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a b s t r a c t 

Phase portraits are an invaluable tool in studying differential systems. Most of known results about global 

phase portraits are related to the smooth differential systems. 

This paper deals with a class of planar continuous piecewise linear Liénard differential systems with three 

zones separated by two vertical lines without symmetry. We provide the topological classification of the 

phase portraits in the Poincaré disc for systems having a unique singular point located in the middle 

zone. 

© 2019 Elsevier Ltd. All rights reserved. 

1. Introduction and main results 

In recent years there is a growing interest in the analysis of 

planar continuous piecewise linear Liénard differential systems of 

the form: 

dx 

dt 
= y − f (x ) , 

dy 

dt 
= a − g(x ) , (1) 

where 

f (x ) = 

{ 

k 1 (x − 1) + k 2 if x > 1 , 

k 2 x if − 1 � x � 1 , 

k 3 (x + 1) − k 2 if x < −1 , 

(2) 

and 

g(x ) = 

{ 

l 1 (x − 1) + l 2 if x > 1 , 

l 2 x if − 1 � x � 1 , 

l 3 (x + 1) − l 2 if x < −1 . 

(3) 

Systems (1) satisfying (2) and (3) have been studied extensively, 

see for instance [1–7] . For the symmetrical cases, that is a = 0 , 

k 1 = k 3 and l 1 = l 3 , see [9] for the bifurcation sets and existence of 

the limit cycles, see [10] for the amplitude and period of the limit 
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cycles, see [18] for the global phase portraits and bifurcation dia- 

grams. While for the non-symmetrical case, the analysis of systems 

(1) satisfying (2) and (3) become more complicated. In [15] the 

authors considered the existence and uniqueness of limit cycles 

for the case k 1 > 0, k 1 < 0, k 3 > 0. In [16] the authors studied the 

uniqueness and non-uniqueness of limit cycles for the more gen- 

eral cases, they showed that systems (1) satisfying (2) and (3) can 

have at leat two limit cycles for the cases either k 1 > 0, k 2 < 0, 

k 3 < 0, or k 1 < 0, k 2 < 0, k 3 > 0. In [7] the authors found that sys- 

tems (1) satisfying (2) and (3) can exist jump bifurcations when 

l 2 = 0 . In [26] the authors investigated the boundary equilibrium 

bifurcations of systems (1) satisfying (2) and (3) . 

It is worth to note that if either k 1 = k 2 , l 1 = l 2 , or k 2 = k 3 , l 2 = 

l 3 , then systems (1) satisfying (2) and (3) become continuous 

piecewise linear Liénard differential systems with two zones. In 

1990 Lum and Chua [20,21] conjectured that a continuous piece- 

wise linear differential system with two zones separated by a 

straight line has at most one limit cycle. In 1998 Freire et al. 

[8] gave a positive answer to this conjecture. Note that this con- 

jecture cannot be extended to discontinuous piecewise linear dif- 

ferential systems see [1,13] , and to continuous piecewise linear dif- 

ferential systems with non-regular separation line see [3,17] . There 

are several recent works related to the number of limit cycles for 

piecewise smooth integrable systems, see for instance [12,27,28] . 
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