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Integrability of the Bianchi IX system
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In this paper we apply the Darboux theory of integrability to the classical Bianchi
IX system. Thus, we provide a complete description of the Darboux polynomials,
exponential factors, rational first integrals, and Darboux first integrals, for the clas-
sical Bianchi IX system. © 2005 American Institute of Physics.
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I. INTRODUCTION TO THE PROBLEM

The Bianchi IX model can be written as the Hamiltonian system (see Ref. 8):

41=12¢,(p1q1 = P2q2 — P343)
42 =12q5(= p191 + P22 — P393),
43 =12q3(= p1q1 = P22 + P393),
. 1
P1==12p1(p1q91 = P2g>— P393) = 3(q1 — 42— 43).
. 1
P2==12p2(=p1g1 + P42~ P3q3) — 3(- @1 + 42— 43)
. 1
P3==12p3(=P1g1 — P242 + P3a3) = 3(- 41 — 2+ 43), (1)
in R® with the Hamiltonian
G = 6(piqi + P33 + P33 — 2P191P292 = 2P191P303 = 2P242P343)
1
+ L (qi+ a2+ 43 - 20192~ 20193 - 20205)-
This system has been throughly investigated from the point of view of integrability by using
different methods for studying the existence of first integrals. One of these methods is the Painlevé
test (see, for instance, Refs. 10, 5, and 6) where the authors prove that the solutions of the equation
of motion do not have movable critical points and conjecture that system (1) is integrable. Later
on, in Ref. 7 the same authors of Ref. 6 find new arguments, this time against the integrability.

Another method is the numerical computation of the Lyapunov exponents (see Ref. 1), where the
authors also conjecture the integrability of system (1). In Ref. 8 the authors, by means of sym-
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