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1. Introduction and statement of the main result

We consider in R3 the autonomous system of differential equations

X=—ax+y+yz,
y = Xx—ay+ bxz, (1.2)
Z = cz— bxy,

where a, b, c are real parameters with b > 0. This system arise in mechanical, electrical and fluid—
dynamical contexts, see for more details the articles of Miyaji, Okamoto and Craik [14, 15] and
the references quoted there. This system was proposed and studied by Pehlivan [16]. The system
extends a previous study of Craik and Okamoto [1], including linear forcing and damping.

Pehlivan showed that system (1.1) displays simultaneously unbounded and chaotic solutions.
This phenomenon has been studied in more depth by Miyaji, Okamoto and Craik who also find that
can be accompanied by three distinct period—doubling cascades of periodic orbits to chaos.

Chaotic systems are nonlinear deterministic systems which exhibits a complex and unpre-
dictable behavior, hence it is a very interesting phenomenon in nonlinear dynamical systems and
it has been intensively studied starting with the Lorenz system. The majority of the known chaotic
system have one or more quadratic non-linearities.

Pehlivan system as the Lorenz system are two polynomial differential systems in R, with very
different dynamics. For the Lorenz system their invariant algebraic surfaces defined by their Dar-
boux polynomials are very well known, see [12]. In this paper we provide the invariant algebraic
surfaces of the Pehlivan system. Moreover for the Lorenz system also their polynomial, rational and
Darboux first integrals were studied in [17,18]. Here we also provide the polynomial, rational and
Darboux first integrals of the Pehlivan system.

As far as we know this rich dynamical system (1.1) has never been investigated from the inte-
grability point of view. The main goal of this paper is to characterize the polynomial and rational
first integrals of system (1.1). For doing this we need to provide a complete characterization of the
invariant algebraic surfaces of system (1.1) depending on its parameters. In order to obtain such
invariant algebraic surfaces we shall use the Darboux theory of integrability which gives a link
between the algebraic geometry of the system and its first integrals, see for more details about this
theory [5-7,9-11,13].

It is well known that the existence of a first integral for three—differential system allows to reduce
the study of its dynamics in one dimension, and that the existence of two independent first integrals
allows to describe completely the dynamics of the system. These arguments justify the study of the
integrability of a differential system. The Darboux theory of integrability is classical. The Darboux
integrability essentially captures the elementary first integrals, i.e. the first integrals given by ele-
mentary functions, which are the ones that roughly speaking can be obtained by composition of
exponential, trigonometric, logarithmic and polynomial functions, see for more details about the
Darboux integrability the Chapter 8 of [5], and the references quoted there. The Darboux integrabil-
ity in dimension three is based in the existence of invariant algebraic surfaces f(x,y,z) =0, where
f(x,y,z) is a polynomial, called a Darboux polynomial. A sufficient number of such polynomials
taking into account their multiplicity (through the so—called exponential factors) force the existence
of first integrals.

Historically, the theory received mainly contributions from Darboux [3] who gave a link
between the algebraic geometry and the search of first integrals and showed how to construct a



first integral of a polynomial differential system in the plane having sufficient number of invariant
algebraic curves. Poincaré noticed the difficulty in obtaining an algorithm to compute Darboux first
integrals and Singer proved the relation for polynomial differential system in the plane to have a
Liouvillian first integral in terms of a Darbouxian integrating factor.

Let U be an open and dense subset of R%. A nonconstant function H: U — R is called a first
integral of system (1.1) on U if H(x(t),y(t),z(t)) is constant for all of the values of t for which
(x(t),y(t),z(t)) is a solution of system (1.1) contained in U. So H is a first integral of system (1.1)
if and only if

(—<’;1x+y+yz)8&—|)—(I +(x—ay+ bxz)%—t{l +(cz— bxy)ga—';I =0,
for all (x,y,z) € U. If H is a polynomial (respectively a rational function) we say that H is a poly-
nomial (respectively rational) first integral.

Let R[x,y,z| be the ring of the polynomials in the variables x, y and z with coefficients in the
field R.

Given g € [x,Y,z] the surface g(x,y,z) = 0 is called an invariant algebraic surface of system
(1.1) and g is called a Darboux polynomial if there exists k € [x,y,z] such that
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(—ax+y+yz)$+(x—aerbxz)&—yJr(cz—bxy)E =kg. (1.2)
The polynomial k satisfying (1.2) is called the cofactor of the invariant surface g(x,y,z) = 0 and it
has degree at most 1. The name of invariant algebraic surface comes from the fact that if a solution
of system (1.1) has a point on the such surface the whole solution is contained in it.

Let U be an open and dense subset of R2. We recall that two functions f,g:U — R3 are
functionally independent or simply independent if their gradients are linearly independent at all
points of U except perhaps in a zero Lebesgue set. Differential system (1.1) is completely integrable
if it has two first integrals which are functionally independent.

The aim of this paper is to study the existence of first integrals of system (1.1) that can be
described by functions of Darboux type (see (1.3)). In general, for a given differential system it is
difficult to determine the existence or nonexistence of first integrals.

An exponential factor F(x,y,z) of system (1.1) is an exponential function of the form F =
exp(g/h) with g,h € C[x,y,z] coprime, denoted by (g,h) = 1, and satisfying

(yz— ax+y)g—|; + (bxz +x— ay)g—l; + (—bxy+cz)%—|; =(F
for some £4(x,y,z) € C[x,y,z] a polynomial of degree at most one, which is called the cofactor of F.
A first integral H of system (1.1) is called a generalized Darboux first integral or here simply a
Darboux first integral if it has the form

Gl . fpPFM . R, (1.3)

where fy,..., f, are Darboux polynomials and F,...,Fy are exponential factors and A;, iy € C for
j=1,..,pandk=1,..,4q.

Note that polynomial first integrals and rational first integrals are Darboux first integrals.

The main results of this paper are the following five theorems.



Theorem 1.1. If c=a =0 and b = 1, then system (1.1) is completely integrable with the two
independent first integrals Hy(x,y,z) = 2z + 2% +x? and Ha(x,y,z) = X2 —y2.

Theorem 1.2. Assume ¢2+a? 0 and b > 0. System (1.1) has an invariant algebraic surface if
and only if a+c =0 or b = 1. The irreducible invariant algebraic surfaces are described in Table
1 with their corresponding cofactors.

Table 1. The invariant algebraic surfaces of system (1.1) with its correspond-
ing cofactors.

Parameters Irreducible invariant algebraic surface Cofactor
at+c=0 b(x* —y? —22)+7° =0 —2a

b=1 X+y=0 l-a+z
b=1 Xx—y=0 —-l-a-z

Theorem 1.3. Assume ¢+ a? # 0 and b > 0. System (1.1) has a polynomial first integral if and
only if a =0 and b = 1. This first integral is x® — y2.

Theorem 1.4. Assume c®+a? # 0 and b > 0. System (1.1) has no rational first integrals which are
not polynomial.

Theorem 1.5. For all a,c € R and b > 0, except whena=c=0,ora=0and b =1, system (1.1)
has no Darboux first integrals.

The proofs of these theorems are given in Sections 3 and 4. Similar results on the integrability
of a polynomial Lotka—\olterra differential system in R can be found in [8].

2. Preliminary results
Before to proof the main results of this paper we will introduce some well-known results. The first
was proved in [5].

Lemma2.1. Let f be a polynomial and f = 8rod]?':1 fjaj its decomposition into irreducible factors
in C[x,y,z]. Then f is a Darboux polynomial if and only if all the f; are Darboux polynomials.
Moreover, if k and k; are the cofactors of f and fj, then k = X5_; ojk;.

The second result whose proof and geometrical meaning is given in [2] is the following.
Proposition 2.1. The following statements hold.

(@) If E =exp(go/g) is an exponential factor for the polynomial system (1.1) and g is not a
constant polynomial, then g = 0 is an invariant algebraic hypersurface.

(b) Eventually €% can be an exponential factor, coming from the multiplicity of the infinite
invariant hyperplane.

The proof of the third and fourth results is given in [5].

Theorem 2.1. If system (1.1) has a rational first integral then either it has a polynomial first integral
or two Darboux polynomials with the same nonzero cofactor.



Theorem 2.2. Suppose that system (1.1) admits p Darboux polynomials with cofactors k and g
exponential factors F; with cofactors ¢;. Then there exists A;, u; € C not all zero such that

q q
Z;kai + Z[.Lifi =0
i=1 i=1

if and only if the function G given in (1.3) (called of Darboux type) is a first integral of system (1.1).

Since system (1.1) is real, we claim that if it has a Darboux first integral, this can be chosen to be
real. Indeed, it is well-known that if a complex Darboux polynomial or exponential factor appears
then its conjugate must appear simultaneously. If among the Darboux polynomials of system (1.1) a
complex conjugate pair f, f occurs the first integral (1.3) has a real factor of the form f* f4, which
is the multi-valued real function

[(Ref)? + (|mf)2]Rex exp (- 2ImA arctan (%)),

if ImflmA # 0. If among the exponential factors of system (1.1) a complex conjugate pair F =
exp(h/g) and F = exp(h/g) occurs the first integral (1.3) has a real factor of the form

(o0 (3))" (o0 (§))" ~o0 (2re(uf))
So the claim is proved.

We introduce the change of variables
X=vbx, Y=y, Z=z (2.1)
and the rescaling of time t = 7/v/b. In these new variables system (1.1) is written as

X =—aiX+Y+YZ,

1
Y = EX —a1Y +XZ, (2.2)
Z=c1Z—XY,
where a; = a/v/b and ¢; = ¢/vh.
Now consider the linear operator
L:YZiJrXZi—XYi (2.3)

aX aY dZ
The characteristic equation associated to L is

dXx YZ dY XZ

dz ~ XY’ dZ XY’
It general solution is

X24+Z72=d;, Y?’+Z%°=d,
where dy,d, are arbitrary constants. We make the change of variables

u=X2+22 v=Y2+72 w=2Z. (2.4)



Its inverse change is

X=£vVu—-w2, Y=H\Vv-Ww2, Z=w. (2.5)
In the paper we only use the positive case. The negative one gives the same results.
We also introduce the linear operator

0 1 P 0
Daybes, = (alx —Y)— - (_)( _ alY) I _czZ

X b B 57 + 1. (2.6)

3. Proofsof Theorems1.1to 1.4

The proofs of the theorems will be divided into several propositions.
Let t: C[x,y,z] — C[X,y,z] be the automorphism t(x,y,z) = (—x,—Y,z). We recall that an irre-
ducible Darboux polynomial is a polynomial irreducible in C[x,y, z].

Proposition 3.1. If g(x,y,z) is an irreducible Darboux polynomial for system (1.1) with cofactor
K=px+qy+rz+sthen f =g-1g is a Darboux polynomial invariant by t with cofactor k =
2rz+2s.

Proof. Since system (1.1) is invariant under t, then tg is also a Darboux polynomial of system (1.1)
with cofactor 7(K). Moreover, by Lemma 2.1, g- g is also a Darboux polynomial with cofactor
k =K+ 7(K) =2rz+ 2s, as we wanted to prove. O

From Proposition 3.1 we shall consider the Darboux polynomials invariant by 7 and also two
cases in the cofactor, the case where the cofactor k is written as k = rz +s, where r ## 0 and the
case k = s. Let f(x,y,z) be a Darboux polynomial invariant by 7. In these new variables (X,Y,Z)
introduced in (2.1) if f(X,Y,Z) = f(x,y,z) then we have that f is an invariant algebraic surface
of system (1.1) invariant by t with cofactor k = rz + s if and only if f is an invariant algebraic
surface of system (2.2) invariant by 7 with cofactor k = nz +s; where ry = r/vb and s; =s/vh.
So from now on we will study the invariant algebraic surfaces of system (2.2) and in the proofs we
are concerned with characterizing polynomials f € [X,Y,Z] such that

(—alx +Y +YZ)§—:< + (%X —aiY +XZ)§—;( + (Clz — XY)g—; = (rlz +Sl)f. (3.1)
Note that for simplicity now we shall write f instead of f.
We first consider the case r =0 (i.e., rp =0).

Proposition 3.2. Assume ¢ +a2 # 0 and b > 0. Let f = f(x,y,z) = 0 be an invariant algebraic
surface of system (2.2) of degree n > 1 with cofactor k = 5. Then n is even, s; = —an/v/b, and its
invariant algebraic surfaces are described in Table 2.

Table 2. Invariant algebraic surfaces of system (2.2) with its cor-
responding cofactors.

Parameters Invariant algebraic surface Cofactor

ap+¢, =0 X2+72_b(Y2+Z%) =0 —a/vb
b=1 X2-Y2=0 —a/vbh




Proof. Assume that k = s; is the cofactor of the invariant algebraic surface f = 0 of degree n. We
write f =Y ; fj where f; are homogeneous polynomials of degree i, f, # 0, and f, satisfies
afy dfn d fn

The solutions of this linear partial differential equation are of the form F (X +Z2,Y2 4-Z?) where
F is an arbitrary C! function. Since f, must be a homogeneous polynomial it follows that F is a
homogeneous polynomial in the variables X? +Z2 and Y2 +Z2. So n must be even, i.e. n = 2m,
where m is a positive integer.

From (3.1) the following partial differential equations

L[me] - 05 L[f2i71] - Dal,b,cl,sl[fZi] (32)
fori=m,...,1,and s; fo =0.
It follows from section 2 that all solutions of L[fm] = 0 can be written as
m 1 -
fom =Y a" (X2 +22)" ' (Y2 + 2%,
i=0
where a" is a constant for i = 0,1,...,m. Introducing fp, into the second equation of (3.2) we have

L[mefl] = Dal,b,cl,sl [me]

= 2X(aiX —Y) Y (m—i)al (X2 +2%)" ' (Y2 4+ 2%)

Ma

0

m -
+2y alY——X )Y ial (X2 4-22)" ' (v2 4 22)i 1
i=0

—chzZZ(m—i)aE“ (X2+Zz)m7ifl (Y2+Zz)i (3.3)

m—i—1

m
—26,Z%Y ial" (X2 +-22) (Y2422)-1

i=0
+slza (X2 ) (Y +7%)".

Now writing X2 = X2 +27Z2—-Z72and Y2 =Y? 4272 —Z?, we get

m

L[fam_1] = —2XY [z(m —i)a" (X2 +2?

i=0

)"y 4 z2) +2 (X2+Z) "2 422

+2&12 al (x2+2%)" (24 22) 2a222 Jal (x2 422" (v2 4 72
+2a12'a (X2+22)™ (124 22)1 — 22,22 3 ial (X2+ 22)"™ (v2 4 22)1 -2
i=0

m . _ m p .
-2zt [Z m(X24+22)" (Y222 4 Y il (X2 4 Z2)" '<v2+z2>'1]
i=0 i=0

+512a ) (Y —l—Z)



Then, making the change i — j — 1 in some sums and joint the sums conveniently we get

i

cal) (X2 4+28)" (v2 4221

L[fgm 1 ——ZXYZ —]+1 J 1+

(2am +sp)a] (X2 +22)" ) (Y2 4 2%)] (3.4)

'MB

j 0

m i -
Z ag+c1) (m—j+1)aly + jal) (X2+2z2)" ' (y2 4 z2)i-

Using u,v,w, introduced in section 2, we obtain the ordinary differential equation

dTmel 1
dw  Vu— W\/V w2

z 2a;m -+ sy)alu™ v

2a+c j+1)al; + jal) umlvi-t
jaf _—
+22 —J+1 al ;+ b)vaJ L

By solving it, we get

m
f, .= 2a1m+5;) m um— iy /
am-1 <§6( 1 1)@ ) T = 7

m L 2q
—2(a; +c1) (J_zl(( —j+1)al;+jaf)u™ JVJl) \/ﬁy\m

+2W2< —J—|—1 i— 1+tj) rjn> um- jVj_1+BZm—1(u7V)7

where Bom_1 is an arbitrary function in the variables u and v.
Since

Jicw

- dw+u

2dw
/\/u—wzx/v—wzz VV—w2 /\/u— 2/ —w?2’

the two integrals which appear in the expression of the polynomial f,,,_; are reduced to the integrals

(3.5)

/mm and /W (3.6)

Since these are elliptic integrals of the second and first kinds, respectively (note that these integrals
cannot produce a polynomial, fact that can be verified considering their expansions in Taylor series),
and f,,_1 is @a homogeneous polynomial of degree 2m — 1, we must have

Bom-1 (X2 +22,Y242%) =0,
(2aym+s;)af =0, j=0,1,...m, (3.7)
(a1 +c1) ((m—j+1)afl; +jaf') =0, i=1,..,m.



am
Therefore, writing b’j“ =2 ((m —j+ l)a’jTL1 %) we have

m . ]
fam—1 = 3, 6T (X2 +22)" ' (v2 1+ 2211z,
=1

If a'jn =0, for j =0,1,..,m, we should have that f,, = 0, consequently we obtain that 5, =
—2aim = —azn. By the third equation in (3.7) we get either a +¢c; =0, 0ra; +¢; #0and (m—
j+1)al +jal'=0,for j=1,..m

Now we split the proof in two cases.

Casel:a;+c1=0.As af +c§ #0,k=s1 #Z0ands; = —2a;mit follows that s; = 2mc;. Introducing
fom, fam—1 into the second equation of (3.2) with i = 2m — 1 and doing similar computations as the
ones for passing from (3.3) to (3.4) we obtain

L[ f2m—2] - Dal,b,cl,chl [ f2m—1]

m . . .
— —2XYZZ ((m—i—i—l)b-m_ (l 1)b|m> (X2+Zz)mfl(Y2+ZZ)|—2
= b (3.8)
m 1 -
26,2y b (X2 422" (Y2 4231
i=1
Again, using u,v,w we get
df _
2m2 2Wz< —I—i—lb:nl—i-( . )bm> V|2
+2c1mm2bm U™Vt 4 Bom_a(u,v).
Since
d
/\/lj__vv\\llz\\l/vm_logh/wz—wr\/wz—v, (3.9

where fom_2(X,Y,2) = f,,_, is a homogeneous polynomial in the variables x,y and z, we must have
either c; =0 or b" =0, for all i = 1,2,...,m. But a? +c # 0 and a; = —c; s0 b" = 2((m—i+

Dal; + %a{“) =0, consequently f,,_1 =0, and

Consequently,
fam-2 =Bom-2 (X2 4+22Y2+22) and fom=a] (X2+22—bv2—bz?)"

Repeating the same steps done for f,, we conclude that

m—1 . .
fom_o = z a;nfl (X2 _|_Zz)m—|—1 (Y2 —|—ZZ)I
i=0



fom—3 =0
and
(2a(m—1) +sp)a" 1 =0, i=0,1,...m—1.

Since s; = —2a;m we have &'~ 1=0fori=0,1,...m—1. Hence foy_2 = 0.
Finally following this recursive method we conclude that

f = fom=a] (X2+22-bv2-bz?)"

In short f = 0 is an invariant algebraic surface with cofactor k = nc/z/b in the case a; +c¢; = 0.
Case 2: 3y +C1 #0 and (m— j+1)af; +jaf =0, for j=1,..,m. In this case working in a
similar way to the previous case we get

. m . -
al' = (-1)) (T) ag and fom_1= Y bY(X?+Z%)M (Y2 +2%)11z,
j=1

where

b}’ = <( —j+1al- 1+é J> (3.10)

2 .
So b _2<—Jam+tj) J> = b(l—b)]a’j“.
Proceeding as in Case 1 we have that the second equation of (3.2) for i = 2m — 2 can be written

as

L [ f2m—2] = Dal,b,cl ,—2aim [ f2m—1]

m H . .
=-2xYZY ((m —i+1)p" ( . 1)b{“> (X2+22)" " (y2 4 22
i—2
m i . 3.11
—2(cy+2a1)Z Y b (X2 4-22)" (Y2 22)1 1 (3.11)
i=1
m H .
—2(a1+¢1)Z3 Y ((m—i+1)bM , +bM(i — 1)) (X2 +22)" " (Y2 4 22)1-2
i=2
Therefore, using u,v,w we get
df 1)pm o
dZmZ sz( _|+1b:~n1+( b)|>um i+1,i-1
m - -
_2(C1+2a1)\/——wzx/mzbimum_lvl_l (3.12)

w3

J—W—WZ(

—2(ag+cy) —i+ )b, + (i — 1)b") u™ V2,

By equation (3.9), since

3
Vu Vv\\llzd.w/v W2 zm W2 =Vt (u+v)log VW2 —ut VW —v|,  (313)




and foy_» is a homogeneous polynomial in the variables x,y and z of degree 2m — 2 we must have

(c1+2a)b" =0, fori=1,...,m,

3.14
m—i+21)b", 4+ (i—1)b" =0, fori=2,...,m. (3.14)
i—1 i

From

(m—i+1)a"; +ia" =0,

TN

we have af' = —%(m —j+1)aj ;. Thenbf = = (b—1)(m— j+1)aj,. Hence

i . 2 . . j—1
(m—i+1)b", + (i—1)b" = E(b—l)(m—JJrl) ((m—]+2)a'j“2+ u )a’j“1> =0.
Then we only need to consider two subcases, ¢; +2a; = 0 and b’jn =0,forj=1,2,...n.

i

Subcase 2.1: bj' = (m—j+1)al ; + Ba’j“ =0 for j =1,...,m. From the hypothesis of Case 2

Weget%ja’j“(l—b):Oforj:l,...,m. Soal'=0orb=1Butifal=0, for j=1,....mwe

m

have fom =0, a contradiction. If b= 1 then & = (—1)¥( j )ad and fop = a (x> —y?)™, fom_1 =0

and

m—1 ; .
fom 2 =Bom 2 (X2+22Y24+2%) = ¥ a1 (X2 4+22)" " (Y24 22
i=0

Repeating the same steps for passing from f, to foy_2, and so on as we have done in Case 1, we
getthat fc =0 fork =0,1,...,2m— 1. Consequently f = fn =al(X? —Y?2) and g = a'(x* —y?)™
withb =1.

Subcase 2.2: ¢; +2a; = 0. In this case solving the differential equation (3.12) we have

m

fomz = ¢ (X2 +22)" 7 (Y24 22) 127 1 By o (X2 + 22,Y2 4 22)
i=2

M=

- . m-1 s .
ern (X2+Zz)m_'_1(Y2+Zz)'*1ZZ—|— Z d;nfl (X2—|—Zz)m '(Y2—|—ZZ)',
j=0

i=2 j

where

= (m— 0t 5+ U omy = 2 b2 vap. (3.15)




Taking in equation (3.2) i = m — 2 we obtain

L“Zm—3] = Dalb —2a1, 2a1m[f2m 2]

= —2XYZZZ< ¢l 1_|_( ;')Cllm> (X2 Z2)m—i-1(y2 4 72)i-2

i=3
_224(c1+a1)li((m—i)c§“1+(i_1)crjn) (Xz+zz)m—i—1(Y2+Zz)i72 19
- Xy Z Mo+ DA+ ) (4 22)" (124 22

—27? Zl(al +c1) (m—i+21)d"y +idM) (X2 + 22)”“i (Y24 72)1
i=1

Passing to the variables u, v and w, we have the ordinary differential equation

dez\:nv—s szz( il 1+( bl)Cim>umi1Vi2
W4 4 m my\ , m—i—1,,i—2
-2 Ci+a m—ic, +(i—Dc)u" T
mw_—w“ 1).:22(( et (= 1ef) e
. _ m m m| -1
2§ i+1)d 1+bd u
W2 - m 1
e et Z( ~ DA, T UV

Again the expression of fom—3 depends on elliptic integrals and logarithmic functions and they

force that (m —i)¢" , + blcm_Oforl—Z 3,..,m, and( —i+1)di”11+%d5“:0forfori:

1 . .
1,2,3,..,m—1, because a+ ¢ # 0. Since (m — )c}‘ll+T i = 0and we are in Case 2, we obtain

%(1 —b)%i(i—1)a" =0.

If some of the a" is zero then all the a"’s are zero, because aj' = (— 1)lpl J ag. But this is a

contradiction because then fm = 0. Therefore b = 1, and consequently from (3.15) all the ¢"’s are
zero. Hence foq_o = 2‘}‘;01 dft (X2 + z2)™'(Y2+2?)'. And as in the Case 1 with b = 1 we obtain
f = fom = aJ'(X2—Y?2)™. This complete the proof of the proposition. O

Proposition 3.3. Assume cf + af # 0. Letg=g(X,Y,Z) =0 be an irreducible invariant algebraic
surface of system (2.2) of degree n. Then b = 1 and the algebraic invariant surfaces are g(X,Y) =
X +Y with cofactor k =Z +1—aand g(X,Y) =X —Y with cofactork = -Z+1—a

Proof. If g is invariant by 7, then its cofactor is also invariant by 7 and thus k = Z +s;. On the
other hand, if g is not invariant by t then by Proposition 3.1 we can assume that f =g-7g is a
Darboux polynomial invariant by T with degree 2n and cofactor k =252 + 2s;.

In short we can write f(X,Y,Z) a Darboux polynomial of system (2.2) invariant by 7 with degree
n; and cofactor k = r,Z +s, where ny =n, r, =ry,s, =53 if f =g (in the case in which g is itself),



orny =2n, r, = 2rq, S, = 2s; if f # g (which corresponds to the case in which g is not invariant by
T).

Assume rp > 0, the case r, negative can be proved in the same way interchanging X +Y by
X —Y. Note that if f is an algebraic invariant surface of degree ny with cofactor k = r,Z +s; then f
can be written as f =Y, fi, where f; are homogeneous polynomials of degree i and f,, satisfies

YZ

AL LAV

X %y 57— mfeZ

The solutions of this linear partial differential equations are of the form
(Y +X)EG(X% 422 Y2 +22),

where G is an arbitrary C! function. Since f,, must be a homogeneous polynomial of degree ny it
follows that r, must be a non-negative integer and G must be a homogeneous polynomial in the
variables X2 +Z2 and Y2+ Z2. Since r, > 0 we can write

m - -
fnl — (X+Y)r2Zagn(XZ_'_ZZ)mfl(YZ_'_ZZ)l’
i=0

where ny = 2m -+ ry, or equivalently, r, = n; — 2m. (Note that if r, < 0 then we would have f,, =
(X =Y)2xloal (X2 +Z2)" (Y2 +22)")).
Then, from (3.1) we get the following partial differential equations

L{fn,] = (N1 —2m)Z fy, L[fi] = Day s [fiet] + (1 —2m)Z fi, (3.18)
fori=n;—1,...,1and
Dahbl,Cl,Sl [fl] + (n - 2m)Z fo=0.

Introducing f,, in the second equation of (3.18) with i = — 1 and writing X% = X? 422 — 72,
Y2=Y24Z72-7%andY =X +Y —X ordoing i = j— 1 if necessary, we get the following differential
equation

m iam i :
L[fn,—1] = (n—2m)Z fp, 3 —2XY (X +Y)™ 2" ((m —i+1a", + %) (X2+23)" (v 4 z3) 1
i=1
m

+[(a — 1+2a1m) (n—2m) +s1] (X +Y)" 2" Y al (X2 +22)" (Y2 4 22)!

i=0

~2(ay + o) Z2(X Y)Y (i D)y g ial) (2422 (v2 4 22
i=1

+ (1 - %) (n—2m)X (X +Y)”12mliia?‘ (X2+22)"" (v2 4 22)},



Passing to the variables u,v,w from the above equation we obtain

df, _
Vu—w Ny w2 — (g —2mywT,

dw

m P
—23/U— W2V — W2 (/U — W2 4 /v —w2)™ ZmZ( m—i+1)al; + b> umivt

+[(a1 — 1+ 2a3m)(ng — 2m) + 8] (VU — W2 + /v — w2)" 72! z CUITUNY
i—0

—2(ag + )W (VU — W2+ /v —w2)™ ™ 2”‘2 m—i+1)a_g+ia")umivi-t

+(1—%> (ng —2m)\/u —w2(v/U— W2 4 /v — w2)M—2m- 1Zam m-iyi,

This is a linear ordinary differential equation in_fnl,l, its corresponding homogeneous differential
equation is
df,. 4 _
VUu—w2y/v— Wzﬁ =—(m —2mwf, 4,
Its general solution is
2m

Fry1=En-1(u,V) (%u W2+ /v — w2) T

where Ep, 1 is any C! function in the variables u and v. Hence, the general solution of the non—
homogeneous linear differential equation for f _; is

ni—2 -2
fo, 1 =En—1(u,v <\/u—w2+\/v w2> " er(\/u—WZJr\/v—w2>nl "
( 22( m—i+1)a", + on ) m"1/dw
L m m| 1
+[(ag —142a3m)(ny — 2m) +sy] / d
(80 —1+223m)(ny 280N | = e

m
a1+clz( m—i+1)al, +ial") um v

| ==
+<1—%> (ng —2m) i aMym-i |/(\/U_W\2/\‘/F_—\/WV2_W2)_ dw).

Solving this integral, proceeding as above taking into account that 5 > 0 we must have

[(a1 —1+2aim)(n; —2m) +s1]af" =0,
(ag+c1)(m—i+1)aj_1+ ial") =0,

(1 — %) (n; —2m)a" = 0.

Since n; > 2m, it follows from the last identity above that eitherb=1or " =0, fori=1,2,...,m
But if &" = 0 then fom.r, i zero (a contraction), so b = 1. Moreover, (a —1+2ai;m)(n; —2m) +
s =0andeithera; +c¢; =0o0rai_1(m—i+1)+ia"=0.



Assuming b = 1 we have

il H -
famir-1 = (X Y)W BB (X2 4257 (Y2425,
i=1

where b =2((m—i+1)a" ; +ia").
We consider two cases.
Case 1: a; +c¢1 # 0. It follows from the explanation above that (m —i+1)a_1 +ia" = 0. Then,

fam+r,—1 = 0 and, by recurrence, a" = (—1)™ (T) a™ which yields fomr, =al' (X +Y)M=2M(X2 -

Y 2)™, Substituting the expression of fom.r, 1 into (3.18) we get

df 3
mm% = (N —2m)W o p, .

Solving it, and taking into account that fm.r,—2 iS @ homogeneous polynomial of degree 2m +
ry—2 We get famir,—2 = fny_2 = (X +Y)M=2M g™ LpM(X2 4 72)M=i(y 2 4 72)i-1 Substituting the
expression of fomr,—2 into (3.18) and solving for fom.yr,—3 We get that fomir,—3 =0and fomyr,—2 =
bI(X +Y)M=2m(X2 —Yy2)™-1 for some constant b. Proceeding inductively we conclude that f =
(X +Y)1=2Mp(X2 —Y?2), being P a polynomial in the variables X?> —Y?2. If f = g, that is, g is
irreducible, thennp =n=1, m=0and g =X +Y, which is not possible because in this case g is
invariant by 7. Else, f = g-tg with g being irreducible. Son, =2n =2, m =0, f = (X +Y)? which
yields g =X +Y. The cofactoris 1 —a+Z.

Case 2: a; +¢1 = 0. In this case if a_1(m —i+ 1)+ ia" = 0 then proceeding as in Case 1 we
conclude that the irreducible polynomial is g = X +Y with cofactor 1 —a+Z. Ifg_1(m—i+1)+
ia" # 0 then substituting the expression of Hyr,—1 into (3.18) we get

ATy _

/ +rp—2

U—wW2y/V— WZTWZ = (nl - Zm)Wme-s-rz—z
m

—2v/u—w2\/v—w2(\/u—w2 + /v —w2)" Y ((m— i+ 1)bMy + (i — 1)bMu™ v w
i—2

m P
— e (VU— W2+ /v —w2)n2m Y iy,

i=1

Solving this linear equation, using that fm.r,—2 is a homogeneous polynomial in the variables X,Y
and Z we must have ¢; = 0. But then a; = 0 in contradiction with the fact that & +c2 # 0. Hence, this
case is not possible and the proposition is proved for r > 0. Note that if r, < 0 proceeding as above
and repeating the same arguments we conclude that g = X —Y and the cofactor isk =1—a—Z.
This concludes the proof of the proposition. O

Proof of Theorems 1.1 and 1.2. Theorem 1.1 can be verified by simple computation, and Theorem
1.2 follows from Proposition 3.2 going back through the change of variables given in (2.1). O

Proof of Theorems 1.3 and 1.4. Theorems 1.3 and 1.4 follow directly from Propositions 3.1, 3.2
and 3.3 going back through the change of variables given in (2.1). O

4, Proof of Theorems 1.5

We separate the proof of Theorem 1.5 into a lemma and two propositions.



Lemmad4.l. If a+c## 0 or b+ 1 then system (1.1) has no Darboux first integrals.

Proof. In view of Theorems 1.2, 1.3 and 1.4 system (1.1) has no Darboux polynomials. Then in
view of Proposition 2.1 if it has an exponential factor F then it must be of the form F = exp(f)
with f € C[x,y,z] \ C. Finally, from Theorem 2.2 we conclude that if G is a Darboux first integral
then it must be of the form G = Fl“l _ Fq“q with | = exp(h;), h; € C|x,y,z] and Ziq:1 uili = 0. Take
g= Ziq:1 hi and consider G = exp(g). Then g € C[x,y,z] \ C and G is an exponential factor with
cofactor L = Ziq:1 uili = 0. So, g satisfies, after simplifying by G,

d d d d
(yz— ax+y)a—2 + (bxz+x—ay)&—3 + (—bnyrcz)a—gzJ = i;yi& =0.
In particular g must be a polynomial first integral. However, in view of Theorems 1.2, 1.3 and 1.4,
system (1.1) with either b # 1 or & + ¢? # 0 has no polynomial first integrals. This completes the
proof. O

Guided by section 2 instead of working with system (1.1) we will work with system (2.2) and
all the results that we will obtain for system (2.2) follow clearly for system (1.1).

Proposition 4.1. If b =1, system (2.2) has a Darboux first integral if and only if a = 0. In this case
the first integral is H = x> —y2.

Proof. LetF =exp(h/g) be an exponential factor of system (1.1) with b = 1. In view of Proposition
2.1, F can be of the form F =exp(h/(f* f;2)) withh € C[x,y,z] and n;,n; €N, fy =x+y, f =x—y
with and (h, f;) =1 (coprime) if ny > 0and (h, fz) =1 (coprime) if n, > 0.

Case 1: n; = ny = 0. In this case F = exp(h) and h satisfies

(—ax+y +yz)% +(x—ay+ xz)g—g +(cz— xy)% = Ko + kix + koy + ksz, 4.1)
with ki € C. Evaluating the above equation on x =y = z = 0 we obtain that ky = 0. Now we write
h =3 ,h; where each h; is a homogeneous polynomial in its variables. Without loss of generality
we can assume that h, £ 0and n > 1. If n < 2, i.e., h has degree less than or equal to two, there is a
solution if and only if a = 0 and in this case h = a(¥ — y?) with o € C and kg = k; = ko = k3 = 0.
So,n > 3.

We use the notation in the proof of Proposition 3.2 (sinceb=1, X =x,Y =yandZ =z, =a
and c; = c¢). The terms of degree n+ 1 satisty L[h,] =0 and so n = 2m and

m - .
ho =Y al"(x* +22)" ' (y* +22)".
i=0
Computing the terms of degree n in (4.1), we get (see (2.6))

L[ham—1] = Daz1.c0[h2m]-

Proceeding as in Proposition 3.2 we get that either d" =0, for i =0,1,...,m or a = 0. In the
first case hpy = 0 which is not possible. So a = 0, ¢ # —a (otherwise ¢ = 0 which is a case not
considered here) and h, = ag‘(x2 —yz)m, aj' € C. Moreover hy_1 = hym_1 = 0 because h,_1 must be



a homogeneous polynomial of degree n— 1. Note that the terms of degree 2m—ifori=2,...,2m—1
satisfy

Llhom—i] =Do1colhom—iv1], 1=1,....2m—1,
and
0= L[ho] = Do,,c0[h1] = (kix +kay +kaz). (4.2)

Computing the term of degree n—1 that is, solving L{fhpm—2] = Do 1¢0[h2m—1] We get hom_1 =0
and hom_2 = aJ*(x? —y?)™1. Proceeding inductively, we get hy1 =0 for k=0,1,....m—1
and hy = a3¢(x2 —y2)k for k = 1,...,m. So, from (4.2) we get 0 = kyx + Koy +Ksz, i.e., k1 =k =
k3=0andsok =0, fori=0,1,2,3. This implies that there are no exponential factors of the form
F =exp(h) for a # 0 and for a = 0 the unique exponential factors of the form F = exp(h) satisfy
h = h(x? —y?) being h a polynomial of degree n and k = 0, fori =0,1,2,3.

Case 2: n; > ny or n, > ny. In this case h is coprime with f; = x+y (when n; > 0) and with
f, = x—y (when n, > 0) and satisfies

(—ax+y+ z)@+(x—a +xz)%+(cz—x )%
AR y ady oz (4.3)

—(m(l—a+z)+m(—-1—a—z)h=kf"f?

where k = kg + kix + koy + k3z with ki € C. We consider the case ny > n, (i.e, ny > 1). The case
Ny < ny can be done in a similar manner and so we do not do it here. Assume that h =c¢ € C. Then
from equation (4.3) we have

—c(n(l—a+z)+m(—1-a—z)) =k(x+y)"(x—y)™

Since n; > 1 and the left-hand side of the above equation is not divisible by x +y we get a contra-
diction. So, h is not constant.

Now we introduce the new variables (X,Y,z) where X = f; =x+yandY = f, = x—y. In these
new variables we set h(x,y,z) =g(X,Y,z) and so g € C[X,Y,z]. From (4.3) we obtain that g satisfies

- 9 . 99 X2-Y2\ dg
(1—a+z)Xa)2+(—1—a—z)Y87+(cz— 2 )E (4.4)

—(n(1—a+42)+ny(—1—a—z))g=kXmy",
We assume n; < ny, the case n; > n, is done in a similar way. In this case, if we denote by g the

restriction of g to X =0, i.e. g = g(y,2) = g(—Y,y,z), and we restrict (4.4) toX =0 (i.e., x = —)
we get that g is a Darboux polynomial of system

y=—-y(l+a+z), i=cz+Yy (4.5)

with cofactor ny (1 —a+2z)+ny(—1—a—z), so it satisfies

—y(l+a+z)§—€ + (cz+y2)% =(Mm(l-a+z)+m(-1-a—1z))g. (4.6)

We consider two cases.



Case 2.1: ¢ = 0. In this case solving (4.6) we get

G = Ko(y? +2(2+ 2a-+2))y "2/ VYRR (2 4 (14 a4 7)?
+ |1+a+z\\/y2 + (1+a+z)2)2an1/\/m'

Since n; # 0 and g must be a polynomial we get g = 0, in contradiction with the fact that g is not
divisible by X. So, there are no exponential factors of this form in this case.

Case 2.2: ¢ # 0. We consider two different subcases.

Subcase 2.2.1: g is not divisible by y. Setting y = 0 and denoting § = §(z) = g(0,z) we get that § # 0
and satisfies

dg ~
czd—g =(Mm(l-a+z)+np(-1-a-z))§.

Solving it we obtain
g= Coe(nl—nz)z/cz((a—l)nl+(1+a)n2)/c7 Co €.
Since n1 > ny and § is a polynomial we must have ¢y = 0 and so § = 0, which is not possible.

Subcase 2.2.2: § is divisible by y. We write § = y/g; where j > 1 and g; # 0. Moreover, it follows
from (4.6) that g; satisfies

aq aq . _
—y(1+a+z)aiy1 + (cz+y2)% =Mm(l—-a+z)+(m—j)(-1—-a—1z))0:.
Setting y = 0 and denoting 1 = §1(z) = 91(0,2) we get that §; # 0 and satisfies
dg . ~
cz% =Mm(l—-a+z)+(m—j)(-1—-a—1z))4.

Solving it we get

'g"l — Cle(nl_n2+j)Z/Cz((a_l)n1+(l+a)(n2_j))/C’ CO c.

Since n; > ny and §; is a polynomial we must have ¢; = 0 and so §; = 0, which is not possible.

This means that g = 0 in contradiction with the fact that g is not divisible byX. Hence, there are

no exponential factors of this form in this case.
Case 3: ny = ny > 1. Working in a similar way to the proof of Case 1 in Proposition 4.1 we get
that the unique possibility is a = 0 and that h = h(¥ —y?) with k; =0, for i = 0,1,2,3. So, in
this case there are exponential factors only when a = 0 and the exponential factors are of the form
F =exp(h/(x? —y?)™) with h = h(x* —y?) and k; = 0, for i = 0,1,2,3.

If a # 0, since there are no exponential factors for system (2.2) when b =1 and a # 0, by
Theorem 2.2 we conclude that if G is a Darboux first integral then it must be of the form G = £ 3>
with py, up € C being the cofactor K = (1 —a+z)w — (1+a+z)up. Since the cofactor must be
zero and a # 0 we must have 1y = pp = 0 but then G is constant, which is not possible. Hence, there
are no Darboux first integrals in this case.

If a =0, since the unique exponential factors are of the form F = exp(h/(¥ —y?)") with h =
h(x> —y?) and the cofactor k = 0, in view of (1.3) we get that the unique Darboux first integrals
are Darboux functions of the polynomial first integral ¥ — y?. This concludes the proof of the
proposition. O



Proposition 4.2. If a+c = 0 with a # 0, system (2.2) has no Darboux first integrals.

Proof. Let F =exp(h/g) be an exponential factor of system (2.2) with & +c; =0 and a; # 0.
In view of Proposition 2.1, F can be of the form F = exp(h/f*) with h € C[X,Y,Z] and n3 € N,
f3=X24-22-b(Y2+Z?) and (h, f3) = 1 (coprime) if ng > 0. We will first compute the exponential
factors, showing that there are none.
Case 1: n3 = 0. In this case h satisfies
oh 1 dh dh

(—a1X +Y +YZ)8_X + (EX —a1Y +XZ)&_Y +(c1Z2— XY)8_Z =ko+kiX + koY +ksZ, (4.7)
with k; € C. Evaluating the above equation on X =Y = Z = 0 we obtain that ky = 0. Now we write
h =31 ,hi where each h; is a homogeneous polynomial in its variables. Without loss of generality
we can assume that h, #£ 0 and n > 1. The terms of degree n + 1 satisfy

[hy] =0

Proceeding as in the proof of Proposition 3.2 we get that n = 2m and

m . .
hy = al" (X2 422" (Y2 +22)".
i=0

where af" is a constant for i = 0,1,...,m. Computing the terms of degree n we obtain

L[hom—1] = Da, b,—a, 0[n2m]-

Proceeding as in the proof of Case 1 of Proposition 3.2 with § = 0 we conclude that hyy, =
ham—1 = 0 which is not possible. Hence there are no exponential factors of the form exp(h), with
h e C[X,Y,Z]\C.

Case 2: n3 > 1. In this case h satisfies
(—agX+Y —|—YZ)§—;+(%X—a1Y +xz)§—$+(—clz—xv)g—; @8
= 2ngath+ (X% +22 —b(Y2+22))™ (ko + kX + KoY +ksZ),

with ki € C. We claim that n > 2n3 + 1. Otherwise, in what follows we can prove that k = 0,
fori=0,1,2,3. So h is a Darboux polynomial with cofactor —2arg and hence from Theorem 1.2,
h=o(X?+22—b(Y2+2?))" = a f;° with o an arbitrary constant. But this is not possible because
h and f3 are coprime.

We first prove the claim. If n—2n3 — 1 < —2, from (4.8) and taking in account the degree of
equation (4.8), it is easy to see that ky = k; = ko = k3 = 0, which is not possible.

If n—2n3 — 1 = —2 then proceeding as before we get that kg =k, = ks =0 and L[h,] = ko f3”3
(see (2.3)). Applying the method of characteristic curves to this equation, we obtain that

n3

hn = An(u,v,w) = ko Z{) (n|3> bi(—l)iu”rivi/ \/u——v;\lxv/m

Since f, must be a homogeneous polynomial of degree n and using the expression of the integral,
given in (3.6), we conclude that ky = 0 which it is not possible.




Ifn—2n3—1= -1, weget L] = (kiX + koY +KksZ) f3”3 or in other words

fa(u,v).
(4.9)

) (o o i )

Using (3.9) and that

= arctan ( = arctan (

dw w ) dw W )
N w2/’ Vi_w2 Vi_w2/’
together with the fact that h, must be a homogeneous polynomial of degree n we conclude that kg =
ko =ks =0and n=2m. So h, = hppy = X ja" (X2 +22)m"(Y2 +22)!, with a" € C. Computing
the terms of degree n = 2m in (4.8), we must solve

L[hnfl] — Dahb’fabo [hn] + ko f:?3 + 2n3a1hn

Using hy, f3, the changes in (2.4) and (2.5) and proceeding as in the proof of Proposition 3.2 we get

dﬁnfl mm— [
aw 8 1\/u_—mza Vs
+2w_2i(a{“1(n—i+l)+%im)umivi (4.10)
k i n3—
T (i Py

Note that now n = n3. So using the integrating formula (3.6) together with the fact that hy,_; is a
homogeneous polynomial of degree n—1 we get ky = 0. So, kj =0, for i =0,1,2,3 which is not
possible. This proves the claim.

We thus have n = 2n3 + 1+ ¢ for some § € NU{0}. Then from (4.8) we obtain

L[hn—i] = Da;,—a, 0[hn—iv1], 1=1,...,¢,
L[h,— L 1] = Day,—a;.0[Mn— ] (k1X+kzy+k32)f3n3,
Ll 2] Day,—a,.0[Mh—¢— 1] +kof3?,
Llhn—¢—j] = M ¢ jua), P=1,...n=¢(—1,

where hj =0 fori < 0ori>2n3+1+ . Since the operators Da, —a, 0 and L are linear we separate
hi in the following way h; = h; ¢ + hj 1 where

(4.11)

Dalﬁab

L[hip] = Dal7,al7o[hi,17o], i= 0,1,...,2n3+ C + 2, (412)
Llhn—i1] =0 i=1,...,¢, (4.13)
Llhn_¢-11] = (kaX+ kay + kaz) f52, (4.14)

Llhn—¢—21] = Da;—ay0[hn—c_1.1] + Ko f3® +2a1nghy 1, (4.15)



L[hn—g—j,l] = Dal,*al,O[hn—C—j-‘rl,l]? J = 17 ~N—= C -1

Moreover, we require that in the process to solve iy, for i =0,...,n and | = 0,1 the polynomials
hi.1 do not contain integrating constants.

From (4.12) working as in Proposition 3.2 we obtain that by = X, hj ¢ is a Darboux polynomial
of system (2.2) with cofactor —2a;n3. So, by Theorem 1.2 we must have hy = o((X? 422 —b(Y? +
Z?)™ with o € C.

Under the assumptions on h; ; we obtain that equation (4.13) have the unique solutions h_j 1 =0
fori=1,...,¢. From equation (4.14) we get

B3\, Ca dw dw
ho_r_1(X,y,2) = J )b (—1)'u'v! k/ +k/
ety = 3 (7 )0 o e [

+k / wdw > +h (u,v)
) Vi—wi A —we) et
which is equation (4.9). Hence, k; =k; = k3 =0 and h,_;_; = 0. Moreover, equation (4.15) yields

dh,_r_» _ Ko E(—l)ibiunrivi.

dw Vu—w2 v —w? &
From (3.6) and using that h,_,_, is a homogeneous polynomial we must have ky = 0. Then ki =0
for i =0,1,2,3, which is not possible. This shows that there are no exponential factors for system
(2.2) and so, there are no exponential factors for system (1.1) in this case.

Since there are no exponential factors for system (2.2) when a+ ¢ = 0 with a,c¢ # 0, by Theo-
rem 2.2 we conclude that if G is a Darboux first integral then it must be of the form G = §° with
us € C being the cofactor k = —2aps. Since a # 0 and the cofactor must be zero we must have
us = 0 but then G is constant, which is not possible. Hence, there are no Darboux first integrals in
this case. This concludes the proof of the proposition. O

Proof of Theorems 1.5. Theorem 1.5 follows directly from Theorem 1.1 and Lemma 4.1 and
Propositions 4.1 and 4.2. O
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