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ON THE DARBOUX INTEGRABILITY
OF THE PAINLEVE II EQUATIONS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. In this paper we prove the non—existence of Darboux first integrals

for the Painlevé II equations
1
a'c:y—g—:r,‘?, y:a+§+2xy, z=1

for all values of @ € C\ {ayn : n =2,4,...}. These o, are real and larger than
—1/2.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The Painlevé equations are Hamiltonian systems that depend on parameters
and whose solutions give rise to the so-called Painlevé transcendents. The Painlevé
transcendents are solutions to certain nonlinear second-order ordinary differential
equations in the complex plane whose only movable singularities are ordinary poles
and which cannot be integrated in terms of other known functions or transcendents.

In this paper we study the Darboux integrability of the Painlevé II equations
which can be written in the form (see [2, 3, 4] for details):
2

1
, y=a+-+2zy, z=1 w=

. z
T=y—-—x 5

y
2 2

with the Hamiltonian
1 1
13- Yoo e
Here the parameter a is complex. Using H we can eliminate the variable w making

1 1
e B B

and study the integrability of the system
1
(1) izy—%—ﬁ, y:a+§—|—2my, z2=1.
These systems were previously studied by Morales in [3] (see Corollary 1) where

the author proved:

Theorem 1 (Morales’ result). For o € Z system (1) is not integrable by means of
rational first integrals.
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2 J. LLIBRE AND C. VALLS

We define for each positive even integer n > 2 the value «,, as the zero of

2y

(a+ %)n j=0 (n —2j)
[T, (49)
where D, /5 are positive real numbers defined in the proof of Proposition 5. We
improve Morales’ result as follows.

- Dn/2 = Oa

Theorem 2. For all a € C\ {a, : n = 2,4,...} system (1) is not integrable by
means of a Darboux first integral.

Theorem 2 is proved in section 5.

We note that a rational first integral is a very particular case of a first integral
of Darboux type (see (5) for its definition).

Theorem 3. The following holds for system (1).

(a) If a« = —1/2, the unique irreducible Darbouzx polynomial with non-zero co-
factor is y. Its cofactor is 2x.

(b) Ifa e C\{an, : n=2,4,...} and o # —1/2, system (1) has no irreducible
Darboux polynomials with non-zero cofactor.

(¢) Assume a € C\ {ay, :m=2,4,...}.
(c.1) System (1) has no polynomial first integrals.
(c.2) The exponential factors e*, e* /2 and 2= +2oFDr=v"+2Y gre the unique

ones for system (1) having cofactors 1, z and y, respectively.

Theorem 3 is proved in section 4.

In sections 2 and 3 we present basic definitions, notations, some preliminary and
auxiliary results.

2. PRELIMINARY RESULTS
Consider a polynomial differential system
(2) $:P1($7y72)7 y:P2(x7yuz>7 2}:P3($7y72)7

where P; = Pi(z,y,2) € R[z,y, 2] are polynomials of degree at most two and its
associated vector field is

0 0 0

(3) X—P1£ +P267y+P3E.

Let U C R3 be an open subset. We say that the non—constant function H: U —
R is a first integral of the polynomial vector field (3) on U associated to sys-
tem (2), if H(x(t),y(t),z(t)) = constant for all values of ¢ for which the solution
((t),y(t), z(t)) of X is defined on U. Clearly H is a first integral of X on U if and
only if XH = 0 on U. When H is a polynomial we say that H is a polynomial first
integral.

Let h = h(z,y, z) € Clz,y, z] be a nonconstant polynomial. We say that h = 0
is an invariant algebraic surface of the vector field X if it satisfies Xh = Kh for
some polynomial K = K(z,y,z) € Clx,y, 2], called the cofactor of h = 0. Note
that K has degree at most 1. The polynomial h is called a Darboux polynomial,
and we also say that K is the cofactor of the Darboux polynomial h. We note that
a Darboux polynomial with zero cofactor is a polynomial first integral.



ON THE DARBOUX INTEGRABILITY OF THE PAINLEVE II EQUATIONS 3

Let g,h € Clz,y, z] be coprime. We say that a nonconstant function F = eh/a
is an exponential factor of the vector field X if it satisfies XE = LFE for some
polynomial L = L(z,y, z) € Clx,y, 2], called the cofactor of E and having degree
at most 1. Note that this relation is equivalent to

d(g/h) d(g/h) d(g/h)
(4) P=5 =+ P, o9 + P =L

For a geometric and algebraic meaning of the exponential factors see [1].

A first integral G of system (2) is called of Darbouz type if it is of the form
5) G = [ [ B B,
where f1,..., f, are Darboux polynomials, F1, ..., E, are exponential factors and
A ug € Cforj=1,...,p,k=1,...,¢q
For a proof of the next proposition see [1].
Proposition 4. The following statements hold.

(a) If E = e9/" is an exponential factor for the polynomial differential system
(2) and h is not a constant polynomial, then h = 0 is an invariant algebraic
surface.

(b) Eventually €9 can be an exponential factor, coming from the multiplicity of
the infinite invariant plane.

3. AUXILIARY RESULT
The next result plays a key role in the proof of our two theorems.

Proposition 5. Assume o € C\ {ay, : n = 2,4,...,}. Then system (1) has no
first integrals which are polynomials in the variable x, analytic in the variable z and
have a decomposition in powers in the variable y.

Proof. Let g = g(x,y, z) be a first integral of system (1) which is polynomial in the
variable z, analytic in the variable z and have a decomposition in powers of the
variable y. Then g is not a constant and satisfies

(6) (y-5-= )gg+(a+%+2xy)?+%

Since ¢ is a polynomial in the variable x, we rewrite it as
(7) IJ’J YUY, 2 Zgj Y,z 7

where each g; are functions in the varlables y, z. We have that equation (6) becomes

En:Jgjy, J+1+2Z gfy7 J+1+Zagjy’ 27

(8) -
(a+ 2)893 Y 2) i —I—Z ( )gj (y, 2)z? = = 0.

+
Now we will show by induction that for l =0,...,[n/2],

D g3 [ - 2) + Lot.(w)
TT,_, (40) o ’

M- 1

Il
=)

J

(9) gn72l(yvz) =
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where l.o.t.(y) means terms with lower power in the variable y, [-] denotes the
integer part function of a real number, K (z) is a function in the variable z and we
have taken the convention that H?:1~ =1 and Hj;lo~ = 1. Furthermore, we will
also show by induction that for I =0,...,[(n —1)/2],

(10) In-21-1(y,2) = ()T CE (2)yFH + Lo.t.(y),

where C; are positive constants for each [ =0,...,[(n —1)/2].

Computing the terms of degree n 4+ 1 in z in (8) we get
9gn (Y, .
(1) ngalr) - 220 0 s g, (0.2) = K,

where K (z) is a function in the variable z. This proves (9) for [ = 0. Now computing
the terms of degree n in z in (8) we obtain

e agnfl(yvz) ! n/2 I\n n/2—1 __
(12) ~(n=Tgnory 2)+ 25 B2 4K @)y (k5 ) 5K =0,

Solving this linear differential equation we obtain

e n n(l+ 2«
goay,2) = Ka (2072 = Ky 4 M2

= —K'(2)y"? + Lot(y),

K(z)yn/Qfl

where K7 is some function in the variable z. This proves (10) for [ = 0 with Cp = 1.

Now we proceed by induction. We assume that (9) and (10) are true for [ =
., and we will show it for £ + 1.

Computing the terms of degree n — 2¢ — 1 in (8) we get that

0=—(n—20—2)gn 202+ Qy@%? + (=1)"LC K" (2)y2 T + Lot(y)
1)K (2)yE o (n — 25
+ (y— ;)(n—%)(( SR () . H?*O( )—l—l.o.t(y))
[1i=1(49)
1 n V41 / g1
+(a+ 2) ((2 +O) ()G (2)y + Lo.t(y)
o o0 1K yg+5+1 TL—Z]
—(n—2£—2)gn,2g,2+2y79 22 +(n—2€)( VK@) H] 0( )
%y Hi=1(4l)
+ Lo.t(y)
n 4 .
OGn—20-2 (—1) K (z)yz ! szo(” - 2j)
—(n—20 —2)gp—20—2+ 2y + : + Lo.t(y).
Oy [Ti-1 (4)
Then solving this linear differential equation we conclude that
—(= )EK " 441
In—20—2 = j) +Llo.t.(y)
4+ 1)TT= 1(42) H
€+1K 2
:( )1z+1 +€+1H 7) +Lot.(y),
L5 (41)

which proves (9) for | = ¢+ 1.
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Now computing the terms of degree n — 2¢ — 2 in (8) we get that

89n—2e—3 (_1)“1 / g1 ‘ .
—K'(2)y2 " [ [ (n = 2j) + Lot (y)
Oy I (40) 13

+ (y=3) (=20 =)D CE )y + Lo(y))

+ (a + %) ((Z +O+ 1) 1%_i;i;)K(Z)ngjlﬁ[o(n —-2j)+ 1-0~t(y)>

0= —(’I’L — 20— 3)97172@73 + 2y

OGn—20—
(0= 20 = B)gnary + 2SI (SR (2)y R+ Loaly)
where ,
_o(n—27
[Ti2:(44)

Then solving this linear differential equation we obtain that
gn—a0-3 = (=1)PPCo K/ (2)y"* T 4 Lo.t.(y),
where Cy1 = K;/(4¢ + 5). This proves (10) for I = £+ 1. Hence (9) and (10) are
proved. Now computing the terms of degree 0 in x in (8) we get
1) o (erg) Gyt (-3 =0
Now we distinguish two cases.
Case 1: n is odd. Using (9) and (10) with £ = (n — 1)/2 we get that (13) becomes

(71)%“@11((2)@,2%“ +Lot(y) =0,
[1;2; (49)

which yields K(z) = 0. Hence g, = 0 for n > 1 and then, from (7), g = g(y, 2).
This implies, from (6), that

1 dg  0g
Z 49 ) 99 . %9
(a + 2 e dy + 0z
. .. . . dg Og
Since g does not depend on z, this identity implies that Erial 0. Therefore
Y z

g = constant, a contradiction with the fact that g is a first integral.

Case 2: n is even. In this case using (9) with £ = n/2 and (10) with £ = (n — 2)/2
we get that (13) becomes

<f1>%w1f'(z>yn +1Lo4(y) + (1) T T Cu2 K'(2)y# 7+ 4 Lo.t(y)
[T (44)
=(-1)2K'(2)y < %:( m +Cn;)+l. t(y) =0.
Since o
iZom=2)
[1:2,(49) :

we get that K'(z) = 0 that is K(_) “n, Where v, € C.
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Now we will show by induction with respect to [ that for n > 2 and [ =
1,2,...,[n/2],

—1 l n =1 . nog_
%Wny Rl H(n —2) + (=1)!" 1y, D2yt M flLot.(y),
[Ti=: (44) j=0
where D; are positive constants. Note that (14) provides an additional term in (9).
Furthermore, for | = 0,1,...,[(n —1)/2],

(15) In-2-1(y,2) = (1) Ey(2)y" T 4 Lo.t.(y),

where Ej(z) are functions in the variable z for each [ = 0,1,...,[(n — 1)/2]. Note
that equation (15) improves (10), because we know that the apparent dominant
term in (10) is zero.

We proved in (11) that

(14) gn72l(yaz) =

(16) 9n(y,2) = 1ay™’%.

Now from (12) we get

agn—l(yaz) 1\n n/2—1 __
Y™y (O‘+2)2%y =0

7(77' - 1)gn,—1(y7 Z) +2
Solving this linear equation we obtain

. n(l+ 2« /92—
Gn-1(y,2) = K1 (2)y"~1/2 %%y /-1

= K1(2)y™ D2 +Lot(y),

where K is some function in the variable z. This proves (15) for | = 0 and with
El(z) = Kl(Z)

Now computing the terms of degree n — 1 in z in (8) we obtain

agn72(y7 Z)
dy

Solving this linear equation we obtain

n n n
—(n —2)gn—2(y,2) + 2y +nyy? Tt — 52y + Lo.t(y) = 0.

n n n
Gn—2(y,2) = *Zvnyﬁl + D127,y + Lo.t(y),

where Dy =n/4 > 0. This proves (14) for | = 1.

Now we shall use the induction hypothesis. We assume that (14) is true for
1=1,2,...,¢ and (15) is true for [ =0, 1,...,¢ and we will show them for ¢ + 1.

Computing the terms of degree n — 2¢ — 1 in z of (8) we get that

0 n—20— / n—1
0= —(n—20—2)gn_ss—s+ ngT;“ + (1) E)(2)y" T + Lo.t(y)
~ 1)l B T o (n — 2) .
+(y—2/2)(n— 25)(( ) n 1_(12)0( ) + (=) Dyt 4 1~0-t(y)>
i=1\3

Ogn_se—s (D) ryE T (n —2j

:_(n_2£_2)gn—22—2+2y 9825 2 + ( ) ; H] 0( )
Yy Hi=1(47’)

+ (1) Frzy 4 Lot (y),
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where
—1 .
- (n—2
Fg+1 = (Tl - 2@) (I—W + D() > 0.
2 Hi:1(42)

Then solving this linear equation we conclude that

1 Z+1 n/2+£+1 ‘
In—20—2 = (=1) tz+1 H (n—2j) + 1)H2D£+1’Ynzyn/2+z + Lo.t.(y),

Hz 1
where D1 = Fypy1/(2(2¢ + 1)) > 0. Hence equation (14) is proved for [ = ¢ + 1.

Now computing the terms of degree n — 2¢ — 2 in x of (8) we obtain

8971—@—3

dy
+(n—20— 1) (=1 E(2)y" =+ + Lo.t(y)

0=—(n—20—3)gn_20-3+2y + (=1) D17y 2 T + Lo.t(y)

OGn—_o— n
=—(n—20=3)gn 2 35+ 2yga—y“ +(n =20 = 1)(=1) Ey(2)y "

Then solving this linear equation we conclude that

Gn2e-3 = (=)' Eepa (2)y"% ! + Lot (y),
where Ep11(2) = (n —2¢ — 1)E¢(2)/(4(¢ 4+ 1)). This proves (15) for [ = £+ 1. In
short, the expressions of (14) and (15) are proved.
Now using (14) with £ = n/2 and (15) with £ = (n — 2)/2, we get that (13)
becomes
(17)

+ Lo.t(y).

(*Ugﬂ%Dn/wn*l +

n—2
(1) By a2y ™+ Lot(y)
s 2o P (o + T (n - 2))
= (_1) 2 E(n—2)/2(z)y 2 +(_1)2'Vny ! <_Dn/2+ 2 %J O'
HZ:1<47/)
+ Lo.t(y) = 0.

Since D, /2 >0 and a € C\ {a,, : n = 2,4,...}, we get that
2 .
a+ HnllZ, (n—2
b, eI )
12 (49)
Therefore from (17) we obtain v, = 0 for any n > 2 even. Thus, from (16) we

obtain that g, = 0 for all n > 2 even. Since g, = 0 for all n > 1 from (7) yields
g = go(y, z). It follows from (6) that

1 990 | 9go
5 +20y) 20+ S0 g
(a tat Ay oz ’
which yields % = % = (0. Then g = const a contradiction with the fact that g
Y z

is a first integral. O
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4. PROOF OF THEOREM 3
We will separate the proof of Theorem 3 into different propositions.

Corollary 6. Assume o € C\ {a, : n = 2,4,...}. Then system (1) has no
polynomial first integrals.

Proof. Tt follows directly from Proposition 5. O

Proposition 7. Assume a = —1/2. Then the unique irreducible Darbouz polyno-
mial with non—zero cofactor of system (1) is y. Its cofactor is 2.

Proof. Tt follows by direct computations that the unique irreducible Darboux poly-
nomial of degree one of system (1) with non—zero cofactor is y. Its cofactor is 2z.
Now we shall prove that it is the only irreducible Darboux polynomial.

Assume that f is an irreducible Darboux polynomial of system (1) with non-zero
cofactor of degree n > 2. Then it satisfies

0 0
(18) (y—% )a*f‘*‘Q Ff‘f'a*f (o + a17 + gy + az2) f,
where (ag, a1, az,a3) € C*\ {(0,0,0,0)}. First we shall prove that as = as = 0.
We assume that as # 0 or az # 0 and we will arrive to a contradiction. We write
f in sum of its homogeneous parts as follows:

(19) f:ij(x’:%Z)
j=0

where each f; is a homogenous polynomial of degree j. Without loss of generality
we can assume that f,, # 0. Computing the terms of degree n+1 in (18) we obtain

2 fn fn
2zy
Or + 8y

So we have that f,, must be divisible by z. We write f,, as f, = 2'g; where 1 <1 < n
and g¢; is a homogenous polynomial of degree n — [ which is not divisible by x and
satisfies, after simplifying by z!,

0 7]
72 g + 2y !

oz 8y
If | = n then g, is a constant, and from (21) we get ((1 + z)T + a2y + azz)g, =
0. Since as or as is non—zero, we obtain g, = 0, and consequently f, = 0, a
contradiction. So we can assume | < n. Again by (21) we have that g; must be
divisible by x, which is not possible. Hence, as = ag = 0.

(20) = (o + a2y + a32) fu.

(21) = ((a1 + D)z + agy + azz)g:.

In short equation (18) can be written in the form

B .20 = (a0 + o) (29, 2),

where the derivative is evaluated along a solution of system (1). We write

(23) f(xayaz) = g(‘r7yaz)eaozyal/2~
Then g is a polynomial in the variable z and satisfies

df dg apz, apz, o
2@ y:2) = o (@ g, 2)e*%y 2 4 g(w,y, 2) (a0 + arz)e®0Fyr/?
(24)

d
= (S@v.2) + (a0 + ara)g(w,y, 2) ) ey .

(22)
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Since

df apz,,01/2
25) T y.2) = (00 au)f(a,y,2) = (@0 + ara)gle,, )7y /2
from (24) and (25) we get that

d d

d—i(sc, Y, z)e‘%zy(“/2 =0 thatis d—g(m,y, z) =0.

In other words, either g is a constant A € C, or g = g(x,y,2) is a first integral
of system (1) which is a polynomial in the variable z. By Proposition 5 (with
a = —1/2) this last case is not possible. Hence from equation (23) we conclude
that

fx,y, 2) = Ne®0zy™/2,

Since f is a polynomial we must have ag = 0 and a;/2 = m where m is a non—
negative integer. Furthermore m # 0, otherwise the cofactor of f would be zero.
Then

flz,y,2) =A™, XeC, meN\ {0},

in contradiction with the fact that f is an irreducible polynomial of degree greater
or equal two. This completes the proof of the proposition. O

Proposition 8. Assume that « € C\{a, : n = 2,4,...} and o # —1/2. Then,
system (1) has no irreducible Darboux polynomial with non—zero cofactor.

Proof. Tt follows by direct computations that under the assumptions, system (1)
has no Darboux polynomial of degree one. Now we shall prove that system (1) has
no Darboux polynomials with non-zero cofactor of degree greater than or equal to
two.

Assume that f is an irreducible Darboux polynomial of system (1) with non-zero
cofactor of degree n > 2. Then it satisfies

1
26 (y-3 —xﬁ% +(a+3 +2xy)g—£ + % — (a0 + 1z + asy + a32)f,
where (g, a1, az, az) € C*\ {(0,0,0,0)}. We separate the proof of this proposition
into different parts.

First we prove that ag = a3 = 0. For this we assume that as # 0 or a3 # 0, and
we write f in sum of its homogeneous parts as Z?:o fi(z,y,z), where each f; is
a homogeneous polynomial of degree j. Without loss of generality we can assume
that f, # 0. Computing the terms of degree n + 1 we obtain (20), and the same
arguments of the proof of Proposition 6 imply that as = az = 0.

Now we have that equation (18) can be written in the form (22), where the
derivative is evaluated along a solution of system (1). We write f as in (23). Then
g is a polynomial in the variable x and satisfies

(27)
df _ dg oz, /2 ( Oll(O[+ %)) oz, o /2
dt(%y,z) - dt (x,y,z)e Yy +9(957ya2’) ap + oz + 2y € Yy
o dg al(a + 1/2) @z, 01 /2
= (Grlew2) + (00 +na+ TEEE g,y 2) oy 2
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From (25) and (27) we get that

dg L

a(a+ 35
E(x,:%z)eaozyal/Q = 1(2 2)g<xay7'z)€a02yal/27
Y
that is J 179
B ) = 2O ),

and g = g(z,y, 2) is a polynomial in the variable x.
Now proceeding as in the proof of Proposition 5 (note that if we expand g
ozl(a+%)

2y
compared with 77 %(y,z)xj will always belong to the l.o.t.(y), and hence it

does not play any role because it does not interfere in the arguments used in the
proof of Proposition 5). In short, we get that g = go(y, 2) and it satisfies

as powers of the variable x as in (7) we have that Z;L:O 9;(y, z)z7 when

1 dgo Ogo oar(a+ %)
(a + 2 +ary y 0z 2y g0

Since go does not depend on = we get that dgg/dy = 0 that is g = g(z). Now we
consider two cases.

Case 1: a1 # 0. In this case since g does not depend on y we get that dg/9z = 0
and then g = 0. Therefore (23) imply that f = 0, in contradiction with the fact
that f is a Darboux polynomial of degree greater than or equal to two.

Case 1: a1 = 0. In this case since g does not depend on y we get that dg/9z = 0
and then g = constant = A. Therefore (23) imply that f = Ae®*. Since f must
be a polynomial we get g = 0 a contradiction with the fact that the cofactor f is
different from zero. O

As usual N denotes the set of positive integers.

Proposition 9. Assume that « = —1/2. Then the unique exponential factors of
system (1) are €?, e* /2 and 2=~V +2Y yith cofactors 1, z and y, respectively.
Proof. Tt follows from Proposition 4 that we can write

E=¢e9Y"  with ny e NU{0} and (g¢,y) = 1,
where ¢ is a polynomial satisfying
( z 2) 99 99

99
— 2\ 0py 2 L 2 o pg = "
y—5 %) 5 + “Tyay + 5, ~ 2mzg (Bo + Brz + Bay + B32)y™,

where 3; € C for ¢+ = 0,1, 2,3, and where we have simplified by the common factor
E. We consider two cases

(28)

Case 1: ny € N. In this case restricting (28) to y = 0 and denoting § = g|y=o,
we get
(29) —(g + :Jc2) % + % = 2ny23.
Hence g is either zero or a Darboux polynomial of system (1) restricted to y = 0.
Since g and y are coprime, we have that g # 0. We expand g in sum of its homo-
geneous parts as g = Z;'L:o gj(z, z), where each g; is a homogeneous polynomial of
degree j. Computing the terms of degree n + 1 in (29) we get

oa
—z? GIn _ 2n12Gy, .
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Solving this partial differential equation we get that g, = K(z)z =" where K is
a function of z. Since g, must be a polynomial we must have K(z) = 0 and thus
Gn = 0. Therefore g = 0 which is not possible.

Case 2: n; = 0. In this case g satisfies

z dg dg Og
30 (y-2-2?) L oyl + 20 = :
(30) y-g5-w 8$+ xy8y+8z Bo + Brx + Boy + P32
where 3; € C for ¢ = 0,1,2,3. We define G = Ee=Poz=Bs2*/2  Then using that
dE d
o Ed—‘(z and (30), we get
dG dE 2 2
o 2 —Poz—P32°/2 _ —Boz—P32°/2
- ac (Bo + Bsz)Ee
= (Bo + B + Boy + Baz)Ee P05 52" /2 _ (g 4 fyz)BePos—Fs="/2
= (B1z + B2y)G,

where the derivative is evaluated along a solution of system (1). Setting G =
9= Poz=P37"/2 — h(=.9.%) we have that

dh
Ezﬁlﬂf-i-ﬁw-
That is
_Z_ 2\oh Oh  Oh _
(31) (y 5 r)ax+2xyay+az = b1z + Pay.

If we expand has h = 377 h;j(y, )27 and proceeding as in the proof of Proposition
5 with n > 4 we get that h,, = K(z)y™/? where K(z) is a function in the variable z.
Since h,, must be a polynomial we conclude that n must be even. Again proceeding
as in the proof of Proposition 5 we get that h, = 0 (note that since n > 4 then
n — 1 > 3 and then when computing hg and h; we get that the left-hand side of
equation (31) would be of the form

(=12 Dy oy + (1) E g 0(2)y" T + Lout(y),
while the right hand side of this equation will be in that case B2y which has degree
one in the variable y. Since n > 4 even, this implies that ~,, = 0 and then h,, = 0).
Hence we have that
h($7 Y, Z) = hO(y7 Z) + hl(y7 Z).’IJ + h2(97 z)wz'
Furthermore we have that A must satisfy

(y — g — x2> (2h2(y,z)x + hl(y,z)) + 2:cy<% + %x + %ﬁ)

Oy dy Oy
dho  Ohy  Ohy o\
(E E”EI)%“M

Then computing the coefficient of 23 in (32) we get

(32)

—2ha(y, 2) + Qy%(y, z) =0 thatis hgy= K(2)y,

where K(z) is a polynomial in the variable 2. Now computing the coefficient of 22
in (32) we obtain

oh
_hl(y7 Z) + 2y87y1(y7 Z) + K/(Z)y =0, that is h; = _K/(Z)yv



12 J. LLIBRE AND C. VALLS

where we have used that h; must be a polynomial in the variables y, z.
Now computing the coefficient of x in (32) we get
z oh
(33) (?J_ 5)2K(z)y—|—2ya—yo - K"(2)y = b

Since the left-hand side of (33) is divisible by y we get that §; = 0. Then after
simplifying by y we obtain that

KG)p , KOz, | K

where K1(z) is a polynomial in the variable z.

(34) ho = K1(z) — Y

Now computing the coefficient of 20 in (32) we get

3 K(z)

65) Sk Dy K+ Ky T

2
Computing the terms in (35) that do not depend on y we obtain that Ki(z) = 0.
That is K1(z) is a constant that we take the constant zero, because it only affects
the exponential e"(®¥2) in a constant. Thus K;(z) = 0. Now after simplifying
equation (35) by y we get

3 K(z) K" (z)

9 [z ’ f/ v
2K(z)y+ 5 +K'(z)z+ 5 Ba.

The coefficient of y in (36) yields K’(z) = 0. Therefore K(z) =~ a constant. Hence
equation (36) becomes

y = [ay.

(36)

% = (s thatis = —20.

This yields
h = (s (2y:p2 - y2 + zy)

So g =h+ Bz + B32%/2 = B2(2ya® — y? + zy) + Poz + B32%/2. This concludes the
proof of the proposition. ([

Proposition 10. Assume o € C\ {a, : n = 2,4,...} and oo # —1/2. Then the
unique exponential factors of system (1) are e?, e /2 qnd e’ +2atDa—y*+zy 4
cofactors 1, z and y, respectively.

Proof. Proceeding in an analogous way to the proof of Case 2 of Proposition 9,
considering £ = ¢4, G = Ee=Poz=P32"/2 and G = e, we obtain that h is of the
form h = ho(y, z) + h1(y, 2)x + ha(y, z)x? and satisfies

(37)
(y —~ % - 172) (2ha(y, 2)x + ha(y, 2)) + (a + % + 2:17y) (%—};‘) + %—};x + %zz)
Ohy =~ Ohy Oha o
(5 + % 5 )
Computing the coefficient of #3 in (37) and proceeding as in the proof of Case 2
of Proposition 9 we get hg = K(2)y, where K(z) is a polynomial in the variable z.
Now computing the coefficient of 22 in (37) we obtain

= Bz + Bay.

ohy 1 N
Iy 2) 2 (g 2) + (ot ) K+ K (@) =0,
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that is hy = (a + %)K(z) — K'(2)y, where we have used that h; must be a poly-
nomial in the variables y, z.
Now computing the coefficient of x in (37) we get
(38) (y - §)2K(Z)y + 2y%0 - K"(2)y = p,
which is equation (33). Thus 51 = 0 and hg is of the form (34).
Now computing the coefficient of z° in (37) we get

K(z) K"(2)
2

(39) —gK’(z)y2 + Ty—i— K| (2)+ K'(2)2y + y+ (a+ %) KQ(Z) = Boy.

Computing the coefficient of y? in (39) we get K’(z) = 0. Thus K(z) = v € C and
(39) becomes

gy + K{(2) = foy, thatis v=28 and Kj(z)=0.

Again we take K;(z) = 0. This yields
h=B(2yz® + (2a + 1)z — y* + 2y).

So g = h+ foz + B32%/2 = B2 (2ya® + 20+ 1)z — y* + 2y) + Poz + P32%/2. This
concludes the proof of the proposition. (|

Proof of Theorem 3. Statement (c.1) follows from Corollary 6. Statement (a) fol-
lows from Proposition 7. Proposition 8 shows statement (b). Finally, statement
(c.2) follows from Propositions 9 and 10. O

5. PROOF OF THEOREM 2
The proof of Theorem 2 will be done by contradiction. Assume that G is a first
integral of system (1) of Darboux type. We distinguish between two cases.
Case 1: « = —1/2. From the definition of Darboux first integral in (5), and taking
into account Theorem 3 G must be of the form
G = y)\l6‘“126”222/26M3(2yz2*y2+yz)’ )\1,#1,#2,#3 cC.
Since G is a first integral of system (1) it must satisfy
z oG oG  0G
0=(y—2—a?) 5" +2my5 " + 57 = (22 G.
Y-y )5 &y + 3, (M + p1 + p2z + psy)

Hence
2\ + py + poz 4+ psy =0, thatis Ay =pp = pe = p3 =0.
Therefore G is a constant in contradiction with the fact that G is a first integral.

Case 2: a € C\{ay, : n=2,4,...} and o # —1/2. From the definition of Darboux
first integral and taking into account Theorem 3 G must be of the form

2/2 2y 4+ (2a+1)z—y>
G = et17eh2z” /213 (2yz" + (204 1)z —y +yZ)’ p1, pa, piz € C.

Since G is a first integral of system (1) it must satisfy
z oG 1 oG  0G
0= (-2 o+ eam) 24 20 -
yog ) gy tlat gty 5ot g (11 + p2z + p3y)
Hence
p1+ pez +p3y =0, thatis p = pa =p3 =0.
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Therefore G is a constant in contradiction with the fact that G is a first integral.
This completes the proof of Theorem 2.
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