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CENTER PROBLEM FOR A-Q DIFFERENTIAL SYSTEMS

JAUME LLIBRE!, RAFAEL RAMIREZ2 AND VALENTIN RAMIREZ!

ABSTRACT. The A-§2 systems are the real planar polynomial differential equa-
tions of degree m

&= —y(l+A)+zQ, g =z(1+A)+yQ,
where A = A(z,y) and Q = Q(z,y) are polynomials of degree at most m — 1
such that A(0,0) = Q(0,0) = 0. We study the center problem for these A-Q

systems. Any planar vector fields with linear type center can be written as an
A-Q systems if and only if the Poincaré-Liapunov first integral is of the form

1
F= 5(5132 +4%)(14+O(z,y)). These kind of linear type centers are called weak

centers, they contain the class of center studied by Alwash and Lloyd [1], and
also contain the uniform isochronous centers, and the holomorphic isochronous
centers, but they do not coincide with the all class of isochronous centers.

The main objective of this paper is to study the center problem for two
particular classes of A-§ systems of degree m.

First if A = p(azz — a1y), and Q = a1z + a2y + Qm—1, where p, a1, az
are constants and Q,,—1 = Qm—1(z,y) is a homogenous polynomial of degree
m — 1, then we prove the following results.

(i) These A-Q) systems have a weak center at the origin if and only if (u +
27

m —2)(a? + a2) = 0, and / Qm—1(cost, sint)dt = 0;
0
(i) If m = 2,3,4,5,6 and (u + m — 2)(a? + a2) # 0, then the given A-Q
systems have a weak center at the origin if and only if these systems
after a linear change of variables (z,y) — (X,Y’) are invariant under
the transformations (X,Y,t) — (—X,Y, —t). .

Second if A = a1z + a2y, and Q = Q,,,_1, where a1, a2 are constants and
Q-1 = Qm—1(z,y) is a homogenous polynomial of degree m — 1, then we
prove the following results.

(i) These A-Q systems have a weak center at the origin if and only if a; =

27
az =0, and/ Qm—1(cost, sint)dt = 0;

(i) If m = 2,3,4,5 and a2 + a3 # 0, then the given A-Q systems have a
weak center at the origin if and only if these systems after a linear change
of variables (z,y) — (X,Y) are invariant under the transformations
(X,Y,t) — (—X,Y, —t).

We observe that the main difficulty to prove results (ii) for m > 6 is related
with the huge computations necessary for proving them.
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1. INTRODUCTION

0
Let X = Pa— + Qa— be the real planar polynomial vector field associated to
x

the real planar polynomial differential system

(1) i:P(Ivy)a y:Q(x,y),

where the dot denotes derivative with respect to an independent variables here
called the time ¢, and P and @ are real coprime polynomials in R[z,y]. We say
that polynomial differential system (1) has degree m = max {deg P, deg Q}.

In what follows we assume that the origin O := (0, 0) is a singular or equilibrium
point, i.e. P(0,0) = Q(0,0) =0.

The equilibrium point O is a center if there exists an open neighborhood U of
O where all the orbits contained in U \ {O} are periodic.

Suppose that the polynomial differential system (1) has a center at the origin.
It known that doing a linear change of variables and perhaps a constant scaling of
the independent variable, system (1) becomes in one of the next three systems:

(2) & =y+ Xy, §=Y(>y),
T = X(z,y), y = Y(x,y),

where X (x,y) and Y (z,y) are polynomials starting at least with quadratic terms
in a neighborhood of the origin. If the origin of system (1) is a center we say that
it is of linear type, nilpotent or degenerate if after a linear change of variables and
a scaling of the time it can be written as the first, second or third system of (2),
respectively.

The study of the centers of analytical or polynomial differential systems (1) has
a long history. The first works are due to Poincaré [15] and Dulac [6] . Later on
were developed by Bendixson [3], Frommer [7], Liapunov [12] and many others.

Here we shall work with the differential systems of the form
(3) t=-y+X, g=z+Y,

where X = X(z,y) and Y = Y (z,y) are polynomials, and the degree of the poly-
nomial differential system (3) is m = max{deg X,degY} > 2. The center-focus
problem asks about conditions on the coefficients of X and Y for distinguish when
the origin of system (3) is either a focus or a center.

In this paper we shall study the particular case of differential systems (3) of the
form

(4) & =—y(l+A)+zQ, y=x(l+A)+yQ,

where A = Az, y) and Q = Q(z,y) are polynomials such m = max {deg A, deg Q}+
1.

Systems (4) are called A—Q) systems. First we observe that if these systems have
a center at the origin then they have a first integral of the form

(5) F = (@ +42)(1+ O, y).
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This kind of centers having first integral of the form (5) are called weak centers, they
contain the uniform isochronous centers and the holomorphic isochronous centers
(for a prof of these results see [11]), but they do not coincide with the all class of
isochronous centers (see Remark 19 of [11]).

This class of planar polynomial differential systems (4) appear in different fields.
If we assume that A = A(22 +y2) — 1, and Q = w(z? +y?), then system (4) becomes
&= —yAz® + ) +rw@E@® +97),  g=ar@? + ) Fyw® + ),

which is called a lambda—omega system (see for instance [8]). On the other hand it
is well known the following result (see for instance [2]).

Theorem 1. Let X be a polynomial vector field associated to the differential system

(3)-

(i) Then X has either a focus or a center at the origin, and under a formal
change of coordinates the differential system associated to X can be written
in the Birkhoff normal form

i= —y(l+5(2® +y%)) + 28 (2* +¢?) =P,
g= a1+ S2*+9?) +ySi(=® +9°) = Q,
where S; = Sj(x2+y?) for j = 1,2 are formal series in the variable x>+ y>
and such that S2(0) = 51(0) = 0.
(i) If X has a center at the origin then the formal system (6) becomes analytic
with S1(x2+y?) = 0 (see for instance [15, 12]) with the first integral x> +y?.
Consequently any linear type center locally is a weak center.

Finally, by applying the inverse approach in ordinary differential equations see
[9] the following theorem is proved and shows the importance of system (4) in the
theory of ordinary differential equations (see Theorem 13 in [11]).

Theorem 2. The polynomial differential system (3) has a weak center at the origin
if and only if it can be written as (4) with

m j+ 1 ] 3
A= Z TTj—l + 591Tj—2 +...t §9j—2T1 +9j-1 ),

Jj=2

m
Q= Z ({Tj—hHQ} +91{Tj—2, Ha} + ...+ gj—2{T1, HQ})a

Jj=2

N | =

where Yo =1, go =1, g; and Y; are homogenous polynomials of degree j for j > 1
and has the first integral of the form

H = ng) = Hg(l + /.L1T1 + ...+ um_le_l),

where Hy = (2? +y?)/2, and pj = p;(x,y) is a convenient analytic function in the
neighborhood of the origin for j=1,...,m — 1.

2. STATEMENT OF THE MAIN RESULTS

In this section we give the statements of our main results which will be proved
in sections 4, 5 and 6, also we state some conjectures.
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Proposition 3. The polynomial differential system of degree m
o = —y(l4+ (m—2)(a1y — a2x)) + z(a1z + a2y + Qn-1),
y= z(l+ (m—2)ary — asx)) + y(ar1x + asy + Qm—1),

where Qp—1 = Qm—1(x,y) is a homogenous polynomial of degree m — 1, has a weak
center at the origin if and only if

27
(8) / Qm—1(cost,sint)dt = 0.
0
Moreover system (7) has the first integral
H
(9) H= 2 Hy(1 + h.o.t.),

1 2/(m—1)
(1 + m—HG(x, y) +(z,y) + (I>(H2)>

where G is a polynomial of degree m — 1 and such that {Hs,G} = —(m + 1)(a1x +
asy + Qm—1), ' = I'(z,y) is a convenient polynomial and ®(Hsz) is a convenient
polynomial if m even and a convenient function if m is odd (see the proof for the
expressions of I’ and ®).

We observe that if we take a; = a2 = 0 in Proposition 3 we obtain following
corollary.

Corollary 4. The polynomial differential system of degree m
(10) T = —y+ mefl y =T+ meflv
has a weak uniform center at the origin if and only if (8) holds. Moreover sys-

tem (10) has the Poincaré-Liapunov first integral (9) where G is a homogenous
polynomial of degree m — 1 and such that {H2,G} = Q1.

Conti in [5] proved the first part of Corollary4, but the second part providing an
explicit expression of the first integral of system (10) is new.

Remark 5. The weak centers obtained in Proposition 3 and Corollary 4 in general
are not invariant with respect to the transformation (z,y,t) — (—x,y, —t). Indeed
the polynomial differential system of degree 2k given by formula (7) and (10), when
Qok_1 is an arbitrary polynomial of degree 2k — 1, in general is not reversible and
has the weak center at the origin.

We recall that a polynomial differential system has a uniform center at the origin
if written in polar coordinates x = rcosf, y = rsin # we obtain that 6 is constant.
Conjecture 6. The polynomial differential system of degree m

= —y(l+plar —ary)) + z(arz + azy + Qin—1),
(11) .
y= a1+ plazr —ary)) +y(ar1z + azy + Qm_1),

where (u+m—2)(a2+a3) # 0, and Q1 = Qm_1(2,y) is a homogenous polynomial
of degree m — 1 has a weak center at the origin if and only if system (11) after a
linear change of variables (x,y) — (X,Y) it is invariant under the transformations
(X,Y,t) — (—X,Y,—t).

Theorem 7. Conjecture 6 holds for m = 2,3,4,5,6.
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Conjecture 8. The polynomial differential system of degree m
(12) = —y(l+az+azy) + 21,
y= x(1+az+ay)+yQm_1,
where a2 + a3 # 0, and Qp_1 = Qn_1(1,y) is a homogenous polynomial of degree
m — 1 has a weak center at the origin if and only if system (12) after a linear

change of variables (z,y) — (X,Y) it is invariant under the transformations
(X7Y7t) — (_X7Y7 _t)

Theorem 9. Conjecture 8 holds for m = 2,3,4,5,6.

The only difficulty for proving Conjectures 6 and 8 for the A—2 systems of degree
m with m > 6 is the huge number of computations for obtaining the conditions
that characterize the centers.

3. PRELIMINARY RESULTS

In the proofs of the main results of this paper it plays a very important role the
following results and notations which we can find in [11] .

As usual the Poisson bracket of the functions f(z,y) and g(z,y) is defined as

0f 0g  O0f Og
(g} m gt 020

Ox 0y Oy ox
The following result is a simple consequence of the Liapunov result given in Theorem
1, page 276 of [12] .

Corollary 10. Let U = U(x,y) be a homogenous polynomial of degree m. The
linear partial differential equation {H2,V'} = U, has a unique homogenous poly-
nomial solution V' of degree m if m is odd; and if V is a homogenous polynomial
solution when m is even then any other homogenous polynomial solution is of the
form V + ¢(z® + y?)™/? with ¢ € R. Moreover, for m even these solutions exist if

2
and only if U(z,y)| dt = 0.
0

x=cost,y=sint

Proposition 11 (see Proposition 6 of [10]). The next relation holds
27

(H,, )| dt =0

r=cost,y=sint
for an arbitrary C* function ¥ = W(x,y) defined in the interval [0, 27] .

Proposition 12 (see Proposition 24 of [10]). Consider the polynomial differential
system (1) of degree m which satisfies

27
oP 0Q
/0 ((% + 5‘y> |z=cos t, y=sintdt = 0.

Then there exist polynomials F = F(xz,y) and G = G(x,y) of degree m + 1 and
m — 1 respectively such that system (1) can be written as

(13)  @=P={Fa}+(1+G){Hsa}, §=0Q={Fy}+(1+G){H,y}
with G(0,0) = 0.
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We need the following definitions and notions. A function V' = V(x,y) is an
inverse integrating factor of system (1) in an open subset U C R2if V € CY(U),V #

o (P 0 (QY\
0mUaHd3x<>+3y<V)_0

Theorem 13 (Reeb s criterion). (see for instance [16]) The analytic differential

system & = —y + Z X, y=x+ Z Y; has a center at the origin if and only if
Jj=2 Jj=2

there is a local nonzero analytic inverse integrating factor of the form'V =1+ h.o.t.

in a neighborhood of the origin.

An analytic inverse integrating factor of the form V' = 14-h.o.t. in a neighborhood
of the origin is called a Reeb inverse integrating factor.

The analytic function
H= ZHmy ( + 3 JrZHacy)
=3

where H; is homogenous polynomials of degree j > 1, is called the Poincaré-
Liapunov local first integral if H is constant on the solutions of (3).

Theorem 14 (see Theorem 13 and Remark 14 of [11]). Consider the polynomial
. 0 s 0
vector field X = (—y + z_; Xj)% + (z + Jz_; Y])a—y Then this vector field has a

Poincaré-Liapunov local first integral H if and only if it has a Reeb inverse inte-
grating factor V.. Moreover, the differential system associated to the vector field X
for which H = (2> +y?)/2 + h.o.t. is a local first integral can be written as

t= V{H, z}
(14) = {Hm+1,$}+(1—|—gl){H7n,J?}+...+(1+g1+...+gm_1){H2,]}},
Y= V{H, y}

= {Hpi1,y} + T+ g){Hm,yb+...+ 1+ g1+ ..+ gm—1){H2,y},
and V and H are such that

V= 14> g
j=1

1 oo
(15) H = §(x2+y2)+ZHj:Tle+1+7'2Hm+...+TmH2
=
dH,, 1 dH,, 1 m—1)dH.
_ /( +1+( +q1) _~_“.+( +g1+ .+ Gmo1) 2)7
¥ 4 Vv %4

where 7 is an oriented curve (see for instance [17)), 7; = 7j(x,y) is a convenient
analytic function in the neighborhood of the origin such that 7;(0,0) = 1, and
g; = gj(z,y) is an arbitrary homogenous polynomial of degree j which we choose
in such a way that V is the inverse Reeb integrating factor which satisfies the first
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order partial differential equation

1+g;
\%

1491+ ...+ gm-1
14

(16)  {Hmr, ) + {Ho o2 4 (B, 1 =0

Remark 15 (see formula (44) and the proof of Theorem 13 of [10]). From (16),and
(15) the following infinite number of equations must hold
(17)
{Herlvgl} + {Hmag2} .o+ {H3agm71} + {HQagm} = 0,

{H7rL+17g% - 92} + {Hmagng - 93} +...+ {H3,919m—1 - gm} + {H27919m + g7n+1} = 07

Consequently
(18)

27
| Qters0) + (Hoga 4 (gD eon i =
0

2
/ ({Hms1,97 — g2} + {Hm, 9192 — g3} + ... + {Hs, 919m—-1 — 9m}) | ,_... ty—sin 1 A =0,
o ,

Conditions (17) and (18) are equivalent to the following relations .
(19)
{Hmtjt1, 91} + {Hm+jo 92} + ... + {Hz, gm+j—1} + {H2, gm+5} = 0,

27
R S S B AP [T S}

for j > 0.

Theorem 14 can be applied to determine the Poincaré-Liapunov first integral
and Reeb inverse integrating factor for the case when the polynomial differential
system is given (see section 8 of [11]. Indeed, given a polynomial vector field X
of degree m with a linear type center at the origin of coordinates, using (14) we
determine its first integral H and its Reeb inverse integrating factor. Thus, if in

(3) X = Z X;andY = Z Y; with X; and Y; homogenous polynomials of degree
j=2 j=2
J, from (14) equating the terms of the same degree we get

{Hj+1’x} —I—gl{Hj,x} +... —|—gj,1{H2,ai} = Xj
{Hj+17y} +gl{Hj)y} +...+ gj—l{H27y} = ij’
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for 7 =2,...,m. Then

0 Hs
= —X —
ay 2 Y4gi1,
OH
&ES = Ya-azgn,
OH, . OH
ay - 3 g1 ay Yygo,
0H, - v 8H3
or 3— 01 o — Zg2
OHy .y OHi_ OHy
i T T
8H5 8H4 8]—13
o 5/4—91731 9275, T Y
(20)
OHmyr o OHwm OHs _ oH,
ay m g1 ay 9m—2 ay Im—1 ay )
OHmyr _ y _ OHm 0Hs _ oH,
817 m g1 ax Im—2 893 Im—1 8x
OHmykrr _  OHmyr OHz 0 Hy
78y g1 ay gm+k7276y Im+k—1 dy )
OHmyktr _  OHmyr OHz 0 Hy
Ox 9Ny T Imtk2Tg T Imtk-1T5

for k > 0. From the first two equation of (20) it follows that g; must satisfy the
first order partial differential equation

0 Xo n 0Ys
oz ox’
which in view of Corollary 10 has a unique solution. Substituting g; into the first

two equations of (20) and using the Eulers Theorem for homogenous polynomial
we obtain

(21) {H2,91} =

1
(22) H3 = g(xYQ_yXQ —291H2).

We shall determine g as a solution of the first order partial differential equation

0X3 0Y3

(23) {H2, 92} = W—F% —{Hs3, 91},

where g7 is a solution of (21). Then in view of Corollary 10 we get that under the
condition

T 0Xs OY:
(24) | (G2 + 5 - )

dt =0,

zr=cost,y=sint
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g2 exists and has the form go(x,y) = g2(z,y) + cHz where ¢ is a constant. Hence
from the third and fourth equation of (20) we get

1
(25) H4 = Z ($Y3 - yX3 - 391H3 - 292H2) .
We shall determine g3 as a solution of the first order partial differential equation
00Xy  0Yy
(26) {H2793} - O +87 _{H47gl}_{H3792}7

where g1, g2 and Hs, Hy are solutions of the previous differential equations. Then
in view of Corollary 10 we get that there exist an unique solution g3. Hence from
the fifth and sixth equation of (20) we get

1
(27) Hs = 3 (2Yy —yXy — 4g1Hy — 392 H3 — 2g3H>) .
By continuing this process we obtain that if g,,—1 is a solution of the equation
0X, 0Yn
28 Hoygm—1} = —{Hpm,91}...— {Hs,9m-2},
(28) {Hz, gm-1} o ow {Hm, g1} {Hs, gm—2}

which exist if and only if

@ [ O ) (o))

dt =0,
Ox Oz T=cost,y=sint

where the homogenous ¢,,_2, ..., g1 are solutions of the previous first order differ-
entia system, then the homogenous polynomial of degree m + 1 can be calculated

as follows

H,i1=—— (2 —yXm — H,—.. . —2g,1H
+1 ml (z Yy mgi Gm—1H>)
Finally under the conditions
(30)

{Hz, gm+k—1} = —{Hmsk, 91} — {Hmsr-1,92} - - — {H3, Gm+yr—2},

27
0= [ (= (Hosse) = (Hosrsge) oo = {Hasgmena)| o,
0 xr=cost,y=sint

we get that
(31)
Hiyikt1 = Tt Rl (=(m+k)g1Hims — (m+k — 1) gaHmyk—1— .. = 2gm+k—1H2)

o0
for k£ > 0. Thus we get the expression of H and of the integrating factor 1+ Z gj-
j=1
Below we need the following results.
Let
(32) T =r1X — KoY, y=koX + K1Y,
be a non-degenerated linear transformation, i.e. k2 4+ k3 # 0. Then differential

system (4) becomes

X= -v (1 +A(X, Y)) T XQX,Y),
(33)
V= X (1 +A(X, Y)) FYQX,Y),
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where A(X,Y) = A(k1 X — koY, ko X + k1Y) and Q(X,Y) = Q(k1 X — koY, ko X +
k1Y'). Here we say that system (3) is reversible with respect to a straight line |
through the origin if it is invariant with respect to reversion about [ and a reversion
of time ¢ (see for instance [5]). In particular Poincaré’s Theorem is applied for the
case when (3) is invariant under the transformations (x,y,t) — (—z,y, —t), or
(z,y,t) — (x, —y, —1).

In the proof of the results which we give later on we need the Poincare’s Theorem
(see for instance [14], p.122.)

Theorem 16. The origin of system (3) is a center if the system is reversible.

Since a rotation with respect to the origin of coordinates is a particular trans-
formation of type (32), when a center of system (4) is invariant with respect to
a straight line it is not restrictive to assume that such straight line is the x axis.
So the center of system (4) will be invariant by the transformation (z,y,t) —
(—x,y,—t) or (z,y,t) — (z,—y,—t). We shall study only the first case, i.e. we
shall suppose that the A-Q system is invariant with respect to the transformation
(’I, Y, t) — (7337 Y, 7t)'

The following proposition is easy to prove (see for instance [13]).

Proposition 17. Differential system (33) is invariant under the transformation
(X,Y,t) — (—X,Y,—t) if and only if it can be written as
a0 X= -Y(1+6:1(X%Y))+X%0:(X2Y),

V= X(1+0:(X%Y))+XY0y(X2Y),

Remark 18. Using the notations of (33) and (34) after some computations we
can prove that the following relations

m—1 m—1

AX,Y) = Aj= > A XFY" = 01(X2Y),
j=1 j=1 k+n=j
m—1 m—1

QX,Y) = Q; = D W XY = X0y(X2Y),
7j=1 =1 k+n=j

hold if and only if
Xoi—1;= 0 for 1=1,2,...,[m/2] and j=0,...,m—2l,
wy ;= 0 for 1=0,2,...,[((m—-1)/2] and j=0,...,m—1-2I,

where [ ] denotes the integer part function. Consequently, [m2/4] coefficients of A
must be zero, and [(m? + 2m — 3) /4] coefficients of Q must be zero.
Corollary 19. Polynomial differential system (34) can be written as
X= -Y(1+6:1(X%Y))+X{H, o} =P(X,Y),
(35) .
Y = X(1+®1(X2,Y))—|—Y{H2, Q}:Q(X7Y)7

where ® = ®(x,y) is a polynomial of degree at most m — 1 such that {Hs, ®} =
X05(X2Y). In particular all uniform isochronous centers which after a linear
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change of wvariables (x,y) — (X,Y) are invariant under the transformations
(X,Y,t) — (—X,Y, —t) can be written as

(36) X =-Y+X{Hy, ®}, Y =X+Y{H,, ®},

Proof. By considering that
27 2m
XOy(X?, Y)}zzcost,y:sint dt = ; O5(1 —sin’t,sint) cost dt = 0.
By Corollary 10 we get that there exists a polynomial ® such that X©0,(X2Y) =
{Hz, ®}. Thus we have the formula (35). Since for uniform isochronous centers
01(X2Y) =0, the corollary follows. O

Proposition 20. Any weak center invariant at the origin of system (35) satisfies
that the integral of the divergence on the unit circle is zero.

Proof. The weak center of of system (35) satisfies
P Hy, ® Hy, ©
or _0Q O(H: B} | O{H:, O}

ax Tay 2{H,, ®} + X X Y +{H2,0:}
0P oP

From Proposition 11 satisfy that

T rOP  9Q
/0 (ax*ay)

I
e

X = cost
Y =sint

4. PROOFS OF PROPOSITION 3 AND 4

27
Proof of Proposition 3. Sufficiency: If/ Qn—1(cost,sint)dt = 0 then (12) holds
0
with
P:= —y(14+(m—-2)(a1y — a2z)) + z(a1x + asy + Qn—1),

Q:= z(1+ (m—2)(ar1y — azx)) +ylarx + agy + Ln—1),
because €),,_1 is a homogenous polynomial of degree m — 1 and from the Euler
Theorem for homogenous polynomial we have

oP 0Q
%_Faiy = (m+1)(a1x+a2y+9m71)-
Therefore )
T (OP 0Q
/0 <8x+6y> o = cost dt = 0.
y =sint

Then in view of Proposition 12 we get that there exist polynomials F' and G of
degree m + 1 and m — 1 respectively, such that system (7) can be written as

t= P={Fz}+ (1+ G){Hs,xz},

(37)
= Q={Fy}+(1+G){H,y}
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After some computations we obtain
{F,Hg} = 2H2(a1x—|—a2y—|—Qm_1),
{G,Hy} = —(m+1)(a12 + asy + Qm—1).

2H 9H
m +21 G, Hy} = 0. Consequently F = - +21

p(Hz) = bo + by Ha + ..+ by 1) o Hy " 172

is an arbitrary polynomial of degree < 2[(m + 1)/2], where [] denotes the inte-
ger part function. Inserting F' into the differential system (37) and after some
computations we get that

Therefore {F + G + p(H3), where

- _ 2Ho , m—1

P= P (G}t (1) + TG aa),
. 2H, m—1

= Q=- 14+ p/(Hy) + ———= H.

y= Q m+1{G,y}+( +/( 2)+m+10>{ 2,9},

d
where p'(Hs) = d?p In order to have that the linear terms of the previous system
2

be —y and x respectively, we need that by = 0, because G(0,0) = 0. Therefore

S . 2H _ 2H,

Hy = ity =~ (0G0} 4 {Gy)) = i (.G,

. oG, G, , m—1_\ (G e

G= Goas Gy (14w + 26 (Gl + 5 ()

m—1
= {H,G} |1+ ——G+p'(H)|.
{H> }( +m+1 +p'( 2))
Consequently we have the following linear ordinary differential of first order
dG (m-1)G _ (m+1)(1+p/(Ha))

dH, 2H, 2H,
Thus after the integration we have the existence of a first integral H given by
Hy
H = 1 2/(m—1)
(38) (1 + o1 Gl y) + (m = D0z, 9) + [(m + 1)/2]@(}12))

= H2(1+O(I,y)),
hence the origin is a weak center, where

b, 3bs

([(m +1)/2] — D)b{(mr1)/2]-1 4 [(m+1)/2]—2

I'= H H2+ ... Hy™
mo3 s T 2 — - m 02 :

and
bi(m+1)/2] (m41)/2]-1 .o .
if m is even,
O(H,) ={ [(ml+)/2] = (m+1)/2 2
b[(m+1)/g]H2(m_1)/2 log H2 if m is odd.

We observe that if m is odd then this first integral (38) is non analytic at the
origin.
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Necessity: Now we suppose that the origin of system (7) is a center and we
must prove that (8) holds. Indeed, if the origin is a center then from Theorem
14 it follows that differential system (7) can be written as (see (14)), where the
homogenous polynomials Hy and g; for Kk = 2,....m+1land l =1,....m —1
satisfy
(39)

{Hm+1>x} + gl{Hm7x} ot gmfl{H%x} = Xm = "L‘Qm717

{Hm+1,9} + 1 {Hm,y} ... + gm-1{H2,y} = Yoo = yQp1,
{Hmvm}""_gl{Hmflax}“-+gm72{H27x}: 07
{Hmay}+gl{Hm—lay}"'+gm—2{H2,y} = 07

{Hs, 2} + g1{Ha,x} + go{ H3, 7} + ga{Ha,z} =
{Hs,y} + g1{Ha,y} + g2{Hs,y} + g3{Ha,y} =
{Hs,z} + g1 {Hs, 2} + go{H2, x} =
{Ha,y} + g1{Hs,y} + go{Ha, y} =
{Hs, 2} + g1{Hz,z} := X5
= —y(m—2)(a1y — asx) + z(a1x + azy),
{Hs,y} + 91{H2,y} = Y2
= a(m—2)(a1y — a27) + y(a17 + azy).

0
0
0
0

From the last two equations we obtain (see (21) and (22))
2
= 1 — H = —7H .
g1 = (m+1)(ary — axx), 3 12
After from the third and fourth equations starting from the end of system (39) we
have (see (23) and (25))

1 c

2 2 2

= + cH. Hy = Hy, — —Hj.
m 191 Cl12, 4= 191 2~ 5l

Later from the fifth and sixth equations starting from the end of system (39) we

get,

g2

4 3 2c 3m +5 c
= - Hyy, Hy=-——"" BHy+— g H2
9= 312 T ety = T e T o )
and so on, where c is an arbitrary constant. Inserting the previous expressions into
the homogenous polynomial + —— we get
Or oy

{Hmagl} + {Hm—lvg2} St {H2agm—1} = (m + 1)Qm—17

which we obtain from the compatibility conditions of the first two equations of (39).
After some computations it follows that {Hs, ®} = (m + 1)Q,,_1, for a convenient
polynomial ® of degree m — 1. Consequently in view of Proposition 11 we get that

us
/ Q—1(cost,sint)dt = 0. In short the proposition is proved. O
0
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Remark 21. Polynomial differential system (7) under the condition (8) can be
written as

= —y(l+(m=2)(a1y — azz)) + z(a1z + azy + Y1)
= —y(l+ (m—2)(ary — azx)) + x{H2, ¥},
y= z(1+(m—2)ary — az)) + y(arz + azy + Q1)
= (14 (m—2)(ay — a2w)) + y{Ha, ¥},
where {Ha, U} = a12 + agy + Qpm—1.

5. PROOFS OF THEOREM 7

The proof of Theorem 7 follows from the next propositions.

Proposition 22. A quadratic polynomial differential system

(40) = —y(l+nix+nay)+ z(a1z + azy),
= z(1+nx+ny)+ylaz+ azy),

has a weak center at the origin if and only if

(41) ainy + asng = 0.

Moreover the quadratic differential system (40) satisfying condition (41), after a
linear change of variables (x,y) — (X,Y) it is invariant under the transformations
<X7 Y7 t) — (_X7 Y7 _t)

Proof. Sufficiency:. We suppose that (41) holds and we shall show that then the
origin of system (40) is a center. Indeed doing the change of variables given in (32)
with k2 + k3 # 0 to system (??) we obtain the differential system

X = —Y(l + (k1n1 + kane) X + (king — ﬁgnl)Y)
—|—X((/{1a1 + koa2) X + (k1ag — /igal)Y),
Y = X(l + (k1n1 + kono) X + (king — mgnl)Y>
+Y((/i1a1 + Koag) X + (k1a2 — Iigal)Y).
This system can be written as (34) if and only if
(42) Koai — K1ag = 0, Kini + kong = 0.

Clearly system (42) has a nonzero solution ; and x4 if and only if a;ni +agne =
0. Under condition (42) the quadratic system is

X = —Y(l + (mng — Iignl)Y) + (mal + IQQ&Q)XQ,

Y = X(l + (mng — Kgnl)Y) + (mal + KQGQ)XY.

This system is invariant under the transformation (X,Y,t) — (—X,Y, —t), so in
view of Theorem 16 the origin is a center, which in view of Theorem 2 is a weak
center.
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Necessity: We now suppose that system (40) has a center at the origin. From
Theorem 14 we get that quadratic differential system (40) can be written as

&= {Hs,x}+ (1+g1){H2,x}
= —y(l+nz+ny) + z(arz + agy) == —y + Xo,
g= {Hsy}+ (1 +g1){Hay}
= z(1+nmz+ny) +ylarz + agy) :=x + Ya.
Thus
{Hs,z} + gi{H2, v} = —y(nix + ngy) + z(a1r + azy) = Xa,
{Hs,y} + g1{Ha,y} = z(mz + n2y) +ylar1z + azy) == Ya.

By determining the homogenous polynomial g; as the unique solution of the equa-
tion (see (21))

0X oY
{H2 g1} = 87; + 87; = (n2 + 3a1)x + (3az — n1)y,
we get that
(43) g1 = (n1 — 3az2)x + (n2 + 3a1)y.

In view of homogeneity of Hy and H3 we obtain that (see (22))

1
H3 = - (2Ys —yXs — 2g1 Ho) = 2Ho(a2x — ary).

3
On the other hand from conditions (20) since X3 = Y3 = 0 we get that
OHy  0H3 OHy 8H37x
dy g1 dy Y92, oz g1 o g2-

We shall determine go as a solution of the first order partial differential equation
(see (23))
{H2792} + {H37gl} = 07

where ¢; is given in (43). Then in view of Corollary 10 with V = g9 and U =
2

—{Hjs, g1}, we get that if / {H3, 91} Hoecost, y=sint @ = 4m(aini + azna) = 0,

0

then go exists and has the form gs2(z,y) = go(z,y) + cHa where ¢ is a constant.
Thus we prove the necessity of the condition (41). In short the proposition is
proved. O

Proposition 23. A cubic polynomial differential system
= —y(l+plar —ary))
(44) +x(a17 + agy + azx? + agy® + asry),
y= z(1+p(ar —ary))
+y(ar1® + azy + azz® + agy® + aszy),
has a weak center at the origin if and only if
(45) az + ag =0, arasas + (a2 — a2)ay = 0,

Moreover system (44) under condition (45) and (u+1)(a3 +a3) # 0, after a linear
change of wvariables (xz,y) — (X,Y) it is invariant under the transformations

(X,Y,t) — (—X,Y, —t).



16 J. LLIBRE, R. RAMIREZ, V. RAMIREZ

We observe that Proposition 23 when p = 0 provides Theorem 2.2 of the Collins’
[4].

Proof. Sufficiency: First of all we observe that cubic differential system (44) under
the change of variables (32) becomes

(46)
X = —Y(l + u(kras — koa1) X — pu(koas + Klal)Y>
—|—L ((/ﬁ% + K2) ((kray + koa2) X + (k1as — k2a1)Y)
(k§ + K3)?

+(K2a3 + K3a4 + K1K2a5) X2

+(K3a3 + K3ag — K1koas)Y 2 + (k3 — K3)as + 2k1K2(ag — ag))XY),
Y = X(l + u(k1a1 — Kkoa2) X — p(kias — H2a1)Y>

er ((/ﬁ% + k2) ((kray + K2a2) X + (k1a2 — Koay)Y)

+(K)%CL3 + n§a4 —+ H1H2a5)X2

+(k3a3 + K3ag — K1koas)Y2 + ((k3 — K3)as + 2k1K2(as — ag))XY),

is invariant under the transformation (X,Y,t) — (=X, Y, —t) if and only if using
Proposition 22 we have

Koa1 — kiag = O,
(47) K2as + K3ay + Kikoas = 0,
+I€%CL3 + n%a4 — Kikgas— = 0.
From these conditions it follows that x1 and ks such that % + 3 # 0 if and only if
arky —ask; =0 and az+aq =0, kiksas + (kzg — kf)a4 =0.

We suppose that (45) holds and show that then the origin of system (44) is a center.
Clearly if a? + a3 # 0, then after the change z = a1 X — ayY, y=asX + a1y,
we get that system (46) coincide with system (34) when k; = a; and ke = ag, and
consequently (47) becomes (45). Since system (46) is invariant under the change
(X,Y,t) — (—X,Y, —t) i.e. isreversible by Poincaré Theorem its origin is a center,
and by Theorem 2 it is a weak center. Thus the sufficiency of proposition is proved.

Necessity We suppose that the origin of (44) is a center. We must show that
(45) holds. Indeed from Theorem 14 it follows that differential system (44) can be
written as

{Hy, 2} + (1 4+ g1){Hs, 2} + (1 + 91 + g2){ Ha, 7}

= —y(1+ plazr — a1y)) + v(ar1x + azy + azx? + agy® + asry),
{Ha, v} + (1 + 9){Hs, y} + (1 + g1 + g2){H2, y}

= 2(1+ plazx — a1y)) + y(arz + asy + azx? + asy? + aszy).
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Consequently taking the homogenous parts of these two previous equalities we
obtain
(48)

OH. OH. 0 H.
{Hy, #} + g1 {Hs, 2} + go{ Ha, 2} = . . )

= wz(azz? + agy® + aszy) == 20 = X3,

8H4 8H3 8H2
H. H. H. =
{Hy, y} + 91{Hs,y} + g2{H2,y} E + 0 o7 + 92 7
= ylasa® + agy? + aszy) == yQy = Vs,
OHjz 0H>5
H Hyzl= -3 g 222
{H3,x} + g1{H2, v} By g1 3y
= —py(azr — a1y) + z(a17 + azy),
0H; 0H,
H. Hoyd = 234 4202
{Hs,y} + g1 {H2,y} 0z + g1 7

= pz(az — ar1y) + y(arz + azy).
From the last two equations we have that (see (21) and (22)))
g1 = (p—3)(azx — a1y), and Hjz = 2(asx — a1y)Hy := T1Ho.
Inserting g; and Hjs into the two first equations and taking into account the Euler

0X3 0Ya
Theorem for homogenous polynomials we get that el ARk A 45 consequently

ox ox
(see (23) and (24))
{Hz, 92} +{H3,91} — 40 = 0,

and this equation has solution if and only if (see Corollary 10)

2
/ ({H3vgl} - 492)|z:cost,y:sin t dt = a3+ as =0,
0

Hence the first two equations of system (48) have a solution if and only if ag+a4 = 0.
The solutions of (48) are

H, = (9@% —3a3p — c)x? + (4aragp + 4ay — 12a1az)yx

+(60/% + (20,% + a%)ﬂ + 3&% — 2@2@5 — C)yQ)H2/2 = TQHQ,
go = 12?2+ (—6ajas + 2a1pu — 4ay)yx
+((a3 — a?) (1 = 3) + 2a5 + a1)y?,
where ¢ is an arbitrary constant. By inserting az + a4 = 0 into (44) we get

(19) = —y(1—plary — azr)) + x(a12 + asy — a2 + agy® + asxy),

y= x(1 — plazr — ary)) + y(ar1z + aoy — asx® + asy® + asxy),
By calculating g3 as the unique polynomial homogenous of degree four solution of
the equation {Hyg, g1} + {Hs,92} + {H2,93} = 0, (see (26)) and determining Hj
from (26) with X4 =Yy = 0 we get Hy = —4g1H4/5 — 392H3/5 — 2g5H3 /5. From
equation

{Hs,91} +{Ha, g2} +{H3,93} + {H2,94} =0,
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(see (29) with m = 5 ), and in view of Proposition 11 we get that this equation has
a solution for the homogenous polynomial g4 if and only if

2m
0= / ({H57gl} + {H4792} + {H37g3})|m:cost7y:sin t
0

= 3n(p+1)*(as(a? — a?) + ajazas) = 0.

Thus a4(a3 — a?) + ajazas = 0. The case when 1+ 1 = 0 and m = 3 has been
studied in Proposition 3.

If a1y = az = 0 then system (49) becomes
b= —y+x(—asx? + agy® + aszy) := —y + 280,
v= z+y(—az®+ ay® + aszy) = x4+ yQy,
which is a polynomial differential system with homogenous nonlinearities. Conse-
quently we have that

2

2
_ 2 2 _
o Qo |z:cos t,y=sint dt = A (—CL4$ tasy” + a5my) ‘m:cos t,y=sint dt = 0.

Hence and in view of Corollary 4 we obtain that the origin is a weak center. In
short the proposition is proved. ([

Proposition 24. A quartic polynomial differential system
= —y(+plar —ary))

(50) +z(a1z + asy + agx® + a7y3 + asw2y + a9$:l/2)7
= z(1+ plazr — ary))

—l—y(alx + asy + a6x3 + a7y3 + angy + agacy2),

has a weak center at the origin under the assumption

(a) a? + a3 # 0 if and only if
(i) ara2 #0 and

1
a6+ 508 (a7(af — 3a3a1) + ag(a3 — afaz)) = 0,
2

ag + (a7(3a?1’ — 3aia3) + ag(a3 — 3&%(12)) = 0.

2a3a;
(ii) a7 = ag =0 when ay =0 and a1 # 0,
(iil) ag = a9 =0 when a; =0 and az # 0.
(b) If a1 = a2 =0.
(c) If u+2=0.
Moreover if we assume that (u + 2)(a? + a3) # 0 then system (50) under the
conditions (i) , (i1) and after a linear change of variables (x,y) — (X,Y) it is
invariant under the transformations (X,Y,t) — (=X,Y, —t), and in the case (i)
it is invariant under the transformations (X,Y,t) — (X, =Y, —t),

Proof. Sufficiency: Doing the change of variables (32) system (50) can be written
as differential system (33) with m = 4 and

A= plagr —ary), and Q:=aiz + axy + agz® + a7y’ + agz®y + agxy?,
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which is invariant under the transformation (X,Y,t) — (=X, Y, —t) if and only if

(i) k1k2 # 0 and

kaa1 — K1ag = 0,
1
(52) ag + @ (a7(m‘;’ — 3K3kK1) + ag(k3 — H%Kz)) = 0,
1
as + 52 (a7(3x% — 3K1K3) + ag (k3 — 3kikg)) = 0-—
R3RK1

(ii) k1 =0as #0, and a3 = ag = ag = 0.
(ili) ke =0 a1 # 0 and as = a7 = ag = 0.

We suppose that statement (i), (ii) or (iii) hold and we will show that then the
origin is a center of system (50). Indeed, if ajas # 0, then after the change x =
a1 X —asy, y = a2X + a1Y, we get that system (50) coincide with system (34)
for m = 4 and with k1 = a; and k3 = as and consequently by considering that
this system is invariant under the change (X,Y,t) — (=X,Y, —¢) or (X,Y,t) —
(X, =Y, —t), i.e. it is reversible.

If ay = a7 = as = 0 and ay # 0, then differential equations (50) become
i= —y(l—pay))+a2*(a1 + aez® + agy?),
g= a(l-pay))+yz(ar + asz® + +agy?).

This system is invariant under the change (z,y,t) — (—x,y, —t) i.e. it is reversible.

If a1 = ag = a9 = 0 and ay # 0, then differential system (50) becomes
= —y(1+ pasx)) + zy(as + ary® + agx?),
y= z(1+ pasw)) +y*(az + ary® + asa?).
this system is invariant under the change (z,y,t) — (x, —y, —t) i.e. it is reversible.

Thus in view of the Poincaré Theorem (see Theorem 16) we get that in cases (i),
(ii) and (iii) the origin is a center. Furthermore by Theorem 2 this center is a weak
center.

Necessity: We prove the necessity of the statement (a). We suppose that the
origin is a weak center. Indeed, from Theorem 14 it follows that differential system
(50) can be written as
(53)

{Hs, o} + (L + gu){Ha, v} + (1 + g1 + g2){H3, 2} + (1 + g1 + g2 + g3){ Ha, v}

= —y(l+ plasr — a1y)) + (a2 + a2y + aez® + ary® + asz®y + agry®),
{Hs, y} + (A + g ){Ha,y} + (1491 + g2){H3,y} + (1 + 91 + g2 + 93){ H2, 91},
= 2(1+ plazr — ary)) + y(arz + asy + agx® + a7y® + agx®y + agry?).

In view of Corollary 10 and assisted by an algebraic computer we can obtain the
solutions of (53), i.e. the homogenous polynomials Hs, Hs, g1, g3 of degree odd are
unique and the homogenous polynomials Hy, go of degree even are obtained modulo
an arbitrary polynomial of the form c(z? 4 y?)* where k = 1,2. Indeed taking the
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homogenous part of these equations we obtain
{Hs,x} + gi{Hz, 2} = —y(p(azz — ary)) + z(a1z + aszy),
{Hs,y}t + g1{H2,y} = a(p(azz — a1y)) + y(arx + azy).
The solutions of these equations are

g1 = (pp — 3)(azz — ary), Hs = 2Hs(azx — a1y).

{Ha,2} + g1{Hs, 2} + go{H2, 2} = 0,
{H4,$}+91{H3,$}+92{H2,$}: O’
the compatibility condition of these two last equations becomes of {Hs, g1} +
{H27g2} = 07 and since {H37gl} = {H27_(3 - /J’)(G’Zx - aly)2} we get that
{Hs, g2 — (3 — p)(azx — a1y)?} = 0. Therefore go = (3 — p)(agx — aly)? + caHa,
where ¢y is a constant. Then from system (54) we obtain the solution
H,
2

where ¢; is a constant. Inserting these previous solutions g;, Hs, go and H, into
the partial differential equations

{Hs, z} + g1{Ha, 2} + go{Hs, 2} + g3{H2, 7}
= z(agz® + ary® + agz?y + agry?®) = 203 == Xy,

{Hs, y} + g1 {Ha, y} + g2{H3, y} + g3{H2,y}
= y(agr® + ary® + agx?y + agry?) = yQ3 := Y,

(54)

Hy=—=((n—3) ((af — a3)(2* — y*) + darasay) + c1 H,

(55)

we get that these differential equations have a unique solution. Indeed, in this case
(26) becomes
(56) {Hy, g1} +{Hs, 92} + {H2, 93} = 503,

aY,
1+ —4 = 5{23, here we have taking into account that (23 is a homoge-

because

nous polynomial of degree 3. Consequently there exist a unique solution
g3 = (a1(a} +2a}/3)p* — a1(10a3 /3 + 4a3)p + a1 (4a? + 3a3) + 5(ag + 2a6)/3) y?
(—as(a? + 2a3/3)p* + ax(10a3/3 + 4a3)p — (3a + 4a3)az — 5/3(as + 2ar))
+ (a3p? — 2(2a} + ad)azp + 3a1(a? + 2a3) + Tag) 22y
+ (—a3p® + 2(2a3 + a?)azp — 3az(a? + 2a3) — Har) vy?
+c(1 = p)(arz + azy) Ho
of (56) and substituting g3 into (55) we get
Hs = —2/3Hy((—a3p® + a2(2a3 — 3a?)p + 3az(3a? + a3) — as — 2a7) 2°
— (a$p® + a1(2a} — 3a3)p + 3a1(3a3 + a}) + ag + 2ag) y?
(3a1a3p® + 3a1(a} — 4a3)p + a1 (a3 — af) + 3ag) ya?
— (3aza?p® + 3as(a} — 4a3)p + 9as (a3 — a}) — 3ar) y?z
cH2(3a1y — 2aq1),

where ¢ is a constant.
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On the other hand from (19) for m = 4 and j = 0 we get that

2w
/ ({H57 gl} + {H47 92} + {H3’ g3})|x:cost7y:sint dt
0

= _w (a1(3a7 + ag) — a2(3as + ag)) = 0.

(57)

Hence we get that

(i) If a1as # 0 then by introducing the notations

Ao = ag— 53 (ar(a$ — 3a3ay) + ag(a3 — afas)),
2
1
A3 = ag— 2a2a, (a7(3a3 — 3a1a3) + ag(al — 3alaz)),
2
we get that
3 -3
—% (3(12)\2 — a1/\3) =0.

(ii) If a; = 0 and ag # 0 then 3a7 + ag = 0.
(iii) If ag = 0 and ay # 0 then 3ag + ag = 0.

Again from (28) with m = 5 we have the differential equation

{H57 gl} + {H47 92} + {Hdu 93} + {H27g4} = 07

From this equation we get the homogenous polynomial of degree four g4 which in
view of Corollary 10 can be obtained with an arbitrary term of the form c(z?+y?)2,
i.e. g4 is equal to

1
((—9031&2 + 11(3ar + ag)a? — a3(3(1lar + ag) + 54(a7 + as)ag)x4 + R (
2

(a* — a3)(3agu® + 6a2u?) + a3 — azag)p — (18(3ar + ag)a? — 36aza1ag9 + ag)a?
+(3a%az((a? — 3a3)p® + 2(a% — a?)p® + a3(27a3 + 15a7 + 5ag — 9alaz)

—2as(arag + 9asar)u + Sdas(azar — ajag) — a3(3(1lay + as))x2y2

2 a )

+<§a2a:{’(,u —2)u? + (31(7(17 + 10ag) + 50209 = 2a2a3)p — 12a1a7)xy3
2 7a7 4ag a20a9

+(§a2a?(ﬂ —2)u? + (%(7 t3 - 2a3) + 3 )

—12a1a7 — 4aias + 4a2a9>x3y +c(2? + y?)?,

if ag # 0. In analogous form we can obtain the expression of g4 when a; # 0. Now
we determine the homogenous polynomial Hg from (31) with m =4 and k =1 we

obtain

5 4 3 2
Hes=——=g1Hs — —goHy — —g3H3s — —g4H>.
6 691 5 692 4 693 3 694 2

Since the integral of the homogenous polynomial of degree 5

27
/ ({He, g1} + {Hs, g2} + {Ha, g3} + {Hs, 94})|o—cos t.y—sint At = 0,
0
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then we obtain that there is a unique solution for the homogenous polynomial g5
of degree 5 of the equation

{Hs, g1} + {Hs, 92} + {Ha, g3} + {H3, g2} + {H2,95} = 0.
see (30) with m =4 and k = 2.

Calculating the homogenous polynomial H; of degree 7 from (31) with m = 4
and k = 2 we get

6 5 4 3 2
H; = —=g1Hg — =goHs — —g3sH4y — =g4H3 — =g H.
7 791 6 792 5 793 4 794 3 795 2

and inserting these polynomials into the integrand of the following homogenous
polynomial of degree 6 we have
(58)

27
/ ({H% gl} + {Hﬁa 92} + {H47 93} + {H37 g4}>|x=cost,y=sint dt = I(al,aﬂ,ﬂ)a
0
where I is such that
(iii) if a3 = 0 and a2 # 0 then

_maj(p - 3)
63

(ii) if az = 0 and a; # 0 then

I(a1,0,p) = (2310 + 1230p + 1776)ar + 7(5u + 12) (1 + 2)ag) = 0.

S5mad(p—3
I(O,GQ,FL):%

(1) If aipa9 7& 0 then

(21(5p 4+ 12)(p + 2)ag + (491 + 24 — 432)ag) = 0,

—3
W(TTQ) ((21(5p+ 12) (s + 2)(3a3 + 503)) Az + ax ((105a2 + 42703

(42602 + 2306a2) 1 + 504a? + 3384a§)A3) —0.

I(a17a27:u) =

By solving equations (57) and (58) and by considering that the three cases can
be represented as a linear system A¢ = 0, where & = (ag,a9)” in the case (iii),
¢ = (ar,ag)” in the case (ii) and ¢ = (A2, A\3)T in the case (i). By considering that
the determinant of the matrix A is |A| = (1 — 3)(u + 2) (212 + 128 + 212). Then
under the condition (u — 3)(u + 2) # 0 we obtain the necessity of statement (a) of
Proposition 24.

Now we study the case when p = 3. After some computations we get that

2m
| (s 1)+ {Ha g2} + (Hay 92Dty
0

157
= _T (a1(3a7 -+ ag) — a2(3a6 + ag)) =0.
First we shall study the case when a; = 0, and as # 0. From (57) we get that

3ag + ag = 0. From (58) we obtain that the integral is identically zero because
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# =3 . On the other hand from the relation

27
| (U000} + e 2} + A0, 0} + {How oa} + (I 90}

+{H, go} + {Hs, g7} + )| dt = I(a1,02) = 0,

r=cost,y=sint
where I is a convenient function in a; and ao. If (iii) a; = 0 and ag # 0 then
1(0,a2) = (105a5a7 — 105a3ag — 864a3c)as + (995a3a7 + 285a3as — 288a3c)ag = 0.
By considering that ag = —3ag we obtain that (3a7+ag)ag = 0. Thus if 3ar+ag # 0
then u—3 = a; = ag = ag = 0. We observe that if a; = 0 then Ay = ag and A3 = ag.
In analogous form we can study the case when as = 0 and a; # 0.

If 3a7 4+ ag = 3as + ag = 0 then we obtain differential system
r= —y(1+plazr —ary)+z (alx + agy + agr(2? — 3y?) + ary(y? — 3m2)) ,
y= a(l+plar — ary) +y (a1 + azy + aga(z® — 3y®) + ary(y® — 327))
From (29) we have that this system has a weak center at the origin if and only if
as(3a? — a2)ag + ay (a3 — 3a3)ar = 0.

Hence if a1 = 0 then ag = ag = 0, and if as = 0 then a; = ag = 0. In short we prove
that the origin is a weak center of (50) in the case when p = 3. Thus we obtain
the necessity of the condition in statement (a). The necessity and sufficiency of
statement (c), i.e. when pu+ 2 = 0 follows from Proposition 3. Finally we study
the necessity and sufficiency of statement (b). Thus when a; = az = 0 we obtain
that differential system (50) becomes

b= —y+z(asr® + ary® + agzy + agwy?) := —y + 103,
y= z+ylacs® + ary® + agzy + agzy?) := x + y<Qs,

which is a polynomial differential system of degree four with homogenous nonlin-
27
earities. Consequently Qs
0
we get that the origin is a weak center. In short the proposition is proved. (]

w—cost,y—sint 4 = 0, then in view of Proposition 4
Proposition 25. A polynomial differential system of degree five
&= —y(l+ plaz — ary))
“ +x(a1x + agy + a10r” + anx®y + a1y + arzry® + aray?),
) y= z(l+plazz — ary))
+y(arz + agy + +aor* + anx®y + a2y + arzzy® + aray?),

has a weak center at the origin if and only if

(a)

a1z + 3(a10+ag) = 0,
(60)  2ajadaiz — (a? +7(a?a3 — a%a%) alg — (a?az —4ala3 + alag) a1 = 0,
2a}a3a1s — (a} — 4aia3 + a3) a0 — (alaz — arad)ar; = 0.

Moreover
(1) If a1 =0 and ag # 0 then a12 = ajg = a4 = 0.
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(ii) If az =0 and a1 # 0 then a12 = a19 = a14 = 0.
(iii) If a1ag # 0 then by introducing the notations

1
— 6 2.4 4.2 6 5 3,3 5
A= aiz— B ( (al + 7(aja3 — ajas — a2) aio — (alag —4aja; + a1a2) au),
142
o — 1 440202 + gt 3 3
2= 014 — 2a3a3 (a1 — 4aja; + az) aio — (atas — aras)aiy ),
142

we get that A1 = Ay = 0.
(b) ay = ay = 0, and a2 + 3((110 + a14) = 0
(c) pu+3=0.

Moreover system (59) under the conditions (60) and (u+3)(a?+a3) # 0 and after a
linear change of variables (x,y) — (X,Y) it is invariant under the transformations
(X7Y7t) - (7X7Y7 7t>7 or (vat) - (Xv 7Y7 7t)

Proof. Sufficiency: First we write system (59) after the linear change (32). Later
we observe that the polynomial differential system obtained is invariant under the
transformation (X,Y,t) — (—X,Y, —t) if and only if

R1G2 — ka1 =

263K3a12 + (35T — 6K3K2 + 3K3)a1o + (3K K2 — 3K3K1)a1; =

3,.3 6 4,2 2,4 _ 6 5 3,3 5 _
2kyK5a13 — (K] — TRIRS + TKTKS — K9)ag — (K Ke — 4K5KT + K1K3)a11 =

o o o <o

2.2 4 2,2, .4 3_,3 _
2k1k5a14 — (KT — 4KTKRS + K3)ap + (K1ks — KiKa)a11 =

From the last three conditions it follows that ai2 + 3(a10 + a14) = 0.

We suppose that (60) holds and then the origin is a center of system (59), and
by Theorem 2 is a weak center. We suppose that a2 4+ a2 # 0. Then after the change
x=a1X —ay, y = a2 X + a1Y, we get that system (59) coincides with system
(34) with k1 = a1 and k3 = a9, and consequently system (59) is invariant under
the change (X,Y,¢) — (—X,Y, —t). Thus in view of the Poincaré Theorem we get
that the origin is a center. Again by Theorem 2 this center is weak.

We observe that under the assumptions of statement (iii) differential system (59)
becomes

i = y(1+paoz)+ay(as+anz®+aszy®), § = z(l+pasz)+y®(az+anz’+azzy?).

This system is invariant under the transformation (z,y,t) — (z, —y, —t). Under
hypothesis of statement (ii) differential system (59) becomes

= —y(l—p aly)+fﬂ2(a1+a11$2y+al3y3)7 y=x(l-p aly)+y$(a2+a11$2y+alsy2)-

This system is invariant under the transformation (z,y,t) — (—z,y, —t). Under
the assumptions of statement (i) the conditions A\; = Ay = 0 follows immediately.

Necessity Now we suppose that the origin is a center of (59) and we prove that
(60) holds. Indeed, from Theorem 14 it follows that differential system (59) can be
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written as
{He, 2} + (1 + gi){Hs,2} + (1 + g1 + g2){Ha, 2} + (1 + g1 + g2 + g3){H3, 2}
+(1+ g1 + g2 + g3 + g4){ Ha, v}
= —y(1+ plaor — a1y)) + z(arx + agy + arox® + an12®y + a122?y® + arzxy® + anay?),
{He, y} + (1 + g){Hs,y} + (L4 g1 + 92){Ha, y} + (L + g1 + 92 + g3){ 5, y}
+(1+ g1 + g2 + g3 + g4){Ha, y}
= z(1+ plagr — a1y)) + y(arz + agy + +aox® + ana®y + ar2y® + arzzy® + aray?),
which is equivalent to
{Hz 2} + gi{Ha, v} = —yp(azr — ar1y) + z(a17 + azy),
{Hs,y} + g1{H2,y} = —yp(asz — ary) + y(ar1z + azy).

These equations have the unique solutions g; and Hs. Inserting these homogenous
polynomials into the equations

{H4,$}+91{H3,$}+92{H2,$}: 0’
{Hy,y} + g1 {Hs,y} + g2{H2,y} = 0,

we get H, and go with arbitrary terms of the form ¢ (22 + y?)* with ¢z a constant
for k = 1,2. Inserting g1, Hs, g2 and H, into the equations

{Hs, 2} + gi{Hs, 2} + go{ H3, 2} + g3{Ha,x} = 0,
{H57y}+91{H47y}+92{H37y}+93{H27?}} = Oa

we have a unique solutions g3 and Hs. Inserting g; and H;,» for j = 1,2, 3 into the
equations

{Hﬁa l‘} + gl{H57 l‘} + 92{H47 .’If} + g3{H3a .’If} + g4{H2a .’IZ‘}
= z(aoz? + anz®y + ap2?y? + azzy® + aay?) = 2y,
{He, y} + g1{Hs,y} + g2{Ha,y} + g3{H3z,y} + ga{Ha2,y}

= ylaipr* + a2y + a122%y? + azry® + anay?) =y,

we get that this partial differential system has solution if and only if and only if
a12 + 3(a10 + a14) = 0. Indeed from the computability condition

{H5agl} + {H4a92} + {H37g3} + {H27g4} = 694a

we obtain that if
2m
/ ({H5a gl} + {H4792} + {H37g3} - 6Q4)|z:cos t,y=sint dt
0

= a9 + 3(@10 + a4 = 0.

Then there exist solutions g4 and Hg which we obtain with arbitrary terms of the
form dy (2% + y?)* with dj, a constant for k = 1,2.
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Inserting the homogenous polynomials g; and H; 49 of degree j and j + 2 respec-
tively, for j = 1,2,3,4 into (30) for m =5 and k = 2 we get

27
/ ({H7? gl} + {H6) 92} + {H57 93} + {H47 94} + {H37g5})|z:cost7y:sint dt
0
= Il(al,ag) =0.
where I (a1,as) is such that

I(a1,0) = 2mai (u+3)(p+2) (a10 — a14) = 0,
1(0,a2) = 2ma3 (u+3)(p+2) (a10 — a1a) = 0,
Li(a1,02)] g, 0p20 = 27 (1 +3)(1n +2) ((a] — a3)M1 + a1azAs) = 0.

and
27
| (000} + (e g2} + {08, 0} + {How 01} + (o)

dt = IQ(CH, ag) = 07

r=cos t,y=sint

+{Ha. g0} + {Ha. 7))

where = I5(ay,as) is a constant such that

maf

(a1, 0)laypmany = —ggy (212047 + TI6144% + 520240 + 7857) arq = 0,
4
15(0,02)lay -0y, = g (21200 + 16122 + 5202 + T857) ary = 0 = 0,

[2(@1,@2)|a1a2750 = 1A + 19X =0.
where v and vy are convenient constants such that the system
27 (p+3) (1 + 2) ((a% — a%))\l + alag)\g) = 01A1 F 02X =0, 1A +19A =0,

is such that A = o1vs — oov1 = (u+ 3)(p + 2)p(w, a1, a2) with p(u,ar,a2) a
convenient polynomial of degree 3 in the variable u and p(0, aq, as) # 0.

Consequently if y is such that A # 0 we obtain that Ay = Ao = 0 The case when
(1 +2)p(w, a1, az) = 0 could be studied in a similar way to the proof of Proposition
24. The proof of statement (c), i.e. when = —3 is studied in Proposition 3. Now
we prove statement (b). Thus a; = a2 = 0 and the differential system (59) under
the condition a2 + 3(a19 + a14) = 0 becomes

&= —y+az(aoz? + an12®y — 3(aio + a14)2?y* + ar3zy® + a1ay?),

y= x+y(aprt+ anzdy — 3(aio + ar4)2?y? + a1zxy® + anay?)

Hence we get that Qq = ajoz* + a112%y — 3(a10 + a11)2?y? + a132y® + aay* and
2

satisfies the condition Qy4] dt = 0, because ai2 + 3(aio + a1q) =

0 r=cos t,y=sint
0. Then in view of Corollary 4 we get that the origin is a weak center. Thus
the necessity of the statement (b) is proved, and consequently the proposition is
proved. O
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Proposition 26. The polynomial differential system of degree siz
(61)
= —y(l+ plar —ary))
+z(a1z + agy + a152° + a16y° + ar7x'y + ar1sx’y? + ar92®y® + agoxyt),
y= z(1+ plazz — ary))
+y (a1 + azy + a152° + a16y® + arrxty + a1s2®y? + a197?y® + agozy?)

has a weak center at the origin if and only if

(a) the following conditions hold:

8aZajais + (2a‘;’a§ —dajag + 2a1ag) aig — (3az —15a%a3 + 25a3aj3 — 5a1ag) aie

+ (ag + 1latad — 9a%a3 — 3a?a2) az = 0,

8a3ajarr — (15a! — 55a3a3 + 45a3a3 — 5a1a$)ais — (10a3a3 — 12a3a3 + 2a1a$)arg
—(—15a8ay + 35aja3 — 13a2a3 + al)az = 0,

2a3a3a1s — (5a} — 10a$a3 + 5aya3)ars — (4a3a3 — 2a1a3)are — (6a2a3 — 5atfas — ad)azy = 0.

Moreover

(i) if a1 =0 and a9 # 0 then a15 = a;7 =0,
(ii) if aa =0 and a1 # 0 then a1 = a1g =0,
(iii) if araz # 0 then

(62)
1
A= a5+ 3a%a8 ( (2@?60% — 4a?a‘21 + 2a1ag) a9 — (3(1; — 15a?a% + 25a§a‘21 — 5a1ag) a6
102
—+ (ag + 11latad — 9a3a3 — 3a?a2) ago) =0,
1 .
Ao = air — Sadat ((15&{ — 55aja + 45a3a; — barad)ais + (10ajad — 12a3a3 + 2a1a$)aye
102
+(—15a8as + 35ata3 — 13a%a3 + ag)ago) =0,
1
A3 = ag+ Sy ( — (5af — 10a3a3 + 5aia3)aie
ayas
—(4a3a2 — 2a1a3)ar9 — (6a2a3 — 5afas — ag)az()) = 0.
(b) a1 = ag = 0.
(c) p+4=0.

Moreover, assume that (1 +4)(a? + a3) # 0 then system (61) under the conditions
(i), (ii),(iit) and after a linear change of variables (x,y) — (X,Y) it is invariant
under the transformations (X,Y,t) — (=X, Y, —t), or (X,Y,t) — (X, =Y, —1¢).

Proof. Sufficiency: First we observe that the polynomial differential system (61)
under the conditions (i) becomes

i= —y(l - pagw) + zy(az + arey* + arrz? + ar92?y?),

= x(1—pasx)+y*(az + aey® + arrz® + aroz®y?),
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which is invariant under the transformation (x,y,t) — (x, —y, —t), and the poly-
nomial differential system (61) under the conditions (ii) becomes

= —y(l+pary) +2*(a1z + ar52? + a1s2?y? + azey?),
= z(1+ pary) + zy(arz + aisz? + a1s2%y? + asoy?),

which is invariant under the transformation (z,y,t) — (—z,y, —t)

Under the linear change of variables (32) the differential system (61) is invariant
under the transformation (X,Y,t) — (—X,Y, —t) if and only if

(2}{?/{% — 4k3K3 + 2fimg) arg — (3&{ — 15%k1K3 + 25K5KS — 551,‘13) aie
+ (Hg + 11K1KS — 9KZKS — 35?&2) aso + 8K1k3a15 = 0,

(15K — 55K kS + 45K3KS — Br1kS)are + (10k7K3 — 1263 K3 + 2K1KS)alg
+(=15a8ay + 35ata3 — 13a%al + al)asy — 8ajazarr = 0,

2k3k3a18 — (5K} — 10K3K3 + br1kS)ase

3,.2 4 2,3 4 5 -
—(4K1K5 — 2R1K5)a1g — (BRTKS — BKIK2 — K3)agy = 0.

We shall study only the case (iii), i.e. when ajas # 0. We suppose that (62)
holds and show that then the origin is a center of system (61). For the case when
a? + a3 # 0, after the change z = a1 X — ayY, y = azX + a1Y, we get that this
system coincides with system (35) and with k; = a; and ky = as. Consequently
system (35) is invariant under the change (X,Y,t) — (—X,Y, —t). Thus in view
of the Poincaré Theorem we get that the origin is a center, and by Theorem 2 this
center is a weak center.

Necessity, Now we suppose that the origin is a center of (61) and we shall prove
that (62) holds. Indeed, from Theorem 14 it follows that differential system (61)
can be written as

{H7, 2} + (L + g1){He,x} + (1 + g1 + 92){Hs, 2} + (1 + g1 + g2 + g3){ Ha, v}
+(1+9g1+92+93+9a){Hs,x} + (1 + g1 + g2+ g3+ g4 + g5){ Ha, z}

= =yl + plage — ary)) + ﬂf(aw + agy + a152° + ar6y® + arrzty + a1y’
+argz?y® + 02055214)7

{H7, y}+ (14 g0){Hs,y} + (1 + g1 + g2){Hs,y} + (L + 91 + 92 + g3){ Ha, y}
+(1+ 91+ 92+ 93 + ga){Hs,y} + (14 g1 + g2 + g3 + g4 + g5){ H2, y}

= 21+ plazr —ary)) + y(alar + a2y + a152° + ai6y® + arrzty + arszty?

+argz?y® + a20$y4)-
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This partial differential system has solution for arbitrary a1, as, ais, a16, a17, a1s, @19, a20-.
After some computations we get that
(63)

/02“ <{H77 g1} +{He, g2} + {Hs, g3} + {Ha, g4} + {Hs, 95}>

= —7(p+4) (a1 X2(a1, az) — 5agAi(ar, az) — azAs(ar, az)))
= V11 A1+ VigAe + vizA3 =0,

dt

r=cost,y=sint

where \; = \j(a1, a2, ) for j =1,2,3 are constant defined in (62). By continuing
the integration of (see equation (30) with m = 6 and k = 3) we get that

(64) /0 ’ ({Hga o1} + {Hs, g2} + {Hz, g3} + {Hs, 94} + {Hs, 95} + {Hs, 96}

+ {Hs, 97}) ~dt i=wva A +vaaAy + 133 =0,
x=cost,y=sin t
where
25
Voy 1= 69“12; ((—1062a% — 558a2)1° + (—8961a2 — 7501a2) 2
+1344c — 8460a2 — 8796a§),
Sa1m 2 2,3 2 2Y,,2
v = oot ((207()@2 — 354a2)p3 + (13897a2 — 2987a2)
+(448¢ — 4308a3 — 2820a?) + (16677a? — 83367a3 — 1344c),
5
Vog 1= 6;122 (4014a% — 2250a2) 13 + (2793302 — 19799a2) 2

+(—11556a2 — 7764a2 + 1344c) + 9988942 — 155763a2 — 4032c),

where ¢ is an arbitrary constant. Again from equation (30) with m =6 and k =5
we get
(65)

| (U 00} + (0,02} + (. 00} + (B n} + (1, 5} + o)

+{Hs, g7} + {Ha, gs }{ H3, 99})‘ i dt == v31M1 + V322 + v33A3 = 0,
r=cos t, y=sin

where v3; for j = 1,2,3, are convenient constants. From (63), (64) and (65) we

obtain the linear system with respect to A1, Aa, Az : A\ = 0, where A = A(u) is

the coefficient matrix with determinant |A| equal to

Vin Vi2 Vi3 3(a2as)3 4
Vo1 Vs Ugg | = — 2 (az‘;glé’; + )(12276,u5+145467u4+502471u3

V31 V32 V33
+480577u2 — 3775995 — 2701980) (846u3 + 6149u2 — d76u — 34299) #0.

Consequently if |A| # 0 then the unique solution of these linear system is the
trivial solution A\; = A3 = A3 = 0. The case when |A] = 0 could be studied in a
similar way of Proposition 24. Thus the necessity of statement (a) is proved. To
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prove statement (c), i.e. when p = —4 we apply Proposition 3. Finally we prove
statement (b), i.e when a; = az = 0. Under these conditions system (61) becomes
(66)
= —y+x(a52° + a6y’ + arrrty + a182°y® + a102%y> + agoz'y?) = —y + 2,
y= x+y(a52® + a6y® + arrzty + a12®y® + ar02?y> + agox'y* == 2 + y<Qs,
which is a polynomial differential system of degree six with homogenous nonlinear-

2

ities. Since Qs
0
the origin is a weak center of (66). Thus the necessity of the proposition is proved

and consequently the proposition is proved. (I

v—costy—sint @ = 0, in view of Proposition 4 we obtain that

6. PROOF OF THEOREM 9

The proof of Theorem 9 follows from the next propositions.

Proposition 27. A quadratic polynomial differential system

(67) = —y(l+ a1z + azy) + z(asx + asy),
= z(l+az+ay) +ylasr + asy),

has a weak center at the origin if and only if

(68) ajas + azaqs = 0.

Moreover system (67) under condition (68) and (a3 + a3) # 0 and after a linear
change of variables (z,y) — (X,Y) it is invariant under the transformations
(X,Y t) — (—X,Y, —t) or transformations (X,Y,t) — (X, =Y, —t).

Proof. Tt is analogous to the proof of Proposition 22 with n; = ay, no = as and
ay = ag, az = a4. (I
Proposition 28. A cubic polynomial differential system
(69) = —y(1+ a1z + asy) + z(azx?® + asy? + aszy),

y= z(1+az+ay) +y(azz® + asy® + azzy),
has a weak center at the origin if and only if
(70) az +aq =0, arasas + (a2 — a2)ay = 0,

Moreover system (69), under condition (70) and a2 + a3 # 0, after a linear change
of variables (x,y) — (X,Y) it is invariant under the transformation (X,Y,t) —
(_Xa K _t)

Proof. Tt is analogous to the proof of Proposition 23. (]

Proposition 29. A polynomial differential system of degree four
(1) b= —y(1+air+ azy) + x(asz® + ary® + agz?y + agry?),
y= x(1+ a1z + azy) + y(agr® + ary® + agx?y + agry?),

has a weak center at the origin under the assumption

(a) a? + a3 # 0 if and only if
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(i) araz2 # 0 and

1
ag + 3 (a7(a£1” —3a3ay) + ag(a3 — a%ag)) = 0,
2

as + (a7(3a} — 3ara3) + ag(a3 — 3alaz)) = 0.

2a3a;
(ii) a7 = ag = 0 when as =0 and a1 # 0.
(iii) ag = ag = 0 when a1 =0 and ay # 0.
(b) Ifa1 = a2 = 0.

System (71) under the conditions (i) , (ii) and after a linear change of variables
(x,y) — (X, Y) it is invariant under the transformations (X,Y,t) — (=X, Y, —t),
and in the case (iii) it is invariant under the transformations (X,Y,t) — (X, =Y, —t),

Proof. Tt is analogous to the proof of Proposition 24. O
Proposition 30. A polynomial differential system of degree five
(72)

i= —y(l+ a1z + agy) + z(a152° + a16y”® + arrzty + a152°y* + a192?y> + agoay?),

= z(1+ a1z + ay) + y(ais2® + a16y® + arrzly + a1323y? + ar92?y® + agozy?,

has a weak center at the origin under the assumption

(a) a? + a3 # 0 if and only if
(i) araz2 # 0 and

(73)
0= a5+ Sa%ag( (Za?ag —4a3aj + 2a1ag) aig — (Saz —15a5a3 + 25a3a3 — 5a1ag) aie
+ (a% + 1latad — 9a%a3 — 3&?&2) CL20>,
0= a7 — @ ((15(1{ — 55a5a3 + 45a3as — ajad)ars + (10aja3 — 12a3a3 + 2a1a$)arg
+(=15a8as + 35ata3 — 13a%a + ag)ago),
0= a;g+ m( — (5a8 — 10a3a2 + 5a1a3)ag

—(4a3a — 2a1a3)arg — (6a2a3 — batas — ag)ago).

(ii) a1 = a16 = a17 = a19 = 0 when ay # 0.
(iii) a9 = 15 = A18 — A0 — 0 when ay 75 0.
(b) Ifa1 = a2 = 0.

Moreover, assume that a3 + a3 # 0 then system (72) under the conditions (i), (i),
and after a linear change of variables (xz,y) — (X,Y) it is invariant under the
transformations (X,Y,t) — (=X,Y, —t). If (iii) holds then it is invariant under
the transformations (X,Y,t) — (X, =Y, —t).

Proof. 1t is analogous to the proof of Proposition 25. (]
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We observe that the main difficulty to prove these results for m > 5 become
from the necessary huge computations.
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