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INTEGRABILITY OF REVERSIBLE AND EQUIVARIANT
QUADRATIC POLYNOMIAL DIFFERENTIAL SYSTEMS IN
THE PLANE

JAUME LLIBRE AND CLAUDIA VALLS

ABSTRACT. We study the existence of first integrals for the class of
reversible and equivariant quadratic polynomial differential systems in
the plane. We put special emphasis in the study of the analytic first
integrals.

1. INTRODUCTION

For a planar differential system the existence of a first integral determines
completely its phase portrait. However the explicit computation of first
integrals is not an easy task. A first step is to compute those first integrals
in different classes of functions such as the class of analytic functions.

These last years quadratic vector fields have been investigated intensively
as one of the easiest families of nonlinear differential systems, and more
than one thousand papers have been published about these vector fields (see
for instance [2, 8, 10, 9]), but the problem of classifying all the integrable
quadratic vector fields remains open. For more information on the integrable
differential vector fields in dimension 2, see for instance [3].

The reversible and the equivariant differential equations have symmetries
and this is important because a symmetry of a differential equation is a
transformation that sends solutions to solutions simplifying the study of
these differential systems. The equations describing a physical or a bio-
logical system often exhibit symmetries, therefore it is important to study
such classes of systems. Reversible systems have an additional importance
because reversibility has similar implications for the eigenvalues as in the
Hamiltonian systems.

Let ¢: R? — R? be an involution, that is, ¢ o ¢ = Id. We say that a
polynomial vector field X is @-reversible, if X satisfies
Dy(p)X(p) = =X 0 ¢(p), for all p € R?,
and we say that X is p-equivariant, if X satisfies

Do(p)X (p) = X o ¢(p), for all p € R.

In this paper we characterize the existence of analytic first integrals for
all p-reversible and -equivariant quadratic polynomial vector fields in the
plane.
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It will be proved in section 2 that it is enough to consider the involution
o(z,y) = (x,—y). This result is not new (see for instance [6]) but since it is
easy to prove we show it here for completeness.

Since ¢(x,y) = (x, —y) it is easy to obtain that the ¢-reversible quadratic
polynomial vector fields in R? have the form

' =y(ap + a12),
y' = by + bix + box? + b3y2,

(1)

where ag, a1, bg, b1, b2, b3 € R, and that the p-equivariant quadratic polyno-
mial vector fields have the form

/
r =aop+a1r + a2$2 + agyz,

y = (bo + biz)y, ®

where ag, a1, as, a3, by, b1 € R.

Let U be an open subset of R? such that R?\U has zero Lebesgue measure.
A non-constant function H: U — R is a first integral of the differential
system (1) (respectively (2)) if it is constant on the solutions of system (1)
(respectively (2)) contained in U. When a differential system has a first
integral we say that it is integrable. We say that the first integral H is
analytic when the function H is analytic in U and in this case the system
is called analytically integrable. When U = R? we say that H is a global
analytic first integral.

The main objective of this paper is to study the existence of analytic first
integrals for systems (1) and (2). We shall see that system (1) is always
analytically integrable, see Theorem 1. For system (2) we shall see that if
asbi(a1by — 2a2bg) = 0 then it is analytically integrable (see Theorems 2,
3 and 4). Finally in Theorem 5 we show that system (2) with asb;(a1b; —
2a9bg) # 0 is not globally analytically integrable.

Theorem 1. System (1) is analytically integrable. More precisely:

(a) If ap = a1 = 0, then a first integral is x.

(b) If bg = by = by = b3 =0, then a first integral is y.
In the rest of the theorem we assume that (ag,a1) # (0,0) and that (bg, b, ba,
b3> 7& (07 07 07 0)

(c) If b3 =0 and a; = 0, then a first integral is

Y2 — —=(6bo + 3bya + 2by?). (3)
3a0

(d) If b3 =0 and ay # 0, then a first integral is
2a1b1 — 2agb b
y? — z(2a1b; Zg 2+ aibuz) % log(ap + a1), (4)
1 1

where Gy = 2(a2by — apa1by + a%bg).
(e) If bs # 0 and a1 = 0, then a first integral is

2b
exp ( - a03x> (26%3/2 + adby + agbs(by + 2box) + 203(by + b1 + ngQ). (5)
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(f) If bsar # 0 and (bs — a1)(2bs — ay1) # 0, then a first integral is

_2b3

G1 ]
ap+arx)” @ |y? — , 6
( 0 ! ) |:y bg(bg — al)(2b3 — al) ( )
where G = —a%bo — a%bg — a0b3(bl + 2b21‘) — 2b§(b0 + bix + 52.1‘2) +
al(a0b1 + 3bgbs + 2b1bsx + bgb3x2).
(g) If bsayr #0, bs = a1 and by = 0, then a first integral is

(7)

[ 9 a1bg + apgby + 2a1b1$:|
(ap + a1)? a? )
(h) If bsa; # 0, bs = a1 and bs # 0, then a first integral is
1
(ap + arz)? [

where Go = 3a2by — a3(bo + 2b17) — apay (b — 4bax).
(i) If bsar # 0, b = a1/2 and a1by = 2agba, then a first integral is

1
ag + a1
(j) If bsar # 0, bs = a1/2 and a1by # 2apba, then a first integral is

aty? — G — 2ba(ap + arz)* log(ag + a1)], (8)

[afy? — 2(afbs + aparbaz + af(—by + baz?))]. (9)

B — G2 9 | .
a0 + a1z [aly G (a1by apb2)(ap + a1x) log(ap + alx)], (10)

where G3 = —2(a2by — apaiby + adbe — agarbex — a3bax?).

Theorem 2. System (2) with condition as = 0 is analytically integrable.
More precisely:

(a) If ap = a1 = ag = 0, then a first integral is x.

(b) If b = by =0, then a first integral is y.
In the rest of the theorem we assume that (ag,a1,a2) # (0,0,0) and that
(bo, b1) # (0,0).

(c) If ag = ag =0, then a first integral is

X

logy — (2by + b1x). (11)

2(10
(d) Ifag =0 and a1 # 0, then a first integral is
logy — albLzaobl log(ag + a1z) — b—lx (12)
al aq
(e) If az # 0 and ag = a3 /(4az), then a first integral is
2a9bg — a1b1

as(a1 + 2asx)’ (13)

b
logy — a—l log(ay + 2aqz) +
2

(f) If ag # 0 and ag # a?/(4as), then a first integral is

b by — 2azb 9
logy — 5 log(ag + #(a1 + azw)) + ———2"0_ arctan (W)'
2 az\/dapay —ai Nr—

(14)
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Theorem 3. System (2) with conditions ag # 0 and by = 0 is integrable
with first integral y if bg = 0, and
(—a1 — 2a22)Ys, (S2y) + V/azy/azy (Vs 41(S2y) — Vs, -1(S2y))
(a1 + 2a22)J3, (S2y) + v/azv/azy (Js,-1(S2y) — Js,+1(S2y))
if bo # 0, where S1 = \/a? — 4apaz/(2by), Sa = \Jazaz/by, Ya(2) is the
Bessel function of the second kind, and J,(z) is the Bessel function of the
first kind.

(15)

For more details on the Bessel functions see [1].

Theorem 4. System (2) with conditions agby # 0, and a1by = 2agby is
analytically integrable. More precisely:
(a) If ag = 0, then a first integral is

2
(b + b1z)* — agbiy® — a(aob% — azbg) log y. (16)

(b) If ag = b1, then a first integral is
1
7 [agbi — a2b§ + b1 (bo + biz)* — 2a3biy* logy]. (17)

(c) If aa(az —b1) # 0, then a first integral is
2a

__ 222
Yy by [aobl(az — bl) + 2(12()0(&2 — bl)x + CLle (CLQ — bl):c2 + a2a3b1y2]. (18)

Theorem 5. System (2) with azbi(a1by — 2a2bg) # 0 has no global analytic
first integrals.

Theorems 1, 2, 3, 4 and 5 are proved in sections 4, 5, 6, 7 and 8, respec-
tively.

2. REVERSIBLE AND EQUIVARIANT QUADRATIC POLYNOMIAL VECTOR
FIELDS

We show in this section that in the definition of reversible and equivariant
quadratic polynomial vector fields we can always consider that the involution
¢ is given by o(z,y) = (z, —y). More precisely, we will prove the following
result.

Proposition 1. Let ¢: R? — R? be a polynomial involution, and let X be
a @-reversible (respectively p-equivariant) polynomial vector field of degree
m > 1 in R2. Then ¢ is conjugated to 1V given by 1 = diag (1, —1).

Proof. We will prove the proposition only for the case in which X is a ¢-
reversible polynomial vector field, since the case in which X is p-equivariant
is completely analogous. We first show that under the assumptions, ¢ is
linear. Let g be the degree of the polynomial involution ¢: R? — R2. We
will show that ¢ = 1. Indeed since X is a -reversible vector field, we have
that Do(p) X (p) = —X(¢(p)). This equation implies that if mg = ¢—1+m,
or equivalently g(m — 1) = m — 1. Taking into account that m # 1 we
conclude that ¢ = 1. Therefore, since ¢ is linear and it is an involution we
get that det ¢ = £1. By the Jordan’s normal form theorem, there is a linear
change of variables h: R? — R? such that 1) = h~'ph where v is formed by
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not zero eigenvalues A\; and Ao satisfying AjAo = 1. Furthermore, using
that wz = Id we conclude that \; = £1 and Ay = 1. Hence we can always
assume that Ay = 1 and Ao = —1. This concludes the proof. O

3. PRELIMINARY RESULTS

The vector field X associated to the system
m’:P(x,y), yI:Q(xay)u (19)

where P and @) are real polynomials in the variables x,y is defined by
0 0
X=P — —.
(z,y) 5+ Qlz, y)ay

We introduce the following auxiliary result due to Poincaré in [7], see also [4]
for a direct proof. Through the paper Z* will denote the set of non-negative
integers.

Theorem 6. Assume that the eigenvalues A1 # 0 and Ay # 0 at some
singular point p of X do not satisfy any resonance condition of the form

Mki 4+ Xoko =0 for ki, ko € Z with ki + ko > 0.
Then system (19) has no analytic first integrals defined in a neighborhood
of p.
The following result is due to Li, Llibre and Zhang, see [5].

Theorem 7. Assume that the eigenvalues A1 and Ao at some singular point
p of X satisfy that A1 = 0 and Ay # 0. Then system (19) has no analytic
first integrals in a neighborhood of p if p is isolated in the set of all singular
points of X.

4. PROOF OF THEOREM 1
It is clear that if ag = a1 = 0 then z is a polynomial first integral, and if
bg = by = ba = bg = 0, then y is a polynomial first integral. So statements
(a) and (b) are proved.
From now on we assume that (ag,a1) # (0,0) and (b, b1, ba, b3) # (0,0,0,
0).
We rewrite systems (1) into the form
dy . bo + blx + b2$2 bgy
dr — y(ao + arx) ap + a1z’

Now taking the variable v = y? we get that the above system becomes the
following linear differential system in the variable v,
, dv  2b3 - 2(by + bix + b2x2)‘

V= — =
dr ag+ a1x ap + ar1x

(20)

We consider eight cases which correspond with the eight statements (c)—(j)
of the theorem.

(c) b3 =0 and a; = 0. In this case the general solution of system (20) is
6bg + 3b1x + 2()2.1‘2)
3(10

v(z) = il + H,
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where H is an integration constant. Hence system (1) under these assump-
tions is integrable with the first integral (3).

(d) b3 = 0 and ay # 0. In this case this case the general solution of system
(20) is

z(2a1b1 — 2agbs + a1box G
v(z) = (216, ag 2o )+H+£log(ao+a1x),
1 1

where H is an integration constant. Hence system (1) under these assump-
tions is integrable with the first integral (4).

(e) bg # 0 and a; = 0. In this case the general solution of system (20) is

2b
2[)%1)(35) = —agbg — aobg(bl —I-QbQCE) — 2b;2)) (bO +x(by +b2x> —bzexp <a73x>H)’
0

where H is a first integral. Hence system (1) is integrable with the first
integral (5).
(f) bsa; # 0 and (bs — a1)(2bs — a1) # 0. The general solution of system
(20) is

’U(.%') N bg(bg — al)(2b3 — CL1)
where H is a first integral. Hence system (1) has the first integral (6).

+ (ap + alx)2b3/a1H,

(g) bsay # 0, b3 = a1 and by = 0. The general solution of system (20) is

b b1 + 2a1b
v(x) = _Ghot a0a12+ LI (ap + arx)*H.
1

Hence system (1) has the first integral (7).
(h) bsay # 0, bs = a1 and by # 0. The general solution of system (20) is

a3v(z) = Gy + a3(ap + a1x)* H 4 2by(ag + a1z)* log(ao + az).

Hence system (1) has the first integral (8).

(i) bsa; # 0, bz = a1/2 and a1by = 2apby. In this case the general solution
of system (2) is

2p b 2(—p box?
U(x):2<a0 2 + agay 2-T—:a1( o + box )>+(a0+a1:n)H.

ay

Hence system (1) has the first integral (9).

(j) bsai1 # 0, bs = a1/2 and a1by # 2apbe. In this case the general solution
of system (20) is

adv(z) = Gz + ad(ag + arz)H + 2(a1by — 2a0by)(ag + arz)log(ag + a1z).

Hence system (1) has the first integral (10).

5. PROOF OF THEOREM 2

We consider system (2) with ag = 0. If ag = a1 = a2 = 0 then z is a
polynomial first integral, and if b9 = b; = 0 then y is a polynomial first
integral. Therefore statements (a) and (b) hold.
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From now on we assume that (ag,a1,a2) # (0,0,0) and that (bg,b1) #
(0,0). In this case we write system (2) in the form

dr  ag+ a1z + asx?

dy — y(bo+ bix)
It is clear that a first integral of system (21) is

bo + b1z
H=1 — dzx. 22
0eY / ag + a1x + azx? * (22)

(21)

Now we consider four cases which correspond with the four statements
(¢)—(f) of the theorem.

(¢) a1 = az = 0. In this case, from system (22) we get that H given in (11)
is a first integral.

(d) az = 0 and a1 # 0. Again from (22) we get that H given in (12) is a
first integral.

(e) az # 0 and ag = a?/(4az). From system (22) we obtain that H given in
(13) is a first integral.

(f) az # 0 and ag # a?/(4as). In this case H given in (14) is a first integral.

6. PROOF OF THEOREM 3

Here by = 0. When by = 0 it is clear that y is a polynomial first integral.
Now we assume that by # 0. In this case we write system (2) in the form

, dr  ag+ a1z + asx?® + azy?
(y) == :
dy boy

Solving it we get z(y) = N/D where
N == /agasHyJg,1(S2y) — a1 HJs, (S2y) — a1Ys, (S2y)

+ Vazazy (HJs, 11(52y) — Ys,-1(S2y) + Yo, 41(529))
D =2a3 (HJs,(S2y) + Ys,(S29)) »
and where H is a first integral. Hence system (2) is integrable with the first
integral (15).

7. PROOF OF THEOREM 4

We introduce the change of variables (recall that agby # 0)

X —b
X =by+ bz, Y =y with inverse change x = 5 0, =Y.
1
With this change of variables, system (2) becomes
X = Ag+ A1 X + A2X2 + A3Y2,
' (23)
Y'=XY
where
b3 2a2b
Ag=agbi —arbo+ 20 Ay =a;— 20 4, =2 Ay = aghy.
bt b1 b1
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Under the assumptions of the theorem, we can rewrite system (23) of the
form

dX . Ag —|—A3Y2 Ay X
v xy v (24)

where ) )
AOZM, A2: %, A3:a3b1.
1 1
We consider three cases which correspond with the three statements (a)—(c)
of the theorem.
(a) ag = 0. In this case A2 = 0. Computing the general solution of system

(24) and isolating the integration constant H we obtain
H=X?—A3Y? —24,logy,
which in the original variables is the integral in (16).

(b) ag = by. In this case Ay = 1. Again computing the general solution of
system (24) and isolating the integration constant H we obtain

H= Ag+ X? —2A3Y?logY],

1
L
which in the original variables is the integral in (17).

(c) az(ag — b1) # 0. In this case we have As(A2 — 1) # 0. The integration
constant H of the general solution of system (24) is

H=Y 2% - Ag+ AgAs — A2 X? + A3X? + A A3Y?],

which in the original variables is the integral in (18).

8. PROOF OF THEOREM 5

We work with system (23). We consider four different cases.

Case 1: Ap = 0. In this case the origin is a singular point. Its eigenvalues
are 0 and A; # 0. Since this singular point is isolated (because Az # 0),
Theorem 7 implies that system (23) has no analytic first integrals.

Case 2: Ay # 0 and Az = 0. System (23) has the singular points

The eigenvalues of (X3,Y3) are A; and —Ag/A;. Suppose that there exists
k1,ke € Z* such that k1A + k2o = 0. Note that by Theorem 6 if such
integers do not exist the theorem is proved. Then A\ = —a), with a a
positive rational, and hence in particular A\j\s = —aA3 < 0. Since A\j\g =
—Ap we must have that Ag is positive.

Moreover, the eigenvalues A; and Ap of (X1, Y7) are (A; + VA2 —8Ap)/2.

Again we must have that A\ Ay < 0, otherwise the theorem holds by Theorem
6. Note that \{Ay = 245 > 0, and then we cannot have ki A1 + koAdy = 0.
The theorem is proved in this case.
Case 3: AgAs # 0 and Ay = A3/(44p). In this case (X,Y) = (—240/A41,0)
is a singular point. Its eigenvalues are 0 and —2Ay/A; # 0. Since this
singular point is isolated (because A3 # 0), Theorem 7 implies that system
(23) has no analytic first integrals.



INTEGRABILITY OF REVERSIBLE AND EQUIVARIANT SYSTEMS 9

Case 4: AgAz(A3 —4ApAs) # 0. We assume that H = H(X,Y) is a global
analytic first integral in a neighborhood of Y = 0. We write it as
H=> Hy(X)Y" (25)
k>0
where each Hj is an analytic function in the variable X. Without loss of
generality we can assume that H has no constant term, i.e. Ho(0) =0. We
will show by induction that
Hp =0 fork>0. (26)
Then clearly from (25) we will obtain that system (23) has no global analytic
first integrals, and the proof of the theorem is done.
Since H is a first integral of system (23) it must satisfy
(Ao + A1 X + A X? + A5Y?) Y Hy(X)YF + ) kX H(X)YF =0. (27)
k>0 k>0
Computing the terms of degree 0 in Y we get that Hy(X) = 0, that is, Hy

is a constant. Since H has no constant term we obtain that Hy = 0 which
proves (26) for k = 0.

Now assume that (26) is true for K =0,...,¢ — 1 and we will show it for
k = (. We have that H = Y* Zkzo Hy./Y*. Computing the terms of degree
¢ in the variable Y in (27) we get that

(Ag + A1 X + Ay X?)H)(X) 4+ (X Hy(X) = 0.

Solving this linear equation we get

__t Al Ay + 24X
Ho(X) = K(Ag+ 41X + A2 X?) 242 exp ( L arctan <1+2>>
AxA A
where A = /44y A, — A7 and K € R. Since Hy, must be a global analytic
function in X, we get that K = 0 and thus Hy(X) = 0. This ends the
induction process and the proof of the theorem is completed.
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