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On the structure of the set of periodic points of a continuous map
of the interval with finitely many periodic points

By

Javue Lrrsre and AcUusrr REVENTOS

L Introduction. T.ct I denote a closed interval on the real fine and let Co(I, I)
fhote the space of continuous maps from I into itself. For fe C%(I, I) let P(f)
faote the set of positive integers £ such that f has a periodic point of period &

(see section 2 for definitions).

From Sarkovskii’s theorem we know: (i) if P (f)is finite then P(f) = {1,2,4, ...,2%}

OT some integer # = 0 (seo [3], [4] or [5]), (ii) if P is a periodic orbit of § of period 27,

then f has a periodic orbit of period 2%, which is contained in {min P, max P] for
Sach %= 0,1,...,m — 1 (see [5]). In this paper we study the relation between
these orhits.

Our main result is the following.

Theorem A. Let fe CO(I, I) and suppose P(f) = {1,2,4, ..., 27}, Then for any
Periodic orbit of pertod 2m with m = n, there exist m -+ 1 periodic orbits of periods
12,4, .., 2m such that the 2% periodic points of period 2% are separated by the
Tfpg g b1 -2k fized points of %, jor amy k=1,2,...,m
(see Fig. 1 jor m = 3).

This theorem will be proved in section 3.
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Figure 1,

Let f& CO(I, I) and suppose P(f) = {1,2,4,...,27}. If f has a unique periodic
orbit of period 2% for any £ == 0, 1, ..., n (for instance the map given by Block in [1}),
bhen Theorem A give us the complete structure of the set of periodic points of }.

2. Preliminary definitions and results. Let f € 09(1, I). For any positive integer »,
We define f# inductively by f* = f and f* = f o f»~1. We let {° denote the identity
Map of T,

Tet pel. We say p is a fixed point of f if f(p) = p. If p is a fixed point of j»,
9 some n & N (the sot of positive integers), we say p is a periodic point of f. In
this case, the smallest element of {n & N: f?(p) = p} is called the period of p.



