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We study the existence of analytic first integrals of the complex Hamiltonian systems of the form

2
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H= 3 12—1 pi +Vi(q1,q2)

with the homogeneous polynomial potential

Vi(@1, 42) = (@2 — iq1)' (@2 +ig)*!, 1=0,....k, aeC\{0}

of degree k called exceptional potentials. In Remark 2.1 of Ref. [7] the authors state: The exceptional
potentials Vo, V1, Vk_1, Vi and Vi, when k is even are integrable with a second polynomial first integral.
However nothing is known about the integrability of the remaining exceptional potentials. Here we prove that
the exceptional potentials with k even different from Vo, V1, Vi_1, Vi and Vj/2, have no independent
analytic first integral different from the Hamiltonian one.
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1. Introduction and statement of the main results

Ordinary differential equations in general and Hamiltonian sys-
tems in particular play a very important role in many branches
of the applied sciences. The question whether a differential sys-
tem admits a first integral is of fundamental importance as first
integrals give conservation laws for the model and that enables to
lower the dimension of the system. Moreover, knowing a sufficient
number of first integrals allows to solve the system explicitly. Until
the end of the 19th century the majority of scientists thought that
the equations of classical mechanics were integrable and finding
the first integrals was mainly a problem of computation. In fact,
now we know that the integrability is a non-generic phenomenon
inside the class of Hamiltonian systems (see [8]), and in general it
is very hard to determine whether a given Hamiltonian system is
integrable or not.

In this work we are concerned with the integrability of the nat-
ural Hamiltonian systems defined by a Hamiltonian function of the
form

* Corresponding author.
E-mail addresses: jllibre@mat.uab.cat (J. Llibre), cvalls@math.ist.utl.pt (C. Valls).

http://dx.doi.org/10.1016/j.physleta.2015.07.034
0375-9601/© 2015 Elsevier B.V. All rights reserved.

2
1 2
H=5;pi +V(@q1,92), (1)
1=

where V(q1,q2) € C[q1,q2] is a homogeneous polynomial poten-
tial of degree k. As usual C[q1, 2] is the ring of polynomial func-
tions over C in the variables q; and gq,. To be more precise we
consider the following system of four differential equations

aV

— i=1,2. (2)
aq;

gi=pi. Pi=—
Let A= A(q,p) and B = B(q,p) be two functions, where p =
(p1, p2) and q = (q1, q2). We define the Poisson bracket of A and B
as
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The functions A and B are in involution if {A, B} = 0. A non-
constant function F = F(q, p) is a first integral for the Hamiltonian
system (2) if it is in involution with the Hamiltonian function H,
i.e. {H, F} =0. Since the Poisson bracket is antisymmetric it fol-
lows that H itself is always a first integral. A 2-degree of freedom
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