CHARACTERIZATION OF THE KUKLES POLYNOMIAL
DIFFERENTIAL SYSTEMS HAVING AN INVARIANT
ALGEBRAIC CURVE

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. Let f(z) and g(z) be complex polynomials. We characterize
all Kukles polynomial differential systems of the form
=y, ¥ =-y— fla)y—g(o)

having an invariant algebraic curve. We show that expanding an invari-
ant algebraic curve of these differential systems as a polynomial in the
variable y, the first four higher coefficients of the polynomial defining the
invariant algebraic curve determine completely these Kukles systems. In
particular if the second and third higher coefficients of the polynomial
defining the invariant algebraic curve satisfy a simple relation between
them the invariant algebraic curve is of the form (y + p(z))" = 0 for
some polynomial p(z) and y + p(z) = 0 is an invariant algebraic curve
of the Kukles system for any complex polynomial f(z).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Consider the Kukles system

o=y, ¥ =—y— fx)y—g(2), (1)
where f(z),g(z) € C[z], being C[z] the ring of polynomials in the variable
x with coefficients in C. Moreover we assume that f and g are not the
zero polynomial. We also assume that system (1) has an invariant algebraic
curve F'(z,y) = 0, that we write as

n

F(z,y) = Zaj(x)ynij’ ap(z) #0, n > 2. (2)
=0

Without loss of generality we can assume that the coefficient of the highest
degree of ap(x) in the variable x is 1, because we can always divide the
invariant curve by such highest coefficient.
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We recall that a polynomial F(z,y) = 0 is an invariant algebraic curve
of system (1) if it satisfies

Ve 0+ F@+ g =

for some polynomial K = K (z,y) called the cofactor of F.

KF,

The invariant algebraic curves are crucial elements in the study of the
qualitative theory and integrability theory of the polynomial differential
systems (see for instance [2, Chapter 8] and the references therein). In
fact the existence of several invariant algebraic curves is a measure of the
integrability of a polynomial differential system. The invariant algebraic
curves are the main elements in the Darboux theory of integrability. This
theory was started by Darboux [4], and developed later on for several authors
as [1, 2, 3,6,7,8,9, 10, 11].

We introduce the main result of this paper.

Theorem 1. Assume that the Kukles system (1) has an invariant algebraic
curve F(xz,y) = 0 of the form (2) with n > 2. Then K(x,y) = Ko(z) +
yK1($), aO(x) =1, Kl(x) =—-n, KO(:L') = all(x) + al(x) - nf(:r), and

o(z) = —a1(@)ay (z) + ay(x) — af(w) + 205(x) + ar(@) f(2)

n
Moreover the following hold:

(a) If (1 — n)ay(x)? + 2naz(x) # 0, then
(a.1) if n = 2, write as(x) — a?(x)/4 in irreducible polynomials as

(3)

az(x) — aj(z)/4 = a [J(x — z)", (4)
j=0

for some o € C, r > 1 and positive integers 3;. Then there
exists Q(x) € Clz] such that

T

fa) =D La@ + o@ s I @ -m.

2 . .
J=0  k=0,k#j

a(x) = Q(z) [J (& — z);
=0
(a.2) ifn >3, then
__ Az)
@)= i @2 + 2naa(e)

where
A(z) = nay(z) + 3naz(x) + (n — Day(z)%d) (z) — (n — ay (z)ay ()
+ (n —1)ai(z)® — (3n — 2)ay (x)ag(x) — na) (z)az(x),
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and (1 —n)ayi(x)? + 2nag(x) must divide A(z).
(b) If (1 — n)ai(x)? + 2naz(z) = 0, then
_ ar(z)\"
Fo)= (y+=2)",
and f(zx) is an arbitrary polynomial of Clz].

Theorem 1 is proved in section 2. Note that it characterizes completely
the possible invariant algebraic curves of system (1) when (1 — n)ay(x)? +
2az(x)n = 0. In this case, there is a unique possible invariant algebraic curve
which is irreducible and it is an invariant algebraic curve of system (1) for any
f € C[z]. In other words, the first two coefficients of the invariant algebraic
curve determine completely the invariant algebraic curve for any system (1)
independently of f(z) € C[z] and g(z) = —1(ai(z)+a}(z)) — L f(z) for any
f € Clz].

As a concrete example of the application of Theorem 1 in the following
proposition we characterize all the Kukles system (1) which has an invariant
algebraic curve F'(z,y) = 0 of the form (2) with n = 2 as in the statement
(a.1) of Theorem 1 and being a;(x) for i = 1,2 polynomials of degree two in
the variable x.

Proposition 2. Assume that the Kukles system (1) has an invariant alge-
braic curve F(x,y) = 0 of the form (2) with n = 2, with 4as(z) —a1(x)? # 0
and a;(z) = Z?:o aija’ fori=1,2.

(a) If aia # 0, then f(x) = a122® + (a11 + 2a12)z + a9 + a1y and
F(z,y) =y + (a10 + anz + appz?)y;
(b) If a12 =0, then we have

1
(b.1) f(z) = anx + 5(20&10 +ai1) and

2 G%l o a10a11
F(z,y) =vy" + (a10 + anz)y + —a° + ——

1 5 T + ago;

1
(b.2) a11 #0, f(x) = a1z + 1(4a1o +3a11) and

2 2
a daigal — ajna
F(z,y) = y2 + (a0 + an1z)y + L2 4oagix + 10721 1011,
4 dayy
(b.3) f(z) = a1 and F(y) =y* + aioy + azo;

(b.4) a1 # 0, f(:U) =a11x + a9 + a11 and

2a10a22 a3qa22
xr + 10 .

ail a%l

F(z,y) = y* + (a10 + a112)y + aga® +
The proof of Proposition 2 is given in section 3.

Similar results obtained for the generalized Liénard differential systems
' =y,y = —f(z)y — g(x) can be found in [5].
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2. PROOF OF THEOREM 1

We separate the proof of Theorem 1 into different lemmas.

Lemma 1. Assume that the Kukles system (1) has an invariant algebraic
curve F(x,y) = 0 of the form (2) with n > 2. Then K(x,y), ao(x), Ki(x),
Ko(x) and g(x) are as in the statement of Theorem 1.

Proof. Let F(x,y) = 0 be an invariant algebraic curve of system (1) as in
(2). Then we have

n

n
> di()y T =Y (0= fag @)y
§=0 j=0

n

=Y (n =@y fx) =Y (n—faj(@)y* 7 g(x)  (5)
=0

j=0
_ <;Kl<x>yl> (jﬁoaj@yw).

Note that it follows from (5) that s < 1. Therefore K(z,y) = Ko(z) +
Ki(x)y.

Computing the coefficient of 3! in (5) we get
ap(z) — nag(z) = Ki(z)ag(z) that is aj(z) = (Ki(z) + n)ap(z).
Since K1(z) must be a polynomial we must have that ag(x) is constant and
so ap(z) = 1. Moreover Kj(x) = —n.
Computing the coefficient of y™ in (5) using that ag(x) =1 and K;(x) =
—n we get
ai(z) — (n — Day(z) — nf(z) = Ki(z)ai(z) + Ko(z) = —nai(z) + Ko(x),

which yields Ko(z) = a)(z) + a1(x) — nf(xz). Computing the coefficient of

n—1

y" " in (5) we get

ay(z) — (n —2)ag(z) — (n — 1) f(x)ar(z) — ng(z)
= —nas(z) + (a}(z) + a1(x) — nf(x))ai(x),

which provides g(z) given in (3). Note that since f is a polynomial, so it is
g. [l

Lemma 2. Assume that the Kukles system (1) has an invariant algebraic
curve F(z,y) = 0 of the form (2) with n = 2 and 4as(x) — a1(x)? # 0.
Write az(z) — a?(x)/4 into irreducible polynomials in Clx] as in (4). Then
f(x) and a1(x) are as in the statement (a.1) of Theorem 1.
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Proof. 1t follows from Lemma 1 that K (z,y) = Ko(z)+ K (x)y with K;(x) =
—2 and Ky(z) and g(x) as in the statement of Lemma 1 with n = 2. Com-
puting the independent term (coefficient of y° in (5)) we get

—g(x)ar (z) = (ay(z) + ar(x) — 2f(2))az(z). (6)
Introducing the value of g(z) obtained in Lemma 1 in (12) we obtain
a1(2)’ + a1(2)?a (z) — dar (2)az(z) — 24} (2)az(z) — a1(z)aj(x)
+ (4az(z) — a1(z)?) f(x) = 0.
Since by hypothesis as(z) # a?(z)/4, we have that

(7)

a1(2)® + ar (x)%a) (x) — day (2)az(x) — 20/ (z)az(z) — a1 (z)ay()

fl@)= - day(z) — aq(x)?
_al@) oy Lo (ag(z) — ai(x)*/4)
R A GOy Ty

Taking into account that f(z) must be a polynomial, we must have that
expanding ag(z) — a?(x)/4 in irreducible factors in C[z] as in (4), then there
exists Q(z) € C[z] such that f(z) and a1(x) are as in the statement (a.1) of
Theorem 1. This concludes the proof of the lemma. ([l

Lemma 3. Assume that the Kukles system (1) has an invariant algebraic
curve F(x,y) = 0 of the form (2) withn > 3 and (1—n)ay (x)*+2naz(z) # 0.
Then f(z) is as in the statement (a.2) of Theorem 1.

Proof. Tt follows from Lemma 1 that K (x,y) = Ko(z)+K;1(z)y with Kq(x) =
—n and Koy(z) and g(x) as in the statement of Lemma 1. Computing the
coefficient of "2 in (5) we get

az(z) — (n = 3)as(z) — (n — 2)f(z)az(x) — (n — g(x)a(z)
= —naz(x) + (a1(x) + a1 (z) — nf (x))az(x),

and so
ag(@) +3az(x) + 2f (x)az(x) — (n - 1)g(w)ar (z) = (a}(z) +a1(x))az(z). (8)
Substituting g(z) given in Lemma 1 into (13) we obtain
F@)((1 = n)ar(x)? + 2naz(z)n) + A(z) =0, (9)

with A(x) as in statement (a.2) of Theorem 1. Taking into account that f(z)
is a polynomial, (1 — n)aj(x)? + 2naz(z) must divide A(z). This completes
the proof of the lemma. O

Lemma 4. Assume that the Kukles system (1) has an invariant algebraic
curve F(x,y) = 0 of the form (2) withn > 2 and (1—n)a1(z)?+2naz(x)n =
0. Then F(x) is as in statement (b) of Theorem 1 for any arbitrary polyno-
mial f(x) € Clx].
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Proof. We first study the case n = 2. In this case 4as(z) — a1(7)? = 0 and
so 4ab(z) = 2a1(z)a) (z) implying that (7) is automatically satisfied for any
f(x) € C[z]. Hence,

F(z) =y* +a1(2)y + az(z) = v* + a1 (2)y + ay(z)? a1(:75)>27

1 :(y+

yielding the lemma for n = 2.

Now assume n > 3. Note that from Lemma 1 we have

o(@) = = 0 2) 1 ) + 22 ), (10)

We will first show by induction that

ar(z) = (Z) al(m)k, for k > 2. (11)

nk
Note that az(z) = (5)a1(z)?/n? by induction hypothesis.

Now we prove it for as(x). It follows from (13) after introducing the value
of g(z) given in (10) that

(n—1)(n—2)
2n2

az(x) + 3az(z) — ai(z)*(a1(z) + ay(z)) = 0

and so

Assume that (11) holds for until £ — 1 and we shall prove it for k.

n—k+1 i

Computing the coefficient of y n (5) we get

ay,(z) = (n = k)ag(z) — (n = k+ 1) f(2)ar-1(z) = (n = k + 2)g(2)ar—2(z)
= —nay(z) + (ai () + a1(2) — nf(z))ar-1(2),

or equivalently, introducing the value of g(x) given in (10),

n—k+2
nE A2 e o) 1)

dl () + kag(z) + ((k ~ Day-a(a) -

n—k+2
+ (" a @) - apa (@) (@) + di (@) = 0
Note that by induction hypotheses we have

(k— Dagr (@) — 52 0 () apa(a)

n

:(k—1)<k:>%—(n—k+2)<kf2>c“$)_il:0
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and

n—k+2 k—1—n
P @ (@) — aya(2) = T a1 (2)

_ n—k-1(n ay(x)k! _ (" ay(z)F1
N n k—1) nk-1 k nk 7

and so (12) becomes

a(x) + kay(x) — k(:) al(?kl

which yields

So the induction hypothesis holds.
Computing the term of degree 3° in (5) we get

— g(@)an—1(z) — (a] ()+a1( )—nf ))an(z)

= (@ 4 ) - M) (")
— (d)(z) 4 a1(z) — nf(z)) (n) ‘“nn
= (@) +arle) = @) — (6 0) + an(o) — @) 12 <o,

which is automatically satisfied.

Therefore for any f(z) € C[z] and g(z) given in (10) the unique possible
invariant algebraic curve is

0= oo =93 (1) = (e 2"
k=0 k=0

This completes the proof of the lemma. O

Proof of Theorem 1. The proof of Theorem 1 (a) follows from Lemmas 1, 2
and 3. The proof of Theorem 1 (b) follows from Lemma 4. O

3. PROOF OF PROPOSITION 2

It follows from (7) that the function f(x) has degree at most 2 in the
variable x. We write it as f(z) = by + bz + box?. Introducing it into
(5) with K7 = =2, Ko = d}(z) + a1(z) — 2f(z) and g(z) = (—ard)(z) +
ay(x) — a3(x) + 2a2( )+ ai(x)f(x))/2 we get that equation (5) multiplied
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by 2 becomes

aly + alparr — daipaz — 2ai1a20 — aoaz — aipbo + 4asobo
+ (3a%0a11 + 20/10(1%1 + 2&%0(112 — 4daq1a99 — 4a12a90 — 4aigasy
— 3ai1az1 — 2a10a22 — 2a10a11bo + daziby — afgbr + dazeb)z
+ (3&10&%1 + (1?1 + 3a%0a12 + 6a10a11a12 — 4a12a20 — 4a11a21
— Baiaagy — 4aioazs — 4ar1azs — ai by — 2a10a12bo + 4azbo
— 2a10a11b1 + 4&21()1 — a%on + 4&20b2)$2 + (a?l + 6a10a11a12 (13)
+ 40,%1@12 + 4a10a%2 — 4&12&21 — 4a11a22 — 6&12@22 — 2@110,12[)0
— a%lbl — 2a10a12b1 + 4a22b1 — 2a10a11b2 + 4CL21172)333 + (3a%1a12
+ 3(110&%2 + 50111&%2 — 4a12a22 — a%zbo — 2&11(112()1 — a%lbg
— 2a10a12b2 + 4(122[)2):174 + a12(3a11a12 + 2(1%2 — a%le — 2@1162).735

+ a%2((112 — bg)l‘G =0.

We consider two cases: either a1 # 0 and by = aja, or a3 = 0.

In the first case, imposing by = aj2 and a1z # 0 in (13), we obtain readily
the solution in statement (a) of the proposition.

In the second case, imposing by = 0 in (13) and using that 4ag(x) —
a1(z)? # 0 we get that by = 0, by = a1 and (13) becomes
(aiy + afpa1r — 4arpasy — 2a11a20 — arpaz — aigbo + 4abo)
+ (2&%[)@11 + 2&10@%1 — 4a10a21 — 3a11a21 — 2a10a22 — 2a10a11b0 (14)

+ 4ag1by)x + (a%l — 4agz)(aip + a11 — 50)332 =0.

We have two possibilities: either agy = a%l/él, or bp = ag + a1
If age = a?, /4 then (14) becomes
(a3y + afgarr — 4ajpasy — 2a11a90 — apaz1 — ajgbo + 4abo)
1
+ §(a10a11 — 2a91)(4a1p + 3a11 — 4by)x = 0,
and we have two possible solutions: either ag; = ajpai1/2, or by = (4aip +
3ai1)/4. In the first case we get the solution as in statement (b.1) in the
proposition. In the second case we get the condition a%oan + 4ai1a90 —

4ajpag; = 0. Taking into account that f(z) is not the zero polynomial, we
obtain the solutions (b.2) and (b.3) as in the statement of the proposition.

If by = a19 + a1, then (14) becomes

(2a11a20 — aroa21) + (ar1a21 — 2ajpaz2)x = 0.
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Taking into account that f(z) is not the zero polynomial, we get the two so-
lutions (b.4) and (b.3) as in the statement of the proposition. This concludes
the proof of the proposition.
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