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ABSTRACT. The extension of the 16th Hilbert problem to discontinu-
ous piecewise linear differential systems asks for an upper bound for the
maximum number of crossing limit cycles that such systems can exhibit.
The study of this problem is being very active, specially for discontin-
uous piecewise linear differential systems defined in two zones and sep-
arated by one straight line. In the case that the differential systems in
these zones are formed either by linear centers or linear Hamiltonian
saddles it is known that there are no crossing limit cycles. However it
is also known that the number of crossing limit cycles can change if we
change the shape of the discontinuity curve. In this paper we study the
maximum number of crossing limit cycles of discontinuous piecewise dif-
ferential systems formed by either linear Hamiltonian saddles or linear
centers and separated by a conic which intersect the conic in two points.
For this class of discontinuous piecewise differential systems we solve the
extended 16th Hilbert problem.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Poincaré [22, 23] was the first in introducing the notion of limit cycle of
a differential system, i.e. a periodic orbit isolated in the set of all periodic
orbits of the differential system. After the limit cycles became of great
importance because they model many real world phenomena. This caused
that the study of their existence, their number and their properties became
very active, see for instance [3, 5, 12, 19, 20, 21, 26, 27].

In general the problem of finding the limit cycles of a given class of differ-
ential systems is very difficult, in especial to provide an upper bound on the
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maximal number of limit cycles that a given class differential systems can
exhibit. One of these classes is the class of discontinuous piecewise linear
differential systems. Such systems were studied by first time by Andronov,
Vitt and Khaikin in [1], and after their appearance it became clear that
they have many applications in different areas, modeling real phenomena
in a quite accurate way (see for instance [5, 25]). So now there is a great
activity in studying these systems.

A discontinuous piecewise differential system on R? is a pair of C" (with
r > 1) differential systems in R? separated by a smooth codimension one
manifold Y. The line of discontinuity 3 of the discontinuous piecewise dif-
ferential system is defined by ¥ = h~1(0), where h : R? — R is a dif-
ferentiable function having 0 as a regular value. Note that X is the sep-
arating boundary of the regions ¥t = {(z,y) € R?*|h(x,y) > 0} and
Y~ = {(x,y) € R?|h(x,y) < 0}. So the piecewise C" vector field asso-
ciated to a piecewise differential system with line of discontinuity ¥ is

X(z,y), if h(z,y) >0,
Z(@,y) = { Y(z,y), if h(z,y) <0. (1)

As usual the vector field associated to system (1) is denoted by Z = (X, Y, X)
or simply by Z = (X,Y), when the separation line ¥ is well understood. In
order to establish a definition for the trajectories of Z and investigate its
behavior, we need a criterion for the transition of the orbits between ¥+ and
¥~ across ¥. The contact between the vector field X (or Y) and the line
of discontinuity ¥ is characterized by the derivative of h in the direction of
the vector field X, i.e.

Xh(p) = (Vh(p),X(p)),

where (., .) is the usual inner product in R?. The basic results of the discon-
tinuous piecewise differential systems in this context were stated by Filippov
[7]. We can divide the line of discontinuity 3 in the following sets:

(a) Crossing set: 3¢ : {p € ¥ : Xh(x)-Yh(x) > 0}.
(b) Escaping set: 3¢ : {p € ¥ : Xh(x) > 0 and Yh(x) < 0}.
(c) Sliding set: ¥° : {p € ¥ : Xh(x) < 0 and Yh(x) > 0}.

The escaping 3¢ or sliding 3° regions are respectively defined on points
of X where both vector fields X and Y simultaneously point outwards or
inwards from ¥ while the interior of its complement in 3 defines the crossing
region ¢ (see Figure 1). The complementary of the union of these regions
is the set formed by the tangency points between X or Y with 3.

Our goal is to study the so-called crossing limit cycles of the discontinuous
piecewise differential systems formed with linear centers or linear Hamilton-
ian saddles which are separated by conics. A crossing limit cycles is a limit
cycle that have isolated crossing points of intersection with the discontinuity
curve.



Figure 1. Crossing, sliding and escaping regions, respectively.

The case of finding an upper bound for the number of crossing limit cycles
for discontinuous piecewise linear differential systems separated by a straight
line has been studied by many authors (see for instance [2, 6, 8, 9, 24] and
there is a conjecture claiming that discontinuous piecewise linear systems
in the plane separated by one straight line have at most three limit cycles,
but although there are examples with three limit cycles (the first ones were
[10, 13]) the conjecture is still open.

Here we will work with two classes of Hamiltonian linear differential sys-
tems the linear centers and the linear Hamiltonian saddles. In the case in
which the linear systems are either centers or Hamiltonian saddles and are
separated by a straight line it was proved in [16, 17] that they do not have
crossing limit cycles, however it is known that the number of crossing limit
cycles can change if we change the shape of the discontinuity curve. In
[11, 15, 18] it was studied the number of limit cycles of discontinuous piece-
wise differential systems formed by linear centers, separated by a conic.

In the present paper we will study the number of limit cycles of discon-
tinuous piecewise differential systems formed by linear Hamiltonian saddles
or linear centers and separated by a conic X.

Using an affine change of coordinates, i.e. (z,y) — (az+by+c, ax+LBy+-)
with af — ba # 0, it is well known that any conic that separates the plane
in connected regions can be written in one of following six canonical forms:
(DL): 22 = 0 one double real straight line;

(PL): 2 —1 =0 two real parallel straight lines;

(LV): zy = 0 two real straight lines intersecting at a real point;
(E): 22 + 92 —1=0 ellipse;

(H): 22 — y?> — 1 =0, hyperbola;

P): y — 22 = 0 parabola.

r more details see [4].

Of course any conic that does not separate the plane in connected regions
can be either two complex straight lines intersecting at areal point, two
complex parallel straight lines, and the complex ellipse, but these conics
will not be considered.

We observe that we have two options for crossing limit cycles of discontin-
uous piecewise linear differential Hamiltonian saddles separated by a conic
3. First we have the crossing limit cycles that intersect the discontinuity
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curve in exactly two points and second we have the crossing limit cycles that
intersect the discontinuity curve X in four points. In this paper we study the
crossing limit cycles such that intersect the discontinuity curve in exactly
two points and we denote by F the class of piecewise differential systems
separated by a conic such that in any region of the conic we can have either
a linear Hamiltonian saddle or a linear center.

The maximum number of crossing limit cycles of piecewise linear differ-
ential systems in class F separated by a conic X such that intersect X in
exactly two points is given in the following theorems.

Theorem 1. Consider a planar discontinuous piecewise differential system
in class F where X is a conic. If ¥ is of the type (LV), (PL) or (DL), then
there are mno crossing limit cycles.

Analyzing the case of discontinuous piecewise linear differential systems in
class F with discontinuity curve a conic of the type (LV), (PL) or (DL) the
maximum number of crossing limit cycles is equal to the maximum number
of crossing limit cycles in discontinuous piecewise linear differential of class
F in the plane separated by a single straight line which was studied in [16].
In this paper it was proved that such class of piecewise differential systems
have no crossing limit cycles. This proves Theorem 1.

0.5

(a) (b) (c)

Figure 2. The three limit cycles of the discontinuous piecewise
differential systems: (a) (10)-(11) the discontinuous line is the
parabola y = z2, (b) (14)-(15) the discontinous line is the cir-
cle 22 + y? =1, (c) (14)-(15) the discontinuous line is a branch of
the hyperbola y — 22 + xy/5000 = 0. The three limit cycles are
travelled in counterclockwise sense.

Now we consider the other conics.

Theorem 2. Consider a planar discontinuous piecewise differential system
in class F, where ¥ is either a parabola (P), or an ellipse (E), or a hyperbola
(H). Then the following statements hold.

(a) For this family of systems the maximum number of crossing limit
cycles that intersect X3 in two points is three.
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(b) There are systems having exactly three crossing limit cycles that in-
tersect ¥ in two points, see (a), (b) and (c) of Figure 2 for the cases
of (P), (E) and (H), respectively.

The proofs of Theorem 2 for the parabola, ellipse and hyperbola are given
in sections 2, 3 and 4, respectively.

2. PROOF OF THEOREM 2 FOR THE PARABOLA

For the proof of Theorem 2 we will use the following two results which
provide a normal form for a linear differential Hamiltonian saddle (for a
proof see [16, 17]) and for a linear center (for a proof see [14]).

Proposition 3. Any linear differential system having a Hamiltonian saddle
can be written as
T=-br—90y+d, y=ar+by+ec, (2)
with o € {0,1}, b,0,¢,d € R. Moreover, if « = 1 then § = b*> —w with w > 0
and if « =0 then b=1. A first integral of this system is
)
H(z,y) = —%ZL‘2 —bxy — §y2 —cx + dy. (3)

Proposition 4. Any linear differential system having a center can be writ-
ten as

t=—-bx—0dy+d, y=x+0by+ec, (4)
where § = b° +w withw > 0. A first integral of system (4) is
]. 2 T g 2 — 3
F(:c,y):—§a; —bmy—iy —cx + dy. (5)

Note that any of the Hamiltonians (3) and (5) can be written as

A A
G(z,y) = *5562 — Bxy — EyQ — Czx + Dy,

where A =1 and A = B? 4+ w with w > 0 if we have a linear center and in
case we have a linear Hamiltonian saddle then A € {0, 1}, so that if A =1
then A = B? —w with w > 0 and if A =0 then B=1 and A € R.

2.1. Proof of Theorem 2 for the parabola. For the systems of the class
Fo we have following regions in the plane:

Ry ={(z,y) e R? : y < 2},
which is the bounded region, and the region
R2 = {(':va) S R2 ‘Y > xQ}a

which is the unbounded region.



Without loss of generality we can assume that in R; we have either a
linear center or a linear Hamiltonian saddle with first integral

A A
Gi(z,y) = —71$2 — Bizy — 71?/2 — Ciz + Dy (6)

and in the region Ry we have either a linear center or a linear Hamiltonian
saddle with first integral

A A
Ga(z,y) = —7%2 — Boxry — 72?/2 — Cex + Doy (7)

To have a crossing limit cycle, which intersects the parabola y = z? in

two different points p = (z1,y1) and ¢ = (x2,¥y2), these points must satisfy
the closing equations

Gi(r1,31) = Gi(z2,12),

Ga(w2,92) = Ga(z1,41), (8)
Y1 — x% = 07
Yo — 25 = 0.

that can be written as
el = Gl(xl, .%'%) — Gl(.%'g,x%) = 0, €9 = GQ(xl,m%) — GQ(.Z’Q,Z’%) = 0.

9)

Proof of statement (a) of Theorem 2 for the parabola. To study the number
of limit cycles it is necessary to compute the common zeros of e; and ey in
(9). For doing so we will compute Res (e, e2,z1) and Res (e1, e2, x2), that
is, the resultant of e; and ey with respect to x; and s, respectively. By
the symmetry of e; and es we know that both resultants have the same
expression and so we only need to compute one of them. We compute
R = Res (e1, €2, 22). Doing so we get
R = Co + Cra1 + Cox} + Csa + Cyaf + Csaf + Cea,

where

1
06 = g(BQAl - BlAQ)ga
1
Cs = g (B2 = BifAg)*(— A1 g + gy + 2D1 85 — 20, D),

Cy= —%(BlAQ — BoAy)(ATAS + A3AT — 241 Ao A1 Ay + 245 Bi Ay — 24581 Bo Ay + 445 D1 A1 A
—4A3AIDy — 4B Ay Dy — 2A1 B1 BoAg + 4By BaD1 Ay + 4By BoA1 Dy + 2B,C1 A3 — 2B1Co A1 Ay
+2A1B3A; —4B3D A1 — 2ByC1 A1 Ag + 2ByCoAY +4D3AS — 44 D1 A3 — 8D A1 Ay Dy + 4ATD3
+4A41A1A3D5),

1
Cs = Z(BzA1 — B1As)(— AsC1A1 A + AsCoAT + 2BFCo Ay — 2B1 BoC1 Ay — 2B1 BoCsAq + 2B53C1 A

+ A101A§ — 201D1A§ + 201A1A2D2 — A102A1A2 + 202D1A1A2 — 202A%02),

1 : :
Cp = o5 (= BIATAS + 20,A145 — 2B, D1 AT A + 6B1D;ATAS + Br A1 ATAG + 4B ByAv A5 — AB{ A A3
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—2C1AT A A3 — 4B D1 A1 A A3 + 2B1 A1 A1 AgAS — 8Co DoAY Ay — 12B1 D3 AT Ay 4+ 8B5C1 AT A,
— 4B ByCyA2 Ay 4+ 8By D1 Do A2 Ay — 4By Dy Ay A2 Ay — AB1D?A2A; — B1A2A2 A, + 4B2C1A2A,
+4B1 D1 A1 A3 Ay — 8C1 D1A A Ay + 401 Ay A1 A Ay +16B1 B3 D1 A1 Ay — 16 B Bo Dy A Ay
—8B1B5A1 A1 Ay +8Cy D1 ATAL Ay + 8C1 Do A A Ay — 403 A1 AT A9 Ay — 16Bi Ba D1 Ag Ay
+ 16 B} Do Ay Ay + 8Bi By A1 Ao Ay — 8By DiA1 Ag Ay — 2Bo ATA 1 Ag Ay — 1281 BoC1 A1 Ag Ay
+ 4B CyA1 Ay Ay +16B1D1C Dy Ay Ag Ay + 8B D1 Aj A1 Ag Ay — 8By Dy Ay A1 A Ay + 4ByCa A3
+8CyD3A3 — 4B CAS — 8C1DIAS — 201 ATAS + 801 D1 A1 A + 8By DiAT — 8By Dy D3A3
+8B3CyD1A? — 16B3C, Dy A2 + 8B BoCoDyA? + 4By D3 AL AT — AB3Cy Ay AT — 8By DY A3
+ BoA3A2 — 6By D1 A2 A% + 2B1 Dy AZA2 — 8B, BoCy D1 A2 + 16B2Co Dy A2 + 8B, DIDy A2
—8BIC1 DyA3 + 12By DI A1 A3 + 4B BoC Aj A3 — 8B7C2 A1 A3 — 8B1 Dy Dy Ay AS + 4By CEA A2
+ 8CLD? A1 AZ + 20, A2A A2 + 8B,C1CoA A2 + 16C, D1 Dy Ay A2 — 8Cy Dy Ay AL A2
— 8C1 Dy A1 AVA2 +16B3D? A1 + 16B? Bo Dy Ay + 4B5AA| — 32B1 B3 D1 DAy — 16B5D1 A1 Ay
+ 16B1B2DyA1 Ay — 16B1 B3 DAy — 16B3D2As — 4B B3 A2 Ay — 4AB1C3A2 A, — 8C1 DIAZA,
— 8ByC1 03 A3 Ay — 160, D1 Dy AT Ay + 8Co Dy Ay AZ Ay + 32B? BoDy Do Ay + 16 B1 B3 D1 A1 Ay
—16B?ByDyA1 Ay — 16B1 D1 D2A Ay + 4By Dy ATA1 Ay 4+ 8B2C1 D1 A1 Ay — 24B1 BoCa D1 A A
+ 16 By D? Dy A1 Ay + 24B1 BoC1 Do A1 Ay — 8B?Cy Dy A1 Ay + 8B1D3A1 A1 Ay — AB2C1 A1 A A
+12B1BoCo A1 A1 Ay — 16Bo D1 D2 A1 A A),
- %6( — A2B1CyA? + AZByC1A? — 4A3B3CyAg + 4A3B? BoCy Ay + 443 B BoCa Ay
—4A3B1B2C1 A + 241 A3 B1Co A1 Ay — 4A3 B1CoDI A Ay + 4A3B1Cy A2 Dy — 2A1 Ay BoC1 A Ay
+4A9ByC1 D1 A1 Ay — 445 BoCi AT Dy + 2A5CE A1 A3 — 4A45C1 O A3 Ay + 24505 A3 + 8B CyAg Dy
— 8B?ByC1AsDy + 4A B2 ByCoAy — 8B2ByCoD1 Ay — 8B? BoCy Ay Dy — 4B3C1Co A2 + 4B2C2A A,
—4A,B1B3C1 Ay + 8B B3C1 D1 Ay + 8B, B3C1 A1 Dy — 4A, B1 B30y Ay 4+ 8B B3Cy D1 A4
+ 4By BoC? A% — 4By BoC3 A — A3B1CyAS — 4B1CoDIAS + 4A,B1Co D1 A3 + 8B,C2 D1 Ay Ay Dy
— 4B,C3AID2 — 4A,B1Cy A\ AsDy + 4A1 B3C1 A — 8B3C1 D1 A1 — 4B3C2 A1 Ag + 4B3CCo A2
+ A2ByC1 A2 4 4ByCyD? A2 — 4A, BoC1 Dy A2 — 8BoC1 D1 A1 Ay Dy 4+ 4ByCiA2 D2 + 4A1 BoCL A Ay Dy
—2A10?A3 4+ 402D A3 — 4C? A1 A2Dy + 4A,C1Co A1 A2 — 8C1Co D1 AL A2 + 8CCo A2 AL D,
— 24,C5ATA, + 4C3 D1 ATA, — 4C5ATD,),

1
— 33(
—4C1 D1 AL AR AL +2C1 A1 AL AQAS — AB1CIAT Ay — 1201 D3A3 Ay + 12B201Co AT Ay + 8C2 Dy Dy AT A,

— 403Dy A1 A3 Ay + 8B1CFAZ Ay — 4C1 DIARA; — CLAIAZA, +4C D1 A1 AS Ay + 8B2C1 D1 A Ay

+ 8B ByCyD1 Ay Ay — 16B1 BoCy Dy Ay Ay — 4B3C1 A1 A Ay — 4B ByCo Ay A1 Ay — 8By BoCy Dy Ay Ay
—8BiCyD 1Ay Ay + 16 BiC1 Dy Ay Ay + 4By BoCy A1 Ag Ay + 4BFCo Aj Ag Ay — 12B5CF A1 Ag Ay

— 803 DIAI A Ay — 202 A2 A1 A Ay — 4B1C1Co A1 Ay Ay + 16C, D1 Dy A1 Ag Ay + 8Co D1 A1 A1 AR Ay
—8C1 Dy A1 A1 A Ay + ACSAS — AC3 A3 + 8C1 D3AT — 8Co D1 D3A? + 16 B2C3 D1 AT + 8B1C3 Dy A3

— O1A3AS — 209 D1 AT A3 4 6C1 Dy ATAS + Co A1 ATAS 4+ 4B BoCi A1 A — ABIC A A3



— 24ByC1CoDyA? — 8ByC2 A A2 4+ 403, D2A1 AT — 8CoDIAS + Co AZA2 — 60, D1 AZAS + 2C1 Dy AT A2
— 8ByCED1AS + 24B1C1Co D1 A3 — 16B1C7 Do A3 + 8C1 D7 Do A3 + 4BoCF A1 A3 + 12C, DI A1 A3
—12B1C1Co A1 A3 — 801 D1 Do Ay A2 4 12C3Cy A1 AZ + 16 BSCEAL + 16 BIByC3 A, 4 16B3CyD? A4
+ 16B1 ByC1D2A, + AB2Cy A2A| — 32B1 B3C1Co Ay — 16B2C1 D1 Doy — 168, BoCoDy Do,
— 16B2CoDy A1 Ay + 8B2C, Do Ay A1 + 8B BoCy Do Ay Ay — 168 B2C2 Ay — 16 B3C2A,
—16B1ByCyD?Ay — 16B3C1 D2As — 4B BoCo A2 Ay — 12C1C2 A2 Ay + 32B2 BoC1Cy Ay
+16B1ByC1 D1 Dy Ag 4+ 16 B?CyD1 Dy Ag + 16 B1 BoCy Dy A1 Ay — 8B ByC1 Do Ay Ay — 8BiCo Dy A1 Ay
— 1601 D1 D3A1 Ay +4Cy Dy A2 A1 Ao — 24B1C3 D1 A1 Ay — 8ByC1Co D1 A1 Ay + 24ByCE Dy A A
+16C2 D2 Dy A1 Ay + 8B1C1CoDy A1 Ay + 12B1C2 A1 A1 Ay 4+ 8C1 DA AL Ay + 4ByC1Cr A1 A1 Ay
— 1602D1D2A1A1A2).
Note that if 1 # xo is a solution of the polynomial system e; = ex = 0

then z1 is a root of the resultants above, but both resultants have the same

roots, because these two polynomials are the same so we can pass from

one to another interchanging the variables 1 and xo. So the values of x

and 3 are the same. Consequently we only have at most 6 points (z1,?)

and (xg,73) which are points where the crossing limit cycle intersects the

parabola y = 2, but due to the symmetry explained above there can not

be more than 3 limit cycles. This completes the proof of Theorem 2(a) for
the parabola. O

Proof of statement (b) of Theorem 2 for the parabola. We give an example
with three crossing limit cycles. More precisely, in the region R; we consider
the linear Hamiltonian saddle

2464 81322

P=2r -y, §=— —2 10
T T 66 YT TTees Y (10)
with the first integral
40661 1232
H — 2 ) P 2
(@)=~ "g63 ~ ~ 2T Gz ¥
and in the region R we consider the linear center
21145 4 20 508 4
= ey =" 48— - 11
52 37T oY VT ATy ()
with the first integral
F(z,y) = 599 ——(3048z + 2088z2 — 21 145y — 696xy + 580y ).

This discontinuous piecewise differential system formed by the linear dif-
ferential Hamiltonian saddle (10) and the linear center (11) has three cross-
ing limit cycles, because the unique real solutions (p,q) of system (8) are
(6,36,2,4), (—5,25,—-3/2,9/4) and (yl,y%,y%y%) where

Yy = 51 —V/577921) and yo = (51 + V577921).

116( 116
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Therefore the intersection points of the three crossing limit cycles with
the parabola are the pairs (6,36), (2,4); (—5,25), (—3/2,9/4) and (y1,9?),
(y2,95). See these three crossing limit cycles in Figure 2(a). These crossing
limit cycles are travelled in couterclockwise sense. (]

3. PROOF OF THEOREM 2 FOR THE ELLIPSE

For these systems
Ry = {(z,y) e R?: 2? + 4% < 1},
which is the bounded region, and the region
Ry = {(z,y) € R?: 2? + 4% > 1},

which is the unbounded region. Without loss of generality we can assume
that in the region R; we have either a linear center or a linear Hamiltonian
saddle with first integral (6) and in the region Ry we have either a linear
center or a linear Hamiltonian saddle with first integral (7).

To have a crossing limit cycle, which intersects the ellipse 22 + ¢ =1 in
two different points p = (z1,y1) and ¢ = (x2,¥2), these points must satisfy
the closing equations

Gi(z1,y1) = Gi(z2,y2),
Go(z2,y2) = Ga(z1,y1),
12
i + v} 12
x5+ 5

that can be written as

e1 := Gi(x1,y1) — Gi(z2,92) =0,

e1 := Ga(x1,y1) — Ga(2,2) = 0, (13)
esi=ai+yi —1=0,
es:=ai+yi—1=0.

Proof of statement (a) of Theorem 2 for the ellipse. To study the number

of limit cycles it is necessary to compute the common zeros of e; and eo

in (13) together satisfying e3 and es. In order to be able to compute it

we use the rational parameterization of the circle, or in other words, we

introduce the change of variables

2t 11—t 2ty 11—t

= — = 5, xr9 — ——5 == .
1+ T v PTire T

In these new variables equations the numerator of e; and the numerator of

e2 become, respectively

Ey = —2(t; — t2)(—By — C1 — Aty — Dyty + Byt? — C1t8 — Dyt — Ayty — Dito + 3Bityts
+ Citity — Dit2ty 4+ Bitity + Citity + Bita — C1t3 — Dytits + 3Bytats — Chitats + Ait3tl
— Ditits — Dits + Bitits + Citats + Aitits — Ditits — Bitits + Citfts + t1A1 + 1A

I
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— BN — t3H3A)
and

Ey = —2(t; — t3)(—Bg — Oy — Agty — Doty + Botd — Ot} — Dot? — Aoty — Doty + 3Batity
+ Oytity — Dat3ty + Baotity + Cotite 4+ Bots — Cots — Dotits + 3Batits — Cotits + Aqtits
— Dot3t2 — Dot3 + Botyts + Cotqts + Agt?ts — Dotits — Botsts + Cotits + t1A0 + oAy
— 131300 — 113 A),

respectively. We also consider the new variables

FE E
B B P
2(t1 — ta) 2(t1 — ta)

As in the proof of Theorem 2 we compute the resultant between E3 and Ey
in the variable t5 (since the resultant in the variable ¢; is the same). Doing
so, we obtain a polynomial of degree six in the variable ¢;. This polynomial
is very large and so we do not write it here. Using again the symmetry of
the solutions as in the proof of Theorem 2 we conclude that there are at
most three crossing limit cycles intersecting 2 +%2 = 1. This completes the
proof of Theorem 2(a) for the ellipse. O

Es =

Proof of statement (b) of Theorem 2 for the ellipse. We give an example with
three crossing limit cycles. More precisely, in the region R we consider the
linear Hamiltonian saddle

T=2—x, y=—4x+vy, (14)
with the first integral
H(z,y) = 2y + 22% — xy,
and in the region Rs we consider the linear center
T =7—-40y, y= -3+ 20z, (15)
with the first integral
F(z,y) = =3z — Ty + 102° 4 20y°.

This discontinuous piecewise differential system formed by the linear dif-
ferential Hamiltonian saddle (14) and the linear center (15) has three cross-
ing limit cycles, because the unique real solutions (p, q) of system (12) are
(3/5,—4/5,-4/5,-3/5), (1,0,4/5,3/5) and (—1,0,0,1). Therefore the in-
tersection points of the three crossing limit cycles with the ellipse are the
pairs (3/5,—4/5), (—=4/5,-3/5); (1,0), (4/5,3/5) and (—1,0), (0,1). See
these three crossing limit cycles in Figure 2(b). These crossing limit cycles
are travelled in couterclockwise sense. O
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4. PROOF OF THEOREM 2 FOR THE HYPERBOLA

For these systems we have following regions in the plane:
Ry = {(z,y) e R*: 2 —y* > 1},
which is a region that consist of two connected components, and the region
Ry = {(z,y) e R?: 22 — % < 1}.

Without loss of generality we can assume that in the region R; we have
either a linear center or a linear Hamiltonian saddle with first integral (6)
and in the region Ry we have either a linear center or a linear Hamiltonian
saddle with first integral (7).

To have a crossing limit cycle, which intersects the hyperbola 22 — y? = 1
in two different points p = (1, y1) and ¢ = (22, y2), these points must satisfy
the closing equations

Hi(z1,51) = Hi(x2,92),
Hy(z2,y2) = Ha(x1,91),

16
o) = 0 (16)
.T% — yg = 11
or equivalently
e1:= Gi(21,y1) — Gi(z2,92) = 0,
e1:= Ga(x1,41) — Ga(22,42) = 0, (17)

ez =2 —y2 —1=0,
eq:=a3—ys—1=0.

Proof of statement (a) of Theorem 2 for the hyperbola. To study the num-
ber of limit cycles it is necessary to compute the common zeros of e; and es
in (17) together satisfying e3 and e4. In order to be able to compute it we
use the rational parameterization of the hyperbola, or in other words, we
introduce the change of variables

1+t3 2ty 1+ t3 2o
1 = 7 Y11= —035, T2= 5 Y2 =0
11—t 1—t7 1 —t5 1-13
In these new variables equations the numerator of e; and the numerator of
e2 become, respectively,

By = —2(t; — t3)(—By + Dy — Aty — City — Byt — Dit3 4+ C1t3 — Ayty — City — 3Bytity
+ Ditity + C1t2ty + Bitity — Ditity — Bita — Dit2 + Citit2 + 3B112t2 + D32 + A3t
— Citit; + C1t3 + Bitaty — Dityts + Aitits — Citfty + Bitits + Ditfts — t1 Ay — 1o/
+ 3501 + H3A1)

Ey = —2(t1 — tQ)(—BQ + Do — Aoty — Cotq — BQt% — Dgt% + 0225:1)’ — Aoty — Coty — 3Bstqts
+ Dytity 4+ Cot?ty 4+ Botity — Dotdty — Bota — Dot3 + Cotit3 + 3Botats + Dotits + Ayt3ts
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— Cotts + Caty + Bat1ty — Datath + Agtit — Cot Tt + Botits + Datity — t1 Ay — ta Ay
+ 1320y + 23 Ay),

respectively. We also consider the new variables

Egzi and E4:L.

2(ty — t2) 2(t1 — t2)
As in the proof of Theorem 2 we compute the resultant between F3 and Fy
in the variable t5 (since the resultant in the variable ¢; is the same). Doing
S0, we obtain a polynomial of degree six in the variable ¢1. This polynomial
is very large and so we do not write it here. Using again the symmetry of
the solutions as in the proof of Theorem 2 we conclude that there are at
most three crossing limit cycles intersecting 22 — 32 = 1. This completes the
proof of Theorem 2(a) for the hyperbola. O

Proof of statement (b) of Theorem 2 for the hyperbola. We give an example
with three crossing limit cycles for the discontinuous piecewise differential
system (14)-(15) but with the discontinuous line the hyperbola y — 22 +
xy/5000 = 0.

The unique real solutions (p, q) of system (16) are (x1,y1, 2, y2) given by

(—6.32869587046.., 40.1031515507.., 7.19045317418.., 51.6283705739..),
(2.749783799607.., 7.55715483619.., 5.71306538283.., 32.6018647515..),
(—4.8335367422.., 23.3856845520.., —1.944028944857.., 3.780718503683..).

We have the exact expressions of these three solutions but they are very
big, and we only give here their approximations. See these three cross-
ing limit cycles in Figure 2(c). These crossing limit cycles are travelled in
couterclockwise sense. O

ACKNOWLEDGEMENTS

We thank to the reviewers their comments and suggestions which help us
to improve the presentation of this paper.

The first author is supported by the Agencia Estatal de Investigacion
grant PID_2019-104658GB-100 and the H2020 European Research Council
grant MSCA-RISE-2017-777911. The second author is partially supported
by FCT/Portugal through UID/MAT /04459/2019.

REFERENCES

[1] A. Andronov, A. Vitt, S. Khaikin; Theory of Oscillations, Pergamon Press, Oxford,
1966.

[2] J.C. Artés, J. Llibre, J.C Medrado, M.A. Teixeira; Piecewise linear with two real
saddles, Math. Comput. Simulation, 95 (2014), 13-22.

[3] B.P. Belousov; Periodically acting reaction and its mechanism, Collection of abstracts
on radiation medicine, Moscow, pp. 145-147, 1958.



(4]

[5]

(6]

(7l

(8]
(9]
(10]

(1]

[12]

(13]

[14]
(15]
(16]
(17]

18]

(19]
20]

(21]

(22]
23]
(24]
(25]

[26]

13

R. Bix; Conics and cubicsA concrete introduction to algebraic curves, Second edition,
Springer, 2000.

M. Di Bernardo, C. J. Budd, A. R. Champneys, P. Kowalczyk; Piecewise-Smooth
Dynamical Systems: Theory and Applications, Appl. Math. Sci. Series 163, Springer-
Verlag, London, 2008.

R.D. Euzébio, J. Llibre; On the number of limit cycles in discontinuous piecewise
linear differential systems with two pieces separated by a straight line, J. Math. anal.
Appl., 424(1) (2015), 475-486.

A.F. Filippov, Differential equations with discontinuous right-hand sides, translated
from Russian. Mathematics and its Applications (Soviet Series) vol. 18, Kluwer Aca-
demic Publishers Group, Dordrecht, 1988.

E. Freire, E. Ponce, F. Rodrigo, F. Torres; Bifurcation sets of continuous piecewise
linear systems with two zones, Int. J. Bifurcation and Chaos, 8 (1998), 2073-2097.
E. Freire, E. Ponce, F. Torres; Canonical discontinuous planar piecewise linear sys-
tems, SIAM J. Appl. Dyn. Syst., 11(1) (2012), 181-211.

S.M. Huan and X. S. Yang, On the number of limit cycles in general planar piecewise
systems, Discrete Cont. Dyn. Syst., Series A 32 (2012), 2147-2164

J. Jimenez, J. Llibre and J.C. Medrado; Crossing limit cycles for a class of piecewise
linear differential centers separated by a conic, Electron. J. Differential Equations,
2020 (2020), No. 41, 35 pp.

A.M Liénard; FEtude des oscillations entrenues, Revue Génrale del Electricité 23
(1928), 901-912.

J. Llibre, E. Ponce; Three nested limit cycles in discontinuous piecewise linear differ-
ential systems with two zones, Dyn. Contin. Discr. Impul. Syst., Ser. B, 19 (2012),
325-335.

J. Llibre, M. A. Teixeira; Piecewise linear differential systems with only centers can
create limit cycles? Nonlinear Dyn., 91 (2018), 249-255.

J. Llibre, M. A. Teixeira; Limit cycles in Filippov systems having a circle as switching
manifold, preprint, (2020).

J. Llibre and C. Valls; Piecewise differential systems with only linear Hamiltonian
saddles can create limit cycles?, preprint, (2021).

J. Llibre and C. Valls; Limit cycles of piecewise differential systems with linear Hamil-
tonian saddles and linear centers, preprint, (2021).

J. Llibre, X. Zhang; Limit cycles for discontinuous planar piecewise linear differential
systems separated by an algebraic curve, Int. J. Bifurcation and Chaos, 29 (2019),
1950017-pp 17.

L. Peng, Z. Feng; Bifurcation of limit cycles from quartic isochronous systems, Elec-
tron. J. Differential Equations, 2014 (2014), No. 95, 14 pp.

L. Peng, Z. Feng; Limit cycles from a cubic reversible system via the third-order
averaging method, Electron. J. Differential Equations, 2015 (2015), No. 111, 27 pp.
L. Peng, Z. Feng; Bifurcation of limit cycles for a quintic center via second order av-
eraging method, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 25 (2015), No. 3, 1550047,
18 pp.

H. Poincaré; Mémoire sur les courbes définies par une équations differentielle, 1. J.
Math. Pures Appl. Sér., 3 (7) (1881), 375-422.

H. Poincaré; Mémoire sur les courbes définies par une équations differentielle, 1. J.
Math. Pures Appl. Sér., 4 (2) (1886), 155-217.

S. Shui, X. Zhang, J. Li; The qualitative analysis of a class of planar Filippov systems,
Nonlinear Anal., 73 (5) (2010), 1277-1288.

D. J. W. Simpson; Bifurcations in piecewise-Smooth Continuous Systems, World Sci-
entific series on Nonlinear Science A, vol 69, World scientific, Singapure, 2010.

B. Van Der Pol; On relazation-oscillations, The London, Edinburgh and Dublin Phil.
Mag and J. of Sci., 2 (7) (1926), 978-992.



14

[27] Y. Ye; Theory of limit cycles, Translations of Mathematical Monographs American
Mathematical Society, 1986.

Email address: jllibre@mat.uab.cat

Email address: cvalls@math.ist.utl.pt



