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We prove the following three results. We denote by Per( f ) the set of all periods of a self-
map f .
Let G be a connected compact graph such that dimQ H1(G,Q) = r, and let f : G → G be
a continuous map. If Per( f ) = ∅, then the eigenvalues of f∗1 are 1 and 0, this last with
multiplicity r − 1, where f∗1 is the induced action of f on the first homological space.
Let Mg,b be an orientable connected compact surface of genus g � 0 with b � 0 boundary
components, and let f : Mg,b → Mg,b be a continuous map. The degree of f is d if b = 0.
If Per( f ) = ∅, then the eigenvalues of f∗1 are 1, d and 0, this last with multiplicity 2g − 2
if b = 0; and 1 and 0, this last with multiplicity 2g + b − 2 if b > 0.
Let Ng,b be a non-orientable connected compact surface of genus g � 1 with b � 0
boundary components, and let f : Ng,b → Ng,b be a continuous map. If Per( f ) = ∅, then
the eigenvalues of f∗1 are 1 and 0, this last with multiplicity g + b − 2.
The tools used for proving these results can be applied for studying the periodic point free
continuous self-maps of many other compact absolute neighborhood retract spaces.
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1. Introduction and statement of the main results

A discrete dynamical system (M, f ) is formed by a topological space M and a continuous map f : M → M. A point x is
called fixed if f (x) = x, and periodic of period k if f k(x) = x and f i(x) �= x if 0 < i < k. We denote the set of periods of all the
periodic points of f by Per( f ).

The set {x, f (x), f 2(x), . . . , f n(x), . . .} is called the orbit of the point x ∈ M, where f n means the composition of f with
itself n times. To study the dynamics of a map f is to study all the different kind of orbits of f . If x is a periodic point of f
of period k, then its orbit is {x, f (x), f 2(x), . . . , f k−1(x)}, and it is called a periodic orbit.

In general the periodic orbits play a main role in the dynamics of a discrete dynamical system, for studying them we
can use topological information. Probably the best known results in this direction are the results contained in the seminal
paper entitle Period three implies chaos for continuous self-maps on the interval, see [12].

All the non-completely standard notions which will appear in the rest of the introduction will be defined in Section 2.
In this note M will be either a connected compact graph, or a connected compact surface with or without boundary,

orientable or not. Our aim is to study the continuous maps f : M → M having their Per( f ) = ∅, i.e. periodic point free
continuous self-maps of M.

Since the word “graph” has several different meanings in mathematics, we shall define here our graphs. A graph is a
union of vertices (points) and edges, which are homeomorphic to the closed interval, and have mutually disjoint interiors.
The endpoints of the edges are vertexes (not necessarily different) and the interiors of the edges are disjoint from the
vertices.
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