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ON THE POLYNOMIAL INTEGRABILITY OF A SYSTEM MOTIVATED
BY THE RIEMANN ELLIPSOID PROBLEM

Jaume Llibre1 and Clàudia Valls2

Abstract. We consider differential systems obtained by coupling two Euler–Poinsot systems. The
motivation to consider such systems can be traced back to the Riemann ellipsoid problem. We provide
new cases for which these systems are completely integrable. We also prove that these systems either
are completely integrable or have at most four functionally independent analytic first integrals.
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1. Introduction and statement of the main results

Consider the following system of differential equations

dx

dt
= ∇xG(x, y) ∧ x,

dy

dt
= ∇yG(x, y) ∧ y, (1.1)

where (x, y) ∈ R
3 × R

3 and G is the quadratic form

G =
1
2

3∑
i=1

(ai(x2
i + y2

i ) + 2bixiyi).

The ai, bi, i = 1, 2, 3 are real constants. To avoid the trivial cases, at least one of the coupling constants bi’s is
assumed to be different from zero. Of course, x = 0 (or y = 0) is an invariant subspace and here system (1.1)
reduces to the Euler–Poinsot equations, see for instance [1, 2]. The motivation to consider such systems can be
traced back to the Riemann ellipsoid problem, see [6, 8], and for more details the last part of Section 1 of the
paper [9] where one page is dedicated to explain this connection, and also the papers [3, 10]. Other results on
the integrability of quadratic Hamiltonian systems similar to system (1.1) can be found in [11].
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