~V — o200 _ 2i0> _ 03 _ 2 e~ 6 — 3101 _ 3if2 _ 64 _ _E_
A’ F

Hence by Lemma 2 system (1) under the conditions of statement (b.5) is reversible

and consequently has a center at the origin. O
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4. PROOF OF THEOREM 4 (a)

Proof of statement (a.1). The conditions (a.1) written in real parameters are A\ =
a5 = ag = a19 = a11 = a12 = (d — 3)ag — (d+ 1)ag = (d — 3)ag + (d + 1)ay = 0.
Then system (1) can be written as

d—3 5
(25) i =iz + (22)d79)/2 (Bz42 - mBzQ,?g).
Doing the change of variables

B+ 1/(4(d-1)
(26) w = SZ, where g = (W) s
system (25) becomes
d—3
'Li} = ZU) + (w’lD)(d_5)/2 <w4ﬁ/ — ﬁw%ﬁ?’) .

In polar coordinates this differential equation writes

R . 2(d—1) 4.4 .
] cos(20), =1+ i1 " sin(20).

Therefore we have the following associated equation for the trajectories
dr 4r? cos(26)
dd  d+142(d—1)r¢-1sin(26)
Now integrating it and taking into account that r(#) > 0 for any 0 we get

with  7(0) = ro.

L —2d—1)sin(26) + /(d+ 122> 1 4(d — 1)? sin®(26)
(27) r()—4 = 71 .

Note that

V(d+ 102272 4 4(d — 1)% 5in%(26) > |2(d — 1) sin(20)],

and thus r(#) given in (27) is positive. Therefore introducing (27) into (7) we have
that

N 2(d — 1) sin(26) )
B 1— df = 2m,
/0 0 /0 ( \/4(d— 1)2sin2(20) + (d + 1)2r2~2¢

because the function 2(d — 1) sin(29)/\/4(d —1)2sin?(20) + (d + 1)2r272% is odd in
0. ]

Proof of statement (a.2). The conditions (a.2) expressed in real parameters are A =
a5 = a9 = A10 = Q11 = Q12 = A3 — Q7 = Q4 + a8 = 0. Then system (1) becomes

(28) s =iz 4 (27)479)/2 (Bz42 + Bz223>.
We do the change of variables (26), and in these new variables system (25) becomes
W = iw + (wiw) 45/ (w4w + w? ’3).
This system in polar coordinates writes
= 2r? cos 26, 0=1,

which is clearly isochronous. O
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Proof of statement (a.3). The conditions (a.3) written in real parameters are A\ =
as = a7 =ag = ag =0, a;; = —(aj —3aza?) /(a2 +a3), a1z = (3a3as—a3) /(a3 +a?)
and d = 7. Therefore system (1) becomes

(29) s =iz + (22)2(z* — 24).

In polar coordinates equation (29) has the form

(30) i = 17 (cos(20) — cos(66)), 6 =1+ r%(sin(26) + sin(66)).

Note that system (30) has the invariant (in the sense that dI/d¢ is zero on the
solutions of system (30))

I=1I(t,r,0) =60+ 4r° cos®(26) — 6t.

Using this invariant we can express the time in function of the variables (r,0,I) as

follows 5 /
t=0+ §r6 cos®(20) — 5

Let r(6) be a solution of system (30) sufficiently close to the origin. Since the origin
is a center, we get that r(27) = r(0) in a certain neighborhood of the origin. Thus

2 I 2 I
T =t(2r) — t(0) = |27 + g7~(27r)6 - 6} - {3”(0)6 - 6} =27

See [6] where as far as we know for first time it was used the invariants to determine
isochronicity. O

Proof of statement (a.4). The conditions (a.4) expressed in real parameters are A\ =

a4 = a5 = a7 = ag = ag = a1p = a12 = 0, as = —Aaii and d = 7. So system (1)
becomes
(31) b =iz 4 (22)(—F2'2 + Fz%), with F=F.
Doing the change of variables
1\1/6
(32) w =&z, where £ = <F> ,

system (33) becomes
W = iw + (wo)w(—w* + v?).
In polar coordinates it has the form
=17 (= cos(26) + cos(66)), 0 =1 — r5(sin(20) + sin(60)).
Note that this system has an invariant of the form
I=1I(t,r,0) = —60 — 4r° cos®(20) + 6t.

Using this invariant we can prove the isochronicity in this case as in the previous
one. O

Proof of statement (a.5). The conditions (a.5) written in real parameters are A =
as = a7 = ag = ag = ajg = a1 = 0, az = a11/2, ay = £v/3a11/2 and d = 7. Then
system (1) becomes

(33) i =iz 4 (22)(eT™/PF2*z + F2°), with F = F.
Doing the change of variables (32) system (33) becomes

W = iw + (W)W (eﬂ’“/?’w‘L + 11)4).
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In polar coordinates it writes

= r7<1 cos(26) + cos(66) F ? Sin(29))v

2
=145 ( + g cos(20) + %sin(%) - sin(69)>.

Note that this system has the invariant
I=1I(t,r,0) = —60 + 4r° cos®(2(+7/3 — 0)) + 6t.

Using this invariant we can prove the isochronicity as before. (I

5. PROOF OF THEOREM 4 (b)

Since in conditions (c¢.1) we have A = 0 and in conditions (c.2) we have E = 0
it follows that the conditions (b.1), (b.2), (b.3), (b.4) and (b.5) are the same than
(a.1), (a.2), (a.3), (a.4) and (a.5), respectively.

Proof of statement (b.6). The conditions (b.6) expressed in real parameters are A =
as = a11 = a12 = a4 — 3ag = a3z + 3a7 = 0, agag + 2a1a7a8 — agag =0and d=5.
Hence system (1) becomes

1=
(34) 3 =iz+ A2° + B2z — ngZ‘zfﬂ, with Tm(D?A) = 0.
Doing the change of variables (26) with d = 5 system (34) becomes
1
(35) W = dw + ayw® + who — §w2w3,

This system in polar coordinates takes the form

5
7= T—(Q cos(20) 4 3ay cos(40)),
(36) S
0=1+ §r4 sin(20) + a;r? sin(46).

Following [7] system (41) has the first integral

r8

H= T 2Q(0) where  Q(0) = %sin(%)) + aj sin(49).

From H(r,0) = K, being K an arbitrary real constant different from zero, we can
express

QH) £ VR0’ + K
e .
From the differential equation 6 = 1 + 7*Q(6) and using (37) we get
2m 2
T:/ (1iﬂ)d9:2wi Q0 g9
0 Q)+ K 0 Q)+ K

where to see that the last integral is zero we do the change of variables ¢ = —6 and
we use the periodicity of Q(8). ]

(37) =
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Proof of statement (b.7). The conditions (b.7) expressed in real parameters are A =
a3 = a4 = a5 = a7 = ag = a11 = a12 = 0 and d = 5. Therefore system (1) becomes
(38) b=z 4 A,

Doing the change of variables

i\ 1/4
(39) w = €z, where £ = (Z) :
system (38) becomes
(40) W = iw + iw’.

This system in polar coordinates takes the form

i = —r°sin(49),

0 =1+ r* cos(46).

and in cartesian coordinates becomes
i = —y +y(=5z* + 1022y — ),
§ =+ x(z* —102%y? + 5¢).

(41)

This system has the transversal commuting system
&=+ z(x? — 102%y* + 5y?),
§=y+yGa’ — 100y +y).

Applying Theorem 1 (see also [7]), system (41) has an isochronous center at the
origin. O
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