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For a large class of quadratic–linear polynomial differential systems with a unique singular
point at the origin having non-zero eigenvalues, we classify the ones which have a
Liouvillian first integral, and we provide the explicit expression of them.
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1. Introduction

For planar differential systems the notion of integrability is based on the existence of a first integral. For such systems
the existence of a first integral determines completely its phase portrait. Then a natural question arises: Given a system of
ordinary differential equations in R2 depending on parameters, how to recognize the values of such parameters for which the system
has a first integral?

In particular the planar integrable systems which are not Hamiltonian, i.e. the systems in R2 that cannot be written as
x′ = −∂ H/∂ y, y′ = ∂ H/∂x for some function H : R2 → R of class C2, are in general very difficult to detect. Here the prime
denotes derivative with respect to the independent variable t .

The first step to detect those first integrals in different classes of functions, namely polynomial, rational, elementary or
Liouvillian, is to determine the algebraic invariant curves (i.e., the so-called Darboux polynomials).

Let P and Q be two real polynomials in the variables x and y, then the system

x′ = P (x, y), y′ = Q (x, y), (1)

is a quadratic polynomial differential system if the maximum of the degrees of the polynomials P and Q is two.
Quadratic polynomial differential systems have been investigated for many authors, and more than one thousand papers

have been published about these systems (see for instance [14] and [16]), but the problem of classifying all the integrable
quadratic polynomial differential systems remains open.

Let U ⊂ R2 be an open set. We say that the non-constant function H : U → R is a first integral of the polynomial vector
field X on U , if H(x(t), y(t)) = constant for all values of t for which the solution (x(t), y(t)) of X is defined on U . Clearly
H is a first integral of X on U if and only if X H = 0 on U .
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