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Abstract We study the Darboux and the analytic inte-
grability of the Rucklidge system.

Keywords Analytic first integrals - Darboux first
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1 Introduction and statement of the main results

The Rucklidge system (see [9]):
X = —ax + by — yz,
y=ux,

= —z+y%, (1)
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is afamous model (see for instance [9]), where x, y, z €
IR3 are the state variables, (a, b) are real parameters and
the dot denotes the derivative with respect to the time 7.
This model considers the problem of two-dimensional
convection in a horizontal layer of Boussinesq fluid
with lateral constants. It provides an accurate descrip-
tion of convection in the parameter regime where the
chaotic solutions appear. Despite its simplicity it has
a reach local dynamical behavior as chaotic attractors
for some values of the parameters a and b (for example
whena =2,b =6.70ora =—-0.1and b = —1) and
has been widely analyzed (see for instance [10,11] and
the references therein).

We note that system (1) is a family of quadratic sys-
tems in a three-dimensional space. Quadratic systems
in R3 are the simplest systems after the linear ones.
Examples of such systems are the well-known Lorenz
system, Rossler system, Rikitake system, among oth-
ers. These have been investigated in the last decades
from different dynamical points of view. Despite their
simplicity, quadratic systems are not completely under-
stood from the view point of the integrability, see for
instance [8].

The aim of this paper is to study the existence of
Darboux and analytic first integrals of system (1). We
recall that a first integral of Darboux type is a first inte-
gral H which is a function of Darboux type (see below
(2) for a precise definition). The study of the integra-
bility is a classical problem in the theory of differential
equations.
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