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a b s t r a c t

We characterize the polynomial (respectively analytical) first integrals of degree one in the variables u

and v of the differential systems of the form x0 ¼ u, y0 ¼ v, u0 ¼ Bðx,yÞv and v0 ¼ �Bðx,yÞu where B¼ Bðx,yÞ is

a polynomial (respectively analytic function) in the variables x and y. This differential system models a

non-relativistic charge moving on a plane under the action of a magnetic field orthogonal to this plane.

& 2012 Elsevier Ltd. All rights reserved.

1. Introduction and statement of the main results

One of the more classical problems in the qualitative theory of
differential systems is to characterize the existence or not of first
integrals.

We consider the differential equation of a non-relativistic
charge moving on a plane under the action of a magnetic field
orthogonal to this plane. The differential equations of this motion
can be written as

€x ¼ Bðx,yÞ _y, €y ¼�Bðx,yÞ _x,

where B is a non-zero function in the variables x and y. For more
details see [2]. The dot denotes derivative with respect to the
time t.

We consider the equivalent differential system of first order
in R4

_x ¼ u, _y ¼ v, _u ¼ Bðx,yÞv, _v ¼�Bðx,yÞu: ð1Þ

Let _x ¼ f ðxÞ be a C1 differential system in Rn and let U �Rn be
an open set. We say that the non-constant function H : Rn-R is a
first integral of _x ¼ f ðxÞ on U, if Hðx1ðtÞ, . . . ,xnðtÞÞ ¼ constant for all
values of t for which the solution ðx1ðtÞ, . . . ,xnðtÞÞ of _x ¼ f ðxÞ is
defined on U.

Let Hk : Uk-R for k¼1,y,r be first integrals of _x ¼ f ðxÞ. We
say that they are independent on U1 \ � � � \ Ur if their gradients are
linearly independent over a full Lebesgue measure subset of

U1 \ � � � \ Ur . We say that _x ¼ f ðxÞ is completely integrable if it
has n�1 independent first integrals.

It is known that system (1) has the first integral

H1 ¼ u2þv2:

A polynomial first integral is a first integral H which is a
polynomial. An analytic first integral is a first integral H which is
an analytic function.

We classify the integrable systems (1) for different classes of
first integrals.

Theorem 1. Let b(z) be a polynomial in the variable z and let Tðx,yÞ
be a polynomial in the variables x and y such that @T=@x and @T=@y

are coprime.

(a) System (1) with Bðx,yÞ ¼ bðTðx,yÞÞ has a polynomial first integral

independent with H1 of degree one in the variables u and v if and

only if

T ¼ aþbxþcyþdðx2þy2Þ, ð2Þ

with a,b,c,dAR. Moreover a polynomial first integral indepen-

dent with H1 is

H¼Hðx,y,u,vÞ ¼

Z
bðTÞ dT�cuþbvþ2dðxv�yuÞ: ð3Þ

(b) If (a) holds then system (1) is completely integrable with analytic

first integrals.

Theorem 2. Let b(z) be an analytic function in the variable z and let

Tðx,yÞ be an analytic function in the variables x and y such that @T=@x

and @T=@y are coprime.
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