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ABSTRACT. We deal with non—autonomous Hamiltonian systems of one
degree of freedom. For such differential systems we compute analytically
some of their periodic solutions, together with their type of stability.
The tool for proving these results is the averaging theory of dynamical
systems. We present some applications of these results.

1. INTRODUCTION AND MAIN RESULTS

We consider the following perturbed first order differential systems

a__om do _ 0
(1> dt - aq +5P1 (Q7p7t)7 dt - 8[) +€P2 (q7p7t)a

where H = H(q,p) is a Hamiltonian function defined in an open set U of
R?, ¢ is the position, p its associated momentum, the functions P; defined
in U x R are smooth 2m— periodic in ¢, and € is a small parameter.

All the lemmas, theorems and corollaries stated in this section are proved
in the next two sections. The theorems are proved using the averaging
theory, see in the appendix a summary of the results on this theory that we
need for proving our theorems. For computing analytically periodic solutions
of the differential equations we shall use the averaging theory, see for instance
[2, 3, 4], but in those papers we studied periodic solutions of autonomous
Hamiltonian systems, and in the present one we are working with non-
autonomous differential systems.

We assume that the Hamiltonian H is expressed in action—angle variables
(1,0) as H(p,q) = Ho(I). If the change of variable (p,q) — (I,0) is given
by I = I(p,q) and 0 = 6(p, q), then we consider the functions

ol ol

fl(Iaeat) = %Pl (q’p7t) + %P2 (Qapa t) )
00 00

FQ(Iaevt) = %Pl (Q7pvt) + %PQ (q’p7 t) .

The following result holds taking into account that the change of variables
to action—angle variables is canonical.
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Lemma 1. System (1) in action—angle variables (I,60) becomes

dI do
2) - =eao.0), - =wl)+eR(I0,1),

where w(I) = dHo(I)/dI.

The next result provides sufficient conditions for the existence and the
stability of 2r—periodic solutions of system (2) when the functions P;’s are
independent of ¢, and consequently the functions F;’s are also independent
of t.

Theorem 2. If the functions F;’s do not depend on the time t, are 2m—
periodic in the variable 0, and if Iy is a simple zero of the function
1 [*" F(1,6
Fy= L [TAL,

2 0 w
then there exists a 2m—periodic solution 1.(0) of system (2) such that I.(0) —
Iy when e — 0. Moreover, if F'(Iy) > 0 then the periodic solution I.(0) is
unstable, and if F'(Iy) < 0 it is stable.

Assume that the functions P; are periodic in the variable ¢ with period
T = 27 /wp, being wy a real positive number. We shall study the existence
of T periodic solutions of system (2). We shall consider the Hamiltonian
linearizable with w(I) = wy constant. In this case by means of the change
of variables (I,6) +— (I,¢) given by I = I and 6 = ¢ + wot, system (2) is
transformed into the system
(3) W R etwtt), W= Rl o+ wott).

dt dt

The following result provides sufficient conditions for the existence and

the stability of T-periodic solutions of system (3).

Theorem 3. If the perturbed functions F; are T-periodic in the variable t
and (Iy, o) is a zero of the function

1 T T
st = ([ Ao ranna, [ R raa),

and the Jacobian det(DF(ly, po)) # 0, then there exists a T—periodic solu-
tion v¢(t) of system (3) such that v-(0) — (o, o) when € — 0. Moreover, if
one of the two roots of the characteristic polynomial of the Jacobian matrix
D3 (1o, o) have positive real part the periodic solution ~.(t) is unstable.

If the two roots of that characteristic polynomial have negative real part, then
the periodic solution ~.(t) is stable.

Now we are going to present some applications of the previous theorems.
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Using Theorem 2 we will study the periodic solutions of the following
second—order differential equation

d?z k dx
4 I = i
) Tl (x dt) ’

where k € R" and ¢ is a small parameter. Note that when ¢ = 0 we have
the 1-dimensional Kepler problem, see for instance [6] and [7].

As we shall see in subsection 3.1 doing the change of time ¢ — F given
by t = (E — sin F)/w, the elliptic collision solutions of the 1-dimensional
Kepler problem become periodic solutions. We recall that the variable F is
named as the eccentric anomaly. We want to study which of these periodic
solutions persist under the perturbation given in (4).

Theorem 4. If Iy is a simple zero of the function

1 [k I? ksin B
I)=— mE P (1-cosE), 08 ) yp
FI) 27T/0 202 l < k (1= cos E), 2I(1 —COSE)> ’

then it exists a 2m—periodic solution x.(E) of the differential equation (4)
such that x.(0) — Iy when € — 0. Moreover, if F'(Iy) > 0 then the periodic
solution xc(E) is unstable, and if F'(Iy) < 0 it is stable.

See a numerical example of the periodic solution of Theorem 4 after the
proof of this theorem.

Corollary 5. For e # 0 sufficiently small the differential equation

@r + L e(a—i—bm”)dic
a2 x? dt’

where n € N and a,b € R, has a periodic solution if ab < 0.
Corollary 6. For e # 0 sufficiently small and for any positive integer N
the differential equation
d?x . k csi dx
— + — =esin|z—
de? 22 dt )’

has at least N periodic solutions.

Using Theorem 3 we will study the periodic solutions of the second—order
differential equation
d*x 2. _ .2 ba2) si
(5) 2 + wiz = ex”(a + bx*) sin(wot),

with wg > 0 and ab > 0.

Corollary 7. The differential equation (5) has at least four periodic solu-

tions
21;
$i(t7 ‘5) = ? COS(SO’L' + WOt) + 0(5)7
0
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f01“ 1= 17 2a 3a 4} with (Ila 901) = (aWO/bv 0): (127 902) = (aWO/bvﬂ-)z (137 903) =
(2awp/(3b), m/2), (14, p4) = (2awp/(3b), ). The periodic solution x; is sta-
ble and the periodic solutions x; for i = 2,3,4 are unstable.

A numerical application of Corollary 7 and consequently of Theorem 3
appears after the proof of Corollary 7.

2. PROOFS OF OUR MAIN RESULTS

Proof Lemma 1. The unperturbed system of system (1)
dp  OH dg OH

dt —  oq’ dt ~ dp’
has a very simple formulation in action—angle variables, namely
a0
dt ’ dt ’

Since the Poisson Bracket of two smooth functions f and g is defined as
of dg Of 0g
hoy=Sl20 S50
0dqOp OpOq

we have that

dl  90IOH OIJH
@ g0y opog =0

and

g 000H 000H
# " ag0p opag T
The variation with the time of the action I of the perturbed system (1)
satisfies
dI  dldp  0ldq
dt — dpdt ' dqdt
oI ( OH OH

ol
9 +e 1(q,p)> + 9 <8p +e z(q,p)>

dp

— c(pran+Gnan).
The variation with the time of the angle 6 satisfies
@ _ o0y 00dy
dt Opdt Oqdt

06 oH 08 (OH
= 87]) (—aq +ehPy (Q7p)> + 87q <8p +eP (Q7p)>

00 ol
= w+e¢ (8ppl (q,p) + aiqp2 (Q7p)> .
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Then the differential system (1) is transformed into the differential system
(2). O

Proof Theorem 2. If the functions F; are independent of the time ¢, then
system (2) is autonomous. Taking as new independent variable the variable
0 system (2) becomes the differential equation

dl 8]:1(1, 9) . ]:1(1, 9)

(6) = Tty =+ O

Now using the first order averaging theory (see Theorem 8 of the appendix)
we obtain the averaged function
1 [* F(,0)

— ——=d#,
2 Jo w

and the statements of the theorem follows. O

Proof Theorem 3. Applying again the first order averaging theory but now
to the differential system (3) we obtain the averaged function §(p, ¢). Then
the statement of Theorem 3 follows directly from the statement of Theorem
8 of the appendix. O

3. APPLICATIONS OF OUR MAIN RESULTS

As an application of Theorems 2 and 3 we will study the following prob-
lems.

3.1. Periodic solutions of the perturbed 1-dimensional Kepler Prob-
lem.

d
Proof of Theorem 4. Doing the change of variables = ¢ and d—j = p, the

second order differential equation (4) becomes the first order differential
System
dp k dq
i R C O R i 2

We compute the action—angle variables for the Hamiltonian H : Rx (0, +o00)— R

2k 1
given by H(p,q) = % Y The action is given by I = oy %pdq computed

in a closed curve of the phase space at the energy level H = h < 0. Then

1 —k/h o, k
7['51—)0 s q q 2/ —h
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k k2
Solving the equation I = ﬁ we obtain h = Ve Then H(p,q) =
k2
ik Ho(I). We consider the generating function

412 /k 2k k2
)=+ — ——=d
Wan== [T gpd

Then we obtain

2 41%/k 2
LW 2k 9_8W8<i/ 2k_kds>_
q

g q 20% o1 oI s 202
) db dHy k2 k2
Since T oYE g T ap Wegetezﬁt:wt.
Pk dg
Fixed the energy level h, from 5 T h and using p = a we obtain
q
dqg 2k B dg ) B k?
pri + ? +2h and dt = i\lT. From the relation h = ek
—+2h
q
we obtain
412 /k 1
(7) t=+ / ———ds.
q 2k K?

s 202
Note that the ¢ in this last equality is the time that needs the particle for

going from the position ¢ to the maximal value of its position obtained
solving the equation

12
Doing the change of variable ¢ = —(1 — cos E') in (7) we obtain

k
1= 2L B nE) = LB - snE)
=72 sin B) = — sin F),
and consequently § = E' —sin F.
) ]{32 p2 k
Since _EZE_E’WG have
O (_BN_For_ o (p k\_
op\ 4I12) 2I30p 9p\ 2 ¢ b
k* oI

therefore p = SYER TS
P
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2

I
Using w = o Ve obtain a—p =
of motion we get

. By the chain rule and the equation

€I

w W _dddp _db( Kk
S dt dpdt dp\ ¢2)°
Then

Finally, from

I? k  sinE ol  p
=—(1—cosFE =——— d —==
1 k( cosE), p 2[1—cosE 0 op w’
we obtain
ol
Fi(l,0,t) = —
1( s Uy ) apP(Q7p)
k sin £/ I? ksin £
= — —(1—cosE), ————
2wI1—cosE <k:( co8 )’21(1—COSE)>
- gl(I7E)7
and using
o0 1
— ==(1—cosE)?
ap k( COs ) J
we have
a0
Fo(l,0) = —
2( ) ) apP(Q7p)
1 I? ksin B
= —(1—cosE)*P|—(1—cosE), —MM—
k( o8 )P<k( o8 )’QI(I—COSE)>
= Go(I,E).
Then from Theorem 2 and since df/dE = 1 — cos E, we obtain
dl I? ksin E
— =¢g———sink 1-— E), —— O(£?).
dE ~ ‘2021 P(k( o8 )’21(1—COSE))+ (%)

Again from Theorem 2 it follows the statement of Theorem 4. O

el 7.665 -

1192

7.664
1190 [
LIss 76031

1.186
7.662 -

1.184
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The two periodic solutions of the 1-D Kepler differential equation with
P(x,i) = (22 — 1) and P(z,2) = sin(xz). In the first figure k = 1,
e = 1/100 and I(0) = 274 In the second figure k = 1, ¢ = 1079 and
1(0) = 7.663411940415026 the first zero of the Bessel function of first kind.
The horizontal axis there is the eccentric anomaly E varying from 0 to 2,
and the vertical axis the action I(E).

d? k
3.2. Periodic solutions of the differential equation % +—5 =¢la+
x
dx
bx™)—.
)

Proof of Corollary 5. From the statement of Theorem 4 and since P(q,p) =
(a + bg"™)p we have

1 [ k I? ksin B
N= — | -2 snEP(-(1-cosE), 20T ) 4p
F = 50 | gz s P(k( o8 )’21(1cosE))

12 k%sin? bI?"(1 — cos E)"
= — a+ dE
21 Jo  4w?I?(1 —cosE) km

_ 1/2’r I*sin’ E a+b12”(1—cosE)” iE,
27 Jo  k%2(1 —cos E) kn

because w = k2/(2I3). Therefore

4 27 b I*"T :

Nz VT kT (n + 2)
where I'(z) is the Euler gamma function, see for more details [1].

The function F(I) has the unique positive zero

1

n 2n
Iozﬂ'ﬁ _ak I'(n+2) .
27T (n+ 1)

if ab < 0. So, from Theorem 4 the corollary follows. ([

- . . . . d*z k . dx
3.3. Periodic solutions of the differential equation ﬁ—i—j = esin xa .
x

Proof of Corollary 6. From the statement of Theorem 4 and since P(q,p) =
sin(gp) we have

1 (" &k I? ksin E
I)= — ———sin F —(1 - F),———— | dE
FU) 21 Jo  2wiI SinE P < k (1= cos E), 2I(1 — cos E)>

1 [ 2r° IsinE
= 5 ; MsinEsin( 51211 >dE,
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because w = k2/(2I3). Therefore
21°.J, (1/2)
B
where Ji(z) is the Bessel function of first kind. The function J;(z) has

infinitely many positive simple zeros accumulating at infinity, see for instance
[1]. Hence, from Theorem 4 the corollary follows. O

F(I)

d2
3.4. Periodic solutions of the differential equation —f + wizr =

dt
ex?(a + bx?) sin(wot).

Proof of Corollary 7. The corresponding first order differential system of the
second—order differential equation of the statement of this corollary is

d d
dit) = —wiq + ¢ (a — bg®) sin(wpt), d—;] =p
P2+ w2q?
The Hamiltonian H(p,q) = % has the action—angle variables (I, 6)

21
given by p = \2wolsinf and ¢ = |/ —cosf, see [5] for details on the
wo

computation of these action—angle variables.

The Hamiltonian H in the action-angle variables is H(I) = wpl. Com-
puting /7 and F3 we obtain

21y 2wol (awo — 2b] cos? 9) cos? 6 sin(wot)

Fi(l,6,t) = :
W
and
Fa(T,0,1) — — 20T (i = 20T c0*9) cos fsin (wot)

“o
The map § is given by
I/2woI (awg — bI) cos o /2wl (2awg — 3bI) sin
S(I, 90) = A3 ) s .
wy wp
The system §(I,¢) = (0,0) has the four solutions (I1,¢1) = (awp/b,0),

(120,1@2) = (awo/b,7), (I3, 3) = (2awo/(3D),7/2), (Is, pa) = (2aw0/(3b),7)

A0
D8l(1,0)=t1,00) = = DSl (1.0)=(12100) = < 0 A > ’

0
DSl(10)=(t3.05) = ~ PSl0)=ta.00) = ( Ay 0 ) ’

with

_ ay/a A__\/§a2\/6 )\__\/%b
Nobwo T 2Tbbwe o 2wEVb
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The two eigenvalues corresponding to the linearized Poincaré map asso-
a

e _aa

2/ 2()&)0 2 waO

The two eigenvalues corresponding to the linearized Poincaré map asso-

av/a 4 av/a

ciated to the periodic orbit vy; are A = —

———— an = .
2v/2bwg 2/ 2bwy

The two eigenvalues corresponding to the linearized Poincaré map asso-
ciated to the periodic orbit 73 and 74 are £v/A1\s.

ciated to the periodic orbit v are A =

Applying Theorem 8 and the canonical change of variables we obtain
immediately the results stated in the corollary. O

\

3.14155 -

0.00015

0.00010 -
3.14150 -

0.00005 -

L ! L L L L
WU,QQWS 0.99980  0.99985 DN%‘JS 1.00000

Figure 4

L L L L L L
0.99970  0.99975  0.99980  0.99985  0.99990  0.99995 1.00000

Figure 3

0.0005 416
0.0004 314

0.0003 3.1414
0.0002 31413
0.000, 31412

14980 14985 14990 14995 1.5000 3 1.4980 LB 14090 1.4995 1.5000

Figure 5 Figure 6

The four periodic solutions of Corollary 7 corresponding to the differential
equation (5) with a =b=w =1 and £ = 1/1000 are shown in Figures 3, 4,
5 and 6. In the horizontal axis there is the action I(t) and in the vertical
one the angle ().

4. CONCLUSION SECTION

In this paper we consider non—autonomous Hamiltonian systems of one
degree of freedom, and we show how to compute analytically some of their
periodic solutions, together with their type of stability, using the averag-
ing theory. We illustrate this tool studying two kinds of non—autonomous
Hamiltonian systems of one degree of freedom, see Theorems 2 and 3 and
its applications Corollaries 5, 6 and 7.

APPENDIX: AVERAGING THEORY OF FIRST ORDER

We deal with the two initial value problems

(8) x =cF(t,x) + 52F2(t,x, ), x(0) = xo,
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and

9) y=¢f(y), vy(0)=xo,

where the variables x, y and x are in the open set Q2 C R", ¢ € [0, 00) and
e € (0,e0]. The functions F; and Fy which appear in (8) are T-periodic in
the variable t. The averaged function of system (8) is defined by

T
fy) = = /0 Fi(t,y)dt.

T
Theorem 8. Suppose that the functions Fy, Dy F|, DxxF1, Fo and DxF5
are continuous, bounded by a constant independent of € in [0, 00)x 2x (0, o],
and that y(t) € Q for t € [0,1/¢]. Then the following statements hold.

(a) x(t) —y(t) =0(e) ase — 0 fort € [0,1/e].

(b) If p # 0 satisfies f(p) = 0 and the Jacobian det(Dy f(p)) # 0, then
there is a T—periodic solution x(t,e) of the differential system (8)
such that ¢(0,e) = p+ O(e).

(c) If a real part of some eigenvalue of the Jacobian matriz Dy f(p) is
positive, then the periodic solution x(t,€) is unstable. The periodic
solution x(t, ) is stable if all the real parts of the eigenvalues of the
Jacobian matriz Dy f(p) are negative.

For a proof of Theorem 8 see for instance Chapter 11 of [8].
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