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POLYNOMIAL FIRST INTEGRALS FOR
WEIGHT-HOMOGENEOUS PLANAR POLYNOMIAL
DIFFERENTIAL SYSTEMS OF WEIGHT DEGREE 4

JAUME LLIBRE AND CLAUDIA VALLS

ABSTRACT. We classify all the weight-homogeneous planar polynomial
differential systems of weight degree 4 having a polynomial first integral.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this paper we deal with polynomial differential systems of the form

dx

i

with P(x) = (Pi(x), P2(x)) and P; € Clx,y] for i = 1,2. As usual QF,

R and C will denote the sets of non—negative rational, real and complex

numbers, respectively; and Clz, y| denotes the polynomial ring over C in the
variables z,y. Here, t is real or complex.

x = P(x), x = (z,y) e C?, (1)

We say that system (1) is weight homogeneous or quasi—-homogeneous if
there exist s = (s1,52) € N2 and d € N such that for arbitrary a € RT =
{a € R, a > 0},

Py(a”x,ay) = o® P (x,y), (2)
for i = 1,2. We call s = (s1, $2) the weight exponent of system (1), and d the
weight degree with respect to the weight exponent s. In the particular case
that s = (1,1) system (1) is called a homogeneous polynomial differential
system of degree d.

Recently such systems have been investigated by several authors. Labrunie
[12] and Moulin Ollagnier [15] characterize all polynomial first integrals of
the three dimensional (a,b,c) Lotka—Volterra systems. Maciejewski and
Strelcyn [14] proved that the so—called Halphen system has no algebraic
first integrals. But some of the best results for general weight homoge-
neous polynomial differential systems have been provided by Furta [10] and
Goriely [11], and additionally for quadratic homogeneous polynomial differ-
ential systems by Tsygvintsev [16], and Llibre and Zhang [13]. See also the
works of Algaba, Freire, Fuentes, Garcia and Teixeira [1]-[5].

A non—constant function H(x,y) is a first integral of system (1) if it is
constant on all solution curves (x(t),y(t)) of system (1); i.e. H(z(t),y(t)) =
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constant for all values of ¢ for which the solution (x(t),y(t)) is defined. If H
is C!, then H is a first integral of system (1) if and only if

OH OH
P % .
18x+ 26y 0 (3)

The function H(x,y) is weight homogeneous of weight degree m with re-
spect to the weight exponent s if it satisfies H(a*'x, a®y) = o™ H(x,y), for
all o € RT.

Given H € Clz,y| we can split it into the form H = H,, + Hp4+1 +
..+ Hypyyy, where Hy,1; is a weight homogeneous polynomial of weight de-
gree m + i with respect to the weight exponent s; i.e. Hp,yi(a®tz, a®2y) =
o™ H,, i(x,y). The following well-known proposition (see [13] for a proof)
reduces the study of the existence of analytic first integrals of a weight-
homogeneous polynomial differential system (1) to the study of the existence
of a weight-homogeneous polynomial first integral.

Proposition 1. Let H be an analytic function and let H = ZHZ be its

decomposition into weight-homogeneous polynomials of weight dzegree 1 with
respect to the weight exponent s. Then H is an analytic first integral of the
weight-homogeneous polynomial differential system (1) if and only if each
weight-homogeneous part H; is a first integral of system (1) for all i.

The main goal of this paper is to classify all analytic first integrals of the
weight-homogenous planar polynomial differential systems of weight degree
4. In view of Proposition 1 we only need to classify all the polynomial first
integrals of the weight-homogenous planar polynomial differential systems of
weight degree 4. The classification of all polynomial first integrals (and hence
of all analytic first integrals) of the weight-homogenous planar polynomial
differential systems of weight degree 1 is straightforward and trivial. The
classification of all polynomial first integrals (and hence of all analytic first
integrals) of the weight-homogenous planar polynomial differential systems
of weight degree 2 was given in [13, 8] and for systems of weight degree 3
was given in [6, 8].

In the classification of all polynomial first integrals for weight-homogenous
planar polynomial differential systems of weight degree 2 and 3 the authors
use the Kowalevskaya exponents, but as it was shown in Theorems 4 of [6]
these exponents are useless for classifying the polynomial first integrals for
weight-homogenous planar polynomial differential systems of weight degree
larger than 3.
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Proposition 2. In C? the systems with weight degree 4 can be written as
the following ones with their corresponding values of s:

S = (1, 1) L= CL40£C4 + a31x3y + (122.%’23/2 + a13$y3 + a04y4,
y = baox + b3123y + booxy? + bizxy® + boayt;

s=(1,2): &= agr*+ anz’y + agy?,
= bsox® + bg12%y + brawy?;

s=(1,3): &= aqr*+ anzy,
¥y = beox® + b33y + boay?;

s=(1,4): 2= aqr*+ any,
§ = brox” + by123y;

s=1(2,3): &=anxy
= b3ox® + boay?;

s=(2,5): & =any,
y = byoz’;

s=(3,3): &= agr®+ anry + agy?,
U = boox? + brizy + bo2y?;

s=(6,9): Z=any,
Y = baoz?.

Proposition 2 is proved in section 2.

In what follows we state our main results, i.e. we classify when the systems
of Proposition 2 exhibit a polynomial first integral. The systems with weight
exponent (1,1) having a polynomial first integral are given in section 3,
because its classification is very long. The systems with weight exponent
(3,3) having a polynomial first integral are studied inside the systems with
weight exponent (1,2). For the other systems of Proposition 2 we provide
in this introduction their polynomial first integrals.

We introduce the change (X,Y) = (22,y) in the planar weight homo-
geneous polynomial differential systems (1) of weight degree 4 with weight
exponent (1,2). With these new variables (X,Y") the systems with weight
exponent (1,2) becomes, after introducing the new independent variable
dr = x dt,

X' = 2a40X2 + 2091 XY + 2a02Y2, Y = b50X2 +b3:1 XY + b12Y2, (4)

where the prime denotes derivative with respect to 7.

System (4) is a homogeneous quadratic planar polynomial system (with
s = (1,1)). It is well-known, see [9], that for each quadratic homogeneous
system there exists some linear transformation and a rescaling of time which
transforms system (4) into systems in (5).
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i =—2zy+ 2z(mz +p2y), §=—2>+y>+ Zy(piz + pay),
i =—2zy+ 2z(mz+pay), ¥=2x>+y*+ Zy(piz + p2y),

&= -2+ 2a(prr +pay), G =2ay+ Sy(prz + pay), (5)
& = 3z(mx + pay), g =22+ 2y(pr1z + pay),
& = Sx(pre + pay), J = 2y(prw + p2y).

We prove the following theorem that characterizes all the polynomial first
integrals for the systems in (5).

Theorem 1. The homogeneous polynomial systems in (5) have a polynomial
first integral H if and only if one of the following conditions hold.
(a) The first system in (5) with p1 = 0, pa = 3(1 — q)/(1 + 2q) with
q=mn/m € QF, and in this case H = x™(3y? — z%)".
(b) The second system in (5) with p1 = 0, p2 = 3(1 — q)/(1 + 2q) with
q=mn/m € QF, and in this case H = x™(3y? + z%)".
(c) The third system in (5) with p1 = 0 and p2 = 3(1 —2q)/(2(1 + q))
with ¢ =n/m € QT, and in this case H = x™y".
(d) The fourth system in (5) with p1 = p2 =0, and in this case H = x.

We note that systems with weight exponent (3,3) coincide with the sys-
tems (4) and hence it can be written into systems in (5). Therefore, Theorem
1 applies to those systems. The proof of Theorem 1 is given in section 4.

Theorem 2. The weight homogeneous polynomial differential systems with
weight exponent (1,3) and weight degree 4 have a polynomial first integral
H if and only if the following conditions hold.
(a) a1 = aqp = 0 with H = x.
(b) b60 == b31 == b02 =0 with H = Y.
(c) (Bar1—bo2)(3ar1—2bo2) # 0, ago = —a11b31/(3a11—2bo2), 3a11/(6a11—
2bp2) = m/n € QT and m/n < 1 with

H = x3(nfm) ((3&11—2[)02)[)60%6—{—2(3@11 —boz)b31x3y—(9a%1 —9a11b02+2b(2)2)y2)m.

(d) bs1/aso = —m/n and m/n € QT with H = 3" (bgox> + (b31 —
3a40)y)*"

(e) bgz = 0, ail 7& O, aqg — —b31/3 and b06 = —(3@40 — 1)31)2/(120,11) with
H = 531563 — 3a11y.

(f) (Ba1r — bo2)(3a11 — 2bp2) # 0, aso = —a11b31/(3a11 — 2bp2), bos =
—(3&40 — b31)2/(4(3a11 — bog)), b(]2 7'5 0 and —3&11/b02 = n/m S Q+
with

H = 333n(b31$3 + (2b02 — 3&11)y)m.

The proof of Theorem 2 is given in section 5.

Theorem 3. The weight homogeneous polynomial differential systems with
weight exponent (1,4) and weight degree 4 have a polynomial first integral
H if and only if the following conditions hold.

(a) aso =ap1 =0 and H = x.

(b) b70 = 531 =0 and H = Y.
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(C) bs1 = —4ayg, and 4(&0 + ag1b7g # 0 with H = —b70$8 -+ 8&40%‘43/ +
damy?.
(d) b31 = —40,40, a40b70 75 0 and 4a30+a01b70 =0 with H = b7ga:4—4a40y.

Theorem 3 is proved in section 6.

Theorem 4. The weight homogeneous polynomial differential systems with
weight exponent (2,3) and weight degree 4 have a polynomial first integral
H if and only if a;1 = 0 in which case H = x, or bsg = bga = 0 in which
case H =y, or a11(3a11 — 2bg2) # 0 and —2bgz/a11 = n/m € Q%, in which
case

H = x"(2630m3 - 3a11y2 + 2b02y2)m.

The proof of Theorem 4 is given in section 7.

Theorem 5. The weight homogeneous polynomial differential systems with
weight exponent (2,5) and weight degree 4 have the polynomial first integral
H = 2()40335 - 5&01y2.

The proof of Theorem 5 is given in section 8.

Theorem 6. The weight homogeneous polynomial differential systems with
weight exponent (6,9) and weight degree 4 have the polynomial first integral
H= 2b20.’L‘3 — 3&013}2.

The proof of Theorem 6 is given in section 9.

2. PROOF OF PROPOSITION 2

From the definition of weight homogeneous polynomial differential sys-
tems (1) with weight degree 4, the exponents u; and v; of any monomial
x%iyvi of P; for ¢ = 1,2, are such that they satisfy respectively the relations

s1ul + Sov1 = 81+ 3, and  sius + Sov9 = s9 + 3. (6)

Moreover, we can assume that P, and P, are coprime, and without loss of
generality we can also assume that s; < so. We consider different values of
S1.

Case s1 = 1. If s = 1 then in view of (6) we must have u; +v; = 4
and ug + vy = 4, that is, (u;,v;) = (0,4), (ui,vi) = (1,3), (us,v;) = (2,2),
(ui,v;) = (3,1) and (u,v;) = (4,0) for i =1, 2.

If sy = 2 then in view of (6) we must have u; + 2v; = 4 and ug + 2v9 =
5, that is, (u1,v1) = (0,2), (u1,v1) = (2,1) and (u1,v1) = (4,0), while
(u2,v2) = (1,2), (uz,v2) = (3,1) and finally (ugz,v2) = (5,0).

If so = 3 then in view of (6) we must have u; +3v; = 4 and ug + 3vy = 6,
that is, (u1,v1) = (1,1), (w1, v1) = (4,0), while (uz,v2) = (0,2), (u2,v2) =
(3,1) and finally (ug,v2) = (6,0).

If so = 4 then in view of (6) we must have u; +4v; = 4 and ug +4vy = 7,
that is, (u1,v1) = (0,1), (u1,v1) = (4,0), while (u2,v2) = (3,1) and finally
(UQ, UQ) = (7, 0).

If s9 =4+ 1 with [ > 1, then equation (6) becomes

ur+ (A4 +0vy =4 and wo+ (Ad+Dva=74+1. (7)
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From the first equation of (7) we get v; = 0 and u; = 4. By the second
equation of (7) it follows that ve € {0,1}. If v = 0 then uy = 7+ I, and if
v9 = 1 then uy = 3. In both cases P, and P, are not coprime. So this case
is not considered.

Case s1 = 2. Now we have sy > 2. If so = 2 then in view of (6) we must
have 2uq 4+ 2v1 = 5 and 2ug + 2v9 = 5, which is not possible because 5 is not
an even number.

If so = 3 then in view of (6) we must have 2u; +3v; = 5 and 2uy+3vy = 6,
that is, (u1,v1) = (1, 1), while (ug2,v2) = (0,2) and (u2,v2) = (3,0).
If so = 4 then in view of (6) we must have 2u; +4v; = 5 and 2uy+4vy =7,
which is not possible because 5 is not even.
If so = 5 then in view of (6) we must have 2u; +5v; = 5 and 2uy+5vy = 8,
that is, (u1,v1) = (0,1) and (u2,v2) = (4,0).
If s9 =5+ 1 with [ > 1, then equation (6) becomes
2up + (5+Dv1 =5 and 2ug + (5+1)ve =8+1. (8)
The first equation of (8) is not possible because 5 is not an even number,
541> 6 and uy,v; are non-negative integers.
Case s1 = 3. Now we have sa > 3. If so = 3 then in view of (6) we must have
3u1 + 3v; = 6 and 3ug + 3ve = 6, that is, (u;,v;) = (0,2), (ui,v;) = (1,1),
(ui,v;) = (2,0), for i =1,2.
If s =3+ 1 with [ > 1. In view of (6) we must have
3ur + B+ vy =6 and 3ugs+ (3+1)ve =6+1. 9)
From the first equation of (9) we have that
o 6 — 3uy 6
VT3 T3+l
and using that > 1 then v; € {0, 1}.

When v1 = 0 then 3u; = 6 and thus w; = 2. Then from the second
equation of (9) we get that vy € {0,1}. If vo = 0 then ug > 1, and if vy =1
then us = 1. In both cases we have that P; and P, are not coprime.

When v; = 1 then 3u; = 3 —1, which is not possible since u; is an integer
and [ > 1.
Case s1 =3+ 1 with | > 1. Now we have so > 3+1[ with [ > 1 and equation
(6) becomes
B+Dur+sv1 =64+1=3+1)+3 and (3+1)uz+ sava =3+ s2. (10)
From the first equation of (10) and taking into account that [ > 1, we get
that u; € {0,1}.
When u; = 0 we must have sav; = 6 4 [, and since so > 3 + | we get
641
o — + §(3+l)+3:1 3
89 3+1 3+1
Since v1 # 0 and [ > 1 we must have v; = 1, and then so = 6 +[. Now the
second equation of (10) becomes

B+ Dug+ (64 1)ve = (6+1)+ 3. (11)
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6
Then v = 0. From (11) we have ug = 1+ 13 Thus I = 3 and uy = 2. So

we get the systems with weight exponent (6,9).

When u; = 1 we must have sovq = 3 and since so > 3+1 we get (3+1)vgy <
3, which is not possible because [ > 1. This concludes the proof of the
proposition.

3. WEIGHT EXPONENT s = (1,1)
A weight homogeneous polynomial system
i=Pi(z,y); y=P(z,y),

with weight exponent (1,1) and weight degree d is integrable and its inverse
integrating factor is V(z,y) = zPa(x,y) —yPi(z,y). See [7] for more details.

As Pi(z,y), Pa(x,y) and V(x,y) are homogeneous polynomials, if the de-
gree of Py(x,y) and Ps(z,y) is d, then of course, the degree of V' (x,y) is d+1.
Thus, for d = 4 we can write the homogeneous polynomials as follows:

Pi(z,y) = (p1—a1)z* + (p2 — da2)2x3y + (p3 — 6az)x?y*+
(pa — das)zy® — asy*, 19
Py(z,y) = apx* + (4a1 + p1)2dy + (6ag + p2)2y>+ (12)
(4as + p3)zy® + (as + pa)y?,

and
V(z,y) = apx® + barxty + 10a023y? + 10a32y> + Sasxy® + asy®.

So, the first integral is H(z,y) = [(Pi(z,y)/V(z,y))dy + g(z), satisfying
OH/0x = —P,/V. The canonical forms appear in the factorization of V.
Assume that V(z,y) factorizes as

1) 5 simple real roots: ag(x — r1y)(x — roy)(x — r3y)(x — ray)(x — rsy),
2) 1 double and 3 simple real roots: ag(z—r1y)%(z—roy)(x—r3y)(z—"sy),
) 2 double roots and 1 simple real roots: ag(z—r1y)?(z—72y)?(x—73Y),
) 1 triple and 2 simple real roots: ag(z — r1y)3(z — ray)(z — r3y),
) 1 triple and 1 double real roots: ag(z — r1y)3(z — ray)?,
) 1 quadruple and 1 simple real roots: ag(z — r1y)*(z — ray),
) 1 quintuple real root: ag(x — 7y)?,
) 3real and 1 couple of conjugate complex roots: ag(x—r1y)(x—r2y)(x—
r3y) (22 + bry + cy?) with b — dc < 0,
9) 1 double, 1 simple real and 1 couple of conjugate complex roots:
ao(z — m1y)*(x — roy) (22 + bry + cy?) with b? — 4c < 0,
10) 1 triple real and 1 couple of conjugate complex roots: ag(z—r1y)3(z%+
bry + cy?) with b2 — 4c < 0,
11) 1 simple real and 2 couples of conjugate complex roots: ag(z—ry)(z%+
bizy + c1y?)(2? + by + coy?) with b3 — dey < 0,03 — deg < 0,
12) 1 simple real and 1 double couple of conjugate complex roots: ag(x —
ry)(z? + bry + cy?)? with b — 4e < 0.
Now we shall compute for each case the first integral and obtain the condi-
tions in order that it is a polynomial.

We define the function
F(r) = 5(pa + p3r + por® + p17®).

3
4
)
6
7
8
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Case 1): A first integral H is

(x = my)" (x — r2y) 2 (x — r3y) " (2 — ray)"* (v — 159)7°,
where
f(ri) +ao H?:L ji(ri —15)
H?:L j;éi(ri —7;5) .

We note that an integer power of H is a polynomial if and only if v; € Q for
1=1,2,3,4,5 and they all have the same sign.

Case 2): A first integral H is

Yi =

(= r1y)" (x — r2y)?(z — r3y) 2 (x — ray)™

fr)z )

exXp (T’l(ﬁ —r2)(re —r3)(r1 = ra)(x — 1Y)

with v = A1/By = A1/[(r1 — r2)?(r1 — r3)?(r1 — r4)?] and

Ar = Bp1 ((ro + 73+ ra)ry — 2(rgra + ro(rs + r4))r1 + 3rarsra) ri+
5p2 (1§ — (rara + ra(rs + 14))r1 + 2rarsrs) ri+
5ps (2r3 — (ro + 73 4 ra)ri 4 rorsry) +
5p4 (31”% —2(rg +r3+rg)ry +r3rg +ro(rs + 7“4)) — 2a¢By,

while for ¢ = 2,...,4 and
Ai N —(f(T‘Z) + aoBi)

Vi= = ; :
Bi (1 —1i)? Hj:2;j7éi(ri —15)

We note that an integer power of H is a polynomial if and only if f(r1) =0
and v; € Q for i = 1,2, 3,4 and they all have the same sign.

Case 3): A first integral H is

(x = ry)" (x — roy) 2 (x — r3y) ™

2
) fri)z
exp ( Z ri(r1 —r2)?(ri —r3)(riy — x)> 7

i=1

with Yi = AZ/BZ = Az/[(rl — 7’2)3(7“1‘ — 7'3)2] for i = 1,2, Y3 = Ag/Bg =
—(f(rs) + aoBs)/[(r1 — r3)*(r2 — 13)?],

Ai = —2a0B; + (=1)(5ps(3r; — 7j — 2r3) — 5p3((r1 + ra)rs — 2r2)+
5pori(ri(r1 + 12) — 2r73) + 5p1rd(—=3rrs + (215 + 73))),

fori,j = 1,2 and i # j. We note that an integer power of H is a polynomial
if and only if f(r;) =0 for i = 1,2 and 7; € Q for i = 1,2,3 and they all
have the same sign.

Case 4): A first integral H is

(x = ry)" (x — roy) "2 (x — r3y) "

o i )
P 2r2(ry — r2)2(r1 — r3)2(ry —x)2 )’
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with
b= (p1 (7”1 — 3rory — 3r3ry + 57“27“3) Ty — P2 (7“1 + rory + 13y — 37“27“3) r?
—p3 (3r% — rory — r3ry — rors) 1 4 pa (—=5r% + 3rary + 3rgry — ror3) )z
+2r (p1 (rire — 2r3ry + 7“17“3)7“5{’ +p3(2r; —ro — r3)r%
+p2 (17 —rars) 17 4+ pa (3rF — 2rary — 2r3r1 +7273) )y,

Y1 = A1/B1 = A1/[(r1 — r2)3(r1 — r3)3)],

Al = —3aqpB1 — 5(T2(p2 +p1r2)rif + (r1 — 3r2)(p2 + p17‘2)7‘37“%
+ (p2r3 + piry (r3 — 3rary +3r3)) r3)
+5p3 (r} — 3rarsry + rars(ra + r3))
+5p4 (37‘% - 3(7“2 + 7“3)7"1 + ’I“% + ’I“% + 7‘27“3) ,
vi = Ai/ B = (1) (f(r;) + aoB;)/[(r1 — ;)3 (ro — 73)] for i = 2,3. We note
that an integer power of H is a polynomial if and only if 3 =0 and v; € Q
for ¢ = 1,2,3 and they all have the same sign.

Case 5): A first integral H is
(z —r1y)" (x — ray)™ exp (B) ,

where
2(ry — o)z f(re)r? r1 — 1) 222 f(r
g 2m—r)eflra)ri | (r1—r) J;(l)Jr
ro(ray — ) (x — 1Y)
10(r1 — 72) ((2p3 + 2p1rire + p2(r1 4 r2))rf + pa(Bri — o)) @
Ty — T ’
and
= —2r} (Sa r1 — 72)* + 15ps + 5p3(ry + 2r2)

+5r2(3p1r172 +p2(27‘1 +72))),

Yo = —2r? (2@0 r1 —12)* — 15ps — 5p3(r1 + 212)
—5ra(3p1rire + p2(2r1 +712))).
We note that an integer power of H is a polynomial if and only if 5 = 0 and
~v; € Q for i = 1,2 and they all have the same sign.

Case 6): A first integral H is
(=)™ (= r2y)™ exp (B)

where

= 2(r13— ro)3 f(ry)a®
ri(ry —x)3
30(r1 — r2) ((ps + ra(p2 + p172))ry + pa (3r] — 3rary +73)) x
r3(ry — x)
15(r1 — r2)? (pa(3r1 — 2r2) + 71 ((p2 + p1r2)ri + p3(2r1 — r2))) 22

ri(z —ry)?

+

)

and
1= —6(—4ag(r1 —r2)* 4 5ps + 5r2(p3 + r2(p2 + p172)))
2= 6 (ao(r1 —ra)* + 5pa + 5ra(ps + ra(pa + p172)))

We note that an integer power of H is a polynomial if and only if 5 = 0 and
~v; € Q for i = 1,2 and they all have the same sign.
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Case 7): A first integral H is

e (22

(z —ry)*
where
b= rx (rw(—pgx + 3p1rx + 4dpery) + p3 (:1:2 —dryx + 6r2y2))
—3pa(x — 21y) (952 — 2ryx + 2r2y2) ,
and v, = —12agr*. We note that & — ry is a polynomial first integral if and
only if 5 = 0.

Case 8): A first integral H is

(@ —r1y)" (z = r2y) 2 (& — r3y) " (2 + by + cy®) ™
Bx br 4 2cy
exp 3 5 arctan | ——m————— ,
[ i(c+bri+ri)y/(4c—b%)z? V/(4c — b2) 2

where

B= 5(2pic® — (b(p2 — p1(r1 + 12+ 1r3)) + 2(p3 + p2(r1 + 72 + r3)+
pi(rars +r1(ra +73))))c® + ((ps + prrire + pi(r + r2)rs)b>+
(3pa — 3p1rirars + p3(r1 + ro +13) — pa(rors + ri(re +13)) )b+
2(parirers + pa(r1 + ro +1r3) + ps(rors + ri(ra +13)))) c—
bp4(b + 7’1)(() + 7’2) + ((pﬂ“lbg — pg?“le — pab + p3rib — 2p47’1) ro —
bpa(b+11))73),

and v; = Ai/B; = —(f(ri) + aoB:)/[(c + bry + 12) [[1—y ju(ri — ;)] for
7= 1,2,3, Y4 = A4/B4 = A4/[2 H?:1(C+ b?’z‘ +T'Z2)]

Ay = —agBy+ 5((P2 + p1(r1 + 1o +73))c® — (pa + pirirars+
p3(r1 + 1o +1r3) + po(rars + ri(re +13))+
b(ps — p1(rors + ri(ra +73))))e + pa(b + 1) (b + r2)+
(pa(b+71) + (pa + (p1b* — pab+ ps) r1) r2) r3).

We note that an integer power of H is a polynomial if and only if 5 = 0 and
v € Q for i = 1,2,3,4 and they all have the same sign.
Case 9): A first integral H is

(x — r1y)" (x — roy) 2 (2 + by + cy?)3
f(r)z

exp | —

P ( ri(ri —ro)(c+ri b+ r%)(rly — )

Bx br 4+ 2cy
2 2)3—i 2) 12 arctan 2\ 12 ’
[[i(c+bri+77) (4c — b))z (de—0?)z

+
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where

B= 5(2pic® — (b(p2 — p1(2r1 + 12)) + 2(p3 + p2(2r1 + r2)+
piri(r1 + 2r)))e® + ((ps + prr(r1 + 2r2))b*+
(3pa + p3(2r1 +ro) — r1(3pirira + pa(r1 + 2r2)) )b+
2(p4(2r1 + 1r2) + r1(p2r1re + p3(r1 + 2r2)))) c—
bpa(b+11)% 4+ (—pab?® — 2par1b + (b (p1d* — pab+ p3) — 2pa) 11) r2),

A Ay
ne _E__(rl—rg) (c+bry+12)?’
Al = 2apc?(r1 —1r2)? + 2a0b*r?(r1 — r2)%+
c( —bps+ 11 (4a0(b +71)(r1 — r2)% + 5p1r1(2r1 — 3r2)+
5])2(7’1 - 2T2)) - 5p37’2) + b( (4(107"1(7’1 — T2)2 — ops3+
5p171(r1 — 2r2) — Hpara) 7'1 + 5pa( 7‘2 — 21 ) + 7y (5p4 2rg — 3r1)+
((2(10(7“1 — 7"2) — dp2 — 5p1’l“2) 7"1 + 5p3(re — 2’!”1)) )
yy = Az —f(r2) + aoBs
By (r1—r2)%(c+bra+13)’
Az As
= By 2(c+br+r2)2(c+bry+12)’
Az = —aoBs+5((p2 + p1(2r1 4+ r2))c® — (pa + p3(2r1 +r2)+

1 (p1T17’2 +p2(7“1 + 27“2)) + b(p?, — plTl(T’l + 2T2)))C+
pa(b+11)* + ((p1b® — p2b + p3) r7 + 2pary + bps) 72).
We note that an integer power of H is a polynomial if and only if f(r1) = 0,
B8 =0and ~v; € Q for : = 1,2,3 and they all have the same sign.
Case 10): A first integral H is

2\2,.2
(./,U — le)’Yl (;1;‘2 + bﬂf’y + cyQ)'yQ exp (f(rl)(g + brl —+ 1;1) €T
ri(z —ry)

2
_51(c+br1+r1)x+ ng) arctan( bx + 2cy ))7

ri(z —ry) (4e — b?)2? (4c — b?) 22
where

B1 = 10((p2 — bp1)r + 2(ps — cp1)r3 + (—cp2 + bps + 3pa)ri+
25]947"1 + Cp4)7

Bo = 10( (p1r} — pa) b* — r1 (p2rf + 3pa) b + ri(psr1 — 3pa)b—
2part + 2¢%p1 — 2(2ps + b(p2 — 3pir1) + 6r1(p2 + p1r1))+
¢ ((3p1r? + p3) b + 3(pa + r1(ps — r1(p2 + p171)))b+
2r1(3pa + r1(3ps + par1))) ),
and
v = —2(3@0(0 +ri(b+r))3+5 ((p1b2 — pob +p3) 73+ 3pyri+
3bpart + b%ps + (p2 + 3p1r1) — ¢ (pa + b (p3 — 3p1r¥) +
r1(3ps 4+ r1(3p2 + p171)))) ),
Y2 = 5((p1b* — p2b+ p3) 13 + 3pari + 3bpar1 + b2ps + A (p2 + 3p171)

—c(pa+b(ps—3p1r?) + r1(3ps + r1(3p2 + p171))) )
—2ag(c+r1(b+ 7"1))3
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We note that an integer power H is a polynomial if and only if f(r1) = 0,
b1 =pP2=0and v; € Q for i = 1,2 and they all have the same sign.

Case 11): A first integral H is
(22 + byzy + c1y?) M (22 + boxy + cay?) 2 (x — r1y)

2
4 bix 4 9
exp Z __Pe arctan i+ 2y

i=1 ¢/ (4c; — b?)a? (4¢; — b?) 2
with ; = «;/6; for i = 1,2, where
o; = 5(=bi(cZp2 + cicjpa + bjci(cipy + p3) — 3cipa + ¢;pa)+
bi(cp1 + ¢jps + ci(—3cip1 + bjp2 + p3) + bjpa)ri+
b2 (—pa + cjpir1) + b2 (cicjp1 + eips + bjpa — (bjcip1 + ¢jpa + pa)r1)+
2(c3pr — ¢jpar1 — c2(cjp1 + ps + par1 — bj(p2 + pir1))+
¢i(par1 + ¢j(ps + par1) — bj(pa + p3ri)))),
0; = ((b%cl + (01 — 02)2 + b%CQ — ble(Cl + CQ))(Ci + b;r1 + 7"%),
fori,j=1,2 and i # j
v = —2a0(b]2~ci + (Ci — Cj)2 + b?Cj — bibj(ci + cj))(ci + Tl(bi + Tl))—i—
5(b2(pa + ¢jpir1) + bi(cicip1 — cips — ¢jpary + par1)+
(¢i = ¢j)(=pa — p3r1 + ci(p2 + prr1)) — bj(cip1 + pa(bi +71)—
ci(p3 + (=bip1 +p2)r1))),
for i,7 = 1,2 and ¢ # j. Finally
s = Az —=(f(r1) +aoBs)
BS H?Zl(ci + bi 1+ T’%)
We note that an integer power of H is a polynomial if and only if 51 = 82 =0
and v; € Q for ¢ = 1,2,3 and they all have the same sign.
Case 12): A first integral H is

(z — ry) " (a? + bry + cy?) ™

exp leg arctan (W>
[(4c — b2)22]3/2 (4c — b2) x?
10B2(c +br +r?)x
(b2 — 4c)e(x? + by + cy2)> ’
where
B = —10g(p4 +7(p3 — r(p2 + p17)))b* + dp3r?b? + 2% (p3r — 3pa)b—

Apyr3 + 43 py + A (4(ps + r(p2 + 3p17)) — 2b(p2 — 3p17))—
2¢ (2parb® + (3ps — 7(ps + 7(3prr — p2)))b + 2r(3ps + 7(p3 + p2r))) ),

Ba = —payb® + (c(prrax + p3y) — pa(x + ry))b* + ((p1(x + 1Y) — p2y)?+
(—parz + 3pay + p3(x + ry))c — p4rx) b+
2¢ (pryc® — (pirx + p3y + p2(z + ry))c + p3rz + pa(z +1y))

y1= 2(ag(c+br+12)2+ f(r)),
o = dag(c+br +1r2)?% — f(r).

We note that an integer power of H is a polynomial if and only if 81 = 82 =0
and v; € Q for ¢ = 1,2 and they all have the same sign.
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4. WEIGHT EXPONENT s = (1,2)

We prove Theorem 1. Since systems in (5) are homogeneous, we know
that they are integrable because they have the inverse integrating factor
V = xy—yi. The strategy will be to obtain such first integrals and determine
whose of them are polynomials. Denoting systems in (5) by ¢ = P(z,y),

y = Q(z,y) the first integral is H(z,y) = [(P(z,y)/V(z,y))dy + g(=),
satisfying O0H/0x = —Q(x,y)/V (x,y).

The first system in (5) has the first integral
H = 27372P2(3y% — %) 3 P2 exp ( — 2v/3p; arctanh (:c/(\/gy)))
Note that an integer power of H is a polynomial if and only if p; = 0 and

p2 =3(1 —¢q)/(1+2q) with g € Q™.
The second system in (5) has the first integral

H = z73722(3y% 4+ 223 P2 exp ( — 24/3py arctan (x/(\/gy)))
Note that an integer power of H is a polynomial if and only if p; = 0 and

p1=3(1—¢q)/(1+2q) with ¢ € Q™.
The third system in (5) has the first integral
H = x—2(3+m)y—3+2p1 exp(2p2y/a:).
Note that an integer power of H is a polynomial if and only if po = 0 and
p2 =3(1—2¢)/(2(1 + q)) with ¢ € Q™.
The fourth system in (5) has the first integral
H = zexp(—y(2p1a + pay)/(32”)).

Note that an integer power of H is a polynomial if and only if p; = po = 0.

The fifth system in (5) has the first integral z/y which is never a polyno-
mial.

5. WEIGHT EXPONENT s = (1, 3)

Doing the change of variables (X,Y) = (23,%) the planar weight homo-
geneous systems of weight degree 4 and weight exponent (1,3) becomes

X =3a40X?% + 3011 XY, YV =bgo X2+ b31 XY + bpoY2. (13)
Again we shall use the inverse integrating factor V = XY — Y X for
computing the first integrals of system (13).

It is clear that if a;; = a40 = 0 then a polynomial first integral is X, and
if bgog = b3y = bgo = 0 then a polynomial first integral is Y. Now we consider
the other cases.

Case 1: 3a1; — boa # 0 and R = —(3a4 — b31)? + 4(—3a11 + bo2)beo # 0. In
this case system (13) has the first integral
3a40X — b31 X + 6a11Y — 2b02Y
VEX )*
Y (3a40X — b31 X + 3a11Y — bp2Y) B bGO)-

6
7(&11(3(140 + 531) — 2a40b02) arctan (

VR
2(3a11 — bo2) log X + 3ay; log (

X2
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Here log A always means log |A|, and as usual log is the logarithm in base
e. Since this first integral must be a polynomial we must have

a11(3aqp + b31) — 2a49bp2 = 0. (14)
We consider different subcases.
If 3a17 — 2bg2 # 0. Then from (14) we get
_anbs
3a11 — 2boa

Therefore, doing the exponential of the previous first integral we obtain that
the first integral is

aqo =

3aq1

1 8e11 __ %11
H = X~ 6a11—2bp2 p(X7 Y) 6a11-2bp2 |
where
p(X,Y) = (3a11—2bo2)beo X 2+2(3a11 —bo2)b31 XY —(9a%; —9ay11boa+2b3,) Y 2.

Note that since a11 — bpa # 0 and 3a11 — 2bge # 0 we have 9a%1 —9a11bg2 +
203, # 0. Therefore an integer power of H is a polynomial first integral if
and only if 3a11/(6a — 11 — 2bg2) = m/n € QF, and m/n < 1. In this case
the first integral H is

X”_m((?)an —2b02)b60X2+2(3a11 —boz)bngY— (9(1%1 —9&11b02+2b(2)2)y2)m.

If 3a11 — 2bg2 = 0, that is, bpa = 3a11/2. In this case from (14) we get
a11b31 = 0. Hence either a11 = 0, or b3y = 0. But if a1; = 0, then bys = 0 in
contradiction with the fact that 3a1; — 2bgs # 0. Therefore, this case is not
possible and we must have b3; = 0. The first integral is then

—2b60X2 + 6a40XY + 3a11Y2

H =
X )

which is never a polynomial.
Case 2: by = 3ay; and b3y — 3agp # 0. In this case system (13) has the first
integral

3 3 —b31)Y
(bs1 — 3a10)* log X + an a%;)( ) +
beoX — 3asY + b31Y
X .

In order that the first integral is a polynomial we must have a11(3a40—b31) =
0, that is a;; = 0 (and hence bgpy = 0). Then doing the exponential of the
previous first integral we obtain the first integral

X1/3 <b60X —3a40Y + 531Y> 3‘14(:)4—01731
X .

3(—3a3, + bs1aso — ai1beo) log < -

Then we must have bs;/ag = —m/n with m/n € QF. In this case the
previous first integral becomes H = X™(bgoX — 3a40Y + b31Y)3".

Case 3: bo2 = 3a11 and bs; = 3agg. Then system (13) has the first integral
—2b60X2 log X 4+ 6a40Y X + 3&11Y2
6X2 '
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Since the case aqg = a11 = 0 has been studied, we have that in this case the
first integral is never a polynomial.

Case 4: 3a11 — bga # 0 and R = 0. Then

—(3a40 — bs31)?
4(3a11 — bo2) ’

bos =

and system (13) has the first integral
3(—3ai1a40 + 2bo2asg — a11b31) X
3a40X — b31X 4+ 6a11Y — 2bgY

3a40X — b31 X + 6a11Y — 2bgY
3aiilog [ — e .

+ (3&11 — boz) log(36a11X — 12b02X)+

In order that it is a polynomial we must have
2a40bo2 — a11(3aq0 + b31) = 0. (15)
We consider two different subcases.

If 3a11 # 2bpe. In this case condition (15) becomes

a11b31

a0 = ~ 3an — 2boy

Then doing the exponential of the previous first integral we obtain the first
integral

S B
X Foar- 120 <b31X —3auY + 2502Y> 002 =3e1)”
X

From this first integral we obtain the first integral
X(b31 X —3a11Y + 2b02Y)—3ll11/b02'

So, if bo2 # 0 then 3ajy/bpe = —m/n with m/n € Q1 and the polynomial
first integral is

X"(b31X — 3a11Y + 2bpY )™.

If bpo = 0 then H = b3; X — 3a11Y is a polynomial first integral. This
concludes the proof of the theorem.

6. WEIGHT EXPONENT s = (1,4)

We introduce the change (X,Y) = (z*,y) in the planar weight homo-
geneous polynomial differential systems (1) of weight degree 4 with weight
exponent (1,4). In these new variables (X,Y) the systems with weight
exponent (1,4) becomes, after introducing the new independent variable
dr = 23 dt, as follows

X' = 4((140X + (I()lY), Y' = b7oX + b31Y, (16)

where the prime denotes derivative with respect to 7. If agg = ag1 = 0 then
a polynomial first integral is X, and if b7g = b3; = 0 then a polynomial first
integral is Y. Now we consider the other cases.
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Case 1: R = —(4aqo — b31)? — 16ag1b7o # 0. Then a first integral of system
(16) is

2(4&40 + b31) <(4a40 — bgl)X + 8(101Y>
———— = arctan
VR VRX
log(—b70X2 + (4&40 - bgl)XY + 4a01Y2).
Since it must be a polynomial we must have b3; = —4ay49, and we get the
polynomial first integral is H = —broX? + 8aso XY + 4ag Y?2.

Case 2: R = 0. We consider different subcases.
We first study when b7g # 0. Then from R = 0 we get

2
w01 — — (4a4f6b7§31) ‘ (17)
If b3y — 4aqp # 0 the first integral is
2(4a40 + b31)b70X
—2b70X + (4@40 — b31)
which is a polynomial if and only if b3; = —4a49. The polynomial first
integral is b7 X — 4ay4Y .

v -+ (4a40 — b31) 10g(2b70X + (—40,40 + b31)Y),

If b3; = 4ayo then aygg # 0 (otherwise bsz; = 0 and from (17) we also have
ap; = 0 and this case has been considered), and the first integral of (16) is

which is never a polynomial.

If b79 = 0 then from R = 0 we get b3; = 4a49. We only consider the case
aqo # 0, and the first integral of (16) is

a4o X

+ ag1 log Y,
which is never a polynomial. This completes the proof of the theorem.

7. WEIGHT EXPONENT s = (2, 3)

We prove Theorem 4. The planar weight homogeneous polynomial differ-
ential systems (1) with weight degree 4 with weight-exponent (2, 3) are

& =anwzy, §=>bsor®+ beay’. (18)
If a11(3a11 — 2bg2) # 0 then the first integral of system (18) is
2bg2

H= x_ﬁ(%gox‘g — 3a11y2 + 2b02y2).
Then an integer power of H is a polynomial first integral if and only if
—2bg2/a11 € Q.
If a;; = 0 then H = z is a polynomial first integral of system (18).
If bgp = bp2 = 0 then H = y is a polynomial first integral of system (18).
If a11 # 0 and 3a;; = 2bge, then the first integral of system (18) is

which is never a polynomial. This completes the proof of the theorem.
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8. WEIGHT EXPONENT s = (2,5)

We prove Theorem 5. The planar weight homogeneous polynomial differ-
ential systems (1) of weight degree 4 with weight exponent (2,5) are

. . 4
T = a1y, Y = baox”.

It is straightforward to prove that H = 2byx® — 5ag1y? is a polynomial first
integral.

9. WEIGHT EXPONENT s = (6,9)

We prove Theorem 6. The planar weight homogeneous polynomial differ-
ential systems (1) of weight degree 4 with weight exponent (6,9) are

. . 2
T = a1y, Y = baox”.

It is straightforward to prove that H = 2bygz? — 3ag1y? is a polynomial first
integral.
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