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a b s t r a c t

We characterize the differential equations of the form

dy
dx

= a(x)y4 + b(x)y3 + c(x)y2 + d(x)y + e(x),

where a, b, c, d, e are meromorphic functions in the variable x, that admits either a gener-
alized Weierstrass first integral or a generalized Weierstrass inverse integrating factor.
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1. Introduction and statement of the main results

Let x and y be complex variables. In this paper we study the differential equations of the form

dy
dx

= a(x)y4 + b(x)y3 + c(x)y2 + d(x)y + e(x), (1)

where a, b, c, d, e are meromorphic functions in the variable x. In fact, when a(x) ≡ 0 and b(x) ≢ 0 the differential
equation (1) is an Abel differential equation; when a(x) = b(x) ≡ 0 and c(x) ≢ 0 it is a Riccati differential equation; when
a(x) = b(x) = c(x) ≡ 0 and d(x) ≢ 0 it is a linear differential equation.

When a(x) ≡ 0, Eqs. (1) were studied for the first time by Abel in his analysis on the elliptic functions (see [1]). Abel
equations appear in the reduction of order of many second and higher order families of differential equations. Hence they
are frequently found in the modeling of real problems in several areas. Thus, for instance, Abel differential equations appear
in cosmology (see [2]), in control theory of electrical circuits (see [3]), and in ecology (see [4]), . . . .

Inwhat follows instead ofworkingwith the differential equation (1)we shallworkwith the equivalent differential system

ẋ = 1, ẏ = a(x)y4 + b(x)y3 + c(x)y2 + d(x)y + e(x), (2)

where the dot denotes the derivative with respect to the time t , real or complex.
The goal of this paper is to study the integrability of the differential equations (1) restricted to a special kind of first inte-

grals. For such systems, the notion of integrability is based on the existence of the first integral, and wewant to characterize
when the differential equations (1) have either a generalized Weierstrass first integral or a generalized Weierstrass inverse
integrating factor.

∗ Corresponding author. Tel.: +34 935811303; fax: +34 935812790.
E-mail addresses: jllibre@mat.uab.cat (J. Llibre), cvalls@math.ist.utl.pt (C. Valls).

0893-9659/$ – see front matter© 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.aml.2013.03.018


