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BRANCHING OF LIMIT CYCLES FROM FAMILIES OF PERIODIC
SOLUTIONS IN PIECEWISE DIFFERENTIAL SYSTEMS

JAUME LLIBRE, DOUGLAS D. NOVAES AND CAMILA A. B. RODRIGUES

Abstract.Consider a differential system on the form

k

¥ = Fy(t,z) + Z e'Fi(t, ) + "R (t, x, €),

i=1
where F; : S' x D — R™ and R : S' x D x (—¢gg,g0) — R™ are piecewise CF+1
functions and T-periodic in the variable t. Assuming that the unperturbed system
x' = Fy(t,x) has a d-dimensional submanifold of periodic solutions with d < m we
use the Lyapunov-Schmidt reduction method and the averaging theory to study the
existence of limit cycles of the above differential system.
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smooth differential system - piecewise smooth differential system
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

1.1. Introduction. The study of the existence of invariant sets, in especial periodic
solutions, is very important for understanding the dynamics of a differential system.
A limit cycle of a differential system is a periodic solution isolated in the set of all
periodic solutions of the differential system. It is well known that there exists a relation

between the periodic solutions of a system and the zeros of a Poincaré map and the
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displacement function. In this sense the averaging theory is one of the important tools
to detect periodic solutions in m-dimensional systems on the form

k
(1) o' = Fy(t,x)+ Y ' Fi(t,z) + " R(t 2,¢).
i=1
A classical introduction to the averaging theory can be found in [21, 22]. Consider
the unperturbed system x’ = Fy(t, ) and its set of initial conditions whose orbits are

periodic denoted here by Z. Assume that the set Z is a d-dimensional submanifold of
R™ such that either dim(Z) = d = m) or dim(2) =d < m.

When dim(Z) = d = m we have many works that study the number of limit cycles
of system (1). Assuming that k € {1,2}, Fy = 0 and F}, F, are T- periodic functions in
the first variable and locally Lipschitz in the second variable Buica and Llibre proved
in [3] that the number of limit cycles of (1) is controlled by the number of zeros of some
functions called average functions that depend on F} if Kk = 1 and of F; and Fy if k = 2.
In [7] the authors studied the case where Fy is zero or not and F; are analytic functions
for every k = 1,2,...,n, and in [16] it was studied the averaging theory at any order
when the functions F; are only continuous and T-periodic on the first variable.

The averaging theory can be extended to discontinuous differential systems. The
study of discontinuous differential systems is important in many fields of the applied
sciences because many problems of physics, engineering, economics, and biology are
modeled using differential equations with discontinuous right-hand side, see for in-
stance [2, 6, 20]. So, there is a natural interest in studying the averaging theory for
discontinuous systems. This was the main objective of the works [11, 12, 14, 18].

When dim(Z) = d < m only the averaging theory is not enough to study the number
of limit cycles of the systems and other techniques need to be employed together, as
the Lyapunov-Schmidt reduction method. In the case that F; are smooth functions we
have the works [4, 5, 8]. If the functions F; are not smooth or even continuous we have
the works [13, 14], where the authors studied some classes of these systems.

A piecewise smooth vector field defined on an open bounded set U C R™ is a function
F : U — R™ which is smooth except on a set X of zero measure, called the discontinuity
set of the vector field F'. We suppose that U \ ¥ is a finite union of disjoint open sets
U;,i=1,2,...,n, where the restriction F; = F}U_ can be extended continuously to U;.
The orbit of F' at a point p € U; is defined as usual for a differential system. But if
p € ¥ then the definition of this orbit through p is more delicate. In [9] Filippov used
the theory of differential inclusion (see [1]) to give the definition of what is a local orbit
at the points of discontinuity where the set ¥ is locally a codimension one embedded
submanifold of R™. If p € ¥ and U, is a small neighborhood of p then we divide U, \
in two disjoint open sets Uf and U, and write FE(p) = F’Upi (p).

In short, let S C ¥ be an embedded hypersurface in S' x D and T,S denotes the
tangent space of S at the point p. Let [(p) be the segment connecting the vectors F*(p)
and F~(p) and the crossing region of the hypersurface S is the set X¢(S) = {p € S :
l(p) N T,S = 0}. For a point p on the crossing region the local orbit of F' at p is given
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as the concatenation of the local trajectories of F* at p. In this case we say that the
orbit crosses the set of discontinuity and that p is a crossing point. When p is not a
crossing point we say that p is a sliding point and the local trajectory of F' at p slides
on X.. For more details on the Filippov conventions see [9, 10].

In what follows we describe how to use the averaging theory and Lyapunov-Schmidt
reduction method for computing isolated periodic solutions of the piecewise smooth
differential systems. Then, we set the class of non-autonomous discontinuous piecewise

smooth differential equations that we are interested as well as our main result (Theorem
A).

1.2. Lyapunov-Schmidt reduction. Consider the function

k
(2) g(z.e) = Y _'gi(z) + O,
1=0

where g; : D — R™ is a C**! function, k > 1, for i« = 0,1,...,k, in which D an
open bounded subset of R™. For d < m, let V' be an open bounded subset of R? and
B:V — R™ 4 a C**1 function such that

(3) Z={2y=(a,B(a)): €V} CD.
The main hypothesis is

(H,) the function gy vanishes on the d-dimensional submanifold Z of D.

In [5] the authors used the Lyapunov-Schmidt reduction method to develop the
bifurcation functions of order i, for i = 0,1,...,k, which for || # 0 sufficiently small
control the existence of branches of zeros z(¢) of system (2) that bifurcate from z(0) €
Z. In this subsection we present the results developed in that work and those that we
shall need later on.

First we present some notation. Consider the projections onto the first d coordinates
and onto the last m — d coordinates denoted by 7 : R x R™~?¢ — R% and 7+ : R? x
Rm=4 — R™~4 respectively. Also, for a point z € Z we write z = (a,b) € R? x R4,

Let L be a positive integer, let z = (21, 22,...,2p) € D,t € Rand y; = (yj1,...,Yjm) €
R™ for j =1,...,L. Given G : R x D — R™ a sufficiently smooth function, for each
(t,z) € R x D we denote by 0"G(t,z) a symmetric L-multilinear map which is applied
to a “product” of L vectors of R™, which we denote as @le yj € R™E. The definition
of this L—multilinear map is

L
olG(t,x
8LG(t,1:)®yj: Z p 6) Yliy - - - YLiy, -

Jj=1 11,8 =1

We define 0° as the identity functional.



4 J. LLIBRE, D.D. NOVAES AND C.A.B. RODRIGUES

The bifurcation functions f; : V. — R of order i are defined for i =0,1,...,k as

) l
1 o
(@) file) =7iza) + DD oo O m9i1(za) (D (@),

=1

where the v; : V. — R™ % for i =1,2,...,k, are defined recursively as

@)= —A7'rlg () and
i—1
1 /
: _ _.!A_l I 1 o . ¢y
(5) vi(a) ilAL (; PPN e a T § o O ™ go(z )@’VJ(OZ)

=1

i

i—1 !
1 L__1 .
2.0 oo o ™ 9i-i(za) ©, %‘(O‘)“> '
=1 =1

S

We denote by S; the set of all I-tuples of non-negative integers (c1, ¢, ..., ¢) such that
ci+2c+...+lg=1,L=c+ca+...4+ ¢, and by S] the set of all (i — 1)-tuples
of non-negative integers (ci,c,...,ci—1) such that ¢; + 2co + ... + (1 — 1)¢i—1 = 14,
o 1
I'=ci+co+...+ci_1and A, = %(za).
About the zeros of the function (2) the authors proved in [5] the following result.

Theorem 1. Let A, denote the lower right corner (m — d) x (m — d) matriz of the
Jacobian matriz Dgo(za). Additionally to hypothesis (H,) we assume that

(i) for each o € V, det A, # 0; and
(ii) fi=fa=...= fr—1 =0 and fy is not identically zero.

If there exists a* € V' such that fi(a*) =0 and det(D fr(a*)) # 0, then there exists a
branch of zeros z(g) with g(z(¢),e) =0 and |z(e) — zo+| = O(e).

1.3. The averaging theory. In [5], using Theorem 1, the authors studied high order
bifurcation of periodic solutions of the following T-periodic C**1 with k > 1 differential
System
k

(6) o =F(t,x,e) = Fy(t,x) + > _e'Fi(t,x) + O, (t,2) €S' x D,

i=1
where the prime denotes the derivative with respect to the independent variable ¢,
usually called the time. In their work they assumed that the manifold Z, defined in
(3), is such that all solutions of the unperturbed system

' = Fy(t, z),
starting at points of Z are T-periodic and dim Z < m.

Consider the variational equation

, _ OF,

(7) Yy %(tax(tv'z?()))%
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where z(t, z,0) denotes the solution of system (6) when e = 0, and we denote a funda-
mental matrix of system (7) by Y (¢,z). The average function of order i of system (6)
is defined as

Yi (T7 i )

(8> gz(z) = Y_l(Tv Z) il )

where

yi(t,z) = Y(t,z)/o Y (s,2) L F (s,2(s,2,0)) ds,

yi(t,z) = Y (t,2) Y(s,z)_1 F; (s,x(s,2,0))
0
1

(9) i—1
I’ b;
2 T G ppe Tl 5 0) @1%‘(3»2) ’

S j=

i—1 l
1 L b;
+Z; s Fit(5,2(5,2,0)) Qyj(s’z> J)ds-
=1 5 Jj=

Using the functions g; stated in (8) are defined the functions f; and +; given by (4)
and (5), respectively. Under some assumptions and with Theorem 1 it was proved that
the simple zeros of the functions f; provide the existence of isolated periodic solutions
of the differential system (6). By a simple zero of a function f we mean a point a such
that f(a) = 0 and det(Df(a)) # 0, where D f(a) denotes the Jacobian matrix of f at
the point a.

Remark 1. The functions y;(t,z) could be defined recurrently by an integral equation
as done in other works (see [11, 16, 17]). Indeed, we define

t
yi(t, z) = /0 <F1 (s,z(s,2,0)) + OFp(s, x(s, 2,0))y1 (s, z))ds,

) 1
(10)  wilt,z)= il /0 (Fi<s,x<s,z,o>>+12;bllwbzn_bﬂ“bl
=1 1

1
OLF,_, (s,z(s,2,0)) @ y;(s, z)bj>ds, for i=2,...k,

J=1

and it is not difficult to see that solving this integral equations we obtain the formulae

(9)-

For more details on the results of this subsection 1.2 see [5].

1.4. Standard form and main result. Let n > 1 be a positive integer. For ¢ =
0,1,...,kand j =1,2,...,nlet F/ :S' x D - R and R/ : S! x D x (—&¢,20) — R be
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functions C**! where D is an open subset of R™ and S' = R/(TZ). We define

r) = Zx[tj_htj](t)ﬂj(t,x), i=0,1,...k, and

R(t,z,¢) ZX[% Lt (t7$a5)a

where x 4(t) is the characterlstlc function of A defined as

1 ifteA,
1) =
xa®) {0 ifte A

The notation ¢t € S! = R/(TZ) means that all the above functions are T-periodic in
the variable t.

Consider the discontinuous and T—periodic differential system
(11) 7' = F(t,z,¢) Za Fi(t,z) + " IR(t, z, €),

and the submanifold Z of periodic solutlons of the unperturbed system

(12) ' = Fy(t, x).

The set ¥ of discontinuity of system (11) is given by
Y={t=0=T}u{t=t;}U...U{t=t,1})NS' x D,

where 0 < t] <to < ... <tp_1<T.

For each j =1,2,...,n and t € [t;_1,t;] we have the differential system

k
(13) 2 =Y (L) + R (13, 0).

To continue we need to give some definition about system (11). For each z € D
and ¢ sufficiently small we denote by z(-,z,¢) : [0,%(.¢)) — R"™ the solution of system
(11) such that (0, 2,€) = z, where [0,%(, ) is the interval of definition for the solution
x(t, z,€).

Consider the submanifold Z = {z, = (a,Bo(a)) : @ € V}, where V is an open
bounded subset of R™, and £y : V' — R4 is a C* function with & > 1. Notice that for
each z, € Z, (t;,x (tz,za,O) € ), fori € {0,1,...,k}. Indeed, for each j =1,2,...,n
the set of discontinuity can be locally described by h]-_l(O), where f : S' x D — R
is hj(t,x) =t —t;. It is known that to show that we are in the crossing region it is
sufficient to prove that (Vh;(t,z), F7(t,z))(Vh;(t,z), FIT(t,z)) > 0 (see [16]), where
Vh;j(t,z) denotes the gradient vector of the function h;(t,z). Here, Vh;(t,z) = (1,0)
and (Vh;(t,x), FI(t,z))(Vh;(t,z), FT(t,2)) =1 > 0.

In [15], the averaging theory was developed assuming dim(Z) = m. Here, we are
interested in the case dim(Z) < m. Accordingly, we shall extend the average functions
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(8) and the bifurcation functions (4) obtained in [5] to this class of discontinuous dif-
ferential system, providing then sufficient conditions in order to control which periodic
solutions of Z, with dim Z = d < m, persists to € # 0 sufficiently small.

For system (12) we consider the fundamental matrix Y (¢, z) of the variational system

0
/ p—
(14) Yy = axFo(@l’(t,Z,O))%

where Y is an m x m matrix. Notice that, for each j =1,2,...,n, if 2;(t, z,€) denotes
the solution of (13) for t;_; <t < ¢;, the function ¢ — (dz;/0%)(t,2,0) is a solution
of (14) for t;_1 <t <t;. Recall that the right product of a solution of the variational
equation (14) by constant matrix is still a solution of (14). Therefore, the solution
Y (¢, z) can be built as follows:

Yl(t,z) if 0=ty <t <ty
Yz(t,z) if tl S t S tQ,

Y(t,z)=
Yo(t,z) ift,1 <t<t,=T,
where
Yi(t,z) = %(t,z,O), and
(15) axz. O -1
Y}(ta Z) = 87;@7'%0) <8;(t3—17270)> }/}—l(tj—17z)7 forj:2,3,...,n.

Our main result says that the simple zeros of the bifurcation functions (4) also
controls the branching of isolated periodic solutions of the nonsmooth system (11).
The derivatives 07 F(s, z), which appears in (4), are computed as follows:

DI F; - &I F?
0z (5,2) = ;X[tj_l,tj](s)azj(sazf
]:

Theorem A. Let A, denote the lower right corner (m — d) x (m — d) matriz of the
matriz Id — Y YT, z). We assume that the functions defined by (4) and (8) satisfy
fi=fo=...= fr_1 = 0 and that for each a € V, det(A,) # 0. If there exists
a* € V such that fir(a*) = 0, and that det(D fi(a*)) # 0, then there ezists a T-periodic
solution p(t,e) of (11) such that |p(0,e) — zo+| = O(e).

The paper is organized as follows. In section 2 we present the explicit formulae (8)

for the average functions of the nonsmooth differential system (11). In section 3 we
prove Theorem A and in Section 4 we give two applications of TheoremA.

2. AN ALGORITHM FOR THE BIFURCATION FUNCTIONS

In this section we will provide an algorithm for computing the average functions,
defined in (10), for the nonsmooth case. Their expressions are defined recurrently and
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using Bell polynomials, which can be implemented more easily. This is because soft-
wares such as Mathematica and Maple have already implemented these polynomials.
In [19], it was proved that the average functions defined for smooth cases can be com-
puted using Bell polynomials and in [15] the authors did the same for the nonsmooth
case. For each pair of nonnegative integers (p, ¢), the partial Bell polynomial is defined
as

p' p—q+1 T bj
B xlxg...m_lzz : H J
P22, Tpgi) £ bylby! .. gl
Sp.q

cbp—gt1!
p—qtlt S

where §p7q is the set of all (p — ¢ + 1)-tuple of nonnegative integers (b1, b2, ..., bp—g+1)
satisfying by +2ba+...+(p—q+1)bp—g4+1 = p, and by +ba+...+bp_g+1 = q. Moreover,
if g and h are sufficiently smooth functions, then using Bell polynomials we have that

. l
g (h(w)) = 3 g () B (B (), 1 (2, .., B ),

2.1. Average Functions. In this section we develop a recurrence to compute the
average function (8) in the particular case of the discontinuous differential equation (11).

So, consider the functions w; : (t;_1,t;] x D — R defined recurrently for i = 1,2,...,k
and j =1,2,...,n, as
(16)

wi(t,z) = /0 <F11(S,x(s,z,0)) + BFol(s,az(s,Z,O))w%(s,z))ds,

wi(t,z) = i /Ot <F3(s,x(s, 2,0))+

7 l
1 Ll 1 b
ZZ bl!b2!2!b2...bl!l!bl a Fi*l(57x(sazvo)) @wm(s,z) d37
=1 S m=1

) ) t
wl(t.s) = w7 (o) it

tj—l

(Fg(s, z(s,2,0))+

o~

: 1 L i ‘ b
2.0 bt gm0 (s x(s,2,0)) O wh(s.2) )ds'
=1 S

m=1

Since Fy # 0 the recurrence defined in (16) is an integral equation and the next lemma
solves it using Bell polynomials.
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Lemma 2. Fori=1,2,...,k and j =1,2,...,n the recurrence (16) can be written as
follows

t
wi (t, 2) :Yl(t,z)/ Y (s, 2) Fl (s, (s, 2,0))ds,
0
. . 1 t .
wi(t,z) =Y;(t, 2) (Yj_l(tj_l,z)w{_ (tj—1,2) +/t Yj_l(s,z)Ff(s,x(s,z,O))dS),
i—1

wi(t, 2) :Y1(t,%)/0 y;l(s,z)(upg (s, (s, 2,0))

+ Z GmFol(s, x(s, z, 0)).Bi,m(w%, .. ,wl-l_mﬂ),

m=2

-1 1 .
7!
+ Z Z ﬁamFil—l(S’ (s, 2,0)). By (wi, . .., wll_m+1)>ds,
=1 m=1

) ) t )
wi(t,2) = Y;(t, 2) [ijl(tj,l, 2wl 2) +/t Y (s,2) (qu (s, (s, 2,0))
j—1

i
+ Z O EY(s,2(5,2,0)).Bym(wl, ..., wl_ 1),

m=2

i—1 0 .
2> %3mﬂ?;l(s,x(s, 2 0) Bl wf ) ) ds)

=1 m=1

Proof. The idea of the proof is to relate the integral equations (16) to the Cauchy
problem and then solve it. For example, if i = j = 1 the integral equation is equivalent
to the following Cauchy problem

o 1

S (62) = Pl (t,2(t,2,0)) + 0F; (t,2(t,2,0) w} with w}(0,2) =0,
and solving this linear differential equation we get the expression of wi(t,z) described
in the statement of the lemma. For more details see [15]. O

Now, we provide a formula for the average functions (8) for the class of discontinuous
differential systems studied in this paper.

Proposition 3. Fori=1,2,...,k, the average function (8) of order i is
w(T, z)

6i(z) = Yo (1.9

Proof. For each i =1,2,..., k we define

wl(tv Z) = Z X[tj_l,tj](t)w:ij(tv Z)‘
7j=1
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Given t € [0, 7] there exists a positive integer k such that ¢ € (t;_;, %] and, therefore,
w;(t, ) = wk(t, 2). By the proof of Proposition 2 of [15] we obtain

wi(t, ) = /Ot (Fl(s, 2(5,2,0)) + OFy (s, 2(5, 2, 0))wn (s, z))ds,

!
wi(t,z) -0YF_(s,2(s,2,0)) @ Wi (3, Z)bm>d&
m=1

Since by Remark 1 we can consider the functions (9) given implicitly, we compute the
derivatives in the variable t of the functions (17) and (10) for ¢ = 1, and we see that the
functions wy (t, z) and yi (¢, z) satisfy the same differential equation. Moreover, for each
i = 2,...,k, the integral equations (10) and (17), which provide respectively y; and
w;, are defined by the same recurrence. Then the functions y; and w; satisfy the same
differential equations for ¢ = 1,2,...,k, and their initial conditions coincide. Indeed,
let ¢ € {1,2,...,k}, since y;(0,2) = 0 and, by (17), w;(0,2z) = 0, it follows that the
initial conditions are the same. Applying the Existence and Uniqueness Theorem on the
solutions of the differential system we get y; (¢, z) = w;(t, z), for alli € {1,2,...,k}. O

2.2. Bifurcation Functions. In this section we shall write the bifurcation functions
(4) and the functions ~;(«) given by (5) in terms of Bell polynomials.

Claim 1. The bifurcation function (4) is given by
file) = mgi(za +ZZ 8b 79i-1(2a) Bim(71(), - -+, Viemt1 (),
=1 m= 1

where

v () = —A;le‘gl(za) and
i-1 ., 1
_ 7! m
vi(a) = _Aa1<z 1 Zlab T gi1(2a) Bim (71(00), - . -, Ve (@)
=0 m

+ Z ;" t 90(2a) Zm(’yl(a),...,%mﬂ(a)))

Proof. The expressions (4) was obtained in [5] using the Faa di Bruno’s formula for the
L-th derivative of a composite function. This claim follows just by applying the version
of the Faa di Bruno’s formula in terms of the Bell polynomials (see [19, 5]). O
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3. PROOF OF THEOREM A

For j =1,2,...,n let &(t, 10, 2z0,€) be the solution of the discontinuous differential
system (13) such that &;(to, to, 2z0,€) = 20. Then, we define the recurrence

.Tl(t, Z, 6) = 61(25, 0, zZ, 6)

xj(t, Z, 8) = fj(t, tjfl, 1,‘]',1(75]‘,1, 1) 5), 6), ] = 2, ey
Since we are working in the cross region it is easy to see that, for || # 0 sufficiently
small, each x;(t, 2, ¢) is defined for every t € [tj_1,t;]. Therefore z(-,2,¢) : [0,7] = R

is defined as
.%'1(75,2:,6) if 0= to S t S tl,

1‘2(25,2,6) if t1 <t< to,

x(t,z,e) =<
(’ ’ ) l‘j(t,z,é‘) iftj_lgtgtj,

p(t,z,e) ity <t<t,=T.

Notice that z(t, z, ) is the solution of the differential equation (12) such that z(0, z,¢) =
z. Moreover, the following equality hold

zj(tj-1,2,€) = 2j-1(tj-1,2,€);
for j=1,2,...,n.
The next lemma expands the solution z;(-, z,¢) around € = 0.

Lemma 4. For j € {1,2,...,n} and t, > tj, let zj(-, 2z,€) : [tj—1,t;) be the solution of
(13). Then
ko
e i
wi(t,z,€) = 2j(t,2,0) + Y wl(t.2) + OE").
i=1

Proof. First, fixed j € {1,2,...,n}, we use the continuity of the solution x;(t, z, €) and
the compactness of the set [t;_1,¢;] x D x [—e0, 0] to get that

t
/ Ri(s,2(s,2,6),e)ds = O(g), tE€ [tj_1,t;].

ti—1
Thus, integrating the differential equation (13) from ¢;_; to ¢, we get
k: . t -
zj(t, z,e) =x;(tj—1,2,¢)+ Z g F(s,2i(s,2,¢))ds + O(e"*1), and

— tiq
(18) i=0 7t

5i(t.0) =tz 0+ [ Fisi(s,2.0)ds,

tj—1

By the differentiable dependence of the solutions of a differential system on its pa-
rameters the function € — (¢, z,¢) is a C**! map. Then, the next step is to compute
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the Taylor expansion of Fij(t,ajj (t,z,¢)) around ¢ = 0 and for this we use the Fad di
Bruno’s Formula about the [-th derivative of a composite function, which guarantees
that if g and h are sufficiently smooth functions then

!

d' I ) b;
(L) ( ) (4) /
dalg(h Z byl b2tz 1t Y (h(a)) (h <a)> ’

J=1

where S is the set of all l—tuples of non-negative integers (by, ba, ..., b;) satisfying by +
200+ ... +lby=1,and L =0y + by + ...+ b;.

For each i = 0,1, ...,k — 1, expanding Fl-j(s, zj(s, z,¢€)) around € = 0 we get
(19)

F(s,xj(s,2,€)) = Fj(s,:vj(s z,0))+

(2

! l
€ -
Z; byl byl2102 bl'llbza F S .%’J S, 2, O Qr

l

where am
r (s,z) = Pem® zj(s,z,¢€) E_O,
and for 1 =k
(20) Fl(s,2j(s,2,€)) = F}(s,2(5,2,0)) + O(e).

Substituting (19) and (20) in (18) we get

xj(t,z,e) = x(tj—1,2,¢€) +/ (Zszﬁ’f(s,xj(s,z,O))ds

ti-1 \i=0
k—1 k—i 1
I+
+ € ZblleIQIbz byl
=0 [=1
OV F! (s,24(s,2,0)) @7"3 (s,2) >ds+(9( Ly,
m=1

Then, the proof of the lemma ends using the next two claims.

Claim 2. For j =1,2,...,n we have
L
w(t, z,8) = xj(t, 2,0) + Y ri(t2) + O,

=1

Claim 3. The equality rg = wg holds fori=1,2,...,k and j =1,2,...,n.

Proof of Theorem A. Consider the displacement function

(21) hz,e) =x(T,z,e) —z=an(T, 2,6) — 2
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It is easy to see that z(-,%Z,€) is a T-periodic solution if and only if h(Z,2) = 0.
Moreover, to study the zeros of (21) is equivalent to study the zeros of

(22) 9(z,6) =Y, 1T, 2)h(z,¢).
From Lemma 4 we have that
ko
(23) 2u(T, 7€) = 2a(T,2,0) + Y S (T,2) + O,
i=1

for all (t,2) € S! x D. Replacing (23) in (22) it follows that

ko i
g(z.6) = Y \(T.2) <xn<T, 2.0) = 4 ) Sul(T.2) + O(e’“l))
i=1

k
(24) — Y, UT ) (@a(1,2,0) - )+ 3 gi(z) + O(HT)
=1
k
= Y g(2) +OEM,
1=0

where go(2) = Y, YT, 2) (2, (T, 2,0) — 2).

From hypothesis (H) the function go(z) vanishes on the submanifold Z, therefore
hypothesis (H,) holds for the function (24). In order to take the derivative of go(z)
with respect to the variable z we have the next claim.

Claim 4. For every j € {1,2,...,n}
O;

Yi(t),2) = P

(tj,Z,O).

The proof will be done by induction on j. For j = 1 the claim is exactly the definition.
Suppose that the claim is valid for j = jo — 1 and we shall prove it for j = jp. Since

xj(tj—1,2,6) =xj—1(tj_1,2,¢) for all j =1,2,...,n we have
Viltin?) = 2803200 (251,200 Vi1l
% 142,0) (20 0y 1,2,0)) 2B 10,50
= agjo (tjo,2,0)
Hence if z € Z then
‘Zgzo(z) = Y YT,2) <gj(T,z,0) - Id)

= Y YT, 2)(Y(T,z2) — Id)

= Id-Y NT,2),
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which has by assumption its lower right corner (m—d) x (m—d) matrix A, nonsingular.
From here, the result follows from Proposition 3 and Theorem 1. OJ

4. EXAMPLES

This section is devoted to present some applications of Theorem A. The first one is
as 3D piecewise smooth system for which the plane y = 0 is the discontinuous manifold
and admits a surface z = f(x,y) foliated by periodic solutions. The second one is a 3D
piecewise smooth system for which the algebraic variety xy = 0 is the discontinuous set
and the plane z = 0 has a piecewise constant center. For these systems, we compute
some of the bifurcations functions in order to study the persistence of periodic solutions.

4.1. Nonsmooth perturbation of a 3D system. Let f : R? - Rand g : R2 = R
be differential functions such that g(x,y) = f(x,y) + 20, f(z,y) — y0.f(z,y). Consider
the nonsmooth vector field

X (x,y,2), y>0

(25) X (z,y,2) =
X (x,y,2), y<0

where
X (z,y,2) = (—y +e(ag + a12) +€%(az + asz), x, —z + g(a:,y)) , and
X (z,y,2) = (—y, z+ebiz+e%(ba + b3)z, —z+ g(z,y)) ,
with ag, a1, as, by, by, b3 € R. Denote the discontinuous se by ¥ = {(x,y,2) € R3 :
y = 0}.
Notice that the surface z = g(x,y) is an invariant set of the unperturbed vector field

Xo. Indeed, considering the function f(z,y,2) = z — f(z,y), we get

<Vf(x7y7 Z),X()(l’,y,z»‘z:f( = 0.

z,Y)

Moreover, since Xo(z,y, f(z,y)) = ( -y, x, 20y f(x,y) — y@xf(x,y)) we conclude that
the invariant set z = f(x,y) is foliate by periodic solutions.

Next result gives suficient conditions in order to guarantee the persistence of some
periodic solution. Consider the function

(26) filr) = a1 /07r f(rcos@,rsin¢) cos dpdp + by " f(rcos ¢, rsin @) sin pdep.

Theorem 5. Consider the piecewise vector field (25). Then, for each r+ > 0, such
that f1(r*) =0 and f{(r*) # 0, there exists a crossing limit cycle o(t,e) of X of period
T. =27 + O(e) such that p(t,e) = (z*,y*, f(z*,y*)) + O(e) with |(z*, ") = r*.
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In order to apply Theorem A for proving Theorem 5 we need to write system (25) in
the standard form. Considering cylindrical coordinates x = rcosf, y = rsinf, z = z,
the set of discontinuity becomes ¥ = {6 = 0} U {0 = ¢;} with ¢t = 0,¢; = 7 and
to = 2m. The differential system (&, 9, 2) = X (x,y, 2) in cylindrical coordinates writes

' (t) = e(ag + a12) cos O + %(ag + azz) cos ),
2'(t) = g(rcosf,rsinf) — z,
o) =1 8(ao +ai1z)sind 2 (az + asz) sm9’

r T

and the differential system (,9, 2) = X (x,y, z) becomes
7 (t) = ebyzsin @ + €% (by + b3z) sin 6,
(27) 2'(t) = g(rcosf,rsinf) — z,

o) =1 +5blzcosﬂ L2 (az + asz) COSH.

T T

Notice that, for each j = 1,2 and t;_; < 6 < t;, we have 8(t) # 0 for || # 0
sufficiently small. Thus, in a sufficiently small neighborhood of the origin we can take
0 as the new independent time variable. Accordingly, system (27) becomes

( ) = F01(9,7“, Z) + EF11(9,T, Z) + €2FQ(9,T, Z) + 01(53),
(t)
0'(t)

2(0) = = Foo(0,7,2) + eF12(0,7,2)) + €2 Faa (0,7, 2) + Oa(e3).
Considering the notation of Theorem A we have F;(0,7,2) = (Fi1(0,r,2), Fia(0,7, 2))
for each i € {1,2}. Moreover, for each i € {1,2} the function Fj(0,r,z) is written in
the form E(ea Ty Z) = Z?:l X[tjfhtj] (9)sz (97 r Z)

Defining f(6,r) = f(rcosf,rsind) and g(0,r) = g(r cos 0, rsin #) we write explicitly
the expressions of Fy, F{ and Fy for j € {1,2},

Fo(0,r,2)= (0, g(0,r) — 2),
Fl0,r,2) ( ap + a1z) cosd, W(g}(@,r) - z)) ,
(9 T, 2) (blzsm9 _blz;OSH( 0,r) — z)) ,
F3(0,r,2) ( az + azz) cos O + (a0 —i—alz)r sin9c0s97 81:29 ((ao + a12)*sin 6

+(az +ag2)r) (5(0,7) — 2)),

2.2
F2(0,7,2) = <(b2 + b3z)sinf — biz smﬁcosﬁ, C(;SH (b3z cos @ — (bg + bs3z)r) (G(0,7) — z)) .

r
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The unperturbed systems is smooth and its solution (r(6, 7o, 20), 2(6,70, 20)) with
initial condition (rg, 2zg) is given by

[
(28) r(0) =7(0,r0,20) =710, 2(0)=7Z(0,70,20) = e ? <zo +/0 esg(s,ro)ds) )

Consequently, a fundamental matrix solution of (14) is given by

= 1 0
M(Qa To, ZO) = ;
G(0,ro) e ?

Y(97T0720) = 8(7“0 20

where G(6,rp) is the derivative of Z(, 19, z0) with respect to the variable ry. Notice
that, from (28), G(6,rp) does not depend on z.

Let g9 > 0 be a real positive number and consider the set Z C R? such that Z =
{(r, f(0,7)) : v > eo}. Notice that for (ro, 20) = (10, f(0,70)) € Z we have z(0,7¢, 20) =
f(0,r0) = f(rocos@,rgsind). Indeed, let w(f) = f(rgcosd,rosinf). So

w'(0) = 0y f(rocosB,rgsind)(—rosind) + dy f(ro cos 0, rgsin @) (ro cos 0)
= g(rocosf,rosinf) — f(ropcosf,rosinb)
= g(rogcosf,rgsinf) — w(0)
= g(0,70) — w(6).

The second equality holds because g(x,y) = f(z,y) + 20, f(z,y) — y0. f(x,y). Hence,
for (ro,z0) € Z the solution z(0, 19, z0) is 2m-periodic. Moreover,

0 0
Id—Y'(2m,r,2) =

* 1—e?7

Consequently, A, = 1 — e?™ # 0. Accordingly, all the hypotheses of Theorem A are
satisfied.

Proof of Theorem 5. Denote by (7, 2,) a point in Z, that is z, = f(0,7). Notice that
the bifurcation function of first order is fi(r) = mgi(r, 2,), where g; is defined in (8).

Indeed, from definition f1(r) = wg1(r, 2,) + aggo(r, zr)y1(r). But

go(r,z) = Y_1(27r,7', 2)((r,z(2m,r, 2))) — (r,2(0,7,2))) = (0,%),

and then wgg = 0. Moreover,
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0 0
wi(0,r,2) = (ao sin f + a1/0 z(¢) cos pdo, G(0,r) <a0 sin 0 +a1/0 2(¢) cos ¢d¢> —
e?(3(@.7) — 2(6)) (a0 + a1z<¢>>> J ¢),

r

0
e? / <6¢G(¢), r)(ag + a12(¢)) cos ¢ + sin ¢
0

wi (6,7, 2) =Y (6,7, 2)

0
Y, 2)wi (m,r, 2) +/ Yo, Z)Ff(é,r(¢)72(¢))d¢]

T 0
—Y (6,7, 2) <a1 / 2($) cos ¢de + by / 2($) sin pdo,
0 T

/” e?((ao + a12(¢))(sin ¢(g(r cos ¢, r sin ¢) — z(¢)) — rcos ¢ G(¢, 7)) do
0

r

r

. /0 _ble¢z(¢)(cos d(g(rcosd,rsing) — z(¢)) + rsing G(¢p,r)) dqb).

Since g1(r,2) = Y127, r, 2)w?(27, 7, 2) and f1(r) = wg1(r, 2,) it follows that

2w

(29) filr) =a1 /07r f(rcos ¢, rsin @) cos pdp + by f(rcos ¢, rsin @) sin pde.

So, from Theorem A, each positive simple zero of (26) provides an isolated periodic
solution of system (25). This concludes this proof. O

The next result is an application of Theorem 5. We shall use in its statement the
concept of Bessel functions, which are defined as the canonical solutions y(z) of Bessel’s
differential equation

d’y  dy
2 2 2
r—+zrz—+ (- )y=0, aecC.
dz? * dx + )y
This equation has two linearly independent solutions. Using Frobenius’ method we
obtain one of these solutions, which is called a Bessel function of the first kind, and is
denoted by J,(x). More details about this function can be found in [23].

Corollary 6. Consider the piecewise vector field (25).

(a) If f(z,y) = cosx, then the piecewise smooth vector field X admits a sequence
of limit cycles ¢i(t,e) of X of period T. such that T, = 2w + O(e), pn(t,e) =
(s cos(at) + O(e), and |(x, 21)] = /2.

(b) If f(x,y) = sinx, then the piecewise smooth vector field X admits a sequence
of limit cycles @i(t,e) of X of period T. such that T, = 27 + O(e), pi(t,e) =
(xr,yr,sin(z))) + O(e), and |(x},2})| = r}, where each r, is a zero of the
Bessel Function of First Kind, Ji(r).
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Proof. For f(x,y) = cosz, the bifurcation function (29) reads fi(r) = —(2bysinr)/r,
and for f(x,y) = cos(x), the bifurcation function (29) reads fi(r) = ay7Ji(r). There-
fore the result follows directly from Theorem 5. U

Notice that Theorem 5 cannot be applied when f; is identically zero, which is the
case when f(z,y) = 222 — y? for instance. For these cases we define the function

(30)
fa(r) = /07r (al CoS § (G(s, T) /08 cos ¢(ag + alf(qb, r))d¢
= [ e+ (6. cos 9 Glonr) + (F(6.r) = gl

~ sin s
+az +asf(¢,r) +

(ap + alf(s, 7‘))2> ) ds

6727r eT 7r r3
+ %l(i;;f))(ale” —by) [/ e?G(¢,7) cos d(ao + a1 f(¢,7))do

0

™ e? sin ~ -

+ [ g+ a1 0 a6.) — (6.1
0

27

2m - by - 7
o [ G0 smofonio+ 2 [ e¢cos¢<g<¢,r>—f<¢,r>>d¢]

r

2
+ / (2(—b% coS s(f(s,r))2 + sin s(be + bgf(s, r)))

+ 2by SinS(G(S, T) /07r cos ¢(ap + alf(qb, r)) + b1G(s,71) /S sin qbf(qb, r)d¢

bt ([ et cos o an + anf(o) + T gl00r) — fo.r)ao
v [ (CZ27(6.0) - 306.0) - Glenr)sino) d¢)))ds.

Theorem 7. Consider the piecewise vector field (25). Assume that fi = 0. Then, for
each r+ > 0, such that fo(r*) = 0 and fi(r*) # 0, there exists a crossing limit cycle
o(t,e) of X of period T, such that T, = 2w + O(e), ¢(t,e) = (z*,y*, f(z*,y*)) + O(e),
and |(z*, z%)| = r*.

Proof. As we saw before mgyg = 0. So, from (4), we compute the bifurcation function of
order 2 as

. aﬂ'gl

(31) £a() = S 2 () + Tl ),
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1
1_72”77Lg1 (r,zy) and

7TJ_91(7’, Zr) _ AW €¢((a’0 + alf(¢ar))(Sin¢(g(r COoS ¢3T8in ¢) B f(QSv ’I")) — 1" COS ¢G(¢a T, Z))

r

where v (r) = —

dg

dé.

r

b / #Te? f(¢,7)(cos $lg(r cos ¢, rsin §) — f(¢, 7)) +rsin¢G(g, 7, 2))

From Proposition 3, we have ga(r, z,) = Y ~1(2m, r, 2)w3 (2m, 1, 2) /2, where w! (27,7, 2)
is given in Lemma 2. All these functions may be computed to get (31) as (30). Again,
from Theorem A, each positive simple zero of (30) provides an isolated periodic solution
of system (25). This concludes this proof. O

The next result is an application of Theorem 7.
Corollary 8. Consider the piecewise vector field (25) and let f(x,y) = 22% — y%.
Assuming a3 + b3 # 0 define
—80by(1 — €)
Ao = P 2 2 ™ (L 2y
(14 e™)4(15a1b1 — b — 14a7) — 57(1 — e™)(by + 10a7)
40ao((1 +€™)(by —al) —almw(l —€™)
(14 e™)4(15a1by — b? — 14a2) — 5m(1 — e™) (b + 10a3)’
and D = —4A3 — 27 A2

(32)

A =

(i) If D > 0 then the piecewise smooth vector field admits at least one limit cycle.
Moreover, if A1 < 0 and Ay > 0, then the piecewise smooth vector field admits
at least two limit cycles;

(ii) If D <0 and Ay < 0, then the piecewise smooth vector field admits at least one
limit cycle.

Moreover, in both cases we have a limit cycle o(t,e) of X of period T such that T, =
2m + O(e), ¢(t, ) = (27,95, 2(23,)% = (y5)?) + Ole), and |(z},, 25)| = 77

Proof. For f(z,y) = 22% — y? the bifurcation function (30) becomes

(33)
fa(r) = —2by + ap ("1 —m)+1+m)ay — (1+e€7) bl)?"
e —1
N (— (e™(56 — 50m) + 56 + 507) af 4 60 (1 + €™) arby — (™ (4 — 57) + 4 + 57) b) 3

40 (e — 1)

Dividing fo by a2 + b? # 0, we see that the equation fo(r) = 0 is equivalent to fo(r) =
Ao+ Ayr + 13 =0, where Ag and A; are given in (32).

Notice that fo (r) is a polynomial function of degree 3, so it has at least one real root
and can be written as fQ(T) =13 — (ry+ro+73)r2 + (rire +rir3 +ror3)r —rirars, where
ri,4 = 1,2,3 are the zeros of the polynomial. Moreover, the sign of its discriminant
D = —4A3 — 27A2 carries information about its number of real roots.
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If D > 0 the polynomial fo(r) has three simple real roots rq,rs and r3. Since the
polynomial has no quadratic term, it follows that r; 4+ ro + r3 = 0 and then at least
one of these roots must be positive. Moreover, if A; < 0 and Ay > 0 then there are
two changes of sign between the terms of the polynomial and then by Descartes Sign
Theorem we get the two positive roots.

If D < 0 then there is a pair of complex roots or a double real root. In both cases
the condition Ag < 0 implies that at least one root is positive.

Now, from Theorem A, each positive simple zero of (33) provides an isolated periodic
solution of system (25). This concludes this proof. O

4.2. Nonsmooth perturbation of a nonsmooth center. In this example we con-
sider a discontinuous differential system in R3 defined in 4 zones (n = 4). Consider the
nonsmooth vector field

X1 (u,v,w) ifu>0and v >0,
X if 0 and 0
(34) X (u, 0, 1) = 2(u, v, w) 1 u < 0and v >0,
X3(u,v,w) ifu<0andov <0,
Xa(u,v,w) ifu>0and v <0,
where
Xi(u,v,w) = (=14+e(larx+b1), 1, —w+e(c1x + dy)),
Xo(u,v,w) = (=14 e(agx + b2), —1, —w + e(coz + d2)) ,

Xs(u,v,w

1+ e(agx + b3), —1, —w +e(csx + ds)),
1+ e(agx + by), 1, —w + e(cqx + dy))

(
(
(
(

—_ — ~— ~—
~—~~ ~~ —~

Xa(u,v,w

with aj,bj,cj,dj € R for all 7.

Writing in cylindrical coordinates u = r cosf, v = rsinf, w = w, the set of disconti-
nuity is X = {9 = 0}U{0 = tl}U{H :tQ}U{Q :tg} with tg = 0,t1 = 7T/2,t2 =m,l3 =
37/2 and t4 = 27. For each j = 1,2, 3,4 the differential system (4,0, w) = X;(u,v,w)
in cylindrical coordinates writes

k
r(t) = g;(0) + Z g'(ajjr cos® O + b cos b)),
i=1
k .
w'(t) = —w+ Z e'(cijr cos B + dyj cos ),
i=1
k .
0'(t) = - (@(9) - Ze’(aijr cos fsin 6 + b;; sin 9)) ,

r ;
=1
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where
g1(0) = sinf — cos b, 91(0) = sin 6 + cos 0,
92(6) = —(sin 6 + cos h), g2(0) = sinf — cos b,
g3(0) = —sin 0 + cos 6, 93(0) = —(sin 0 + cos ),
94(0) = sinf + cos 0, 94(0) = —sin 0 + cos 6.

Notice that, for each j = 1,2,3,4 and t; 1 < 6 < t;, 8(t) # 0 for |¢| sufficiently
small. Thus, in a sufficiently small neighborhood of the origin we can take ¢ as the new
independent time variable by doing r'(6) = 7(¢)/0(t) and w'(0) = w(t)/0(t). Taking 6
as the new independent time variable we have

(0) = FJ1(0,2) + eF}, (0, 2) + O1(?),

W' (0) = Fy (6, 2) + eFly (6, 2) + Oa(?).

Here, z = (r, w) and the prime denotes the derivative with respect to . The expressions
of FJ; and Fy, for j =1,2,3,4 are given by

(35)

r(sinf —cosf) —rw 9 r(sinf+cosf) rw

FIZ—' :7' p— N p—
o1 T U027 Ging +cosh’ Ot cosf —sinf 02

sin 6 + cos 6 cosf —sinf’
3 r(sinf —cosf) 4 rw 4 r(sinf+cosl) 4 —rw
T —wnpg 0 T2

= Fy = _ .
sind +cosf 927 sin@+cosh TN cosf — sin @ cosf — sin @

The expressions of Flj1 and Flj2 for j = 1,2, 3,4 are also easily computed. Nevertheless,
we shall omit these expressions because of their size.

For each j € {1,2,3,4}, the differential system (35) is 2m-periodic in the variable 6
and is written in the standard form with

F(6,2) = (F(6,2), F5(6.2))

for i = 0,1. Now, for each j € {1,2,3,4} we compute the solution x;(#,z,0) of the
unperturbed system

H(O) = Fy(6,2),  (6) = Fp(6,2).
and this solution is

rsin 6
9 z 0 (Sln9+cosa’ ~ sin 9+cos€> ,
T sin 6
o —2r
9 z, 0 (COSG Slna’ " cosO—sin 0 )7
7 sin 6
— —2r
0 Z 0 (Sln0+coso’ " sin O+cos 0 > ,
T sin 6
—4
0 z, 0 (COSQ Slne’we " cosO—sin 0 T) .
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We note that in each quadrant the denominators of these four solutions never vanish.

Let 0 < r9 < 71 be positive real numbers and consider the set Z C R? such that
Z ={(a,0) : 790 < @ < 11}. The solution z(0, z,0) of the unperturbed system z’(6) =
Fy(0, z) satisfies (0, 2,0) = x;(0, 2,0), for 0 € [t;_1,t;], and z(27, 2,0) — 2(0,2,0) =
(0,z(1 — e=*)). Consequently, for each z, € Z, the solution z(f, z,0) is 2r-periodic
and system (34) satisfies hypothesis (H). Moreover, the fundamental matrix Y (6, z) is
given by

Yi(0,2) if0=ty <0 <m/2,
| <6<
Y (0, 2) = Ys(0, z) %f7r/2_9_7r,
Y3(0,2) if m<6<3m/2,
Yi(0,2) if 3w/2 <6 < 2m,
where Yj(t, z) are defined by (15). So
1
—o 0
Yl(gvz) = riﬂz) - )
e 9400) yging — 20
_7494(9) e 94(0)
1
—oe 0
0
Y4(9, Z) == 7rsin(~)7;qu( ) “in 0
e 93(0) gZ§Z;n€+4g3(9)) 6—%—@
Hence,
0 0

le(07z)71 - Y4(27T7 Z)il = )
—dw 1—e*

and then det(A,) = 1 —e¥ # 0 if 2, = (a,0) € Z. Thus, we can compute the
bifurcation functions (4) for system (34). For doing this we first obtain the functions
(16) corresponding to this system,

90(0,2) = (0,w(l—e')),
wi(2m, 2) = (%r(r(al +as + a3+ aq) + 2(by — by — bs + by)),
é6_4r(—r2w(6a1 + 3ag + 2a3) — 3r(w(4b; — 2by — b3)
+e2(—e*cq + o+ c3) +c1) +3(e" — 1) (" (ca + da)
+e2"(cg — d3) + €3 (dy — c4) + 1 + dl)))v
and

(36) g1(2) = Ya(2m, 2) " wi (2, 2).
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So, the bifurcation function (4) corresponding to the function (36) becomes

1
fila) = 504(04(611 + as + a3 + aq) + 2(by — ba — bg + by)),

which has a simple zero a*. So, from Theorem A, we get the existence of an isolated
periodic solution of system (35) for e sufficiently small.
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