ON THE INTEGRABILITY OF THE 5-DIMENSIONAL LORENZ
SYSTEM FOR THE GRAVITY-WAVE ACTIVITY

JAUME LLIBRE! AND CLAUDIA VALLS2

ABSTRACT. We consider the 5-dimensional Lorenz system
U =-VW +bV_Z,
V' =UW -bUZ,

W' = -Uv,
X'=-2,
Z'=bUV 4+ X

where b € R\ {0} and the derivative is with respect to T'. This system describes
coupled Rosby waves and gravity waves. First we prove that the number
of functionally independent global analytic first integrals of this differential
system is two. This solves an open question in the paper On the analytic
integrability of the 5-dimensional Lorenz system for the gravity-wave activity,
Proc. Amer. Math. Soc. 142 (2014), 531-537, where it was proved that
this number was two or three. Moreover, we characterize all the invariant
algebraic surfaces of the system, and additionally we show that it has only two
functionally independent Darboux first integrals.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

E.N. Lorenz constructed in [9] a 5-dimensional 1-parameter differential system
in R® which describes coupled Rosby waves and gravity waves:

U =-VW+bVZ,
V = UW - bUZ,

(1) W' =-UV,
X' =-2
7' =bUV + X.

He studied its slow manifolds and in this paper we are interested in studying its
global analytic integrability, its algebraic invariant surfaces and its Darboux first
integrals. More precisely, we want to know what is the mazimal number of func-
tionally independent either global analytic or Darbouz first integrals that system (1)
can exhibit?. This question has been considered for many other differential equa-
tions and other classes of first integrals not necessarily analytic or Darboux; see for
instance [6, 7, 10] and the references therein.
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Let © be an open subset of R® invariant by the flow of the differential system
(1). A first integral of the differential system (1) in Q is a C!-function H satisfying

(—VW + bVZ)a—H +(UW — bUZ)a—H
0H OH OH .

Let Hi: Q1 — R and Hs: Q5 — R be two first integrals of the 5-dimensional
Lorenz system (1). They are functionally independent in 1 N Qs if their gradients
are linearly independent over a full Lebesgue measure subset of 2 N Qs.

From [9] we know that the 5-dimensional Lorenz system (1) has the polynomial
first integrals

(3) H =U*+V? and Hy=V*4+W?+ X2+ 72

To study the existence of Darboux first integrals we will use the well-known
Darboux theory of integrability. The Darboux theory of integrability in dimension
5 is based on the existence of invariant algebraic hypersurfaces (or Darboux poly-
nomials). For more details see [2, 3] and [5]. This theory is one of the best theories
for studying the existence of first integrals for the polynomial differential systems.

A Darboux polynomial of system (1) is a polynomial f € C[U,V,W,X,Z]\ C
such that

(VW + bVZ)g—é +(UW - bUZ)g—‘];
@) of _of of
~ UV = 2%+ GUV + X) 5% = K,

for some polynomial K called the cofactor of f and with degree at most one.

Note that f = 0 is an snvariant algebraic hypersurface for the flow of system
(1). A polynomial first integral (a first integral which is a polynomial) is a Darboux
polynomial with zero cofactor. We recall that if f ¢ R[U,V,W, X, Z] is a Darboux
polynomial then there exists another Darboux polynomial f (the conjugate of f)
with cofactor K (the conjugate of K).

An exponential factor F = F(U,V,W,X,Z) of system (1) is a function of the
form F = exp(go/g1) ¢ C with go,¢1 € C[U,V, W, X, Z] coprime satisfying that

OF OF
(VW bV 2) 55 + (UW —bUZ) 5
OF _OF oF
~UV g = Zg5 + WUV +X) 5> = LF,

for some polynomial L = L(U,V, W, X, Z) called the cofactor of F' and with degree
at most one. We recall that if F' ¢ R[U,V,W, X, Z2] is an exponential factor then
there exists another exponential factor F' (the conjugate of F') with cofactor L (the
conjugate of L).

A Darboux first integral G of system (1) is a first integral of the form
(5) G:flh "'fﬁprl <o Fla,

where f1,..., f, are Darboux polynomials and Fi,..., F, are exponential factors
and A\j,ur € C for j = 1,...,p and £k = 1,...,¢q. Note that a Darboux first
integral is always a real function due to the fact that if there are complex Darboux
polynomials or complex exponential factors always also appear their conjugates.
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In [8] the authors studied system (1) from the view point of the analytic in-
tegrability. We recall that when H is an analytic function we say that H is an
analytic first integral and when the domain of definition is R® then H is called a
global analytic first integral. Additionally, they show that when b = 0 the system
is completely integrable with four functionally independent first integrals (not nec-
essarily analytic), and that when b # 0 the number of functionally independent
global analytic first integrals is either two or three.

In this paper first we prove that the differential system (1) has only two global
analytic first integrals. After we characterize the Darboux first integrals of system
(1). We recall that the class of Darboux first integrals and the class of global
analytic first integrals have intersection but they are different classes. We also
characterize the invariant algebraic surfaces and the so-called exponential factors.

Our main result is the following one.

Theorem 1. The following statements hold for the differential system (1) with
b#0.
(a) Any global analytic first integral must be a function in the variables Hy and
Hj given in (3).
(b) It has two irreducible Darbouz polynomials U+iV and U—iV with non—zero
cofactors i(W — bZ) and —i(W — bZ), respectively.
(¢) It has only two functionally independent Darbouz first integrals.

Theorem 1 (a) completes the characterization of the global analytic first integrals
of system (1) which was unfinished in [8]. Theorem 1 (b) characterizes all its
invariant algebraic hypersurfaces, and Theorem 1 (c) characterizes all the Darboux
first integrals of system (1).

Theorem 1 (a) is proved in section 2. Theorem 1 (b) is proved in section 3 and
Theorem 1 (c) is proved in section 4.

2. PROOF OF THEOREM 1(a)

We prove the following proposition which is exactly the statement (a) of Theo-
rem 1.

Proposition 2. Any global analytic first integral must be a function in the variables
Hy=U?+V?and Hy =V?+W? 4+ X? +Y?2.

Proof. Let H be an analytic first integral of system (1) with b # 0. Then by
definition we have that H must satisfy (2). We expand H in Taylor series

o0
H=Y HUV.WX,Z)
j=m
where m > 1 is a positive integer, and H; for j = m,m +1,..., are homogeneous
polynomials of degree j. Comparing the homogeneous polynomials in (2) of the
same degree, we get

OH,, _OH,
(6) “Z2o5x T X%z =
M i gy Oy O
. It X s = V(W —bZ) o — U(W —bZ)
OH, OH,

J
et Y N & Vit
+UV8W UV@Z’
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for j = m,m+ 1,.... The characteristic equation associated with the linear par-
tial differential equation (6) has the first integral X2 + Z2, so by the method of
characteristic curves for solving linear partial differential equations we get that the
general solution of (6) is

Hpn(U,V,W, X, Z) = Gn(A, U V,IV),
where G,, must be a polynomial function in its variables because H,, is a homoge-
neous polynomial of degree m in the variables U, V, W, X Z.

For j > m since X2+ 722 is a first integral of the characteristic equation associated
with —Z0H11/0X + X0H;41/0Z = 0 we make the change of variables

(8) A=X?+27% Z=17
Then equation (7) becomes the ordinary differential equation

dH, OH; OH;
VA— 722204y 7)== — —bZ)=L
(9) iz VWb VW =b2)

OH OH;
+ UVW — UV 72 oA

where for j > m, ij is H; written in the variables A,U,V,W, Z instead of the
variables U, V, W, X, Z. Note that for j = m we have ﬁm = ém(A U, V,W) and

m S S
—WUVZ=S )\/A_ZQ = \/1A_2z27
where ~ B ~
s1=s1(UV,W,A) = vwaa%m - UWaa(i;” +UV38GV;,
2 = 52 UV W, ) = b 2y O gy 2,

Integrating this ordinary differential equation with respect to Z, we get
e A= 224 Gyi (AU, V,W
T — — 52V +1( )

where ém—i—l is an integrating constant with respect to Z. Since Hy,y1 = Hpy 1 (U, V, W, X, Z)
is a homogeneous polynomial of degree m + 1, we must have s; = 0, that is

oG, G, oG,
(11) vw Rl uw Ve + UV il =0.
The characteristic equations associated with this last partial differential equation
(11)is g(B, C), with B = U?+V?2, C = V24+W? and g any continuous differentiable
function. This forces that

H, (U, V,W, X, Z) = Gm(A,U,V,W) = R,,(A,B,C),

Hpi1 (AU, V,W, Z) = 51 arctan

with R, a homogeneous polynomial in the variables A, B,C. So m must be even.
Then s, becomes

OR,  OR,y .4 s _ OR,, OR,
- fw)fovasm, S = Sm(4, B,C) = o — S,

8g = fszv(
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Then
(12) Hpp1 = 20UV A — 225, 4 Gyr (A, U, V,W).

Equation (9) with j = m + 1 becomes

A— 272 dZ?Q =V(W - bZ)% —U(W — bZ)% + UV%
- 2bUVZ%
=83+ 842 + sstr 56Z\/mf ﬁs%
where
s3 = s3(U,V, W, A) = VWaC;”&“ - UWaC;"‘;H - Uvagg’[jl,
sa = s4(U, V,W, A) = —bV 8%}’}“ +bU 8(;"’;“ — 20UV 8%’2“7
s5 = s5(U, V,W, A) = VIV (2bvs + 2buv%) Uw (2bUS + QvaaaiV)
dSm
+ 20UV R
s¢ = s6(U, V.W, A) = —bv(zbvs + 2bUV‘98i) + bU(szS + szv%)
— 4b*U?V? 8;:;1” N
s7 = s7(U, V,W, A) = —4b*U?V?S,,,.
Solving it we get
13) ﬁm+2:83arctan\/%_s4\/m+s5z+ %GZQ

+ T 10g(2 — A) + Gt AUV, WD),

where éerg is an integrating constant with respect to Z. Since the polynomial
Hpvo = Hpyp o (U, V, W, X, Z) is homogeneous of degree m + 2, we must have s3 =

s7 = 0. From s3 = 0, as before for s; = 0, we get that Gm+1 must satisfy equation
(11) with G,y instead of G,,, and s0 Gpuy1 = Rmyi1(A, B,C), being Ryy1 a
homogeneous polynomial of degree m + 1. From s; = 0 we must have S,,, = 0. We
write

m —1
(14) Rm(A,B,C) Z ap, B! AkCm—t=k,
=0 0

3

b
Il
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Hence
g _ OR,, OR,,

™ 0A oC

m—l1

m m—I1
_ ZBZ ( Z kak,lAkflcmflfk - Z(m - k)akJAkalkl)
=0 k=0 k=0

m m—Il—1
= Bl( Z ((k + l)ak_HJ — (m -1 — k)akvl)Akalkl) =0,
=0

k=0
and so for each [ = 0,...,m we must have
m—1—1

> ((k+ Daggrs — (m— 1= k)ag) AFem =+ = .

k=0
That is

—l—k+1
ak,1 = ak—l,l% for k=1,....m—1

which yields

Hence, it follows from (15) that

m m—l1
m — [
Rn(A,B,C)=> By aw( ) )Akcmlk
1=0 k=0
m
=" Blagy(A+C)"' = Ry, (A+ C, B)
1=0
=R, (VE4+W? + X?+ 22U+ V?).
Moreover, from (12) using that S, = 0 and that ém+1 = R+1(A, B,C) we get
that
Hpi (AU, V,W, Z) = Rpmy1(A, B, C).

Since H,,+1 is a homogeneous polynomial of odd degree, we must have
éerl = 07

because Gp41 cannot be of odd degree by its expression. Then from (13) using
that S,, = Gy+1 = 0, we obtain

Hpio = G2 (A, UV, W), and  Hyppo = Gga (X2 + Z2,U, V, W),

where H,, 2 is a homogeneous polynomial of degree m + 2.

Proceeding by induction we can show that

Grmi2k(A, U V,W,Z) = Ripsoru(A+ C, B)
= Ry (V2+ W2+ X2+ 22 U +V?),
ém+2k71(A7 U7 V7 W Z) = 07

for k =1,..., where R,,12r are homogeneous functions in A + C, B. This proves
the theorem. (]
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3. PROOF OF THEOREM 1(b)

To prove Theorem 1(b) we need to characterize the Darboux polynomials with
non—zero cofactor.

We introduce the new variables Y1 = U+14¢V and Y5 = U —4V and rewrite system
(1) in these new variables as

Y] =iVi(W - bZ),
Yé/ = 7ZYP2(W - bZ)a

i
(16) W' = Z(Y12 - Y5),
X' =_2,
b
7 = Jz(yf ~ Y3+ X.

The proof of Theorem 1(b) can be reformulated as follows.

Theorem 3. The unique irreducible Darboux polynomials of system (16) with non—
zero cofactor are Y1 and Yo with cofactors i(W —bZ) and —i(W —bZ), respectively.

Let f be a Darboux polynomial of system (16) with non—zero cofactor. Then f
satisfies

) ) : )
- i}ﬁ(W—bZ)a—;l—iYg(W—bZ)aTj/;+ (%(yf_y;))ai
17 W
) b )
- ZaTJ; + (— %(Yf - Y3) +X>—a£ =K,

where K = ag + a1 Y7 + aoYo + asW + au X + a5Z with ; € C for i =0,...,5.
We write K = ag + a1Y7 + asYs + K1 where K1 = agsW + au X + a5 7.

We separate the proof into the next two propositions.

Proposition 4. The unique irreducible Darbouz polynomials of system (16) with
cofactor K1 # 0 are Y1 and Y with cofactors i(W — bZ) and —i(W — bZ), respec-
tively.

Proof. Tt is easy to check that the unique Darboux polynomials of system (16) of
degree one with K7 # 0 are Y7 and Y2 with cofactors i(W — bZ) and —i(W — bZ),
respectively. We will see that they are the unique irreducible ones.

Let f = f(Y1,Ys, W, X, Z) be an irreducible Darboux polynomial of system (16)
with degree n > 2 and with cofactor K; # 0. We consider two different cases.

Case 1: Ky # ia(W —bZ) for any o > 0. We restrict system (16) to Yo = 0 that
is we consider system

Y] =iYi(W - bZ),

W/ — E‘Yf
(18) , !
X' = -7,
ib
7' =-"y2ix

4
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Let g = g1, W, X, Z) = f(Y1,0,W, X, Z) that is, the polynomial f restricted to
Ys = 0, so g satisfies

dg 2 g dg ( ib

. dg
iYi(W = b2) 7 + YI——Z——i- ~ Dy —|—X> = (ap + a1 Y; + K1)g.
1

ow 0X 4 07
We write g as sum of its homogeneous parts as g = E?:o g; where g; = ;(Y1, W, X, Z)
is a homogeneous polynomial of degree i. Clearly, g, satisfies

dgn » n ,9gn
(19) Vi (W —b2) 2 4 Yl g I
oY,

We consider two subcases.

ot~ 7Y 5 = (i + Kl

Subcase 1.1: g, is not divisible by Yy. In this case if we restrict g, to Y7 = 0 and
denote it by g, then g, # 0. Moreover g, satisfies (19) restricted to Y7 = 0. So g,
satisfies 0 = K13y, so g, = 0 which is not possible.

Subcase 1.2: g, is divisible by Y1. In this case we can write g, = Y h, with
1 <4 < n and h, is a homogeneous polynomial of degree n — ¢. If we restrict h,,
to Y3 = 0 and denote it by h,, then h,, # 0 and satisfies, after simplifying by Y,
we get
Ohy, 5 0hy, 5 0hy
Zim fyl
oY1 4 07
Now if we restrict h, to ¥1 = 0 and denote it by hy then h, # 0. Moreover h,,
satisfies (20) restricted to Y3 = 0. So h,, satisfies

0= (K1 —il(W —bZ))h,,
and by assumptions K7 —il(W —bZ) # 0 which yields g,, = 0 which is not possible.

Case 2: Ky = ia(W —bZ) for some o > 0. We restrict system (16) to Y3 = 0 that
is we consider system

(20) Yy (W —bZ)

= (Y + Ky — ibl(W — bZ))hy,.

W' =—-Y3
4 )
21
(21) X_z
1)
ZI _ 24 22 +X

Let g = g(Y2, W, X, Z) = f(0,Y2, W, X, Z) that is, the polynomial f restricted to
Y1 =0, so g satisfies

. dg 5 0g dg ib g
a(W —b7) 5L 4’2 = L5 + (v +x) 7 7 = (a0 +axY + Ki)g.

We write g as sum of its homogeneous parts as g = >~ g; where g; = ¢;(Y1, W, X, Z)
is a homogeneous polynomial of degree 7. Clearly, gn satisfies

O9n
Y2
29z

(22) ~iYa(W —bZ) 5 4/2 o

We consider two subcases.

= (a2Y2 + K1) gn

Subcase 2.1: g, is not divisible by Y. In this case if we restrict g, to Yo = 0 and
denote it by g, then g, # 0. Moreover g, satisfies (22) restricted to Yo = 0. So g,
satisfies 0 = K1, and so g, = 0 which is not possible.
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Subcase 2.2: g, is divisible by Y>. In this case we can write g, = Yih, with
1<{¢{<nandh,is a homo_geneous Polynomial of degree n — (. If we restrict h,,
to Y2 = 0 and denote it by h, then h, # 0 and satisfies, after simplifying by Yy,
we get
Ohy, Ohy, Ohy,

Y2 Y2
v, 1 iow "1'%az

= (Y2 + K1 + (W —bZ))hy, = z(ﬁ +a)(W — bZ)h,,.

Now if we restrict h,, to Yo = 0 and denote it by hy then h, # 0. Moreover h,,
satisfies (23) restricted to Yz = 0. So h,, satisfies

0=i(l+a)(W —bZ)h,,

3) — iYa(W = b2)

and by assumptions £ 4+ a > 0 which yields h,, = 0 which is not possible. O

Now assume that K71 =0, so K = ag+ a1Y7 + a2Ys. We will prove the following
proposition which together with Proposition 4 implies the proof of Theorem 1(b).

Proposition 5. System (16) has no irreducible Darbouz polynomials with cofactor
K=qap+ a1Y] + axYs #0.

Proof. Let f be an irreducible Darboux polynomial with non-zero cofactor K =

ag+ 11 + asYs #0. Let 7: C[Y1,Ys, W, X, Z] — C[Y1, Y2, W, X, Z] be the auto-
morphism

(24) T(YhYQ,W,X,Z):(7Y1,7Y2,W,X,Z).
and consider the polynomial ¢ = f-7f that is invariant by 7 with a cofactor of the
form K, = 2agy. We consider two different cases.

Case 1: ag = 0. In this case since K # 0 we must have a? + a3 # 0. Note that g is
a Darboux polynomial with zero cofactor, that is, it is a polynomial first integral.
In view of Theorem 1(a) we must have g = g(G1, G3), where

_ _ Yi+Ys Y1 -Yo\
Gy = H(UV) = B (F 2 22 ) = v,
Yi - Y.
(25) Gy = Hy(V.Y. X, Z) = Hy(— =2V, X, 2)
1

1
= X2+ 22+ W2 - 1(Yl2 + Y7 - 2Y1Ys).

Since 7(Y1) = =Yi, 7(Yz) = —Y5 and 7(G;) = G; for i = 1,2, we must have
f = f(G1,G2). But then f is a Darboux polynomial with zero cofactor, that is,
a1 = as = 0 which is not possible. So, this case is not possible.
Case 2: ag # 0. In this case, proceeding as in the proof of Proposition 4, let § =
g(Yo, W, X, Z) = ¢(0,Y,, W, X, Z) that is, the polynomial f restricted to Y7 = 0, so
g satisfies
, a9 5 0g ag ib g
—iYa(W —bZ ——71/ 99 7% ( Y2 X)—
¥ oy "1 aw  Zax T\g2 TX) 5z
We write g as sum of its homogeneous parts as g = > .-, §; where g; = §;(Y2, W, X, Z)
is a homogeneous polynomial of degree i. Clearly, gn satisfies

99
2 n
Y2 07

= 204()@.

—iva (W —bz) % _ 7Y2 n |

Yy 2ow T =0
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Solving this linear partial differential equation we get that g, = g, (X,bW +
Z,—YE + 4W((1 — b>)W — 2bZ)), and since must be a polynomial of degree n
we obtain

Gn = aX" LW + 2)Y (= Y2 + AW ((1 = )W — 2b2))".
Moreover g, 1 satisfy
3§n—1 YQ 3§n—1 + éi/gz 8§n—1

. 7
— (W -b2) oYy, 4w 42 oz

= aX T GW 4 Z2) N (AP 4 AW? — 8bZW — Y )RT! <(£X2—
20WaoX — 2ZaoX + 2kZ% + (2% —nZ? + 20kWZ + W Z — bnW Z) Yy
+4W (2kW22b3 + W2 Zb® — nW2Zb® — 2W2 X opb® + 2kW X 2b°+

(W X20* + 6kW Z202 + 3¢W Z2b* — 3nW Z2b* — 6W X Zagh? + 4k Z3b+
20730 — 2nZ3b — 2kW?2Zb — (W2 Zb + nW?Zb + 2k X? Zb + 20X Zb—

AX Z2aob+ 2W2Xagh — (W X2 —2kWZ2 — tWZ? + nWZ? + 2WXZaO)>.

Restricting it to Yo = 0 and using that «g # 0 we obtain that g, = 0 and so g is
divisible by Y7. Proceeding in the same way we get that ¢ must be divisible by Y5
and so g = Y1Ysh. Therefore, h is a homogeneous polynomial of degree n— 2. Then
h also satisfies the same as g because Y1Y5 is a first integral. Proceeding as we did,
we get that h is divisible by Y1Y5. Proceeding inductively, we get that n is even
and g = (Y1Y2)"2ag. So g is a first integral with zero cofactor, a contradiction.
This concludes the proof. (I

4. PROOF OF THEOREM 1(c)

Note that it follows from Theorem 1(a) that the unique Darboux polynomials of
system (1) with zero cofactor (that is, the polynomial first integrals) of system (1)
are polynomials in the variables H; and Hs.

We introduce several auxiliary results. The first one was proved in [4].

Lemma 6. Let f be a polynomial and f = H f;‘j its decomposition into irreducible
j=1

factors in ClU,V,W, X, Z]. Then f is a Darboux polynomial if and only if all the

f; are Darboux polynomials. Moreover, if K and K; are the cofactors of f and fj,

then K = ZajKj,
j=1
In view of Theorem 1(a) if f is a Darboux polynomial (or f = 0 is an invariant
algebraic surface) then f = Y™ Y;"2G5? where ni, ng,ng € NU{0} (see (25)). The
second result that we will need is proved in [1].
Proposition 7. The following statements hold.

(a) If E = exp(g0/g) is an exponential factor for the polynomial system (16)
and g is not a constant polynomial, then g = 0 is an invariant algebraic
hypersurface.
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(b) Eventually €9° can be an exponential factor, coming from the multiplicity
of the infinite invariant hyperplane.

In view of the above explanation and Proposition 7 if F' = exp(h/g) is an expo-
nential factor of system (16) then it must be of the form F' = exp(h/(Y{" Y52 G5?))
with h € C[Y1,Ys, W, X, Z] and nj,ne,n3 € NU {0}, with h coprime with Y;
if ny > 0; h coprime with Y5 if no > 0 and h coprime with Gy if ng > 0.
Moreover, since the cofactor must have at most degree one we can write it as
L =8y + 1Y1 + BoYs + B3W + B4 X + B5Z. So, h must satisfy,

. oh oh )
Yi(W —bZ) 5 —iYa(W —bZ) 2+ | (Y1 YP) gt~ 2o
26 ib oh .
(26) +<—f(Y1 Y2)+X)aZ i(ny — n2) (W — bZ)h

=YY, G (Bo + b1Yr + BoYa + BsW + B4 X + B52Z).

We will prove that n; = ny. Indeed, we consider two cases.

Case 1: ny > ny. In this case, evaluating (26) on Y7 = 0, and denoting by h the
restriction of h to Y = 0, that is h = h(Ya, W, X, Z) = h(O Yo, W, X, Z) we have

oh oh oh ib oh
Yy *YQaW Zﬁ (Y2 X)ﬁ

= Z(Tll - TLQ)(W - bZ)h

—iYa(W — bZ) 2

So h is either zero or a Darboux polynomial of system (21) with cofactor i(n; —
ng)(W — bZ). The first case is not possible because h is coprime with Y;. The
other case is also not possible because the cofactor of h is of the form ia(W — bZ)
for some a > 0, and so it follows from the proof of Case 2 in Proposition 4 that
h = 0 which is not possible.

Case 2: ny < ny. In this case, evaluating (26) on Y, = 0, and denoting by A the
restriction of h to Yo = 0, we obtain
oh oh oh ib
3% bz) O Ly2 00, O (_7 2
MW =b2) 5 Y i gw ~Zox t
= i(m — ng)(W — bZ)h

So h is either zero or a Darboux polynomial of system (18) with cofactor i(n; —
ng) (W —bZ). The first case is not possible because h is coprime with Y3. The other
case is also not possible because the cofactor of h is of the form —ia(W — bZ) for
some « > 0, and so it follows from the proof of Case 1 in Proposition 4 that h = 0
which is not possible.

Hence n1 = ny and F = exp(h/(G1*G5?)) and satisfies

. oh oh i , Oh Ok
27) b, oh
(-5 Y2>+X)az

= GV 'GY? (Bo + f1Y1 + BoYo + BsW + B4 X + B52).

Now we need the following result whose proof can be found in [4].
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Theorem 8. Suppose that system (16) admits p Darbouz polynomials f; with cofac-
tors k; and q exponential factors F; with cofactors £;. Then there exists Aj, ji; € C
not all zero such that

q q
> ki + > pili =0
i=1 i=1
if and only if the function G given in (5) (called of Darbouz type) is a first integral
of system (16).
In view of Theorem 8 if G is a Darboux first integral it must be of the form
G = YMYGY explunh/ (G GR))
whose cofactor K¢ is
Kg =i(A1 = Xo)(W = bZ) 4 p1(Bo + BiYr + BoYo + B3W + B4 X + B52).

Since G is a first integral we must have K = 0. This yields that either u; = 0 and

/\1 = /\2 or 1 7é 0 and ﬁo = 61 = Bg = ﬁ4 = 0, ﬁ5 = —bﬁg and )\1 - /\2 = —i,@gul.
In the first case G = G3'G5? and so G is a Darboux first integral in the variables
G1 and GQ.

In the second case we have F' = exp(h/(G7*G45?)) with cofactor L = S3(W —bZ).
Imposing this in (27) we get that h must satisfy

: oh oh i oh oh
o) iV (W — bZ)a—Yl — Yo (W — bZ)a—YQ + Z(Yl2 - Yf)w ~Z5%
28
ib oh .
(=502 YD)+ X) oL = B(W ~b2)GT Gy,

We will show that 83 = 0. We consider different cases. If degh < 2n; + 2ng it
follows from (28) that 83 = 0. So, degh > 2n; + 2n3 + 1. Moreover, if degh =
2n1 + 2n3 + 1 then it follows from (28) that

oh oh
—Z—+X— = MGYe —bZ).
X + BYA BsGT G5 (W —bZ)
With the change of variables in (8) and using the notation of Proposition 7 we have
that the above equation is equivalent to

dh
VA- 22% = B3(U? + V)" (V2 + W2 + A" (W — bZ).

Proceeding again as in (10) with

s1=P3(U> + V)" (V2 W? + A%)=W,

s = —bBs(U* + V)" (V2 + W? + A%)",
we conclude that s; = 0 and so §3 = 0. Hence, we can assume that degh >
2n1 + 2n3 + 1. We write degh = 2nq + 2n3 + 1 + k for some k£ > 0. Proceeding as

in the proof of Proposition 7 we get that if we expand h is its homogeneous parts
as h = 22"1+2n3+1+k h;, then m is even and ho; = ho;(A + C, B), hajy1 = 0 for

j=m
j=m/2,...,n1+n3— 1. Then hoy, y2n, satisfies (6) and proceeding as in proof of
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Proposition 7 we get that hap, 420, = égn1+2n3 (A, U, V,W) and hap, +2n,+1 satisfies

dﬁ2n1+2n3+1 _ aé2n1+2n3 6é2n1+2n3 6é2n1+2n3
5 = VOV = b2) =552 — UW = b2) =00 + UV =
aG?n +2n 1 81+ 82Z
-9 /il X n1ns3 — b7 _
WUV S+ BGT G (W b ))\/A—Z2 N

which is (10) with

aé2n +2n 8G2n +2n, 8C~;’271 +2n,
_ A) = 1 3 1 3 1 3
s1= s1(U, VW, 4) = VIV 20020 U =202 gy =

+ﬁ3(U2+V2)"1(V2+W2+A2)”3W,

8é2n +2n 6é2n +2n, 86271 +2n
— A) = — 1 3 1 3 _9 1 3
s2.= 3(U VW, 4) = bV =202 4 U =2 bUV

—bB3(U? + VA" (V2 4 W? 4 A?)"s,
Proceeding again as in the proof of Proposition 7 we get that s; = 0 that is

aé2n1+2nr aéQn +2n, aé2n +2ng3

T2mA2ns oy Z22mt2ns oy 2 2n 420
au v oW

+B5(U% + V2" (V2 4+ W2 4 A% W = 0.

Introducing the change of variables B = U?+V?2, C = V24 W? with inverse change
=+vVB-V2, W =+C —V? we rewrite s; =0 as

VB -V2\/C - V2dG2”1+2"3 Bs\/C — V2B™ (C? + A?)™,

where Gon, 4ons = Ganyr2ns (A, B,C) = Gon, 1o, (A, U, V,W). Solving this differ-
ential equation we obtain

vw

CATY2m+2n3 = B3B™(C? + A?)"3 arctan N

Since Gap,+2n, Mmust be a polynomial we must have 83 = 0.

We have proved that 83 = 0, and so B; = 0 for i« = 0,...,5. This im-
plies that L = 0 and h must be a polynomial first integral. In view of Theo-
rem 1(a) we have h = h(G1,G3). Moreover A\ = Ay because S5 = 0 and so
G = G}*Gy? exp(h(G1, Gs) /(G G5*) which clearly implies that G is a Darboux
first integral in the variables G; and Gs. This concludes the proof of Theorem 1(c).
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