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ON THE UNIQUENESS OF ALGEBRAIC LIMIT CYCLES
FOR QUADRATIC POLYNOMIAL DIFFERENTIAL
SYSTEMS WITH TWO PAIRS OF EQUILIBRIUM POINTS
AT INFINITY

JAUME LLIBRE AND CLAUDIA VALLS

ABSTRACT. Algebraic limit cycles in quadratic polynomial differential
systems started to be studied in 1958, and few years later the following
conjecture appeared: Quadratic polynomial differential systems have at
most one algebraic limit cycle.

We prove that for a quadratic polynomial differential system having
two pairs of diametrally opposite equilibrium points at infinity, has at
most one algebraic limit cycle. Our result provides a partial positive
answer to this conjecture.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let Rz, y] be the ring of all real polynomials in the variables z and y.

Differential systems of the form

dx d

S = E=Play), 5 =i=Qy), (1)
where P,Q € R[z,y| with ¢ real are called real polynomial differential sys-
tems. We say that system (1) has degree m if the maximum degree of the
polynomials P and @ is m. When m = 2, system (1) is called a quadratic
system.

System (1) has
0 0

as its polynomial vector field.

The algebraic curve g(z,y) = 0 with g = g(z,y) € R[z,y] is an invariant
algebraic curve of the X if for some polynomial K € R[z,y], we have

dg dg
Xg=P—=+Q=— = Kg.
g ox + oy g

The polynomial K = K(x,y) is called the cofactor of g. We recall that
g = 0 is invariant by X.

We say that an invariant algebraic curve g = 0 is irreducible when g is
irreducible in R[z,y]. An isolated periodic orbit in the set of periodic orbits
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of X is called a limit cycle. An oval of an irreducible invariant algebraic
curve of X of degree n which is a limit cycle is called an algebraic limit
cycle.

The following problem is a simpler version of the second part of Hilbert’s
16th problem (see [17]): Let X, be the set of all real polynomial vector fields
(2) of degree m having invariant algebraic curves. Is there a uniform upper

bound on the number of algebraic limit cycles of any polynomial vector field
of ¥ ?

A positive answer was given in [21] where the authors consider the case in
which all the invariant algebraic curves g; = 0 of X,, are generic, i.e., they
satisfy the following assumptions:

e g; = 0 has not points such that g;» = g; = g;y = 0,

e g; have no repeated factors,

e if two curves intersect at a point in the affine plane they are transver-
sal at this point,

e there are no more than two curves g; = 0 meeting at any point in
the affine plane, and

e there are no two curves having a common factor in the highest order
homogeneous terms.

More precisely, they proved that for these generic curves, the number of limit
cyclesis 1+(m—1)(m—2)/2 if m is even and (m—1)(m—2)/2 if m is odd, and
these bounds are achieved. For other related papers treating this problem,
see [22] and [29]. However there are plenty of invariant algebraic curves
that do not satisfy these generic conditions, so for 3 it remains to solve
the following open problem: to know if when the invariant algebraic curves
of a quadratic polynomial differential system do not satisfy these generic
conditions, this system also has at most one algebraic limit cycle.

In [27] it is proved that quadratic polynomial vector fields can have alge-
braic limit cycles of degree 2, and that they are unique whenever they exist.
In [13, 14, 15] the author proved that quadratic vector fields do not have
algebraic limit cycles of degree 3 (see also [6, 18, 25, 28] for different and
shorter proofs). In [26] it is found the first class of algebraic limit cycles of
degree 4 inside the quadratic vector fields. The second class was found in
[16]. More recently, two new classes have been found and in [9] the authors
proved that there are no other algebraic limit cycles of degree 4 for qua-
dratic vector fields. The uniqueness of these limit cycles was proved in [11].
It is known that there are quadratic polynomial differential systems having
algebraic limit cycles of degree 5 and 6, see [9], and that this limit cycle
is the unique one for these differential systems. Other results on algebraic
limit cycles can be found in [20].

It turns out that the open problem mentioned above is too hard to deal
with and that is why a simpler version of this problem has kept the at-
tention of the researchers for many years. Thus the following conjecture
appeared explicitly in [19, 22], but was known many years before among the
mathematicians working in this subject.
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In [24] the authors proved the conjecture in the case in which the quadratic
polynomial differential systems have only one pair of equilibrium points at
infinity. So it is still open the conjecture in the cases in which the system
has two or three pairs of diametrally opposite equilibrium points at infinity.
Here we solve the conjecture when the quadratic differential systems have
two pairs of diametrally opposite equilibrium points at infinity.

Theorem 1. Quadratic polynomial differential systems with at most two
pairs of equilibrium points at infinity have at most one algebraic limit cycle.

The proof of Theorem 1 is divided in two sections 3 and 4. In section 2 we
state some known facts about quadratic polynomial differential systems that
we shall need and that are well known. We have also added an appendix
where we state an auxiliary result that we shall need but that is not known.

2. QUADRATIC SYSTEMS: KNOWN RESULTS

The following theorems are well known.

The next result is proved in [5, 12].

Theorem 2. Quadratic polynomial differential systems having an invariant
algebraic straight line have at most one limit cycle.

For a proof of the next result see [11, 6].

Theorem 3. Quadratic polynomial differential systems having an algebraic
limit cycle of degree two or four have at most one limit cycle.

In the papers [6, 18, 25, 28] there are different proofs of the next result.

Theorem 4. Quadratic polynomial differential systems have no algebraic
limit cycles of degree 3.

In view of Theorems 3 and 4 from now on we will consider algebraic limit
cycles of degree n > 5.

The next result is Proposition 8 of [23].

Proposition 5. All finite equilibrium points of a quadratic polynomial dif-
ferential system (3) and all points satisfying Og/0x = 0g/dy = 0 of an
invariant algebraic curve g = 0 are contained in the union of {K = 0} and
{g =0}, where K is the cofactor of g = 0.

From Theorem 4 of [23] and its proof and Theorem 2 of [24] we have:

Theorem 6. If a quadratic polynomial differential system has an algebraic
limit cycle of degree n, then it can be transformed, through an affine change
of variables and a scaling of the time, into one of the following two systems.
First
i =&x —y + ax? + by, 3
y=x—&y+da® + exy + fy?, ®)
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with d # 0 and € € (—1,1), and second

&= —y+ ax® + bry + cy?, (4)
§=1x+ery+ fy°.
The cofactor of g = 0 in both cases is ny.

It is pointed out in [23] that if systems (3) and (4) have a limit cycle, it
must surround the origin. The next result is Proposition 13 of [23].

Proposition 7. Let P, and ()2 be the homogeneous components of P and
Q, respectively. If yPo — xQo = 0, then the quadratic system has mo limit
cycles.

Sometimes we shall use the extension of the real polynomial differential
system to the complex projective space for obtaining additional information
on the real system. For more details on this extension see for instance [5, 6].
The following result is Lemma 11 of [23].

Proposition 8. The complex invariant algebraic curve g = 0 must intersect
the infinity at least in one point, eventually complex. All the intersection
points must be equilibrium points of the extended vector field in the complex
projective space.

The following lemma due to Christopher [8] says how must be the higher
degree terms of an invariant algebraic curve g = 0 of a polynomial differential
system (1).

Proposition 9. Suppose that a polynomial differential system (1) of degree
2 has the invariant algebraic curve g = 0 of degree n. Let Pa, Q2 and g, be
the homogeneous components of P,Q and g of degree 2 and n respectively.
Then the irreducible factors of g, must be factors of yPo — xQs.

The proof of the next theorem can be found in [7] (see also Theorem A2
in [10]).
Theorem 10. System
i =—y+az+ar’, §=2z(l+a3z+ asy),

has at most one limit cycle surrounding the origin.

The proof of the next theorem can be found in [24] (see Theorem 2).

Theorem 11. A quadratic polynomial differential system with at most one
pair of equilibrium points at infinity, has at most one limit cycle.

In view of Theorem 11 in order to prove Theorem 1 we can restrict our-
selves to study the quadratic polynomial differential systems having two
pairs of equilibrium points at infinity.

We now give necessary conditions in order that a polynomial be a cofactor
of an invariant algebraic curve.

Let g(x,y) = 0 be an invariant algebraic curve of a planar polynomial
differential equation of the form & = P(z,y), y = Q(z,y) where P,Q are
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polynomials of degree m, and (x¢, o) a point such that g(zg,yo) = 0. We
may expand g(x,y) in powers of z — x¢ and y — yo: g(z,y) = gs(z,y) +
gs+1(x,y) + - -+ + gn(x,y) where n is the degree of g and g;(z,y) are homo-
geneous polynomials of degree j in powers of x — x¢ and y — yo. Let s be
the lowest degree in this expansion with gs(z,y) Z 0. Since g(z9,yo) = 0 we
have s > 1. As gq(x,y) is a homogeneous polynomial of degree s in powers
of x — x¢ and y — yo it factorizes in s linear homogeneous polynomials, that
is,

gs(ﬂf7y):€1€2'-‘gs gl:al(‘r—‘TO)_{—bZ(y_yO)v ai7bi€(c7 ’i:1,2...,8.

We say that gs(z,y) = 0 is the equation of the tangents of the curve
g(xz,y) = 0 in (zg,yp). We will denote by A, the eigenvalues of the lin-
ear approximation at this point (zg,yo). The following result is proved in
[3] (see Theorems 13 and 14). As usual N denotes the set of positive integers.

Theorem 12. We consider a system x' = P(x,y), v = Q(z,y) where P,Q
are polynomials of degree m and (xo,yo) be one of its equilibrium points
and g(x,y) = 0 be an irreducible invariant algebraic curve with cofactor
k(x,y). If g(zo,yo) # 0 then k(zo,yo) = 0. Moreover, if g(zo,yo) = O,
with the described notation, we have that gs(x,y) = (€x)"(£u)*™" with r,s
non-negative integers and r < s and

k(zo,y0) =rp+ (s — 1)\

Furthermore:

(a) if either u # 0 and A and p are rationally independent, or A/u < 0,
or =0, then
— either s =2, r =1 and g2 = l\{,;
—ors=1and g1 =¥y;
—ors=1and g =¢,.
(b) if w # 0 and A and p are rationally dependent and A/p > 0 we
assume that \/p > 1.
— if AN/ p=d withd € N and d > 1, and the differential system is
linearizable in (xg,yo) then there exists a non-negative integer
r and e € {0,1} such that s =r + ¢ and gs = (£x)°(€,)".
—if Mp = d with d € N, d > 1 and the differential system is
non-linearizable in (xg,yo), then s =1 and g1 = {.
—if N/u=p/q with p,qg € N and 1 < q < p, then
x either s =1 and g1 = €y;
% or there exists a non-negative integer v and € € {0,1}
such that s = rq+¢€ and gs = (€x)°(€u)";
x or there exists a non-negative integer v and ¢ € {0,1}
such that s = rq+e+ 1 and gs = (£,)°(£,) 7.

It is stated in [3] that Theorem 12 is also valid in CP(2). We recall
that CP(2) = {C?\ {(0,0,0)}}/ ~ with the equivalence relation [X,Y, Z] ~
[X*,Y*, Z*] if and only if there exists v € C\ {0} such that [X*, Y*, Z*] =
v[X,Y,Z]. Consider a point p := [Xp, Yy, Zo] € CP(2), and without loss
of generality we assume that Zg # 0. We define the local coordinates in p
by © = X/Z, and y = Y/Z. So, in local coordinates we have p = (xq, o)
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with zg = Xo/Zy and yg = Yy/Zy. We consider P(ac,y) = ZmP<%,%>

and Q(z,y) = ZmQ(%, %) The coordinates (z,y) are usually called finite

coordinates and the set of points [X,Y, Z] € CP(2) with Z = 0 is called
the line at infinity. An invariant algebraic curve f(z,y) = 0 with cofac-
tor k(z,y) defines an invariant algebraic curve in CP(2) by F(X,Y,Z) =
Z"f(X/Z,Y/Z) where n is the degree of f, and the associated cofactor is
k(X,Y,Z)=2""'k(X/)Z,Y/Z).

3. PROOF OF THEOREM 1 FOR SYSTEM (3)

Theorem 1 will be an immediate consequence of the proof of the following
theorem.

Theorem 13. Let g = 0 be an invariant algebraic curve of degree n > 5 of
a quadratic polynomial differential system (3). Assume that g = 0 has two
pairs of equilibrium points at infinity. Then there is at most one limit cycle
on g = 0.

Proof. Let g = (E?io gn,mwn_iyi) +---, with0 <m <nand gn—mm # 0,
where the dot denotes the terms of order n — 1 and lower. The coefficient

of the term 2" ™y™*! in the expression of § — nyg = 0 is equal to

.gnfm,m((n —m)b+mf—n)=0.
Therefore
b=m-—mf)/(n—m)ifm<n and f=1ifm=n.

From Proposition 9 we have

m
In = Gn—igt" 'y = 2" (@ — z1y)* (@ — way)™F,
=0

where
a—ex \/E
2d

are the roots of the polynomial dz? — (a — e)z — (b — f) = 0. The case
in which A < 0 was proved in [24] because in that case at infinity there is
either a unique pair of singular points which are the endpoints of z = 0.
Here, either 29 = 0 or 1 = x9 # 0 (otherwise at infinity there is a unique
pair of singular points or three pairs of singular points). In the first case
f=>5b(and A = (a—e)?), and in the second case f = b— (a — e)?/(4d) with
a#e (and A =0).

Ti9 = with A = (a —e)? +4d(b— f) (5)

From the proof of Theorem 5 of [23] when m = n we can always assume
that g(z) = (z —z1y)"?(x — 22y)"/? with 21 = T» ¢ R being Z» the complex
conjugate of z1. But since from (5) x1 and x9 are real, we can assume m < n.
We consider two cases: b= f and f =b— (a —e)?/(4d).

Case 1: f =b. In this case f = b= 1. We consider two different subcases:
m=0and m > 1.
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Subcase 1.1: m = 0. The terms of degree n of g are g, = z". Imposing that

Ogn O9n
(aﬂcQ + :cy) % + (da? + exy + yg)a—gy — nygn = 0, (6)

we get that naz™™! = 0 which implies @ = 0. Then system (3) becomes
i=¢r—y+ry, §=z—&y+de’+exy+ [y (7)

with f = 1. If £ = 0 then (7) has the invariant straight line x = 1. In view
of Theorem 2 it has at most one limit cycle. So, from now on we assume

£ #0.

Now we compute the terms of degree n — 1. In view of Lemma 15 we
must solve the equation

Ogn—
(da? ey +(f =1y 5= +nlee = )"t —ygna =0 ()
Moreover setting g, 1 = —na" ! + h,_1 we rewrite (15) for h,_1 in the

form
ahn—l

Jy

(do? + exy + (f — 1)y?) +néx" — yhp—1 = 0. 9)

We recall that f =1 and we consider different cases.

Subcase 1.1.1: e = 0. In this case

hn-1=— yg/@dfg)(g”ﬁ g (L) 4 K >
1 e NoT: x r <mx> (x)

where K (z) is any function in the variable z and Erf is the error function (see
[1] for more details). Taking into account that h,_; must be a homogeneous
polynomial of degree n — 1 in the variables z and y and that £ # 0 we get a
contradiction.

Subcase 1.1.2: e # 0. In this case we have

d
By = e¥/(€?) <ed/62§nmn_1E1_d2 (%) + (dz + ey)_d/e2K(x)>,
. ex
where K(z) is any function in the variable x and E, is the exponential
integral function (see [1] for details, which can be written as a series). Since
&n # 0, the function h,,_; is never a homogeneous polynomial of degree n—1
in the variables x and y. Hence, this case is not possible.

Subcase 1.2: m > 1. Then g, = 2" "™ (x — (a — e)y/d)™. In this case
imposing (6) we get that e = a(m — n)/m. Note that a # 0 otherwise
e = 0 which is not possible because system (3) would have a unique pair of
diametrally opposite equilibrium points at infinity. The terms of degree n
of g are g, = 2" " (x — any/(dm))™.

If we pass to the coordinates [X,Y, Z], the equilibrium points at infinity
have all of them coordinate Yy # 0, so the local coordinates (u,v) with
u=X/Y and v = Z/Y are taken at these points in order to apply Theorem
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12. Then system (3) with f = b = 1 and e = a(m — n)/m in coordinates
(u,v) becomes

1
i = —(anu? — dmu® — mu + 26muv — mu?v),
" (10)

v
O = ——(m 4+ amu — anu + dmu® — Emv + muw),
m

and
g(u,v) = u" ™ (u — an/(dm))™ + vgn_1(u) + v2gn_o(u) 4+ - + v"go(u),
where g;(u) are polynomials in the variable u of degree j, and the cofactor
becomes
k(u,v) = n.
The infinite equilibrium points for system (3) are on v = 0 and u?(dmu —
an) = 0 that is

v =0 with u = 0 (double point) or u = ;—n (simple point).
m

We take the double point u = v = 0. Since m < n we have that ¢(0,0) = 0.
Moreover the eigenvalues of the Jacobian matrix at that point are

uw=0, A=-1
Since p = 0, it follows from Theorem 12 (a) that either s = 2 and r =1
in which case £(0,0) = A, or s = 1 and r = 0 in which case k(0,0) = A, or
s =1,r =1 in which case k£(0,0) = 0. Since k(0,0) = n we must have either
n = 0 or n = —1 which are both not possible. So, this case is not possible.

Case 2: f =b— (a—e)?/(4d). In this case

e?n(n —m) e’mn
— d b=1-——. 11
d(m — 2n)? an d(m — 2n)? (11)

We consider two different subcases.

f=1+

Subcase 2.1: m = 0. In this case f =1+ €?/(4d) and b = 1. Imposing that

(aa:2 + :Uy)% + <dm2 + exy + (1 + Zji)zf) aag; — nygn =0,

we get that a = 0.

We recall that system (3) in this case becomes (7) with f = 1+ e%/(4d).
Again, if £ = 0 then (7) has the invariant straight line x = 1 and so it has
at most one limit cycle. So, from now on we assume £ # 0.

The terms of degree n of g are g, = 2. Now computing the terms of
degree n—1 and proceeding as in case 1.1 we can write g,—1 = —nz" Y4h, 4
where h,,_1 must satisfy (9) with f = 1+ ¢2/(4d). Note that since f # 1 we
must have e # 0. In this case, setting & f(x,y) = ex + 2(f — 1)y we have

_ ex 28nz” er
s = (g ) ( st 0 ()

+K(x)(SE,f<x,y>>1/<f—1>),
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where E,, is the exponential integral function and K(z) is any function in
the variable x. Since e # 0, the function h,_; is never a homogeneous
polynomial of degree n — 1 in the variables  and y and so this case is not
possible.

Case 2.2: m > 1 In this case imposing that

0 0
(“xQ + bl‘y) I g (d2® + exy + fyP) 2 — nygn =0,

or oy
with f and b as in (11), we get that e = a(m — 2n)/m. Note that a # 0

otherwise we would be in the case m = 0.

The terms of degree n of g are g, = 2" " (x — any/(dm))™. Note that

now
dm m dm?

(12)

If we pass to the coordinates [X,Y, Z], the equilibrium points at infinity
have all of them coordinate Yj # 0 so local coordinates (u,v) with v = X/Y
and v = Z/Y are taken at these points in order to apply Theorem 12.
System (3) with f,b,e as in (12) becomes

1

U= _ﬁ(aznzu — 2admnu® + &®m>u® + dm?v — 2d£m2uv + dmzu%)a
m

D= _dv 5 (dm2 — a’mn + a*n? + adm®u — 2admnu + d*m>u?
m

— dém®v + dm*uv),
(13)
and

g(u,v) = u" "™ (u — an/(dm))™ + vgn_1(u) + v2gn_o(u) 4+ - + v"go(u),
where g;(u) are polynomials in the variable u of degree j, and the cofactor
becomes

k(u,v) = n.
The equilibrium points for system (3) are on v = 0 and

u = 0 (single point) or u = ;—n (double point).
m

We take the double point (u,0) with w = an/(dm). Since m > 1 we have
that g(3%,0) = 0. Moreover the eigenvalues of the Jacobian matrix at that
point are
uw=0 A=-1

Since p = 0, it follows from Theorem 12 (a) that either s = 2 and r =
1 in which case k(an/(dm),0) = A, or s = 1 and r = 0 in which case
k(an/(dm),0) = A, or s = 1,7 = 1 in which case k(an/(dm),0) = 0. Since
k(an/(dm),0) = n we must have either n = 0 or n = —1 which are both not
possible. So, this case is not possible. O

Proof of Theorem 1 for system (3). In view of the proof of Theorem 13, the
unique possible case to have an algebraic limit cycle leads to a system (3)
having at most one limit cycle. This concludes the proof in this case. O
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4. PROOF OF THEOREM 1 FOR SYSTEM (4)

The proof of Theorem 1 for system (4) will be an immediate consequence
of the proof of the following theorem.

Theorem 14. Let g = 0 be an invariant algebraic curve of degree n > 5 of
a quadratic polynomial differential system (4). Assume that g = 0 has two
pairs of equilibrium points at infinity. Then there is at most one limit cycle
on g = 0.

Proof. Let g = (Z;’;O gn_my"ﬂ'wi) + -+ with gn—mm # 0, where the
dots indicate terms of degree n — 1 and lower. The coefficient of the term
y" 2™+ in the expression §—nyg is equal to am+e(n—m) = 0. Therefore

am

e= ifm#n, and a=0if m=n.

m-—-n

By Propositions 7 and 9 (we are assuming that the line at infinity is
not formed by equilibrium points, otherwise the system cannot have a limit
cycle), we have that Y10 gn_iiy" 2t = y" ™ (y — y12)*(y — yox)™ ¥ with
0 < k < m, where y1, y2 are the roots of cy®> + (b — f)y + (a —e) = 0.

We now consider different cases: m =n and m < n.

Case 1: m = n. In this case a = 0. Proceeding as in [23], there are three
reasons for having the condition m = n. First we simply have chosen the
wrong system of coordinates, and there is some other real singular point of
the system at infinity through which g = 0 passes. In that case the system
can be transformed into system (3) with m < n.

The second reason for having m = n is that all the branches of g = 0 go
through non-real equilibrium points of the system at infinity. This means
that y1 = 72 ¢ R. In that case system (4) would have only a pair of
equilibrium points at infinity and in view of Theorem 11 it is proved that in
this case the system has at most one limit cycle.

The third reason for having m = n is that ¢ = 0. Then system (4)
becomes

&=—y+bry, U=+ exy+ fy.

If b # 0 system (4) has the invariant straight line x = 1/b and in view of
Theorem 2 system (4) has at most one limit cycle. So, b = 0. Moreover, if
f =0, then either the system has no equilibrium points at infinity (if e # 0)
or the line at infinity is formed by equilibrium points (if e = 0). In both
cases it follows, respectively, from Propositions 8 and 7 that system (4) has
no limit cycles.

In short, b =0 and f # 0. In this case g, = (y — ex/f)". Imposing that

0
ﬂ — NYgn = 07

(exy + fy?) 9y
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we get
y(y - E:vy_l (Mw +(f - 1)1/) =0,
and so
f=1 and e=0.

It follows from Theorem 10 (making the change z — y, y — x, t — —t) that
system (4) has at most one limit cycle.

Case2: m < n. If a =0 then e = 0 and it follows from Theorem 10 (making
the change * — y and y — x) that system (4) has at most one limit cycle.

We can thus assume that a # 0 and so e = am/(m —n). We consider two
cases.

Subcase 2.1: m = 0. In this case e = 0 and g, = y”. Imposing that
0
ny% —nygn =0,
Y
we get f = 1. Since e =0 and f = 1, system (4) becomes

i =—y+ar®+bzy+cy?, §=x+y>

The terms of degree n of g are g, = y"™. Now we compute the terms of
degree n — 1. In view of Lemma 15 we must solve the equation

Ogn—
(az?® + (b— 1)y + cyQ)% +nzy" "t = ygn_1. (14)

We show that g,—1 = y”*QRl with Ry = a1z + b1y. Indeed, if we set y =0

in (14) and denote by gn,—1 = gn—1(x,0) we have that

dgnfl
dr

which means that g,—1 = yR,,—2 where R,,_o is a homogeneous polynomial
of degree n — 2 which satisfies, after simplifying by vy,

amQ

=0,

8]%an

oz
Proceeding inductively we get that g,_1 = y" 2Ry with Ry = a1z + by and
R satisfies

(az® + (b= D)zy + cy?) +nay" " = yRy_».

(aa:2 +(b—1zxy + cy2)a1 + nxy = y(a1z + bry).

So equating the terms with 2 we get aa; = 0. Since a # 0 we must have
a1 = 0. Then nzy = bjy? which is not possible. Hence, this case is not
possible.

Subcase 2.2: m > 1 We consider two different subcases ¢ = 0 and ¢ # 0.
Subcase 2.2.1: ¢ = 0. Since there is at most two pairs of singular points at

infinity we must have that either a = e or b = f because the pairs of singular
points at infinity are the endpoints of the straight lines defined by the real
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linear factors of zy((a — e)x + (b — f)y). Since e = am/(m —n) and a # 0
we must have b = f. Then g, = y"~™z™. Imposing that g, satisfies

dg am dg
(a2” + by) Ox + (m Y by ) oy " gn

we get
Yy MeMn(b—1) = 0.

Therefore b = 1. Then b = f = 1 and system (4) becomes

am 9
Yy + Y.

:'U:—y+a1:2+xy, y:x—l—m_n

Now we compute the terms of degree n — 1. In view of Lemma 15 we must
solve the equation

ax28gn—1 am myagn—l . mxm—lyn—m-i-l
or  m-—-n"" Oy (15)

+ (n—m)z™y" T = yg, .

Assume g, is not divisible by y. Then, evaluating (15) on y = 0 and setting
Gn-1 = Gn-1(z) = gn_1(z,0) (must be of the form az"~! with a # 0) we
get,

ax2 dgn—l

dx

which is not possible. Thus g¢,_; must be divisible by y. We write it as
Gn—1 = yghn,l,g for some ¢ > 0, being h,_1_¢ a homogeneous polynomial
of degree n — 1 — ¢. We consider that £ <n —m — 1. Then h,_1_y satisfies,
after simplifying by y*

=aqazx" =0 thatis a=0,

g2 dfn-1-¢ | _am xyahn—l—z gyt
Oz m-—n oy

+ (n— m)xm“y"*m*l*e = <y +a a:) Pp—1—s.

n—m
Evaluating it on y = 0 and setting h,_1_¢ = hy_1_¢(x,0) = Boz" 1= (we
recall that h,,_1_, is a homogeneous polynomial of degree n — 1 —¢) we must

have

m 1
wnl(

afo(n—1—0z""""" = afy
n—m

that is

aﬁo(n—l—ﬁ— tm )x"_l_ez().

n—m
Since a # 0 then either 5o = 0 or n — 1 — ¢ — ¢m/(n —m) = 0. That is
n(n —m) — (n —m) — ¢n = 0. Note that since £ <n — 1 —m we have
nn—m)—(n—m)—_tn>n*—nm—-n+m-n>+n+mn=m>1.
So By = 0. Hence, gpn—1 = 4" ™  hy_1.
On the other hand, assume that g,—; is not divisible by x. Then setting

Gn—-1 = Gn-1(y) = gn—-1(0,y) we get that g,—1 # 0 and satisfies (15) eval-
uated on x = 0, that is yg,—1 = 0, which is not possible. Hence, g,_1 is



ALGEBRAIC LIMIT CYCLES AND QUADRATIC SYSTEMS 13

divisible by x. We write it as g,—1 = 2Ry with1 < ¢ <m—1and Ry a
polynomial of degree n — 1 — ¢ not divisible by x and satisfying

OR am OR
2 L L m—1—4, n—m-+1 o m—~{, n—m—1
az” —— + p—— oy mx Y +(n—m)x™ "y (16)
= (y — alz)Ry.

Setting Ry = Ry(y) = Ry(0,y), we have that R, # 0 and satisfies (16)
restricted to = 0 that is y R, = 0, which is not possible. So g,_1 = 2™ ' Ry.
We have also proved that ¢g,—1 = y”*mflhm_l. This means that

Gn1 = xmflynfmlel — xmflynfmfl(alx + OéQy),
with oy, ag satisfying (see (15))

)2
(a2 +m)y* + (a1 + aag)wy + (aalm +(m=n) )a:z = 0.
m-—n

Solving it we get ag = —m, oy = am and a = +i(m — n)/m that is not
possible because a € R. This completes the proof of Subcase 2.1.

Subcase 2.2.2: ¢ # 0. System (4) becomes
i = —y + azx? + bry + cy?,

am (17)
zy + fy°.

=+
m-—-n

Since there is at most two pairs of singular points at infinity we must have
that

y(aaz2 + bxy + cy2) — x( am Ty + ny)

= ——(=ana® + (b= f)(m = n)zy + c(m —n)y*) = 0

has a unique double solution. If @ = 0 then e = 0 and it follows from
Theorem 10 (making the change * — y, y — x, t — —t) that system (17)
has at most one limit cycle. Then a # 0 and we get that

(b—f)*n—m)

dan

I

and the unique solutions of (18) are

2an
S ——
(f =0)(n—m)
being the second solution a double solution. In this case

g=y"" (y - (f_bz)a(z_m)x)m

y=0 and y=

Imposing that g, satisfies

0 am 0
(az? + by + cyQ)% + <m Y + fy2>ai; — nygn =0,

we get

1 e 2an mo
5(bm—fm—2n+2fn)y H(y—mm) =0,
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which yields

_ fm+2n—2fn
= — .

b
In short, in this case ¢ = (f—1)?n(n—m)/(am?) and b = (fm+2n—2fn)/m.

If we pass to the coordinates [X,Y, Z], the equilibrium points at infinity
have all of them coordinate X # 0 so local coordinates (u,v) with u = Y/X
and v = Z/X are taken at these points in order to apply Theorem 12. Then
system (4) with ¢, e as before becomes

U = amQ(T;—n)(GQanu + amQ(m —n)v+2a(f — 1)m(m — n)nu2
+ (fv_ 1)2(m - ”)27%3 + amz(m — n)vu2) (19)
U= —W( m? + a(fm — 2fn + 2n)um — (f — 1)*(m — n)nu?
— auvm?),
and
g(u,v) = u""" (u+ = 16;7(771 — n)>m+vgn_1(u)+029n_2(u)+. 0" go (),

where g;(u) is a polynomial of degree j, and the cofactor becomes
k(u,v) = nu.

The infinite equilibrium points for system (4) are on v = 0 for system (19)
with coordinates

(f =1)(n —m)

We take the double point (uj,0) with u; = (am)/((f — 1)(n —m)). Since
m > 1 we have that g(uj,0) = 0. Moreover the eigenvalues of the Jacobian
matrix at that point are

u = 0 (single point) or u = (double point).

(f =1)(m—n)

Since p = 0, it follows from Theorem 12 (a) that either s =2 and r =1 in
which case k(u1,0) = A, or s = 1 and r = 0 in which case k(u1,0) = A\, or s =
1,7 =1 in which case k(u1,0) = 0. Since k(u1,0) = (anm)/((f —1)(n—m))
with am # 0 we must have

uw=0, A=

anm am
k ul, 0 == = )\ e ,
O = T Dm—m T T Dm—n)
which yields n = —1. So, this case is not possible. O

Proof of Theorem 1 for system (4). In view of the proof of Theorem 14, the
unique possible case to have an algebraic limit cycle lead to a system (4)
having at most one limit cycle. This concludes the proof in this case. O
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APPENDIX: QUADRATIC SYSTEMS—AUXILIARY RESULT

Lemma 15. Assume that g(z,y) = 0 is an invariant algebraic curve g =0
of degree n > 5 with cofactor k = ny of system

i’ = Bz + Poy + az® + bry + cy®, Y= Bsx + Pay + da’ + exy + fy® (20)

for some B1, B2, B3, Bs € R. If we write in sum of its homogeneous parts as
9= p_o0k then

I

Jg
2 _ 2\ 99n 2 1,2 _
(ax” + (b—1)zy + ¢ )—ax + (dz* + exy + (f — 1)y*) 9 0, (21)
and fork=n—1,...,0,
89k+1 2 2 Ogi agk+1
(Brz + B2y) + (ax® + (b— Day + ¢*)—== + (B3x + Lay)
ox ox oy (22)
0
+(da? texy + (f = D) Gk = (0 = )y

Proof. Since g(x,y) = 0 is an invariant algebraic curve g = 0 of degree n > 5
with cofactor k = ny of system (20) it must satisfy

dg dg
(Brz+Bay+(az® +bry+c?) == 9 +(Bsx+Bay+da® +exy+ fy*) == oy~ "YY (23)

Now we write g = 2?20 gj where each g; = gj(x,y) is a homogeneous
polynomial of degree j. Then computing the homogeneous parts in (23) we
get

0 0
(Br+ Bo) 2L 1 (0 + (b — Dy + ) 2L + (B + fay) 24
ox ox oy (24)
8 .
+ (d:c2 +exy+ (f — 1)y2)—6gyj = nyg;.

with the convention that g,41 = 0. Since g; must be a homogeneous poly-
nomial of degree j it must satisfy

ag] ag]
= 25
We rewrite (25) as
;99 99 :
o 9y t=mng;+(j —n)g; (26)
Now we multiply (26) by y and we obtain
g, 09; .
wyo Y ot oy = "9+ U =g (27)

So, introducing from (28) it yields

0q; dg; )
nyg; = fvy% + y28iy’ + (n = j)yg;- (28)
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Introducing (28) into (24), we get

B 0gj+1 9 % B a!]j+1 dg;
(60— 0) 2 4 (a4 bog) 2+ (o= €0) P 4 (o + cay + 1)

ox

9gj+1 9g; 9gj+1
(Brx + Pay)—=— o + (a2 + (b — Vay + )2 &E + (B3z + Bay) —2— ay
2 2 39]‘
dgj ,  209; N
=W TV, (n — 7)yg;>
that is
9gj+1 2,995 0gj+1
-1
(Brz + Bay) =5 — + (az® 4+ (b—)zy + ¢ )5, T (Bsz + Bay) =5 = a9y
0g; )
+ (da” + exy + (f — 1)3/2)6%] = (n — J)yg;-
as we wanted to prove. O
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