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Abstract
The well-known Lorenz system can be written as ẋ = s(y−x), ẏ = rx−y−xz

and ż = −bz + xy. Here, we study the first integrals of the Lorenz system that
can be described by formal power series. In particular, if s �= 0 and, either
b is not a negative rational number, or b is a negative rational number and
k1b + k2(1 + s) �= 0, for all k1 and k2 non-negative integers with k1 + k2 > 0,
then the Lorenz system has no analytic first integrals in a neighbourhood of the
origin.
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1. Introduction

The Lorenz system (see [9]):

ẋ = s(y − x), ẏ = rx − y − xz, ż = −bz + xy, (1)

is a famous dynamical model (see for instance [10]), where x, y and z are real variables; and
s, r and b are real parameters. This system has been intensively investigated as a dynamical
system (see for instance [14]), mainly for studying its strange attractors, the more classical
one appears for the parameter values s = 10, b = 8/3 and r = 28. From the point of view of
integrability it was also intensively studied using different integrability theories (for example,
see [1, 3–7, 12, 13, 15–18]). But in this paper we are interested in its formal power series first
integrals and in its analytical first integrals.

The associated vector field of the Lorenz system is

X = s(y − x)
∂

∂x
+ (rx − y − xz)

∂

∂y
− (bz − xy)

∂

∂z
. (2)

A first integral of system (1) is a non-constant function H = H(x, y, z) satisfying

XH = s(y − x)
∂H

∂x
+ (rx − y − xz)

∂H

∂y
− (bz − xy)

∂H

∂z
= 0.
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