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Abstract. We show that if a homeomorphism f of the torus, isotopic to the identity,
has three or more periodic orbits with non-collinear rotation vectors, then it has
positive topological entropy. Furthermore, for each point p of the convex hull A of
their rotation vectors, there is an orbit of rotation vector p, for each rational point
p/4q, p€Z?, q€N, in the interior of A, there is a periodic orbit of rotation vector
p/ g, and for every compact connected subset C of A there is an orbit whose rotation
set is C. Finally, we prove that f has ‘toroidal chaos’.

1. Introduction and statement of results

There is growing interest in maps of the torus homotopic to the identity, both as
models for physical situations with coupled oscillations, and for their intrinsic
mathematical fascination.

If f is an endomorphism of the circle homotopic to the identity and has two
periodic orbits with different rotation numbers p,, p,, then it has positive topological
entropy and periodic orbits of all rational rotation numbers in the interval I =
[p1, p.]IBGMY]. Furthermore it has orbits of all rotation numbers in I[CGT, Mis],
and for every closed subinterval J of I there is an orbit whose rotation set is
J[BMPT]. In fact, there is an invariant subset Y on which f is semi-conjugate to
a quotient of a one-sided subshift, containing periodic orbits of all rational rotation
vectors in I with distinct symbol sequences (this is implicit in [Boy]).
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