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We characterize the analytic integrability of Hamiltonian systems with Hamiltonian H = 1
2

∑2
i=1 p2

i +
V (q1,q2), having homogeneous potential V (q1,q2) of degree −2.
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1. Introduction

We consider C4 as a symplectic linear space with canonical
variables q = (q1,q2) and p = (p1, p2). We are interested in Hamil-
tonian systems defined by the Hamiltonian function

H = 1

2

2∑
i=1

p2
i + V (q), (1)

where V (q) = V (q1,q2) is a homogeneous function of degree k. To
be more precise we consider the following system of four differen-
tial equations

q̇i = pi, ṗi = −∂V

∂qi
, i = 1,2. (2)

Let A = A(q, p) and B = B(q, p) be two functions. Then their Pois-
son bracket {A, B} is given by

{A, B} =
2∑

i=1

(
∂ A

∂qi

∂ B

∂ pi
− ∂ A

∂ pi

∂ B

∂qi

)
.

We say that functions A and B are in involution if {A, B} = 0. We
say that a non-constant function F = F (q, p) is a first integral for
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the Hamiltonian system (2) if it commutes with the Hamiltonian
function H , i.e. {H, F } = 0. Since the Poisson bracket is antisym-
metric it is clear that H itself is always a first integral. We say that
a 2-degree of freedom Hamiltonian system (2) is completely or Li-
ouville integrable if it has 2 functionally independent first integrals:
H , and an additional one F , which are in involution. As usual H
and F are functionally independent if their gradients are linearly in-
dependent at all points of C4 except perhaps in a zero Lebesgue
set.

First we recall basic properties of system (2). Let PO2(C) denote
the group of 2 × 2 complex matrices A such that A AT = α I , where
I is the identity matrix and α ∈ C \ {0}. We say that potentials
V 1(q) and V 2(q) are equivalent if there exists a matrix A ∈ PO2(C)

such that V 1(q) = V 2(Aq). So we divide all potentials into equiva-
lent classes. Here a potential means a class of equivalent potentials
in the above sense. This definition of equivalent potentials is moti-
vated by the following simple lemma. For a proof see [8].

Lemma 1. Let V 1 and V 2 be two equivalent potentials. If Hamilto-
nian system (2) is integrable with potential V 1 then it is also integrable
with V 2 .

In the beginning of 80’s all integrable Hamiltonian systems (1)
with homogeneous polynomial potential of degree at most 5 and
having a second polynomial first integral up to degree 4 in the
variables p1 and p2 were found, see [14,5,3,6,2] and also [7] for
the list of corresponding additional first integrals. We remark that
all these first integrals are polynomials in the variables p1, p2, q1
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