ON THE PERIODIC ORBITS OF HAMILTONIAN SYSTEMS
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Dedicated to a common friend, Michat Misiurewicz, on the occasion of his 60th Birthday

ABSTRACT. We show how to apply to Hamiltonian differential systems recent
results for studying the periodic orbits of a differential system using the av-
eraging theory. We have chosen two classical integrable Hamiltonian systems,
one with the Hooke potential and the other with the Kepler potential, and we
study the periodic orbits which bifurcate from the periodic orbits of these inte-
grable systems, first perturbing the Hooke Hamiltonian with a nonautonomous
potential, and second perturbing the Kepler problem with an autonomous po-
tential.

1. INTRODUCTION

In this paper we study the planar motion of a particle of unitary mass under the
action of a central force with Hamiltonian given by

1
Ho(w,y,p2,py) = 502 + ;) + Vo(Va? +9°),

perturbed by the Hamiltonian
(1) H(2,Y, s, py,t) = Ho(,y,pz,py) + V(¢ 2,9),

where ¢ is a small parameter and V (¢, x,y) is a perturbation of the potential even-
tually depending on the time t.

We consider a central force derived from a potential of the form
(2) Vo(Va2 +y?) = (2® +y*)*/2.
The Hamilton equations associated to Hamiltonian (1) are
T = P,
Y =Dy,
b = —0(Vo(v/2% +42) + eV (t, 2,9)) /0,
py = —0(Vo(v/a? +y?) + eV (t,2,y)) /0y,

where the dot denotes derivative with respect to the time ¢. We shall apply the
averaging theory for studying the periodic orbits of the Hamiltonian system (3).

(3)

The averaging method (see for instance [10]) gives a quantitative relation between
the solutions of some nonautonomous differential system and the solutions of its
autonomous averaged differential system, and in particular allows to study the
periodic orbits of the nonautonomous differential system in function of the periodic
orbits of the averaged one, see for more details [1, 3, 8, 7, 10, 11] and mainly Section
2. Our aim is to apply the averaging theory to two classes of Hamiltonian systems
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2 J. LLIBRE AND A. RODRIGUES

(3) for studying their periodic solutions. But the tools that we shall use are very
general and can be applied to other classes of Hamiltonian or differential systems.

Of course there is a long tradition in studying the periodic orbits of the dif-
ferential systems using the averaging method, see Chapter 4 of [6], the book [10],
the chapter 11 of [11], the paper [5], and many other. In the paper [5] they also
use the averaging method of second order as in the present paper for studying the
periodic orbits, but in that paper they studied a 2-dimensional nonautonomous
Hamiltonian system using the transformation to action-angle coordiantes, and here
we study two 4-dimensional Hamiltonian systems, one autonomous and the other
nonautonomous, without needing to pass to action-angles coordinates. Another
important difference with the paper [5] is that this paper one uses the averaging
method in the version given in Theorem 6, and we use Theorem 6 and also the
different version given in Theorem 5.

The unique central forces coming from the central potentials of the form (2) for
which all bounded orbits are periodic are the Hooke’s force and the Kepler’s force,
that correspond to the potentials

k
(4) k(z? +y?), and — ———— with k>0,

respectively. This result was proved by J. Bertrand in 1873, see [4].

We will apply the averaging theory to the Hamiltonian systems (3) with the
potentials Vo (y/x? + y?) given by (4) for studying which periodic orbits of system
(3) with e = 0 can be continued to periodic orbits of the same system with € # 0
sufficiently small.

Since generically the periodic orbits of Hamiltonian systems are in cylinders
fulfilled of periodic orbits and every one of the periodic orbits of one of these
cylinders belongs to a different level of the Hamiltonian (for more details see [2, 9]),
we shall apply the averaging theory described in Section 2 to the Hamiltonian
systems (3) with potential Vj(y/22 + y2) given by (4) restricted to a fixed level of
the Hamiltonian. To work in a fixed level of the Hamiltonian is necessary in order
to apply the averaging theory for studying periodic orbits (see Theorems 5 and 6),
because the periodic orbits provided by the averaging must be isolated in the set
of all periodic orbits.

First we consider the planar motion of a particle of unitary mass under the action
of the Hooke potential Vo (1/22 + 32) = (22+y?)/2 perturbed by a non—autonomous
potential eV (¢, z,y) where ¢ is a small parameter and V (¢, z,y) is 2nr—periodic in
the variable ¢. In cartesian coordinates the Hamiltonian governing this motion is

1 1
(5) H(z,y,p2,py:t) = 507 +0)) + 50" + %) + eVt 2,9).

The corresponding Hamiltonian equations are
& = Pa,
Y =Dy
De = —x —edV(t,x,y)/0x,
Py = —y —edV(t,z,y)/0y.

(6)
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The main result on the periodic orbits of the Hamiltonian system (6) is the following
one.

Theorem 1. For ¢ # 0 sufficiently small, h > 0 and every zero (x§,ys, ko) of
fr = fru(xo,v0,pz0) =0 for k =1,2,3, where

f —Bsint
[ ! ] /27r Apy, + Bsint(pgo cost — zosint)
0

| = : dt,
73 Pyo COST — Yo sint T = pgosint 4+ xg cost
Bcost Y = Py, Sint + yo cost
_ 2 2 2
Pyo = 4/ 2h —Pro — 25 — Y5

with A = =V (t,x,y)/(py, cost — yosint), B = -0V (t,x,y)/0x, satisfying that

a ) b * * * *
() Aufais) £0. = /2 —pi3— g — i 40,

9(x0, Y0, Pao) TO=TF,Y0=Yg P20=P}o

there exists a 2m—periodic solution o(t; x§, ys, pho, €) of the Hamiltonian system (6)
such that 90(0a 5557 ygvp;m 6) - (x37 ySaP;OaPZO) when € — 0.

For example an application of Theorem 1 is the next one.

Corollary 2. Consider the Hamiltonian system (6) with V(t,z,y) = (z —23) cost.
Then for € # 0 sufficiently small and h > 0 the following statements hold.

(a) For every h ¢ {2/3,2/9} system (6) has at least 14 periodic orbits bifurcat-
ing from the periodic orbits of the Hamiltonian level H = h for ¢ = 0.

(b) If h = 2/3 then system (6) has at least 8 periodic orbits bifurcating from the
periodic orbits of the Hamiltonian level H = 2/3 for e = 0.

(¢) If h =2/9 then system (6) has at least 6 periodic orbits bifurcating from the
periodic orbits of the Hamiltonian level H = 2/9 for e = 0.

The study of the periodic orbits for the perturbed Hooke Hamiltonian systems
is done in Section 3. More precisely in that section it is proved Theorem 1 and
Corollary 2.

Now we consider the planar motion of a particle of unitary mass under the
action of the Kepler potential Vy(y/22 + y?) = —1/+/x? + y? perturbed by a po-
tential €V (z,y) where ¢ is a small parameter. Thus its Hamiltonian in cartesian
coordinates writes

1 1
H(xvyapl‘apy) = 7(p2 +p2) == EV(xvy)
2 z Y /I2+y2

In polar coordinates this Hamiltonian becomes

1 2 1
(8) H(r,0,p9,p;) = 5 (p%-&-pg) — —+¢eV{(rcosf,rsinf),
r r
and its corresponding Hamiltonian equations are
7; = p’l‘7
5 _ Do
0= ot
®) Y B N1
T3 2 or’
. oV
P = —€
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where V =V (rcos 6, rsin ). The main result on the periodic orbits of the Hamil-
tonian system (9) is the next one.

Theorem 3. Fore # 0 sufficiently small and every zero (0§, wy) of fr. = fr(0o,wo) =
0 for k=1,2, where

, 1 [(Asin(6p — 0)Vy  cos(6p — 6)V,,
AN B B
= de
{ f2 0 wyVe '

1
B u=—5+e cos(0—6p)
Wo

with

2
A = /14 2hw3 cos(fy — 0) + 2, B= (\/1 + 2hw3 cos(By — 0) + 1) ,

1+ 2hw? 0 sinf
R +w4w07 VV(CO; 7512 >’
0

ov oV
= T o
satisfying that
a(fth) *2
1 e 142 1
(10) 9(60, 00) gy o1 oy #0, 0<1+2hwy” <1,

there ezists a periodic solution ¢(t; 05, w§, ) of the Hamiltonian system (9) such
that p(0; 05, ws, ) tends to

1 1 1+ 2hw? . V14 2hwt? +1 —wid R
;:w*2+ Tﬁ)vazampr: h+ 0 207]90:100
5 6 ( 1+2hw52+1)
when € — 0.

As an example one application of Theorem 3 is the following.

Corollary 4. Consider the Hamiltonian system (9) with V(x,y) = x2. Then for

e # 0 sufficiently small and h = —1/10 this system has four periodic orbits which
bifurcates from the elliptic periodic orbit of the Kepler problem (9) with ¢ =0 and
such that (63, wy) is equal to

(r/2, —1.4262515827609759),
(7/2,  0.5654210557716061),
(3m/2, —1.4262515827609759),
(37/2,  0.5654210557716061).

In Section 4 we prove Theorem 3 and Corollary 4.

2. BASIC RESULTS

In this section we present the basic results from the averaging theory that we
shall need for proving the main results of this paper. The key tool for proving
the algorithm is the averaging theory. For a general introduction to the averaging
theory and related topics see the books [1, 8, 10, 11]. But the results that we shall
use are presented in what follows.
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We consider the problem of the bifurcation of T—periodic solutions from the
differential system
(11) x(t) = Fo(t,x) + eFy(t,x) + 2 Fy(t, %, €),
with € = 0 to € # 0 sufficiently small. The functions Fp, F; : R x Q@ — R™ and
Fy : R x Q x (—eg,80) — R™ appearing in (11), are C? in their variables and T
periodic in the first variable, and ) is an open subset of R™. One of the main
assumptions is that the unperturbed system

(12) x(t) = Fo(t,x),
has an open subset of Q fulfilled of periodic solutions. A solution of this problem
is given in the following using the averaging theory.

Let x(t,2,¢) be the solution of system (11) such that x(0,z,¢) = z. We write
the linearization of the unperturbed system (12) along a periodic solution x(¢, z,0)
as

(13) y' = DxFo(t,x(t,2,0))y.
In what follows we denote by M, (t) some fundamental matrix of the linear differ-
ential system (13).

We assume that there exists an open set W with C1(W) C € such that for each
z € Cl(W), x(t,2,0) is T-periodic. The set C1(W) is isochronous for the system
(11); i.e. it is a set formed only by periodic orbits, all of them having the same
period T. Then an answer to the problem of the bifurcation of T—periodic solutions
from the periodic solutions x(t,z,0) contained in CI(WW) is given in the next result.

Theorem 5. (Perturbations of an isochronous set) We assume that there
exists an open and bounded set W with CL(W') C Q such that for each z € CI(W),
the solution x(t,z,0) is T —periodic, then we consider the function F : CL(W) — R"

T
(14) F(z) = / M, ' (t,2,0)Fy(t,x(t,z))dt.
0
If there exists a € V with F(a) = 0 and det ((dF/dz) (a)) # 0, then there ezists a
T —periodic solution ¢(t,€) of system (11) such that ¢(0,¢) = a as e — 0.
For a proof of Theorem 5 see Corollary 1 of [3].

Now we consider the differential system
(15) x(t) = eF(t,x(t)) + e R(t,x(t), ),
with x € U C R"”, U a bounded domain and ¢ > 0. Moreover, we assume that
F(t,x) and R(t,x,¢) are T—periodic in ¢.

The averaged system associated to system (15) is defined by

(16) y(t)=cf(y(?)),
where

1 (7
(17) 1) =7 /0 F(s,y)ds.

The next theorem says us under which conditions the singular points of the
averaged system (16) provide T—periodic orbits of system (15). For a proof see
Theorem 2.6.1 of [10], Theorems 11.5 and 11.6 of [11], and Theorem 4.1.1 of [6].
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Theorem 6. We consider system (15) and assume that the vector functions F, R,
Dy Fy, DiFl and DxR are continuous and bounded by a constant M (independent
of €) in [0,00) x U with —eg < € < €g9. Moreover, we suppose that F' and R are
T—periodic in t, with T independent of ¢.
(a) Ifa € U is a singular point of the averaged system (16) such that det(Dx f(a)) #
0 then, for |e| > 0 sufficiently small there exists a unique T—periodic solution
x:(t) of system (15) such that x.(0) — a as € — 0.
(b) If the singular point a of the averaged system (16) is hyperbolic then, for
le| > 0 sufficiently small, the corresponding periodic solution x.(t) of system
(15) is hyperbolic and of the same stability type as a.

3. PERIODIC ORBITS OF THE PERTURBED PLANAR HOOKE PROBLEM

In this section we shall prove Theorem 1 and Corollary 2.

Proof of Theorem 1. We want to apply Theorem 5 to the Hamiltonian system (6).
Since Theorem 5 needs that the periodic orbits of system (6) are isolated in the
set of all periodic orbits of the system, we must restrict our study to every fixed
Hamiltonian level, otherwise the set of periodic orbits would not be isolated. Thus
we consider a fixed Hamiltonian level h and we restrict the Hamiltonian system (6)
to this Hamiltonian level.

We isolate p, in the Hamiltonian level

1 1
0%+ 1)) + 5@ + %) + eVt zy) = b,

and expand the obtained expression of p, in power series of € obtaining
. Vit z,y)

V2h —p2 — 22 —y?
Therefore system (6) restricted to the Hamiltonian level H(z,y,pg, py,t) = h be-
comes

Py = \/2h —p2 — 2% —y? +0(e?).

j": plh
. V(t,z,y)
= 2h_ %_xQ_ 2 . ! “FOEQ,
(18) Yy \/ p Yy \/Qh—p%—$2 _y2 ( )
. oV (t,x,
P = ‘x‘e%-

We will apply the averaging theory described in Section 2 for studying the pe-
riodic orbits of system (18). More precisely we shall analyze which periodic orbits
of system (18) with € = 0 can be continued to periodic orbits of system (18) with
¢ # 0 sufficiently small.

The general solution of system (18) with & = 0 in the Hamiltonian level H (x, y, pq,
py) = h and with initial conditions x(0) = zq, y(0) = yo and p,(0) = pao is

2(t) = pgosint + xg cost,

(19) Y(t) = py, sint + yo cost,
Dz (t) = procost — xpsint,

where p,, = \/2h —p2, — x3 — y3. All these periodic solutions form a three di-
mensional open set of periodic solutions with period 27 in the Hamiltonian level
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H(z,y,ps,py) = h. So system (18) with ¢ sufficiently small satisfies the assump-
tions of Theorem 5.

We write system (18) into the form (11)
&= Foa(r,y,p) +eFia(z,y,p) + O(),
J= Foa(r,y,p:) +eF12(2,y,p:) + O(E),
P = Fos(x,y,pz) +eF13(z,y,p:) + O(2),
where Fy = (Fy1, Fo2, Fo,3) is
Fop=pe, Fop=+\2h—p2—a>—y?, Fo3=—u,
and Fy = (F11, F12,F13) is

V(t,z,y) oV (t x,y)
, Fig=———7pb—
V2h — p2 — a2 — 2 Ox
The periodic solution x(t,z,0) of system (11) with ¢ = 0 now is the periodic
solution (x(t),y(t), p=(t)) given by (19) of system (18) with initial conditions z =
(0, Y0, Pz0)- After an easy but tedious computation the fundamental matrix My(t)
of the differential system (13) such that M,(0) is the identity matrix of R? is

)

(20) Fii1=0, Fio=-

cost 0 sint
xosint cost —ypsint sint
21) M) = | - 0 Dy, Yo __Dxo
pyo pyo pyo
—sint 0 cost

We note that py, # 0 in order that the matrix M,(t) be well defined. This is the
reason that in the statement of Theorem 5 we have the assumption pj # 0. In fact
this is a technical restriction that would be able be avoided working with another
fundamental matrix, but here we do not take care of this.

By Theorem 5 we must study the zeros (zg, yo, pz0) in the set
W = {(20, Y0, Px0) € R® : 0 < 22 + 42 + p2y < R},

where R > 0 is an arbitrary constant, of the system F(zq, Yo, Pz0) = <f1 (20, Yos Px0)»
f2(%0,Y0,P20), f3(20,Y0,Pz0)) = 0, where according with (14) if we denote f, =
Jr(o, Yo, Pzo) We have

fl 2m 1 Fl,l(x7yapm)
f2 = M; (t) F172(a:,y,pw) T = pgosint 4+ xg cost dt.
(22) f3 0 Fi3(z,y, px) Y = Py Sint + yo cost

Px = pzo cost — xgsint

Puo = /2h —p2o —F 3
where Fj, 1 for k =1,2,3 are as in (20).

Note that in (22) only Fja(x,y,p,) depends on the variable p, through the
expression \/2h — p2 — 22 — y2. But when we restrict the integrant function of (22)
on the periodic solution of system (18) with e = 0, i.e. on x = pysint + g cost,
Y = py, sint+yo cost and p, = py cost—xgsint, we get that \/2h — p2 — a2 —y2 =
Dy, COst —yo sint. Now doing an easy computation, using (21) and (22), we get the
expression of (f1, fa, f3) given in the statement of Theorem 1. Hence Theorem 5
completes the proof of Theorem 1. [




8 J. LLIBRE AND A. RODRIGUES

Proof of Corollary 2. We apply Theorem 1 to our Hamiltonian system (6) with
V(t,x,y) = (x — 2°) cost. Since

(x3 — x) cost

= —, B = (32% — 1) cost,
Py, COST — Yo sint

we obtain after some tedious computations that the functions fr = fi(zo, Yo, Pz0)
are

3T
fi= —7]?10%0,
™
fa= W(ﬂfopyo + 9p2oxop, — 4xopl, — 15p30yopy, +
(23) 9pmowoyopy0 + 12paoy0py, + 6x3ygpl, — 18p20zoyips, —
10 18ps022ysp? + 16proycp? — 3xdyip, —
pryOpyo Dz0LoYo Py, Pz0Y0Py, 0Y0Pyo
3P20T0YoPye + 4T0YiPye — 3P20Y0 — 3P20TYG + 4pxoy8>7
Y
fs= —= (4-3(p2 +323)),

4

where p,, = \/2h — p2, — ¥3 — y2. We compute the solutions (x§, yg, pZo) of fr(%0, Yo, Pzo) =
0 for k =1,2,3. After another tedious computation we obtain the following 22 so-
lutions

81,2 = 0707:F >

Ff
4f
¥2

578 = \/ - §
59,10 = \/ f
511,12 = (? )

\/18h 4 )
513,14 = —F,0]),

3

2
3’
2
3
ssae= (Fa—gy/99n— 224 \/mm) ,
2
3
.2
T3

1
517,18 F- ,6\/99]1—224-\/572—9]7,2,0),
\/99h7227 \/D 2 gh O>

S91.99 = ¥§,6\/99h—22— 57(2—9h)2,o).

The determinat (7) now becomes
972 (p2o — 323) (apwo\/Qh —Pro — %5 — Y5 — 5$0y0)
16(2h — p3o — 23)*v/2h — P30 — 25 — Y

519,20 =

)

det(x0> y07pa:0) -
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where

a=15p%y + 21agpsg + 60y3pag — 60hpge — 12p5g — 3agpsy + 40ygps0+
60h?ply — 24hapl, — 24a3py, — 48a3ydpig — 120hyipsg — 24y5pie+
48hp2, — 928 + 36hxd — 1223 — 12023ys — 48h? — 36h222 + 48hxi—
108z¢y2 + 216hxly2 — 24x3y2 + 48hy3,

B = —81pSy — 15528p50 — 204y3pag + 324hpyg + 20p50 — 6725p20—
120y3p2, — 324h2p2, + 296hadp?, + 40x3p2, — 160x3y2p2,+
408hy2p2, + 24y3p2, — 80hp2, + Tl — 28hag + 20z + 40x3yd+
80h?% + 28h2x2 — 80ha? + 44xdyd — 88hadys + 24x2yd — 48hy3.

We note that pj = V2h — pi2 — 252 — yi? is equal to zero for the solutions sy
with £k =7,...,14, so we cannot apply Theorem 1 to these eight solutions.

‘We have

6\/§7T3

Py, (8k) = constanty/3h — 2, det(sy) = £ FTREEY

ifk=1,...,6 and

|
P, (s1) = 6\/6 _27h+ /57(9h — 2)7,
3\/99h — 92+ \/57(9h — 2)2 (38 —171h + \/57(9h — 2)2) 3

2(2 — 012\ /6 — 27h + \/5T(9h — 2)2

if kK = 15,...,22. Therefore the solutions si for £ = 1,...,6 do not satisfy the
conditions (7) if h = 2/3, and the solutions s, for k = 15,...,22 do not satisfy the
conditions (7) if h = 2/9. Hence applying Theorem 1 the proof of the corollary is
completed. (I

det(sy) = =+

4. PERIODIC ORBITS OF THE PERTURBED PLANAR KEPLER PROBLEM

In this section we shall prove Theorem 3 and Corollary 4.

Proof of Theorem 3. Dividing the first and the last two equations of (9) by the
second one we get

oo P
Do
(24) ;:pi_i_grjal
T pp  pe Or
,  r?ov
Pe-‘gﬁ%»

where the prime denotes derivative with respect to . We do the change of coordi-
nates

1

u:;a U= DPr, W= DPp.
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In these new coordinates system (24) becomes

—
w7
(25) v =w u—i +€la—v,
w2 w Ou
o = e L OV
w?w 00’

where now V = V(cos6/u,sin0/u).
The Hamiltonian (8) in the coordinates u, v, w,# becomes

1 o
(26) H(u,v,w,&):§(U2_|_w2u2)_u+€v <C050,5120>.

The general solution of system (25) for ¢ = 0 and wgy # 0 (i.e. of the planar and
non-rectilinear Kepler problem) is

u(f) = % + ecos(0 — b),

Wo
(27) v(#) = ewo sin(@ — bp),
w(0) = wo,

with e > 0 and wy, 6y € R. When wy = 0 the solutions of the Kepler problem (9)
with e = 0 move on a straight line, and here we do not consider these particular
solutions. Substituting solution (27) in the Hamiltonian (26) with € = 0 we obtain
h = (2wg —1)/(2w?). Tt is well known that the solutions of the Kepler problem in
polar coordinates (r,#) when wgy # 0 are

ellipses if h < 0, or equivalently 0 < ew? < 1,

parabolas if h = 0, or equivalently ew? = 1,

hyperbolas if h > 0, or equivalently ew? > 1.
Here ew? denotes the eccentricity.

Now we shall do the change of variables (u,v,w) — (e, 8o, wo) defined by (27).
Writing system (25) in the new variables (e, 6y, wg) we obtain

(28)
ewd sin“(6g — 0) — 2 cos(fy — o+ (ecos(6g — 0)ws + 1) sin(fy — "
, (ewdsin® (6 — 0 6y — ) Vi 8o — )wd + 1) sin(8y — OV,
e =c 7
(ecos(By — O)wi + 1)?
P (e cos(By — O)w§ + 2) sin(fo — ) Vp _ cos(fo — O)Va
‘e (ecos(By — O)w? + 1) wh ’
wh = —¢ w3 Vo
(ecos(fy — O)w? + 1)
where

o 8‘/<00597sm€)7 Vung (c0597sm€>.

:% u U ou u u

Now we shall fix our attention on the Hamiltonian level

(29) H(e,HO,wO,H) = h,
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of the perturbed system (25). Working in this Hamiltonian level we isolated e
in function of the other two variables (6, wo) and 6 which appears through the
potential V. Thus we obtain

B 1+2hw§ \%

e= € + O(e
wg 1+ 2hwt (

2).
Then system (28) becomes

wd (\/ 1+ 2hwé cos(p — 0) + 2) sin(fg — 0)Vy

96 = ¢ 2 ’ R
1+ 2hw? ( 1+ 2hwg cos(fy — 6) + 1>
(30) cos(flo — 0)Va + 0(e?),
wg
3
w6 = —¢ woVe 7 0(82)'

(«/1 + 2hw3 cos(By — 6) + 1)

Now applying Theorem 6 of the averaging theory described in Section 2 to system
(30), it follows immediately Theorem 3. O

Proof of Corollary 4. We apply Theorem 3 to our Hamiltonian system (9) with
V = V(x,y) = 22 After some tedious computations the function fo = f2(6o,wo)
is

5 (14 2hw} 0o sin 6
(31) f2 _ ( wo) COSs Up sin btp

8v/2(—h)7/ 2w

Since 0 < 1+ 2hw? < 1, it follows that fo = 0 if and only if 6y € {0,7/2, 7, 37/2}.
Now we compute f; = f1 (6o, wo) for these four values of 6y, but since for the values
0y € {0,7} the function f; = 0 has no real solutions for wy we only provide in

what follows the expression of f; for 6y € {w/2,37/2}. Since f1 = fi(n/2,wo) =
f1(3m/2,wq) we only provide one expression for f:

—%( (8h? (6w} — 5) wS + 10wg + h (46w] — 24wg) + h? (68w — 40wd) — 5) LS+
2huwd (w§ — 48 (2wf — 3) wh + 20 (w] +wi) +

M (64(=h)*/ (wf = 1) w§ +3v2 (1 + 2huf)” (20} — 1)) ) L7+

(1+ 2hw?)” (4hw} +5) (2w — 1) L~

6h(wo — Vw2 (14 2hwd)” (2hwi + L+ 1) (wl + wi + w? + wo + 1)

(1672w + 6hwd + 1) ),

where
K = 64L°M(—h)"?wj,

L= /14 2huwd,
M= \/1+hw3+ 1+ 2hwg3.

We compute the solutions w§ of fi = 0 for h = —1/10, and we obtain only the
two real solutions:

wg = —1.4262515827609759, wg = 0.5654210557716061.




12 J. LLIBRE AND A. RODRIGUES

So we get the four solutions given in the statement of Corollary 4. In these four solu-
tions the determinant (10) takes the values —45970.28294002966, 7552084.398956253,
—45970.28294002966, 7552084.398956253, respectively. Therefore applying Theo-
rem 6 the corollary is proved. [

ACKNOWLEDGEMENTS

The first author has been supported by the grants MCYT/FEDER MTM2008-
03437 and CIRIT-Spain 2009SGR 410. The second author was supported by
FCT Grant BPD/36072/2007. Research of AR supported in part by Centro de
Matemadtica da Universidade do Porto (CMUP) financed by FCT through the pro-
grammes POCTTI and POSI, with Portuguese and FEuropean Community structural
funds. The second author would like to thanks for the hospitality at the Departa-
ment de Matematiques of Universitat Autonoma de Barcelona where this work was
done.

REFERENCES

[1] V.I. ArNoLD, V.V. KozLov AND A.I. NEISHTADT, Mathematical aspects of classical and
celestial mechanics, Second Printing, Springer—Verlag, Berlin, 1997.

[2] R. ABRAHAM AND J.E. MARSDEN, Foundations of mechanics, Second edition, revised and
enlarged. With the assistance of Tudor Ratiu and Richard Cushman, Benjamin/Cummings
Publishing Co., Inc., Advanced Book Program, Reading, Mass., 1978.

[3] A.BuUICA, J.P. FRANGOISE AND J. LLIBRE, Periodic solutions of nonlinear periodic differential
systems with a small parameter, Communications on Pure and Applied Analysis 6 (2007),
103-111.

[4] H. GOLDSTEIN, C. POOLE AND J. SAFKO, Classical Mechanics, Third edition, Addison Wesley,
2002.

[5] B.D. Greenspan and P.J. Holmes, Repeatead resoance and homoclinic bifurcations in a peri-
odically forced family of oscillators, SIAM J. Math. Anal. (1983),

[6] J. GUCKENHEIMER AND P. HOLMES, Nonlinear oscillations, dynamical systems, and bifurca-
tion of vector fields, Springer, 1983.

[7] J. LLBRE, M.A. TEIXEIRA AND J. TORREGROSA, Limit cycles bifurcating from a k-
dimensional isochronous set center contained in R™ with k < n, Math. Phys. Anal. Geom.
10 (2007), 237-249.

[8] P. LocHAK AND C. MEUNIER, Multiphase averaging for classical systems, Appl. Math. Sci-
ences 72, Springer—Verlag, New York, 1988.

[9] K.R. MEYER, G.R. HALL AND D. OFFIN, Introduction to Hamiltonian dynamical systems and
the N-body problem, Applied Mathematical Sciences 90, Second Edition, Springer—Verlag,
New York, 2009.

[10] J.A. SANDERS AND F. VERHULST, Averaging Methods in Nonlinear Dynamical Systems, Ap-
plied Mathematical Sci. 59, Springer—Verlag, New York, 1985.

[11] F. VERHULST, Nonlinear Differential Equations and Dynamical Systems, Universitext,
Springer—Verlag, Berlin, 1996.

1 DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, BELLATERRA,
08193 BARCELONA, SPAIN.
Email address: jllibre@mat.uab.cat

2 DEPARTMENT OF MATHEMATICAL SCIENCES, IUPUI, 402 N. BLACKFORD STREET, INDIANAPO-
L1s, IN 46202-3216 AND CMUP, Rua po CAMPO ALEGRE, 687, 4169-007 PORTO, PORTUGAL.
Email address: arodrig@math.iupui.edu



