LINEAR TYPE CENTERS OF POLYNOMIAL HAMILTONIAN
SYSTEMS WITH NONLINEARITIES OF DEGREE 4
SYMMETRIC WITH RESPECT TO THE Y-AXIS

JAUME LLIBRE, PAULINA MARTINEZ, AND CLAUDIO VIDAL

ABSTRACT. We provide normal forms and the phase portraits in the Poincaré
disk for all the linear type centers of polynomial Hamiltonian systems with
nonlinearities of degree 4 symmetric with respect to the y-axis.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this work we deal with polynomial differential systems in R? of the form

where the dot denotes derivative with respect to an independent real variable ¢,
usually called the time. Assume the origin O is an equilibrium point of system (1).

When all the orbits of system (1) in a punctured neighborhood of the equilibrium
point O are periodic, we say that the origin is a center. The study of the centers
started with Poincaré [17] and Dulac [8], and in the present days many questions
about them remain open.

If a polynomial system (1) has a center at the origin, then after a linear change of
variables and a scaling of the time variable, it can be written in one of the following
three forms:

x.:_y'i'PQ(xvy)a y:I_"QQ(Iay)v
called a linear type center,

.’L':y+P2(.’L',y), y:Q2(x7y)u

called a nilpotent center,

&= Pz,y), y=Q2z,y),
called a degenerate center, where Py(z,y) and Q2(x,y) are polynomials without
constant and linear terms.

The classification of the centers of quadratic differential systems (which all of
them are linear type centers) started with the works of Dulac [8], Kapteyn [11, 12]
and Bautin [3], and the characterization of their phase portraits in the Poincaré
disk was due to Vulpe [20], see also Schlomiuk [19]. There are many partial results
for the centers of polynomial differential systems of degree larger than 2. We must
mention that Malkin [13], and Vulpe and Sibirsky [21] characterized the linear
type centers of the polynomial differential systems with linear and homogeneous
nonlinearities of degree 3. For polynomial differential systems of the form linear
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with homogeneous nonlinearities of degree greater than 3 the centers at the origin
are not characterized, but there are partial results for degrees 4 and 5 for those
linear type centers, see Chavarriga and Giné [4, 5]. On the other hand it remains
a lot of work for obtaining the complete classification of the linear type centers for
all polynomial differential systems of degree 3. Some interesting results on some
subclasses of those systems appeared in Rousseau and Schlomiuk [18], and the ones
of Zol@dek [22, 23]. Recently, the linear type centers of polynomial Hamiltonian
systems with nonlinearities of degree 3 were classified by Colak et al. in [7].

In this paper, we study the phase portraits in the Poincaré disk of the linear type
centers of polynomial Hamiltonian systems with nonlinearities of degree 4, but since
this class has 6 parameters and degree 4 his study is huge, in a first approach for
studying this class we restrict our attention to the subclass of such systems which
are symmetric with respect to the y-axis. More precisely, we shall classify the phase
portraits in the Poincaré disk of the Hamiltonian system

(2) i = —y —azx — 3ba?y® — Seyt,  § =z + dazPy + 2bxy?,
with Hamiltonian

1
(3) H(z,y) = (2 +y*) + az'y + b2y’ + ey,

and satisfying that a?+b%+c? # 0, i.e. that the polynomial system (2) has degree 4.
Since H is a first integral of system (2) and the origin of this system has eigenvalues
=i, the origin is a center. We note that system (2) is invariant under the symmetry
(x,y,t) = (—z,y,—t), i.e. its orbits are symmetric with respect to the y-axis, and
consequently the phase portrait of the system.

We note that the centers of the Hamiltonian systems with Hamiltonian
H(z,y) = az'y + ba’y® + cy”,

have been studied in [6], and that there are no nilpotent centers for the Hamiltonian
systems with Hamiltonian

1
H(z,y) = 51/2 + az'y + ba®y® + ¢y,

as it can be proved used Theorem 3.5 of [9].

In order to classify the phase portraits of systems (2) we will use the Poincaré
compactification of polynomial vector fields, see subsection 2.1, which roughly
speaking is to add to the plane R? its boundary, the circle S' which corresponds to
the infinity, identifying this compact space with a closed disk (the Poincaré disk),
and extending the flow of system (2) to this closed disk in a unique analytic way.
We say that two vector fields on the Poincaré disk are topologically equivalent if
there exists a homeomorphism of this disk which sends orbits to orbits preserving
or reversing the direction of the flow, see a more precise definition in subsection
2.1. Our main result is the following one.

Theorem 1. The phase portrait in the Poincaré disk of a linear type center of
a polynomial Hamiltonian system with nonlinearities of degree 4 symmetric with
respect to the y-axis is topologically equivalent to one of the following 30 phase
portraits of Figure 1.
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In section 2 we provide the notations, basic definitions and results which will
allow to do the topological classification of all phase portraits for the Poincaré disk of
the linear type centers for the polynomial Hamiltonian systems with nonlinearities
of degree 4 symmetric with respect to the y-axis, i.e., of systems (2). A second step
in this work will be to perturbed the Hamiltonian centers of the phase portraits of
Theorem 1 inside the class of all quartic polynomial differential systems and study

how many limit cycles can bifurcate from their periodic orbits using the tools of
[10]

2. NOTATIONS AND BASIC RESULTS

In this section we recall the basic definitions and notations that we will need
for the analysis of the local phase portraits of the finite and infinite equilibria of
the polynomial Hamiltonian systems (2), and for doing their phase portraits in the
Poincaré disk.

We denote by P4(R?) the set of polynomial vector fields in R? of the form
X(z,y) = (P(z,y),Q(z,y)) where P and @ are real polynomials in the variables x
and y such that the maximal degree of P and @ is 4.

2.1. Poincaré compactification. Let X € P,;(R?) be a vector field of degree 4
in R2. The Poincaré compactified vector field p(X) of X is an analytic vector in S?
defined in the following way, for more details see for instance Chapter 5 of [9]. Let
S? ={y = (y1,92,y3) € R® : y? +y3 + y3 = 1} be the Poincaré sphere and T,S? be
the tangent space to S? at the point y. We identify the plane T ,1)S* with the
R? where we have our vector field X.

We define the central projection f : T(01071)82 — S? in such a way that to each
point ¢ of the plane T(O)OJ)SQ the map associates the two intersection points of the
straight line, joining ¢ with (0,0,0), with the sphere S?. This map provides two
copies of X, one in the northern hemisphere and the other in the southern one.
Denote by X’ the vector field Df o X on S? except on its equator S = {y € §? :
y3 = 0}. Clearly S is identified to the infinity of R2.

In order to extend X’ to a vector field on the whole S? we consider the vector
field p(X) = y3X’ in S%. In short, on S? \ S! there are two symmetric copies of
X, and knowing the behavior of p(X) around S!', we know the behavior of X at
infinity. The infinity S! is invariant under the flow of p(X).

The projection of the closed northern hemisphere of S? on y3 = 0 under (y1, y2, y3)
> (y1,y2) is called the Poincaré disk, and it is denoted by D?.

Here two polynomial vector fields X and Y on R? are topologically equivalent if
there exists a homeomorphism on S? preserving the infinity S! carrying orbits of
the flow induced by p(X) into orbits of the flow induced by p(}); preserving or
reversing simultaneously the sense of all orbits.

On the sphere S? we take for i = 1,2, 3 the six local charts U; = {y € S? : y; >
0}, and V; = {y € S? : y; < 0}, with the diffeomorphisms F; : U; — R? and
G; : V; — R2?, which are the inverses of the central projections from the planes
tangent at the points (1,0,0); (—1,0,0); (0,1,0); (0,—1,0); (0,0,1) and (0,0, —1),
respectively. We denote by z = (21, 22) the value of F;(y) or G;(y) for any i = 1,2, 3.
Thus z means different coordinates in the distinct local charts. Easy computations
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give for p(X) the next expressions:

W 86 (e(22)-ar(22) ar(22) wo
2o 29 2o 29 20 79
1 21 1 z1 1
AN pl2 Z)_ S R A1 - :
) & (Z)( <zz’zz 2l 29 29 ) 20 29 29 in Uz,

22A(2) (P (21, 22),Q (21,22)) in Us,

where A(z) = (27 + 23 + 1)

The expression for V; is the same as that for U; except for a change of sign. In
the local charts with subindices i = 1,2, 2o = 0 always denotes the points of S!,
i.e. the points of the infinity. In what follows we shall omit the factor A(z) doing a
convenient scaling of the vector field p(X). Thus we have a polynomial vector field
for p(X) in every local chart.

The equilibria of p(X’) which are in the interior of the Poincaré disk are called
the finite equilibria, which correspond with the equilibria of X', and the equilibria
of p(X) which are in S' are called the infinite equilibria of X

We note that studying the infinite equilibria of the local chart U;, we obtain
also the ones of the local chart V7, and only remains to see if the origin of the local
chart Us, and consequently the origin of the local chart V5, are infinite equilibria.

2.2. Singular points. Let
(6) X = (—y — az* — 3ba%y® — Seyt, x + dazdy + 2bxy?)

be the vector field associated to our Hamiltonian system (2) with a? + b2 + ¢® # 0,
and let p(X) be its Poincaré compactification. Let ¢ be an equilibrium point of
p(X).

If some of the two eigenvalues A; and Ay of the linear part of the vector field
p(X) at the equilibrium point ¢ is not zero, then this equilibrium is elementary.

The local phase portrait of a finite elementary equilibrium ¢ with both eigen-
values non-zero for a Hamiltonian system is well known, ¢ is a saddle if Ay Ay # 0
(which in fact only can be A;As < 0), and a center if ReA\; = Rels = 0, for more
details see for instance [2]. We recall that the flow of a Hamiltonian system in the
plane preserves the area, so their finite equilibria cannot have parabolic and elliptic
sectors, only hyperbolic sectors, or they must be centers. We define energy levels
of the vector field (6) has the curves on which its Hamiltonian (3) is constant.

The local phase portrait of an infinite elementary equilibrium ¢ with both eigen-
values non-zero can studied using, for instance, Theorem 2.15 of [9].

Let ¢ be an elementary equilibrium point with an eigenvalue zero. Then ¢ is
called a semi-hyperbolic equilibrium point. The local phase portrait of a finite
semi-hyperbolic equilibrium point of a Hamiltonian system only can be a saddle,
see again for example [9].

The local phase portrait of an infinite semi-hyperbolic equilibrium ¢ can de-
scribed using, for instance, Theorem 2.19 of [9].

When both eigenvalues are zero but the linear part of p(X) at the equilibrium
point ¢q is not the zero matrix, we say that ¢ is a nilpotent equilibrium point. The
local phase portrait of a nilpotent equilibrium point can be studied using Theorem
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3.5 of [9]. If ¢ is nilpotent and finite, then it only can be a saddle, a cusp, or a
center.

Finally, if the Jacobian matrix of p(X’) at the equilibrium point ¢ is identically
zero, and ¢ is isolated inside the set of all equilibrium points, then we say that ¢
is a linearly zero equilibrium point. The study of the local phase portraits of such
equilibra needs special changes of variables called blow-ups, see for more details
Chapter 3 of [9], or [1].

2.3. Local phase portraits of the equilibria. We want to classify in the Poincaré
disk, modulo topological equivalence, the phase portraits of p(X) being X the poly-
nomial Hamiltonian vector fields given in (6). For doing that we must start by clas-
sifying the local phase portraits at all finite and infinite equilibria of p(X) in the
Poincaré disk. This will be made by using the techniques described in subsection
2.2.

2.4. Phase portraits in the Poincaré disk. In this subsection we shall see how
to characterize the phase portraits of p(X) in the Poincaré disk for the polynomial
Hamiltonian vector fields X" of (6).

A separatriz of p(X) being X a Hamiltonian vector field (6) defined in the whole
R? is an orbit which is either an equilibrium point, or a trajectory which lies in
the boundary of a hyperbolic sector of a finite or infinite equilibrium point, or any
orbit contained in the infinity S'. Neumann [15] proved that the set formed by all
separatrices of p(X'), denoted by S(p(X)) is closed.

The open connected components of D? \ S(p(X)) are called canonical regions of
X or of p(X). A separatriz configuration is the union of S(p(X)) plus one solution
chosen from each canonical region. Two separatrix configurations S(p(X)) and
S(p(Y)) are topologically equivalent if there is an orientation preserving or reversing
homeomorphism which maps the trajectories of S(p(X)) into the trajectories of
S(p(Y)). The following result is due to Markus [14], Neumann [15] and Peixoto
[16], that find it independently.

Theorem 2. The phase portraits in the Poincaré disk of two compactified polyno-
mial differential systems p(X) and p(Y) are topologically equivalent, if and only if,
their separatriz configurations S(p(X)) and S(p(Y)) are topologically equivalent.

3. PHASE PORTRAITS WHEN abc = 0

We separate the study of the phase portraits in the Poincaré disk of Hamiltonian
system (2) when abc = 0 in the following six cases: a=b=0and ¢c#0,a=¢c=0
andb#0,b=c=0anda#0,a=0and bc# 0,b=0 and ac # 0, and ¢ = 0 and
ab # 0.

3.1. Case a =b =0 and ¢ # 0. Here Hamiltonian system (2) is
&= —y(1+5cy°), §=u

Since ¢ # 0 doing the ¢~2/3-symplectic change of variables (z,y) + (5¢)~'/3(z, )
we can assume without loss of generality that ¢ = 1 and the new Hamiltonian
system is

(7) i=-y(l+y°), g==
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This system only have two finite equilibria, the origin which as we know always is
a center, and the saddle (0,—1), because the two eigenvalues of the linear part at
this equilibrium are +/3.

From (4) system (7) in the local chart U; becomes
(8) 21 =25+ 20 + 2328, g = ziza 2125,

At infinity, i.e. at zo = 0, this system has a unique equilibrium, the origin (z1, 22) =
(0,0) which is a linear zero equilibrium. For studying its local phase portrait we
need to do blow-ups. Since this is the first equilibrium that we must study using
the changes of variables called blow-ups we will describe them with all details in
this case.

First we do the blow-up (21, 22) — (21, w) with w = 22/2;, then we obtain the
system
(9) 7 =232 +wd + 22wd), W= —2uwt.
We note that this change of variables blow up the origin of system (8) to the whole
w-axis of system (9).

Now doing a scaling of the independent variable we eliminate the common factor
22 between 27 and 1 of system (9), and we obtain the system
(10) 21 = 21(28 + w0 + 220, W = —wh
Since the whole w-axis going back through the changes of variables goes to the
origin of system (8) we must study the equilibria on such an axis. Thus, on z; =0
the unique equilibrium of system (10) is the origin, and again it is linearly zero.
So we do a second blow-up (z1,w) — (z1,u) with u = w/z1, and we arrive to the
system

(11) 2 =231+ 2w 4 23u?), W = —2fu(l 4 22003 + ).

Doing another scaling of the independent variable we eliminate the common factor
2?2 between the two components of system (11), and we have

(12) 2 =2 (14 210 + 230%), = —u(l4 220 + 25u?).

Now, the unique equilibrium on z; = 0 is the origin. Since the eigenvalues of the
linear part of this system at the origin are +1, the origin is a saddle, with the local
stable separatrices on the u-axis, and the unstable ones on the zj-axis, see Figure
2(a).

Now we must go back through the changes of variables starting at system (12)
and reaching system (8). Since the scaling for passing from system (11) to system
(12) is 2, this change in the independent variable changes neither the orbits, nor
their orientation, with the exception of the orbits on the u-axis of system (12) which
become equilibria for system (11), see Figure 2(b).

Going back from system (11) to system (10), and taking into account that for
system (10) we have z}|,—0 = 23 and w'|,,—o = —w?, we obtain the local phase
portrait at the origin of system (10), which topologically is a saddle-node, see Figure
2(c).

As in the pass from system (12) to system (11), the pass from system (10) to
system (9) does not change the local phase portrait of system (10) except that the
w-axis becomes filled with equilibria, see Figure 2(d).
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Finally, undoing the first blow up and taking into account that for system (8) we
have that #1|.,—0 = 23, we get that the local phase portrait at the origin of system

(8) is the unstable node of Figure 2(e).
u u
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F1GURE 2. The blow-ups of the origin of the chart U; for system
(8). The dotted line represents a straight line of equilibria.

In short, in the chart U; the unique infinite singular point is the origin which is an
unstable node. Therefore, in the local chart V4 also the origin is the unique infinite
singular point which is a stable node due to the fact that the vector field p(X) in
both charts are equal except that the sign of this orbits are opposite. In order to
complete the study of the infinite singular points, as we explained in subsection 2.1,
only it remains to see if the origin of the local chart Us is or not an equilibrium
point.

From (5) system (7) in the local chart Us writes

1= —1—23 — 2228, Zy=—z25.
Hence, clearly the origin of U is not an equilibrium.

Thus, we can give the local dynamics on the Poincaré disk, this is shown in
Figure 3.

In summary, first we know the local phase portraits of the finite singular points,
a center at (0,0) and a saddle at (0, —1) (we can compute locally an approximation
of the separatrices of this elementary saddle using the eigenvectors of the saddle);
second we know the local phase portraits of the infinite singular points, an unstable
node at the end of the positive z-axis (the origin of Uy) and a stable node at the
end of the negative z-axis; and third that we know the behavior of system (7) on
the axes, in fact, &|,_, = —y(1 + y*), which is negative if y € (—o0, —1) U (0, 00)
and is positive if y € (-1,0), §|,_o =0, &|,_o =0 and y|,_, = =.
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FIGURE 3. Local phase portraits for system (2) if a = b = 0 and

c#0.

These three knowledges force that the unstable separatrix of the saddle which
enters into the quadrant z > 0 and y < 0, must cross the positive z-axis because
it cannot intersect the stable separatrix of the saddle which also is in the quadrant
x > 0 and y < 0, and such unstable separatrix must intersect the positive y-axis, at
this moment it connects with the stable separatrix of the saddle that initially is in
the quadrant x < 0 and y < 0 due to the fact that the phase portrait is symmetric
with respect to the y-axis. This connection forces that the phase portrait of system
(7) is topologically equivalent to the one described in Figure 1(a).

Another way to see the connection of the unstable separatrix of the saddle with
the stable one described in the previous paragraph is drawing the level curves of
the Hamiltonian ) )

H = = (22 2y, 1.5
5@ +y7) + 2y,
of system (7) passing through the saddle.

3.2. Case a =c=0 and b # 0. Under these conditions, system (2) is
&= —y—3bz*y?, =+ 2bxy°,

doing the b=2/3 symplectic change of variables (x,y) — b~'/3(x,y) we get
(13) &= —y—32%?% §=a+ 2y’
System (13) has three finite equilibria: the origin which we know that is a center,
and other two equilibria €34 = (£2/6371/2 —271/3) and these two symmetric
equilibria are saddles because their eigenvalues are /6.

Now, we do the study at the infinity, from (4) the system in U; is

- 3. .34 ,2.3 2 4
(14) Z1 =527 + 25 + 2725, Zo = 3z720 + 2125.

At infinity, i.e. z3 = 0, the origin is the unique equilibrium, which is degenerate,
we need to apply the blow-up technique for understanding its behavior. We do
the change of variables (21, 22) — (21, w) with z3 = w - z; eliminating the common

factor 27 we get

(15) 2 =206+w +wz]), W =-w2+w’),

these system have two hyperbolic equilibria, the origin and (0, —+/2). The origin
has eigenvalues 5 and —2, so is a saddle, and the second equilibrium is a repeller
node because its eigenvalues are 3 and 6. The local phase portrait of the behavior
at the origin of system (14) is shown in Figure 4.
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//w\\\ 7/
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(a) System (15) (b) System(14)

T

FIGURE 4. Blow-up of the origin of the chart U; associated to (13)

In the local chart Us system (13) through (5) has the form
(16) 4= —28 —22(5423), Zo=—212(2+23),
and the origin is the unique equilibrium point, which is degenerate, so for un-
derstanding its local phase portrait, we need to apply the directional blow-up

(21,22) — (z1,w) with 2o = w - 2; and eliminating the common factor z;, ans
we arrive to the system

(17) 7 = =215+ znw? 4+ 22w?), b= w3+ znw?).

System (17) has the origin as its unique equilibrium and it is a saddle, the stable
separatrices in the zi-axis and the unstable ones in the w-axis. The local phase
portrait at the origin of system (16) is shown in Figure 5(b). In fact, locally it has
one hyperbolic sector, one attracting parabolic sector, one repeller parabolic sector
and one elliptic sector sector.

(a) System (16) (b) System (17)
FIGURE 5. Blow-up of the origin of the chart Us of system (13).

From the previous study, we can give the local dynamics at all equilibria, finite
and infinite, on the Poincaré disk, this is shown in Figure 6.

Summarizing, first we observe that the local phase portrait of the finite singular
points, a center at (0,0) and two symmetric (with respect to the y-axis) saddles
points; second we know the local phase portrait of the four infinite equilibria, an
unstable node at the end of the positive x-axis, a stable node at the end of the
negative x-axis (the origin of U; and Vi, respectively), at the end of the positive
y-axis locally it has one hyperbolic sector, one attracting parabolic sector and one
repeller parabolic sector, at the end of the negative y-axis the dynamics consist of
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—

oy
(J

FIGURE 6. Local phase portrait for system associated to Hamil-
tonian function (3) when a = ¢ = 0.

one elliptic sector, one attracting and one repeller parabolic sectors; and third the
behavior of system (13) satisfies |, _, =0, y|,_o =z, &[,_o = —y and g|,_, = 0.

These three informations force that one unstable separatrix of the saddle ey
located at the region z > 0 and y < 0 must cross the positive z-axis because it
cannot intersect the stable separatrices of itself, and such unstable separatrix must
intersect the positive y-axis, at this moment it connects by symmetry with the stable
separatrix of the saddle es with is in the region z < 0 and y < 0. Analogously one
stable separatrix of the saddle es located at the region > 0 and y < 0 must cross
the negative y-axis because it cannot intersect the unstable separatrices of itself,
at this moment it connects with one unstable separatrix of the saddle e3 with is in
the region z < 0 and y < 0 due to the fact that the phase portrait is symmetric
with respect to the y-axis. These connections between these separatrices of the
two finite saddles also can be studied using the level curves of the Hamiltonian of
the system evaluated at the saddle. These connections force that the global phase
portrait on the Poincaré disk of system (13) is topologically equivalent to the one
of Figure 1(b).

3.3. Case b=c=0 and a # 0. The system in this case becomes

& =—y—azt y=x+dazdy.
We do the a~2/3-symplectic change of variables (z,y) — a~'/3(z,) and get
(18) i=—y—at §=az(1+42%).

We study the finite equilibria of this system, in addition of the origin e; we have two
equilibria given by eg 3 = (#271/3, —27%/3) we know that the origin is a center, and
from the linear part of system (18) have that the other two symmetric equilibria
are saddles because their eigenvalues are +/6.

Now we study the infinite equilibria, from (4) the system in the local chart Uy is
(19) 71 =521 + 28 + 2325, do = zo(1 + 2123).

At infinity, i.e. zo = 0, system (19) has the origin as the unique equilibrium, and it
is a repeller node because their eigenvalues are 5 and 1. On the other hand, from
(5), the system in the local chart Us is

(20) 7= —25 — B2t — 2223, Zy = —z129(42° 4 2B),
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and this has the origin as unique equilibrium, but it is degenerate. To analyze the
behavior at the origin of Us we need to apply the blow-up (z1,22) — (21, w) with
23 = w - 21, and eliminate the common factor 2%, thus the system obtained is

(21) 2 = —21(5z1 + WP + 22w?), W =w(z +w?).

Again system (21) when z; = 0 has the origin as the unique equilibrium which is
degenerate, so we apply a second blow-up (z1,w) — (21,u) with w = u - 21, and
after eliminating the common factor z; we arrive to system

(22) 2p = =21 (5412 Ful)), u = w6+ 20t +uls)).

At z; = 0 system (22) has the unique equilibrium (0,0) and it is a saddle, with
the stable separatrices over the axis z;. Figure 7 shown the local phase portrait at
the origin of system (20), for obtaining this phase portrait we also hace used the
behavior of system (21) and (20) on the axes of coordinates.

u w 2z

)

(a) System (22) (b) System (21) (c) System (20)

FIGURE 7. Blow-up of the origin of the chart Us of system (18).

In summary we observe that the local phase portrait of the finite and infinite
singular points are the same as in the case a = ¢ = 0 (Figure 6). The behavior
of system (18) on the axes is the following, #[,_, = —a, Yly—o =z and if,_, =
—Y, Yl,—o = 0. Therefore, the flow must cross the y-axis orthogonally, and cross
transversally the z-axis, except at the origin of coordinates. Thus, we can conclude
that in this case the global phase portrait is topologically equivalent with the case
a = ¢ =0 (see Figure 1(b)).

3.4. Case a =0 and bc # 0. Here the associated system to Hamiltonian (3) is
& = —y — 3bz?y? — bey?, § =z + 2bxy>.
Since b # 0, without loss of generality, we can do the b~2/3-symplectic change of
variables (z,y) — b~'/3(z,y) and we obtain the system
(23) & = —y — 3z%y? — béy?, y=x+2zy>,
with & = 5¢/b, for simplicity we just use again the letter c.
The number of equilibria of system (13) depend of ¢, more precisely:
(i) If ¢ > 2/5, there are only two finite equilibria, e; = (0,0) and eg = (0, —(5¢)~/3).
The origin is a center as we know, and es is a saddle because the eigenvalues are
+./3(5¢ — 2)/5 ¢~ /2.
(ii) If ¢ = 2/5, again there are only two finite equilibria, e; = (0,0) and é; =
(0, —271/3), but now ey is nilpotent. In order to understanding the local behavior
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at €3 we apply Theorem 3.5 of [9] for the nilpotent equilibria. Shifting to the origin
the equilibrium point €, through the change of coordinates (z,y) — (x,y —271/3),
and rescaling the time by 1/3, system (23) takes the form

( ) Jr— y— 2—2/3$2 _ 25/3y2 4 22/3$2y 4 (28/3/3)y3 _ x2y2 _ (2/3)3/47
24
y =23y — 2230y 4 (2/3)ay”.

Thus, by Theorem 3.5 of [9], with y = f(z) = 272/32% 4 O(2?) in a neighbourhood
of the point (0,0), F(z) = 27323 + O(2°) and G(z) = 0. Therefore, using the
notation of Theorem 3.5 we have m = 3 and a = 27/3. So the origin of (24) is a
saddle. In conclusion €3 is a saddle point of system (23).

(iii) If ¢ < 2/5, there are four finite equilibria, namely the origin, e; and e3 4 =
(#271/3371/2(2 — 5¢)1/2, —271/3). The equilibrium ey is a saddle if ¢ < 0 and is a
center if 0 < ¢ < 2/5. The equilibrium points es and e4 are saddle because their
eigenvalues are £4/3(2 — 5¢). Thus we have concluded the local study of the finite
equilibria of system (23).

Now we are going to study the infinite equilibira using the local charts given by
the Poincaré compactification. From (4) we have that the system in U; is given by

(25) 71 =523 +5c2d 4 25 + 2325, Zy = 32f20 4 Beztzn + 2125,

At infinity, i.e., zo = 0, when ¢ > 0 there exists only the origin as equilibrium point.
If ¢ < 0 there are three equilibria, the origin and (&(—c)~/2,0). In any case, the
origin is degenerate, so we need to apply a blow-up for understanding its local phase
portrait. Doing the blow-up (21, 22) — (21, w) with w = z9/2z; and eliminating the
common factor 2z} we get the system

(26) 2= 21(5 4 5ezd +wd +wz?), w = w2+ wd).

System (26) has two hyperbolic equilibria on z; = 0, the origin which is a saddle
(stable separatrices on the w-axis and unstable separatrices on the z;-axis), and the
equilibrium (0, —2'/3) which is a repeller node (see Figure 8(a)). Now, we must go
back through the change of variables starting at system (26) and reaching system
(25). Undoing the blow-up and taking into account that for system (25) we have
that 21|, _ = 23 and 2|, _o = 0, we obtain the local phase portrait at the origin
of system (25), which topologically is an unstable node, see Figure 8(b).

(a) System (26) (b) System (25)

FIGURE 8. Blow-up of the origin of the chart U; of system (23).
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The equilibria (+(—c)~1/2,0), have eigenvalues 10/c and 2/c, so they are stable
nodes, since ¢ < 0.

In the local chart V; we have the same analysis as in the chart Uy, except that
the orientations of the orbits is the converse.

From (5) system (23) in the local chart U, is
3 = —bc—5z] — 28 — 2323, G = —2120(2+ 23),
where clearly the origin of Us is not an equilibrium.

From the previous analysis we know the local dynamics at the all equilibria on
the Poincaré disk, depending on ¢, the local dynamics of system (23) at its equilibria
is topologically equivalent to the one shown in Figure 9.

e

)Ifc <O b) If0<c<2/5 c)Ifec>2/5

FIGURE 9. Local phase portraits for system (23) when a = 0 and
bc # 0.

Now we will determine the global phase portrait according to this local informa-
tion, using the symmetry and the connections between the equilibria.

In the cases ¢ > 2/5 and ¢ = 2/5, first we remember that in both cases there exist
two finite equilibria, a center at the origin and a saddle at (0, —(5¢)~/3); second
at the infinite there exist an unstable node at the end of the positive z-axis and a
stable node at the end of the negative x-axis; and third the behavior of system (23)
on the axes is &|,_, = —y(1 + 5cy?), ¥l,_o =0, il,_o =0 and y[,_, = z. Thus,
following the same ideas as in the cases a = b =0 we arrive that the global phase
portrait of system (23) with ¢ > 2/5 is topologically equivalent to Figure 1(a).

Next we consider the case 0 < ¢ < 2/5, first we know that there exist four finite
equilibria, two centers, one at the origin and the other at es = (0, —(5¢)~/3), and
two saddle located at ez 4 = (£27/2371/2\/2=5¢c, —271/3); second at the infinite
there exist an unstable node at the end of the positive z-axis and a stable node at
the end of the negative z-axis; and third the behavior of system (23) on the axes
is &,_o = —y(1+5cy*), 9l,_, =0, &l,_o=0and gy|,_, =z

These three informations force that one stable separatrix of the saddle es located
at the region z > 0 and y < 0 must cross the negative y-axis between the center
because it cannot intersect neither the unstable separatrices of itself nor the z-axis,
and by symmetry such stable separatrix must connect with one unstable separatrix
of the saddle e4 which is in the region x < 0 and y < 0. Using the same argument
we arrive that the separatrices associated to one stable separatrix and one unstable
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separatrix of e and e4 form the boundary of the period annulus of the center es.
Now, we take the other unstable separatrix of e3, it must cross the positive z-axis
because it cannot intersect the stable separatrices of itself, then by continuity of the
flow it also must cross the positive y-axis, at this moment it connects with one stable
separatrix of the saddle e4 due to the fact that the phase portrait is symmetric with
respect to the y-axis. These connections force that the global phase portrait on the
Poincaré disk of system (23) is topology equivalent to the one of Figure 1(c). Again
the connections of the separatrices of the saddles can be studied using the level
curves of the Hamiltonian.

Finally, in the case ¢ < 0, first we remember that there exist four finite equilibria,
a center at the origin and three saddles at e; = (0, —(5¢)~ /) (on the positive y-
axis), ezq = (£271/337Y2/2 = 5¢,—271/3) (on the fourth and third quadrant
respectively); second at the infinite there exist six equilibria, an unstable node at
the end of the positive z-axis and a stable node at the end of the negative z-axis,
and other four nodes, one stable in U; N Us and other in U; N V5, and an unstable
node in Us NV} and Vo N V45 an third the behavior of the system (23) on the axes
is il,_g = —y(1+5¢cy%), 9l,_o =0, &|,_o = 0 and g|,_, = =.

These previous informations force that one stable separatrix of the saddle e3 must
cross the negative y-axis because it neither intersects the unstable separatrices of
itself nor the positive z-axis, it connects by symmetry with the unstable separatrix
of the saddle e4. The other stable separatrix of es must connect with an unstable
orbit of the infinite equilibrium point located at the end of the positive z-axis. By
symmetry the analogous happens with the other unstable separatrix of ey.

Now, we are going to study the possible connections of the unstable separatrices
of the saddle es. Defining the energy level associated to the equilibria ez, es (or
eq) as hy = 3-57%/3¢72/3/2 and hy = (1 — ¢)/2%/3, respectively, and let ¢ =
(11 —4-10%/3 —102/3) /15 the value of ¢ when hy coincide with k3. We note that
ho < hs if ¢ < é hg = hg if ¢ = ¢, and hg > hg if ¢ < ¢ < 0. On the other
hand, the equation H|y:0 = 22/2 = h > 0 has two solutions for any A > 0, and
H|,_, = cy® +y?/2 = h, then applying the Descartes’s rule when h > 0 we obtain
that H|,_, has exactly one negative root and has two or zero positive roots.

In the case ¢ < ¢, for h = hg there are no crossings of the level curves H = h3
with the positive y-axis, and for h = ho there is exactly one point of the level curve
H = ho on the positive y-axis which is es. Thus, there exists a homoclinic orbit
of eo surrounding the origin. With these informations we conclude that the global
phase portrait of system (23) when ¢ < ¢ is topologically equivalent to the one of
Figure 1(d).

In the case ¢ = é (bifurcation value), for h = hy = hg there is one crossing point
of the level curves H = hy = hsz on the positive y-axis and it is es. Thus, there
exist heteroclinic orbits connecting es, es and e4. Using the previous analysis we
are able to complete the global phase portrait of system (23) when ¢ = ¢, which is
topologically equivalent to the one of Figure 1(e).

If ¢ < ¢ <0, then for h = h3 there are two crossing points of the level curves
H = hg with the positive y-axis, one of them is located between the center and
the saddle e, and the other is located between es; and the end of the positive
y-axis, and for h = hg, as in the case ¢ < ¢, there is exactly one point (with
multiplicity 2) of the level curve H = hs on the positive y-axis which is es. Thus,
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there exists two heteroclinic orbits connecting e3 and e4 crossing the positive y-axis
(both heteroclinic orbits connecting es and e4 are forming the boundary of the
period annulus of the center). So the global phase portrait of system (23) in this
case is topologically equivalent to the one shown in Figure 1(f).

3.5. Case b =0 and ac # 0. Under these conditions we have that the system is
& = —y—az* — 5ey?,
U =+ dax’y.

We do the a=2/3-symplectic change of variables (x,y) = a~1/3 (z,y) and we arrive

to system

(27) & =—y—at =5yt §=ax+ 423y,

where ¢ = ¢/a, by simplicity we just use again ¢ instead of ¢.

System (27) has always two equilibria e; = (0, 0) (center) and ey = (0, —(5¢)~1/3)
(which is a saddle because its eigenvalues are £+/3). the other equilibria are given

by the real roots of the polynomial 25622 — 6425 + 5¢ = 0 with y = —1/(42%). We
verify that:

(i) If ¢ > 4/5 the previous polynomial do not have real solutions.

(ii) If ¢ = 4/5, then there are two additional equilibria given by é3 4 = (£+/1/2, —1/2),
both are nilpotent. We shall study their local phase portraits later.

(iii) If 0 < ¢ < 4/5, then there are four additional equilibria given by

" V2 + V4 — B¢ 1
€34 = -
4 22/3 7 223124 /4 —5c)1/3 )’

and
v/ (2 — v/4 — 5c) 1

92/3 ’ _22/3(2 — VA=5¢)1/3
The equilibria e3 4 are saddles and e5 ¢ are centers.
(iv) If ¢ < 0 there exist (in addition to the origin and (0, —(5¢) /%)) two equilibria,
3.4 (the same that in the previous case (iii)) which are saddles because their
eigenvalues are +(v/3(—5cv/4 — e — 20¢ + 8v/4 — be + 16)1/2) (/4 = 5c +2) L.

In order to complete the local study of the finite equilibria we only need to
analyse the nilpotent equilibrium points €3 4 = (:|:\/§, —1/2) for ¢ = 4/5. By virtue
of the symmetry we only study the equilibrium €3, we shall apply of Theorem
3.5 [9]. Shifting the equilibrium to the origin, through the change of variables
(z,y) = (z + /2,y — 1/2), and then doing the change of variables for writting the
linear part of the system into its real Jordan normal (u,v) = (2=%2z — 271y, x),
system (27) takes the form

@ =+ 32 (202 —0?) + O()|(u,v)|P),

ese = | =

o = 18u? = 3v2uv + O(||(u, v)[|*).

Therefore using the notation of Theorem 3.5 of [9], with v = f(u) = —3-27Y/242 +
O(u?) in a neighbourhood of the point (0,0), F(u) = 18u? + O(u?®) and G(u) = 0,
we have m = 2 and a = 18, so the origin of system (3.5) is a cusp. In conclusion e3
and ey are cusp points of system (27).
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Now we do the study of the infinite equilibria, from (4) the system in the local
chart Uj is

(28) 21 =521 + 25 + 2223 +5c2%, 7y = 521(1 4 c2f).
At infinity, that is at zo = 0, for system (28) we have:

(i) If ¢ > 0 then the origin is the unique equilibrium, which is a repeller node,
because their eigenvalues are 1 and 5.

(ii) If ¢ < 0 there are three equilibria, namely, the origin and (+(—1/c)/4,0). As
previously the origin is a repeller node, and the other are attractor nodes, because
their eigenvalues are —4 and —20.

It is clear that in the chart V; the origin is an attractor node and the others
equilibria in the case ¢ < 0 are repeller nodes, due the fact that the vector field p(X)
in both charts are equal except that the orientation of the orbits is the converse.
The computations on the local chart Us show that there are no more equilibria.

In summary:

(I) If ¢ > 4/5 the local phase portrait at all equilibrium points on the Poincaré

disk is shown in Figure 10(d).

(IT) If ¢ = 4/5 the local phase portrait on the Poincaré disk is shown in Figure

10(c).

(III) If 0 < ¢ < 4/5 the local phase portrait on the Poincaré disk is shown in Figure

10(b).

(IV) If ¢ < 0 the local phase portrait on the Poincaré disk is shown in Figure 10(a).
All the possible local phase portraits for system (2) when b = 0 and ac # 0 are

topologically equivalent to the one in Figure 10, and depend on ¢, where ¢ = 0 and

¢ = 4/5 are bifurcation values.

(a) e<O b) 0 <c<4/5 (¢c) c=4/5 d) ¢>4/5

FIGURE 10. Phase portraits for system (2) when b = 0 and ac # 0.

The analysis of the global flow in the case ¢ > 4/5 proceed in a similar way as
in the cases a = b =0, or a = 0 when ¢ > 2/5, thus in Figure 1(a) is represented
the global flow.

For the case c = 4/5 first we note that #|,_, = —y(1 + 4y*), 9[,_, = 0,
&, = —z% and g|_, = z, this information with the local dynamics forces that
the unstable separatrix of e; which is in the region > 0 and y < 0 must cross the
positive z-axis and then must cross the positive y-axis connecting, by the symmetry,
with the stable separatrix of es located in the region x < 0 and y < 0. Furthermore,
the unstable separatrix of the cusp é3 located in the region z > 0 and y < 0 must
also cross the positive x-axis and then the positive y-axis connecting with the
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stable separatrix of the other cusp e4. These connections force that the global
phase portrait on the Poincaré disk is as in Figure 1(g).

For the case 0 < ¢ < 4/5 we have &|,_, = —y(1+5cy®), 9|,_o =0, Bl = —t
and g|_, = x. In order to complete the global dynamics we need to know the con-
nections of the unstable separatrix of the saddles ez and e;. One unstable separatrix
of e3 must cross transversally the positive x-axis because it cannot intersect neither
a stable separatrix of itself nor the unstable separatrix of es, and then by continuity
must cross orthogonally the positive y-axis, at this moment it connects with one
stable separatrix of e4. Now we are going to study the possible connections of the
unstable separatrix of e and one stable separatrix of es. For this we note that the
energy level of e is hy = 3/10(50)_2/37 and es and e4 are in the same energy level

hy =3 (—c+vE—Bc+2) (2vF—5c+2) """

The levels hs and ho of the saddles coincide for the bifurcation value

1 [ 3
c+=@ V480 + 225 + 6<—8(5+4215 m+75>—45 ,

where § = (8775+3451/345)1/3 4+ (8775—345+/345)1/3. Thus, we have three possible
global dynamics for this case (0 < ¢ < 4/5):

(i) If 0 < ¢ < ¢4 one stable separatrix of e connects with one unstable separatrix
of e4 forming the boundary of the periodic annulus of the origin. With the pre-
vious information we obtain that the global dynamics in this case is topologically
equivalent to the one of Figure 1(h).

(ii) If ¢ = ¢4 the separatrices of eg located in the region x > 0 and y < 0 connect
with the ones of e3 enclosing the center at es in the same region, for symmetry the
same happens with eg and e4. In view of this information that we obtain that the
global dynamics in this case is topologically equivalent to the one of Figure 1(i).

(iif) If cy < ¢ < 4/5 one stable separatrix of ez is a homoclinic orbit, forming the
boundary of the periodic annulus of the center es, connecting with one unstable
separatrix of itself. Thus, we conclude that the global dynamics in this case is
topologically equivalent to the one of Figure 1(j).

The study of the global flow in the case ¢ < 0 is similar to the case a = 0 and
¢ < 0, where the bifurcation value of ¢ now is

1 3
_ = — | V485 + 225 — \/6(—86 + 4215/ ——— —4
e = oo | VST \/6( 80+ 4215 | 1 75) — 45 |

thus the global phase portrait if ¢ < c¢_ is topologically equivalent to Figure 1(d), if
¢ = c_ is topologically equivalent to Figure 1(e), and if ¢ < ¢ < 0 is topologically
equivalent to Figure 1(f). Thus, we have concluded the study in this case.

3.6. Case ¢ =0 and ab # 0. In this case through the a~2/3-symplectic change of
variables (z,y) — a~/3(z,y) we can assume without loss of generality that a = 1
and the new Hamiltonian system is

(29) b= —a* —y—3b2%y?, g =x(l+42%y + 205°).

For the equilibrium points of system (29) we have from the second the equation that
x =0 or 1+ 422y + 2by® = 0. In the first case the origin is the unique equilibrium



LINEAR TYPE SYMMETRIC CENTERS OF HAMILTONIAN SYSTEMS 19

(center) and in the second case substituting this relation in the first equation of (29)
we have that the equilibrium point (x,y) must satisfy 206%y5 +4(20 —4)y®> —1 =10
and z = £/(—(1+ 2¢?))/(4y). Note that the discriminant of the sixth polynomial
in y is always positive. After some manipulations we arrive to:

(1) If b > 0 there are three finite equilibria for system (29), namely e; = (0,0),
oy V3b—a+4 s[—va—2b+4
23 95/6 /5(b(2b + /o — 4))1/6’ b? ’

where o = 9% — 16b + 16. The points es and ez are of the saddle type.
(ii) If b < 0 there are five finite equilibria for system (29), namely e; = (0,0), ez,

ez and
V3b+a+4 ofVa—2b+4
= (i 25/63/5(—b (—2b + /o + 4))1/6 1002 ) '
The points e4 and e; are of the saddle type.

Now we are going to study the infinite equilibria. From (4) system (29) in the
local chart U; is

: 34,3 ,2,3 2 4
Z1 =021 + 0b2] + 25 + 2725, Zo = 22+ 3bziza + 2125,

At infinite, i.e. at zo = 0, we have two cases: if b > 0 the origin is the unique
equilibrium which is a repeller node, because its eigenvalues are 1 and 5, if b < 0
we have three equilibria, the origin with the same local phase portrait as before,
and other two equilibria given by (+(—b)~'/2,0) whose eigenvalues are —10 and
—2, so they are attractor nodes. Therefore, in the local chart V4 also the origin is a
infinite singular point which is an attractor node and there exist other two infinite
singular points that are repeller nodes, due to the fact that the vector field p(X) in
both charts are equal except that their sign are opposite.

In the chart Us, from (5) the sistem (29) is given by
(30) 2 = —5b2? — 23 — 520 — 2223, dy = —2120(2b + 423 + 23).

Here, the origin if it is an equilibrium for system (30), but it is degenerate. We
apply the directional blow-up (21, 2z2) — (21, w) with 23 = w - z1, and eliminating
the common factor z;, we get

(31) 2= =2 (Bb+ 522 +wdz +w2?), w = w(3b+ 22 +wz).

This system has for z; = 0 the origin as unique equilibrium, which is hyperbolic
(type saddle) with eigenvalues associated equals to —5b and 3b. Note that if b > 0
(respectively, b < 0) the stable separatrix is on the z1-axis (w-axis) and the unstable
separatrix is on the w-axis (z1-axis). So it is a saddle with stable and unstable
separatrices depending of the sing of b. The local phase portrait of the origin of
system (30) is shown in Figure 11(b) and consists, in one hyperbolic sector, one
elliptic sector, one attracting and one repeller parabolic sectors. If b < 0 see the
local local phase portrait of the origin of Us in Figure 11(b), and if b > 0 in Figure
12(b).

In summary, if b > 0 there exists two saddles and the center at the origin as
finite equilibria, and the infinite equilibria are a repeller node at the end of the
positive z-axis, and an attractor node at the end of the negative x-axis.
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(a) System (31) (b) System (30)

FIGURE 11. Blow-up of the origin of the chart U, of (30) when

c=0and b>0.
w
\ K
(a) System (31) ) System (30)

FIGURE 12. Blow-up of the origin of the chart Us of (30) when
c=0and b<O0.

If b < 0 we have that the finite equilibria are the center at the origin and
four saddles, each one located in one different quadrant, and the infinite equilibria
are eight, as before the ends of the z-axis have a repeller and an attractor node,
furthermore there are two stable nodes in the chart U; and two unstable nodes
in the chart Vi, the local phase portraits at the end of the positive and negative
y-axis is given by the origin of Uy and V; (see Figures 11(b) and 12(b)). All the
possible local phase portraits for system (3) when ¢ = 0 and ab # 0 are topologically
equivalent to the one shown in Figure 13, and depends on the sign of b.

e
Yar

N
N

(a) b<0 (®) b>0

FIGURE 13. Phase portraits for system (2) when ¢ = 0 and ab # 0.
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Since #,_y = —¥, Yl,—g = 0, &[,_op = 0 and y[,_, = =, the study of the
global dynamics for the case b > 0 follows in the same way that for the analysis
made for the case a = ¢ = 0, and the global phase portrait on the Poincaré disk is
topologically equivalent to the one of Figure 1(b).

If b < 0, we note that the energy level of the saddle are

3(b(—3b+a—8)—2a+8) [ 2b+a—4\"?
ha = Heza) = 20 102/32 T2 ’
and
330+ (a+8)b—2(a+4) [a—2b+4\"?
hs = H(eqs) = 50 1027302 02 )

where a = v/9b% — 16b + 16. Here there exists a bifurcation value b = —1/(2(1 +
v/5)) where the four saddles are in the same level of energy. We obtain that one
stable separatrix of the saddle ey located at the quadrant z > 0 and y < 0 must
cross the negative y-axis because it cannot intersect neither the stable separatrices
of itself, nor the positive z-axis, at this moment it connects with the unstable
separatrix of the saddle ez, that is in the quadrant x < 0 and y < 0 due to the
fact that the phase portrait is the symmetric with respect to the y-axis. The same
behavior happens with one unstable separatrix of e4 and one stable separatrix of
€5.

By the previous analysis we must divide the study of the dynamics in three cases:

(i) Ibv< b it holds 0 < hy < hs so the saddles e4 and e are in the boundary of
the period annulus of the origin and we can force that the phase portrait of system
(29) in this case is topologically equivalent to the one Figure 1(k).

(ii) Ifb = b the four saddles are connected through their separatrices forming the
boundary of the period annulus of the center at the origin, thus the global dynamics
is as the one of Figure 1(1).

(iii) If b > b it holds 0 < hy < hy4, which implies that the saddles es and e3 form
the boundary of the period annulus of the center at the origin and we can complete
the global dynamics as it is shown Figure 1(m).

We can conclude that in this case ¢ = 0 and ab # 0 the global phase portrait is
topologically equivalent to the ones of Figure 1(b), (k), (1) or (m).

4. GENERAL CASE abc # 0

For the general case we assume that all the parameters are nonzero. Through the
a~?/3-symplectic change of variables (z,y) — a~/3(z,y) we can suppose without
loss of generality that a = 1 and the new Hamiltonian system is

(32) i =—y—at = 3bx?y? —5ayt, =1+ 42y + 2by°),

where b = b/a and ¢ = ¢/a, for simplicity we just use b and c¢ instead of band @
respectively.

The equilibrium points of system (32), according to second equation (32) are
characterized by z = 0 or 1 + 422y + 2by® = 0. In the first case, by the first
equation implies that there are two equilibria, namely, e; = (0,0) that we know is
always a center, and (0, (5¢)~'/3), which is a saddle if ¢ < 0 and b > 5¢/2 or ¢ > 0
and b < 5¢/2, a center for ¢ < 0 and b < 5¢/2 or ¢ > 0 and b > 5¢/2; and it is
nilpotent for b = 5¢/2. In order to study the local behavior at ea when b = 5¢/2 we
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apply Theorem 3.5 of [9] for nilpotent equilibria. First, we move e5 to the origin by
the shift (x,y) — (z,y — 2~ /3), and rescaling the time by 1/3, we get that system
(32) takes the form

¥ =y ((50)43/2)a% 2502 + (50)aty + (2500 /3y — (1/3)a' -
(5¢/2)xy* — (5¢/3)y",

y' = (50)wy —4/(3(50)"/*)2® — (5¢)'Puy?® + (4/3)2%y + (5¢/3)ay’.
According to Theorem 3.5 of [9], using the notations of that theorem we have
y = f(z) = ((5c¢)"/3/2)2® + (z*/3) + O(2°) in a neighbourhood of the point (0,0),
F(x) = (15¢ — 8)/(6(5¢)Y/)a® + ((5¢)Y/3(4 — 5¢)/4)z® + O(z7) and G(x) = 0. if
¢ # 8/15 we have that m = 3 and a = (15¢ — 8)/(6(5¢)'/3), in the case ¢ = 8/15
the value of m is 5 and a = 4/3. Therefore, by Theorem 3.5 of [9] if ¢ > 8/15, or
¢ < 0 we have that a > 0 and then ey is a saddle. If 0 < ¢ < 8/15 then a < 0, thus

eo is a center or a focus, but since our system is Hamiltonian it is a center. For
¢ = 8/15 the equilibrium is a saddle.

The equilibria in the second case, i.e. when 1+ 42y + 2by® = 0 , must satisfy
the polynomial
(33) 20(6* — 4c)u” +8(b—2)u — 1 =0,
where u = y3 and
—(1 + 2by3)

4y
where the radical quantity is not negative.
(I) First case: b? —de =0
(I.1) If b= 2 or b > 8/5 then there are no more equilibria.
(I.2) If b # 2 and b < 8/5, then there are two more equilibria, namely, e 4 =
(£4/(8 = 5b) (=2 + b)=2/3/8,(8(b—2)))~'/3). They are saddle, because their eigen-
values are +1./3(8 — 5b).
(IT) Second case: b? —4c # 0. Let A = 16(a — 20c) = 16 (9b* — 16b — 20c + 16) be
the discriminant of the quadratic polynomial (33).
(I1.1) If A < 0 there are no more equilibria.
(IL2) If A =0, or ¢ = ¢* = 55(c), we have two subcases.
(I1.2.1) If b > 4/3 there are not more equilibria.
(I1.2.2) If b < 4/3, there exist two more equilibria, namely,
VI—3b 1
€34 = + ) )
’ 27/6(b— 2)1/3" 4(b— 2)

with eigenvalues both zero, but with linear matrix not null, so it is nilpotent. After
doing the computations for studing this case using Theorem 3.5 in [9] we arrive
that es 4 are cusp (under the notation of Theorem 3.5 we have that F(x) = ax?

with @ = (9¢/b — 2(3b — 4))/(2%/3) < 0 and G(z) = 0).
(IL.3) If A > 0, i.e. ¢ < c¢*, then (33) has two real roots given by uy =
(:I:\/Z —2b+4)/(10(b% — 40)), so we have the four possible equilibria (considering

us =y3):

r==x

)
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e3 = (T1,y+), ea = (—21,Y4), s = (w2,y-) and eg = (—x2,y—) where

Il:i\/(\/Z—?)b—Hl) <_ 1 )2/3

25/3 VA —2b4 4
and
(VA+30-14) ) 2/3
" 25/ <\/Z+2b—4)

Next, we analyse when these points are well defined. More precisely x; is real if
4—3b++vA >0 and To is real if 4 — 3b — VA > 0. Direct computations provide
the following summary:

(I1.3.1) If b < 4/3 and 2b/5 < ¢ < ¢* then there exist four more equilibria, namely,
es, e4, e5 and eg. The equilibria es ¢ are always saddles, because their characteristic
polynomial is in the form a3 A? + 8; where a; > 0 and 31 < 0. The equilibria e 4
have characteristic polynomial of the same form asA? + 2 where oy > 0. If b < 0
and 2b/5 < ¢ < b%*/4, then 8 < 0 and these equilibria are saddles. If b < 0 and
b?/4 < cor0<b<4/3and 2b/5 < c, then f3 is positive and the equilibria e3 4 are
centers.

(I1.3.2) If ¢ < 2b/5 there exist two more equilibria, e and eg, that as in the case
(I1.3.1) are saddles.

(I1.3.3) If b > 4/3 and 2b/5 < ¢ < ¢* there are no more finite equilibria.
Explicitly, for (I1.3) the new equilibria are given by

(] WE+3b-1) 1 W50 B — 244\
= 25/3 VA+20—4) "\ 10(0? - 40) ’

(] (VE+3-4) 1 23 0 JR — b4 4P
= 2 22/3 VA+2b—4) T\ 1002 —4c) ’

o5 = \/_(\/Z+3b—4)< 1 )2/3,(M>1/3 |

2 22/3 VB +20— 4 10 (0% — 4c)
and
B (VA +3b—4) 1 230 N o4\ VP
6= 2 22/3 VA+2b—4) "\ 1002 —4c)

From the analysis of the linear part of the system at these equilibria we have the
following results:

If ¢ < ¢* the equilibria es and e4 are always saddles because their characteristic
polynomials have the form aA? 4+ 3, where o3 < 0.

On the other hand the equilibria e5 and eg have different behavior in relation to
the parameters, are saddle if 0 < b < 4/3 and b*/4 < ¢ < 2b/5, or 4/3 < b < 2 and
b%/4 < ¢ < a/20; are centers if b < 0 and ¢ < 2b/50r 0 < b < 2 and ¢ < b*/4), or
b> 2 and ¢ < «/20), and the eigenvalues are nulls if 4/3 < b < 2 and ¢ = «/20, or
b > 2 and ¢ = «/20. Thus, the local study of the finite equilibria is complete.
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Next, we will study the infinite equilibria. From (4) system (32) in the local
chart U; becomes

(34) 21 =521 +5b2d +5e2d 4+ 25 + 2325, Zy = 20 + 3b2 20 + Seziza + 2125,

At infinity (22 = 0) the equilibrium points of system (34), according to second
equation (32) are characterized by 23 = 0 or 1+ bz? + cz{ = 0. In the first case the
origin is the unique equilibrium and it is a repeller node because their eigenvalues
are 1 and 5. In the second case taking z = 27 and let p(z) = 1 + bz + c22, we have
the following sub-cases:

(I) If b* — 4c¢ < 0 there are no more equilibria.
(IT) If b — 4c = 0, we have two sub-cases depending of the sign of b.
(IL.1) If b > 0 there are no more equilibria.

(I1.2) If b < 0, p(z) has a unique root given by z = —2/b, so system (34) has two
more equilibria, namely, (£4/—2/b,0) and they are degenerate, so we need to shift
the equilibria to the origin and then apply a blow-up for understanding the local
phase portrait at these equilibrium points. First, we take é5 = (1/—2/b,0) and

translating it to the origin through (z1, z2) — (21 + 1/ —2/b, 22) we arrive to system
(35)

Z1 = (—10b\/—2/b) 2% —20b 2} + (1 — 2/b) 25 + (25b%+/—1/8b) z{
+2/—2/b 2123 — (5b%/4) 23 + 2323,
Zy = (—4b\/=2/b) 2122 — 12b 2329 + (5b%\/—2/b) 2320 + \/—2/b 25 + 2125

+5b% 2129 /4.
After applying the directional blow-up (z1,22) — (z1,w) with 25 = w - 2; and
eliminating the common factor z; get
71 = (—=10b\/=2/b) 21 — 20bz7 + (25b%\/—2/b) 23 + (5b%/4) 21+
(1—2/b) 23w +2/=2/b w323} + w3z}
W= (6by/—2/b) w+8b 21w — (5b%y/—2/b/2) 23w + (2/b—1) zyw*—

V=2/b 22w,

System (36) at z; = 0 only has the origin as equilibrium and it is a saddle, with the
stable separatrix on the w-axis, and the unstable separatrix on the z;-axis (locally).
Figure 14 shows the local phase portrait next to equilibrium é3 which consists in
one hyperbolic sector, one elliptic sector, one attracting and one repeller parabolic
sectors (see Figure 14(b)).

Analogously, we can find the local behavior next to the equilibria €, = (1/—2/b,0)
as it is shown in Figure 15(b).

(III) If b®> — 4c > 0 the polynomial p(z) has two two roots 27 = z = (—b +
Vb? — 4¢)/(2¢) giving rise to four possible equilibria. We have three sub-cases:

(IIL.1) If b > 0 and 0 < ¢ < b*/4 there are no more equilibria.

(36)
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(a) System (36) ) System (35)
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FIGURE 14. Blow-up of the equilibrium és of system (32).

N %%

(a) System 36) ) System (35)

Jnk

FIGURE 15. Blow-up of the equilibrium é, of system (32).

(IT1.2) If ¢ < 0 there exist two more equilibria, namely,

Pas = (i\/ V2 — 4¢)/(2¢), 0).

These equilibria at infinity are attractor nodes because their eigenvalues 5(b% — 4c+
bV/b2 — 4c)/c and (b? — 4c + by/b? — 4c)/c are negatives.

(IIL3) If b < 0 and 0 < ¢ < b?/4 there exist four more equilibria, ps 5 as in the
previous case (with the same local phase portrait) and two more, namely,

D2,3 = (ﬂ:\/(—b + V0% —4e)/(2¢), 0) ,

that are repeller nodes, the eigenvalues of ps 3 are 5(b% — 4c — bv/b2 — 4c)/c and

(b? — 4¢c — b\/b2 — 4c)/c and are positive.

The study in the local chart Us does not give the origin as an equilibrium. Thus,
we have completed the study of the infinite equilibria.

In order to describe the local flow on the Poincaré disk, we summarize the pre-
vious studies in Table 1 for the case b?> — 4c = 0, in Table 2 for the case b? —4c < 0,
and in Table 3 for the case b? — 4c¢ > 0.

In summary we have eight possible local dynamics on Poincaré disk, according
to Figure 16 the cases are:

(i) Figure 16(a): If b> —4c = OA b > 8/5, or b2 —4c < OA (A < 0 V
(A=0Ab>4/3)V(A>0Ab>8/5)),orb>—4c>0Ab>8/5A2b/5 < c.
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TABLE 1. Equilibria of system (32) if b — 4c = 0. C= Center,
S=Saddle, A=Attractor Node, R=Repeller Node, D=Degenerate,

Cu=Cusp.
b Finite equilib- | Type Infinite eq. | Type in | Fig.
ria (resp.) (in Uy) Ui 16
b>8/5 e1, €2 G, S. (0,0) R (a)
O<b<8/5 e1, €z, €3, €4 C,C, S, S. (0,0) R (b)
b<0 e1, e, 3 and | C, S; S, S. | (0,0), ps|R,D,D (c)
€4 and ps

TABLE 2. Equilibria of system (32) if b? — 4c < 0.

A b c Finite eq. | Type Infinite Type | Fig.
(resp.) eq. (in|inlU; |16
Uy)
A <0 etandes |C,S (0,0) R (a)
A 0 b > 4/3 €1, €2 C, S (O, O) R (a)
o b < 4/3 e1, e2, €3 | C, S, Cu, (0,0) R (d)
and é4 Cu
b>8/5 |2b/5 < | e, e C, S (0,0) R (a)
b2/ <c
A>0 4/3 < bz/4 <|ei e, e5]|C,C,S,S. (0,0) R (b)
b<8/5 | c<2b/5| and eg
b= 4/3 bz/4 < | e, ez, e€j5 C, C, S, S. (0,0) R (b)
c<2b/5 | and eg
0<b< b2/4 <|ei1, e e3,|C,S, C, C, (0,0) R (e)
4/3 2b/5 < c|eq, e5 and | S, S
es
b2/4 <|ey, e, e5|C,C, S, S (0,0) R (b)
¢ <2b/5 | and eg
b<0 c>b%/4 e, e e3,|C, S, C, C,|(0,0) R (e)
eq, €5 and | S, S
€6

(ii) Figure 16(b): If 8> —4c = 0A0 < b < 8/5, 0or b*> —4c > OAA > 0 A
((4/3<b>8/3Nc<2b/5)V(0<b<4/3Ac<2b/5)or (b*—4c <0
A((8/5 <bAe<2b/5)V (0<b<8/5)).

(iii) Figure 16(c): If b2 —4c=0Ab < 0.

(iv) Figure 16(d): If 8> —4c < OAA =0Ab < 4/3.

(v) Figure 16(e): If b> —4c < OAA>0A(b<0OVO < b < 4/3).

(vi) Figure 16(f): If b> —4c>0Ab<0A2b/5 < c < 0.

(vii) Figure 16(g): If b> —4c>0Ab <0 Ac < 2b/5.

(viii) Figure 16(h): If ¥ —4c¢>0Ab<0Ac> 0.

Using similar arguments as in the previous phase portraits in the Poincaré disk,
we obtain that the global flow associated to the parameters in the case:
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TABLE 3. Equilibria of system (32) if 5> — 4c > 0 (this implies A > 0).

27

b c Finite eq. | Type Infinite eq. | Type | Fig.
(resp.) (in Up) inU; |16
2b/5 < e, e C, S. (0,0) R (a)
8/5<b c< b2/4
c<2b/5 |e1, eq, e5 | C, C, S,|(0,0) R (b)
and eg S.
0 <b<|c<b’/4 |eg, e e5|C,C,S S](0,0) R (b)
8/5 and eg
0 < ¢ <|e,eaes|C/S,8,S, (0,00, po, | R, R,|(h)
b<0 b?/4 es4, esand | S, S. p3, ps and | R, A,
€6 Ps A
2b/5 < | e1, €, €3, C, C, S, (0,0), ps | R, A, (f)
c<0 e, esand | S, S, S and ps A
€6
c<2b/5 |eq, ea e5]C,S,S,S.|(0,0), ps|R, A | (g
and eg and ps A.

. S
eV AN

(e)

(8)

FIGURE 16. Local phase portraits for the system associated to
Hamiltonian (3) when abc # 0.

Figure 16(a), i.e. in the case (i), the global phase portrait is topologically equivalent

to the one of Figure 1(a).

Figure 16(b), i.e. in the case (ii), the global phase portrait is topologically equiva-
lent to the one of Figure 1(c).

Figure 16(d), i.e. in the case (iv), the global phase portrait is topologically equiv-
alent to the one of Figure 1(g).

Figure 16(e), i.e. in the case (v), the global phase portrait is topologically equiva-
lent to the ones of Figure 1(h), (i) or (j). In this case we have a bifurcation curve
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that depends of b and ¢ where the energy level hsy of the saddle e coincides with
the energy level hy = hg of the other four saddles e5 and eg (resp.).

First, for case b> —4c¢ < 0, A > 0,0 < b < 4/3 and ¢ > 2b/5 we have that in the
bifurcation curve ho = hs, see Figure 17, the global phase portrait is topologically
equivalent to Figure 1(i), in the region when hy < hs the global phase portrait is
topologically equivalent to the one of Figure 1(h), and in the region when hs > hs
the global phase portrait is topologically equivalent to the one of Figure 1(j).

Second, in the case b*> —4c < 0, A > 0, b < 0 and ¢ > b?/4 we have that in the
bifurcation curve, as before, the global phase portrait is topologically equivalent to
the one of Figure 1(i), for values in the region hy > hs the global phase portrait
is topologically equivalent to the one of Figure 1(h) and for values in the region
hs < hs (Figure 18) the global phase portrait is topologically equivalent to the one
of Figure 1(j).

08| +

h2>hs

afl  hp<hs :

FIGURE 17. Graph of the function f(b,c) = hg — hs on the (b, ¢)-
plane (in the region of existance of the case). In case b* — 4c < 0,
A>0,0<b<4/3andc>2b/5

Figure 16(g), i.e. when (vii) holds, the global phase portrait is topologically equiv-
alent to ones of the Figure 1(d), (e) or (f). In this case we have a bifurcation
curve where the energy level of the three saddles coincide, in the region that satisfy
the existence conditions, see Figure 19. On this curve the global phase portrait is
topologically equivalent to the one of Figure 1(e). For the parameters located in
the region hy < hs we have that global phase portrait is topologically equivalent to
the one of Figure 1(d). And for the parameters in the region he < hs we have that
global phase portrait is topologically equivalent to the one of Figure 1(f).

Next we study the global flow for those cases where the local dynamics is different
than the cases already studied.

First for the parameters associated to the case of Figure 16(c), i.e. for the case
(iii), the behavior of the global flow have a bifurcation value given by b = b; =
—2/54+2(—=9+4v6)"/3(15)72/3 —2(15(—=9+4+/6))~1/3, whose value corresponds to
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FIGURE 18. Graph of the functions f(b,c) = ha — hs and its inter-
section with the (b, c)-plane. In the case b —4c < 0, A >0, b < 0
and ¢ > b2 /4

I 4
-3.0 -25 -20 -15 -10 -0.5 00

FIGURE 19. Graph of the functions f(b,c) = ha — hs and its inter-
section with the (b, ¢)-plane, under the conditions of the existence
of Figure 16(g), i. e. when (vii) holds.

the value of b such that the energy level he, = (3-2/3)/(5%/3b*/3) of the saddle es,
and hg, = hs, = (—=3(b — 2)'/3)/16 of the saddles é3 and é, coincide. Proceeding
in a similar way as for example in the case a = 0 and bc # 0, we verify that for
b < by there exists a homoclinic orbit of ey forming the boundary of the period
annulus of the center at the origin; there is a separatrix connecting €3 with ey
cutting the positive y-axis. These informations force that the global phase portrait
in this case is topologically equivalent to the one of Figure 1(n). For b = b; we
have that the three saddles are in the boundary of the period annulus of the center,
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thus the global phase portrait in this case is topologically equivalent to the one of
Figure 1(0). If by < b < 0 the two saddles €3 and é4 are in the boundary of the
period annulus of the center; the separatrices of e located in the region x > 0 and
y < 0 connect with the infinite equilibrium point ps surrounding its elliptic sector.
By symmetry we obtain that the global phase portrait in this case is topologically
equivalent to the one of Figure 1(p).

Second for the parameters associated to the case of Figure 16(f), when we are in
the case (vi), it is verified that the energy level hg of the saddle es and e4 is the
same, and the level of energy of the saddle e5 and eg, called hs, is the same. Here, a
bifurcation curve appears when h3z = hs, i.e. the four saddle is in the same energy
level, in this case two separatrices of es and two separatrices of e are forming
the boundary of the period annulus of eg; the four saddles are in the boundary of
the period annulus of the center at the origin. This forces that the global flow is
topologically equivalent to the one of Figure 1(q). In the region hg > hs (see Figure
20) it holds that 0 < hs < h3 < ha (where hgy is the level of energy of the center
e2, and h = 0 is the level of energy of the center at the origin), so the origin is
enclosed by a boundary of the period annulus formed by two separatrices of each
saddle es and eg located in the region y < 0, on the other hand the separatrices
of e and ey are forming the boundary of the period annulus of the center e, this
implies that the global phase portrait in this case is topologically equivalent to the
one of Figure 1(r). Finally in the region hg < hs it holds 0 < h3 < ha < hs, so in
this case the period annulus of the origin has the boundary formed by separatrices
of e3 and e4. Furthermore, the boundary of the period annulus of e is formed
by separatrices of es and es too. From previous arguments it is clear that one
separatrix of e; connects with one separatrix of eg crossing the y-axis. Thus the
global phase portrait is topologically equivalent to the one of Figure 1(s).

h,>h,

h;<hs

FIGURE 20. Graph of the functions f(b, c) = hz — hs and its inter-
section with the (b, ¢)-plane, under the conditions of the existence
of Figure 16(f), i.e. in the case (vi).

Third for the parameters associated to the case of Figure 16(h), i.e. when (viii)
holds, we note that the energy level of ey is hy = 3/(10(5¢)?/3), for the saddle es
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and ey is

=3 /b(9 —16) —20c+ 16 + 3b — 6
20 (21/95% — 16b — 20¢ + 16 + 4b — 8)2/3
and for the saddle e5 and eg is
3 /b(9—16) —20c+ 16 — 3b+ 6
20 (—2v/9b% — 16b — 20c + 16 + 4b — 8)2/3

For studying all the possible global dynamics we consider first the relation be-
tween hg and hs, in Figure 21 we divide the region of existence for this case:b < 0
and 0 < ¢ < b2/4 in three subregions, when hs > hs, hs = hs and hy < hs. Note
that the curve f35(b,c) = hz — hs cut the b-axis in b = (=1 — v/5)/2. Thus we
separate the analysis in the three cases.

h3

hs =

b?/4

-5 -4 -3 -2 =] 0

FIGURE 21. Graph of the functions f35(b,¢) = hs — hs and its
intersection with the (b, ¢)-plane, i.e. when (viii) holds.

e Region hs > hs: In this region we note two bifurcation curves given by the
functions fo3(b, ¢) = ha — hz and fa5(b, ¢) = ha — hs as it is shown in Figure
22.

Thus we have five regions in relation to the energy level of the saddle.
In the first region it holds that hy < hs < hs, so the boundary of the
period annulus of the center at the origin is formed by separatrices of es,
one unstable separatrix of e3 must cross the positive z-axis, and then must
cross the positive y-axis connecting with a stable separatrix of e4 by the
symmetry. Furthermore we know form previous analysis that one unstable
separatrix of es connects with one stable separatrix of eg crossing the pos-
itive y-axis. These informations show that the global phase portrait under
these conditions is topologically equivalent to the one of Figure 1(t).

In the second region we have that the energy level of ho coincide with
hs, so the three saddle on this energy level es, e5 and eg form the boundary
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hp<hs<h3

...............................

FIGURE 22. Graph of the functions f23(b,c) and fa5 in the region
where f35 > 0.

of the period annulus of the center at the origin. As before one unsta-
ble separatrix of e; connects with one stable separatrix of eg crossing the
positive y-axis. Thus the global phase portrait under these conditions is
topologically equivalent to the one of Figure 1(u).

In the other three regions (hs < hs < hg, hs < ha = hz and hs <
hs < hg) the energy level hs is less than the energy levels hy and hs. It
is checked that when hy = hjz the level curve is formed by disconnected
components and the saddle es is not connected with the saddle es or eg.
In Figure 23 it is shown the evolution of level curve H = hy through the
regions hs < ho < h3, hs < ho = h3 and hs < hg < hs.

N NN
i/x\ N //\\j

(b)

FIGURE 23. Level curve hy passing though es. (a) Region hs <
ha < hs, (b) Region hs < ha = h3, (c) Region hs < hg < ha,

In these last three cases some separatrices of the saddle e5 and eg are
forming the boundary of the period annulus of the center, as before e5 and
eg are connected crossing the positive y-axis and the global phase portrait
is topologically equivalent to the one of Figure 1(v).

Region hy = hs Here the parameters must satisfy b < (=1 — /5)/2 and
¢ = (—=1+b+b%)/5, and we have three subregion that depend on the relation
of the energy level es as it is shown in Figure 24.
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101\ (-1+b+b2)/5

FIGURE 24. Graph of the functions f35(b,c) = 0.

For the region hy < hsz = hs we verify that there exists a homoclinic

orbit of es forming the boundary of the period annulus of the center at
the origin; the saddles e3, e4, e5 and eg are connected by some of their
separatrices, the separatrix connecting es with ey4 is cutting the positive
y-axis. These informations force that the global phase portrait in this case
is topologically equivalent to the one of Figure 1(w). For the parameters
(b, ¢) such that the energy level coincide hy = hg = hj, some separatrices of
all the saddles es, e3, e4, e5 and eg form the boundary of the period annulus
of the center as it is shown in Figure 1(x). Thus the global phase portrait in
this case is topologically equivalent to the one of Figure 1(x). In the region
where the parameters (b, c) verify 0 < hg = hs < hg some separatrices of
the four saddles e3 e5 and eg are in the boundary of the period annulus of
the center; the separatrices of ey located in the region x > 0 and y < 0
connect with the infinite equilibrium points p3 and ps. By symmetry we
obtain that the global phase portrait in this case is topologically equivalent
to the one of Figure 1(y).
Region hg < hg In this region there are two bifurcation curves given by the
functions fa3(b, ¢) = ha — hg = 0 and fa5(b, ¢) = ha — hs = 0, as it is shown
in Figure 25. So we have five subregion to analyse. First, if ho < h3 < hs,
there exist a homoclinic orbit formed by two separatrices of ey that form
the boundary of the period annulus of the origin, next the saddle e3 and
e4 are connected one of their separatrices crosses the positive y-axis, and
other separatrices of each one are surrounding the period annulus of the
center, passing next to eo and continue to an infinite equilibria. Thus the
separatrices of e; and eg cannot cross the y-axis and they connect with
infinite equilibria. These information force that the global phase portrait
is topologically equivalent to the one of Figure 1(z).

In the other regions always the energy levels of e3 and e, is less or equal
than the energy levels of the others saddles, so ez and e4 are always in
the boundary of the period annulus of the center. In the region where the
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FIGURE 25. Graph of the functions fa5(b,¢) = 0 and fa5(b,¢) =0
in the region where f35 > 0.

parameters b and c satisfy that he = hsg < hs and the three saddles e,
e3 and ey form the period annulus of the center at the origin, this implies
that the separatrices of e5 and eg must connect at the infinite with infinite
equilibria. Thus we obtain that the global phase portrait is topologically
equivalent to the one of Figure 1(aa).

In the region where b and c satisfy that hs < ha < hs we have that the
boundary of the period annulus is formed by separatrices of ez and ey, the
level curve passing through es surround this annulus, two separatrices of
this saddle border the annulus, approaching to the saddle e3 and e4 and
then continue to an infinite equilibrium point. As before the separatrices of
e5 and eg must connect at infinite with an infinite equilibrium point, one of
them first approaches to the saddle e;. From the previous informations we
conclude that the global phase portrait is topologically equivalent to the
one of Figure 1(ab).

In the region where b and c satisfy that h3 < ho = hs we have, as before
that some of the separatrices of the saddles e3 and e4 form the boundary of
the period annulus of the center, and the saddles es, e5 and eg are connected
by some of their separatrices, and their other separatrices must connect at
infinite with an equilibrium point, from this the global phase portrait is
topologically equivalent to Figure 1(ac).

Finally, in the region where hs < hs < hs we have that the boundary
of the period annulus is formed by separatrices of e and e4 surrounded
for outside by two separatices of e5 and eg. Here one unstable separatrix
of eg cross the negative z-axis connecting with one stable separatrix of es.
The separatrices of es must connect at infinite by continuity. Thus we
conclude that the global phase portrait is topologically equivalent to the
one of Figure 1(ad).

This complete the proof of the general case.
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