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Dynamics of the Szekeres system
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ABSTRACT

The Szekeres model is a differential system in R4 that provides the solutions of the Einstein field equations in the presence of irrotational dust.
This differential system is integrable with two rational first integrals and one analytic first integral. We characterize the qualitative behavior
of all the orbits of the Szekeres system in the function of the values of the two rational first integrals.
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I. INTRODUCTION AND STATEMENT OF THE RESULTS
The Szekeres model introduced in Ref. 1 is a differential system in R4 that provides the solutions of the Einstein field equations in the

presence of irrotational dust. In Ref. 2, it is shown that a limit case of the Szekeres system is the Lemaître–Tolman system. The Szekeres
system is
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(1)

with ρ being the energy density, θ being the expansion scalar, σ being the shear, and E being the Weyl tensor. As usual, the dot denotes the
derivative with respect to the time t.

In Ref. 3, it was proved that if in the silent Universe system we take σ1 = σ2 = σ and E1 = E2 = E, then we get the Szekeres system (the
eigenvalues of the shear tensor are σ1 and σ2 and the traceless components of the Weyl tensor are E1 and E2). Some authors have used the
Szekeres system for studying the propagation of light in nonhomogeneous universe models or for describing the formation and evolution of
the Universe (see Refs. 4–8 to cite just a few). These works clearly indicate the importance of studying the motion of the Szekeres system near
infinity.

In Ref. 9, it was proved that the Szekeres system is integrable with two rational first integrals and a third analytic one, the three of them
being independent. The rational ones are

F =
(−18E − 3ρ + (θ + 3σ)2

)
3

(6E + ρ)2 ,

H =
(3θσ(2E + ρ) − E(18E + 2θ2

+ 3ρ) + 9σ2
(4E + ρ))3

ρ3(ρ + 6E)2 .
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