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Abstract. In this paper we apply the averaging theory to a class of three-

dimensional autonomous quadratic polynomial differential systems of Lorenz-
type, to show the existence of limit cycles bifurcating from a degenerate zero-

Hopf equilibrium.

1. Introduction. A generic Hopf bifurcation is a local bifurcation where a limit
cycle bifurcates from an equilibrium point when one pair of complex eigenvalues
cross the imaginary axis. There are many others non-generic or degenerate Hopf
bifurcations. One of them is called the zero-Hopf bifurcation. A zero-Hopf equilib-
rium is an equilibrium point of a three-dimensional autonomous differential system,
which has a zero eigenvalue and a pair of purely imaginary eigenvalues. Many
different kind of bifurcations can take place in a zero-Hopf equilibrium. When a
periodic orbit bifurcates from a zero-Hopf equilibrium we will say that the system
exhibits a zero-Hopf bifurcation. It has been studied by many authors among them
Guckenheimer, Holmes, Scheurle, Han, Kuznetsov, Llibre and Zhang in [2, 3, 4, 6, 9].

In [5] the authors study three-dimensional autonomous quadratic polynomial dif-
ferential systems having the four basic qualitative properties of the classical Lorenz
system, that is:

• Symmetry with respect to the z-axis.
• Dissipation and existence of an attractor: As t → ∞ all solutions of the

differential system approach to a set of zero volume, i.e.,

∇V =
∂ẋ

∂x
+
∂ẏ

∂y
+
∂ż

∂z
< 0.

• Pitchfork bifurcation. For certain choice of the parameters, the origin is an
equilibrium point and from it bifurcate other two new equilibria. The equi-
librium point at the origin changes its stability at the bifurcating point.

• The system can also exhibit Hopf bifurcations, homoclinic or heteroclinic or-
bits, and chaotic attractor.
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