LIMIT CYCLES OF PIECEWISE DIFFERENTIAL SYSTEMS WITH
LINEAR HAMILTONIAN SADDLES AND LINEAR CENTERS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We study the continuous and discontinuous planar piecewise differential
systems formed by linear centers together with linear Hamiltonian saddles separated
by one or two parallel straight lines. When these piecewise differential systems are
either continuous or discontinuous separated by one straight-line, they have no limit
cycles. When these piecewise differential systems are continuous and are separated
by two parallel straight lines they do not have limit cycles. On the other hand, when
these piecewise differential systems are discontinuous and separated by two parallel
straight lines (either two centers and one saddle, or two saddles and one center), we
show that they can have at most one limit cycle, and that there exist such systems
with one limit cycle. If the piecewise differential systems separated by two parallel
straight lines have three linear centers, or three linear Hamiltonian saddles it is known
that they have at most one limit cycle.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A limit cycle is a periodic orbit of a differential system isolated in the set of all
periodic orbits of that system. The study of the limit cycles goes back essentially to
Poincaré [24] at the end of the nineteenth century.

The existence of limit cycles became important in the applications to the real world,
because many phenomena are related with their existence, see for instance the Van der
Pol oscillator [27, 28], or the Belousov-Zhabotinskii reaction which is a classical reaction
of non-equilibrium thermodynamics appearing in a non- linear chemical oscillator [3, 29].
The study of the continuous piecewise linear differential systems separated by one or two
parallel straight lines appears in a natural way in the control theory, see for instance
the books [2, 10, 12, 13, 18, 23]. The easiest continuous piecewise linear differential
systems are formed by two linear differential systems separated by a straight line. It is
known that such systems have at most one limit cycle, see [8, 15, 20, 21].

The study of the discontinuous piecewise linear differential systems separated by
straight lines goes back to Andronov et al. [1] and until nowadays they have special
attention from the mathematicians, mainly because these systems appear in mechanics,
electrical circuits, economy, etc, see for instance the books [7, 25] and the surveys
(22, 26].
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In the planar discontinuous piecewise differential systems here considered, the limit
cycles can be of three kinds: those limit cycles placed at just one zone and the limit
cycles placed in two or three zones, such limit cycles can be either sliding limit cycles
or crossing limit cycles. We recall that the sliding limit cycles contain some segment of
the lines of discontinuity, and the crossing limit cycles only contain isolated points of
the lines of discontinuity. We will not treat the ones placed at just one zone because in
our case since the systems in one zone are linear differential systems it is well known
that such systems have no limit cycles. In this paper we only studied the crossing limit
cycles, here also denoted simply limit cycles.

Again the easiest discontinuous piecewise linear differential systems are formed by two
linear differential systems separated by a straight line. It is known that such systems
can have three limit cycles, see [4, 5, 6, 9, 11, 14, 16]. It remains open to know if three
is the maximum number of limit cycles that such systems can exhibit.

We now state the main results of the paper.

Theorem 1. A continuous or discontinuous piecewise linear differential system sep-
arated by one straight line formed by one center and one Hamiltonian saddle has no
limit cycles.

The proof of Theorem 1 is given in section 3. The case where in the two regions
there is a center, or in the two regions there is a saddle was studied in [17] and [19],
respectively. In these papers the authors show that there are also no limit cycles in
these cases.

Theorem 1 in the case of continuous or discontinuous piecewise differential systems
can be extended to continuous or discontinuous piecewise linear differential systems
separated by two parallel straight lines formed by either one center and two linear
Hamiltonian saddles or one linear Hamiltonian saddle and two centers. The case in
which in the three regions there is a center or in the three regions there is a saddle
was studied in [17] and [19], respectively. In these papers the authors show that these
systems have at most one limit cycle.

Theorem 2. The following statements hold.

(a) A continuous piecewise linear differential system separated by two parallel straight
lines formed by two centers and one Hamiltonian saddle has no limit cycles.

(b) A discontinuous piecewise linear differential system separated by two parallel
straight lines formed by two centers and one Hamiltonian saddle can have at
most one limit cycle. Moreover there are systems in this class having one limit
cycle, see Figures 1 and 2.

Theorem 2 is proved in section 4.

Theorem 3. The following statements hold.

(a) A continuous piecewise linear differential system separated by two parallel straight
lines formed by one center and two Hamiltonian saddles has no limit cycles.
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FIGURE 1. The limit cycle of the discontinuous piecewise differential system
formed by the two linear centers (8) and (10), and the linear Hamiltonian
saddle (9). This limit cycles is travelled in counterclockwise sense.
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FIGURE 2. The limit cycle of the discontinuous piecewise differential system
formed by the two linear centers (14) and (15), and the linear Hamiltonian
saddle (16). This limit cycles is travelled in counterclockwise sense.

(b) A discontinuous piecewise linear differential system separated by two parallel
straight lines formed by one center and two Hamiltonian saddles can have at
most one limit cycle. Moreover there are systems in this class having one limit
cycles, see Figures 3 and 4.

Theorem 3 is proved in section 5.

The paper is organized as follows: We first present a normal form of a linear dif-
ferential system having a center (proved in [17]), and second we also present a normal
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FIGURE 3. The limit cycle of the discontinuous piecewise differential system
formed by two linear Hamiltonian saddles by the two linear Hamiltonian sad-
dles (19) and (21), and the linear center (20). This limit cycles is travelled in
counterclockwise sense.
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FIGURE 4. The limit cycle of the discontinuous piecewise differential system
formed by two linear Hamiltonian saddles by the two linear Hamiltonian sad-
dles (24) and (25), and the linear center (26). This limit cycles is travelled in
counterclockwise sense.



PIECEWISE LINEAR DIFFERENTIAL SYSTEMS WITH HAMILTONIAN SADDLES 5

form of a linear differential system having a linear Hamiltonian saddle (proved in [19]).
These normal forms will be widely used in the proofs of the main results.

2. PRELIMINARIES

The following propositions, proved in [17, Lemma 1] and [19, Proposition 1], respec-
tively, prove the normal forms mentioned in the introduction.

Proposition 4. Any linear differential system having a center can be written as
(1) T=—-br—Qu+d, y=x+by-+c,
where Q = b + w? with w # 0.

The first integral of system (1) is

1 Q
(2) F(z,y) = —§x2 — bry — Eyz —cx +dy.
Proposition 5. A differential system having a linear Hamiltonian saddle can be written
as
(3) i=—fr—0dy+p y=ar+Py+7,

with o € {0,1}. Moreover, when o = 0 then v = 0, b # 0, and when a = 1 then
§ = B2 — w? with w # 0.

The first integral of system (3) is

o )
(4) H(z,y) = —5a° = Bry — Sy* —yo + py.

3. PROOF OF THEOREM 1

Assume that we have a continuous piecewise linear differential system separated by
one straight line and formed by one center and one Hamiltonian saddle. Without loss
of generality we can assume that the straight line of separation is = 0 and that we
have system (1) in < 0 with first integral in (2) and system (3) with first integral (4)
inz > 0.

Note that if such piecewise linear differential systems (either continuous or discon-
tinuous) have a periodic orbit candidate to be a limit cycle, such a periodic orbit must
intersect the line x = 0 in exactly two points, namely (0,4;) and (0, ys) with y; < ys.
Since F' and H are two first integrals, we have that

F(07y1) = F(Oa y2) and H(()?yl) = H(Oa y2)
that is
(5) (y1 —y2)(2d — Q(y1 +y2)) =0 and  (y1 — y2) (21 — 6(y1 +y2)) = 0.
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If the piecewise differential system is continuous, then both systems must coincide in
x =0, and so we have that f§ =b, 7y = ¢, p = d and § = Q. Then the solutions (y1, y2)
of this last system satisfying the necessary condition y; < y, are

_2d
U1 = 0 Ya.

If the piecewise differential system is discontinuous, then the solutions (y1,y2) of system
(5) satisfying the necessary condition y; < y, are

_do _ 2
#1—97 yl—Q Y2.

So the periodic orbits of either the discontinuous or the continuous piecewise differential
systems are in a continuum of periodic orbits and consequently this differential system
has no limit cycles. This completes the proof of the theorem.

4. PROOF OF THEOREM 2

Assume that we have a piecewise linear differential system separated by two parallel
straight lines and formed by two centers and one Hamiltonian saddle. Without loss of
generality we can assume that the straight lines of separation are v+ = —1 and x = 1.
We have to consider only two different cases (the other combination of systems in the
different zones that are not contained in the cases given below are equivalent to one of
them doing the symmetry with respect to the y-axis).

(i) We have a linear center in the regions x < —1 and = > 1; and we have a linear
Hamiltonian saddle in the region z € (—1,1).

(ii)) We have a linear center in the regions x < —1 and z € (—1,1); and we have a
linear Hamiltonian saddle in the region z > 1.

We will study each of the cases separately.

Case (i). Note that if the piecewise linear differential system has a periodic orbit
candidate to be a limit cycle, such a periodic orbit must intersect the lines x = +1
in exactly four points, namely (—1,41), (—1,v2), (1,y3) and (1,y4), with y; > yo and
ys3 < y4. Since Fi, Fy and H; are three first integrals and we denote the parameters
of the first integrals F} and H; with subindexes one, and the parameters of the first
integral F, with subindexes 2, we have that

Fi(=1,y) — Fi(=1,92) =0, Hi(—1,492) — Hi(1,y3) =0,
Fy(1,ys) — Fa(l,ya) =0, Hi(1l,ys) — Hi(—1,y1) =0,
that is
(y1 = y2)(2(b1 + di) — (1 +y2)) =0,
Ay 4+ 2(By + p)ye + 2(B1 — p)ys — 6 (v5 — y3) =0,
(2(b2 — da) + Qa(y3 + ya)) (Y3 — ya) = 0,
— 4y = 2(B1 4 pa)yr — 2(B1 — p)ya + 61 (v — i) = 0.

(6)
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Assume first that it is a continuous piecewise differential system. Then both systems
(1) (with ¢ = 1) and (3) must coincide in = —1 and systems (3) and (1) (with ¢ = 2)
must coincide in z = 1. Doing so we get

Qy=06;, b; =0, 1 =1,2, dy = p1, do = p1+Po—p1, 1 = 1+71—aq, ca = —1+7+as.

Then the solutions (yi1, Y2, ys, y4) of this last system satisfying the necessary condition
Y1 < Y2 are

2B+ ) =5 VA =5 VA
Yo = — Y1, Ys = + ; Ys = + )
51 51 51 (51 51

where A = 82 — 47,61 + (p1 — y101)? — 281 (1 + y101). Hence all the periodic orbits of
the continuous piecewise differential system are in a continuum of periodic orbits and
consequently this differential system has no limit cycles. This completes the proof of
the theorem for the continuous piecewise differential systems in Case (i).

Assume now that it is a discontinuous piecewise differential system. Since 1,2y > 0
the solution of the first and third equations of (6) is

_ 2(b1 + dl) _ _ 2(d2 — bz) _
Y1 —Ql Y2, Y3 —Q2 Ya.

Introducing these solutions into the second and fourth equations of (6) we get
7 e1 = 4((dy — b2) 51922 + 7193 + (by — d2)Qo1y + (by — d2)251) + 29%(51 + 1) Y2
— 202(B819% — Qapun — 2(b2 — da)d1)ya — B0 (y5 — y7) =0

and
ex = 4(— (b1 + d1) 31 — 11Q7 — (by + di) Qi + (b + dy)?61) — 2Q7(B1 — v1)ya
+ 20 ((B1 + Q)vy — 2(by + di)01)ye + Q761 (y3 — vi) = 0.
Taking ez = Q%e; — Q3e,, and solving e3 = 0 in y, we get
Ya = i—? + j—jym
where
Ag = =0 ((1 — B1)do + Br(by + di) Q2 + 020 (81 — pa) + (by + dy)Qop)
+ ((ba — d2)*Q + (b1 + d1)?Q3)d1,
A = (81 — 1) + (do — b2)d1), Az = D Q5((B1 + 1)@ — (dy + b1)dy),
whenever A; # 0. The case with A; = 0 yields £ = p1 + (be — d2)d1 /€. Introducing
it into e3 = 0 and solving in ys we obtain y, = y; = (by + d1)/€; which is not possible.

So we can assume that A; # 0. Now introducing y, into equation (7) and solving in ¥
we get

o by + dy :t\/—z
Yot = Ql 21437
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where

Ay = Q3025 (2, Q0p1 + (ba — do) 161 — (b + d1)Q201) (2812195 — ((by + do)2
+ (b1 + d1)Q22)d1),

A = 407036, ((B1 — 1) + (=by + d2)61)* (20 Qopy + (by — d2)01 — (b1 + d1)Q2207)
(=281 + (221 — dof2y + (b1 + d1)22)01) (22 Q22((B1 — p1)do82y + B1(by + dp)Qs
+ 2910 Qs + (b1 + di) Qo + b2 (=B + 1)) + (b2 — d2)Q1 — (b1 + d1)Q2)
((by — d2) + (by + d1)Q2)61),

whenever Az # 0, and if A3 = 0 then there is at most one solution ys.
When Ajz # 0,since

_2(d1+b1)_ _d1+b1 \/Z_
N+ = —Q1 Yot = 0 + 24, = Yo,

there is at most one solution with y; > y» and y3 < y4. In summary, we have proved
that at most we can have one limit cycle.

Now we shall prove that the discontinuous piecewise linear differential system having
a center, a saddle and a center has one limit cycle. This will complete the proof of
Theorem 2 in Case (i) when it is discontinuous.

The Hamiltonians of the three linear systems in Case (i) are

2
Fi(a,y) = =8y — & — 4(x +29)*

Hy(z,y) =2 —y+a° -y’

Fy(z,y) = —828y — 42* — 8xy — 5y?,
where the Hamiltonian system in the half-plane x < —1 is
(8) T =8+ 16z + %y, y=—8(z+2y);
the Hamiltonian system in the strip —1 <z < 1 is
(9) T=—1-—2y, y=—1-—2x;
and the Hamiltonian system in the half-plane z > 1 is
(10) & =8 — 8z — 10y, y =8+ 8x + 8y.

These three linear differential systems are a center, a saddle and a center because the
determinant of their linear part are 4, —4 and 16, respectively.

The discontinuous piecewise differential system formed by the three linear differential
systems (8), (9) and (10) in order to have one limit cycle intersecting the two discon-
tinuous straight lines z = £1 at the points (=1, 1), (=1, 42), (1,y3) and (1,ys), these
points must satisfy system (6), and this system has a unique solution satisfying y; > v»
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and y3 < y4, namely

16 /4873 16 /4873  97/4873 97+/4873
(11) (Y1, Y2, Y3, 94) = | =+ ——=, = — , = , :
65  36v2 65  36v2 7 2340v2 7 23402

Drawing the corresponding limit cycle associated to this solution we obtain the limit
cycle of Figure 1.

Case (ii). Note that if the piecewise linear differential system has a periodic orbit
candidate to be a limit cycle, such a periodic orbit must intersect the lines x = +1
in exactly four points, namely (—1,41), (—1,92), (1,y3) and (1,y4), with y; > yo and
y3 < y4. Since Fy, Fy and H; are three first integrals, we have that

Fi(=1y1) — Fi(=1,12) = 0, Fy(—=1,92) — F>(1,y3) =0,
Hi(1,y3) — Hi(1,y4) =0, Fy(1,y4) — Fo(=1,91) = 0,
that is
(1 = y2)(2(b1 + di) — D (y1 +12)) = 0,
deg + 2(by + do)ya + 2(by — do)ys — (Y5 — y3) = 0,
(2081 — 1) + 01(ys + ya)) (Y3 — ya) = 0,
4eg 4 2(by + dy)y1 + 2(ba — do)ys — Qa(yi — i) = 0.

(12)

Assume first that it is a continuous piecewise differential system. Then both systems
(1) (with i = 1) and (1) (with ¢ = 2) must coincide in x = —1, and systems (3) and (1)
(with ¢ = 2) must coincide in z = 1. Doing so we get

by =01 =01, Qo= =01, da=dy =1, e =c1 =7,02=1.
Then the solutions (yi,ys, ys, y4) of this last system satisfying the necessary condition
y1 < yp are

~2(B1 + ) b VA _,u1—51j:\/z
Z/2—6—1—Z/173/3— 5 :':5_1’ Ya = 5 5.
where A = 37 —4y,8; — 2811 + p? — 201 (1 + p1)y1 + 01y7. Hence all the periodic orbits
of the continuous piecewise differential system are in a continuum of periodic orbits
and consequently this differential system has no limit cycles. This completes the proof
of Theorem 2 for the continuous piecewise differential systems in Case (ii).

Assume now that it is a discontinuous piecewise differential system. If §; = 0 then
the third equation in (12) yields ; = u1, and any solution of the other three equations
in (12) yield a continuous of solutions. If d; # 0, since €; > 0 the solution of the first
and third equations is

_ 2(dy + by) _ 2(p1 — Bh)
vy = — Y2, Y3=—-"—" " UYa
Ql 51

Introducing these solutions into the second and fourth equations in (6) we get
(13) €1 = 4(B1 — /111)292 — 4(b2 — dQ)(/Bl - ,u1)51 -+ 4025% + 462(5% + 2(b2 + dz)é%yg
201(2(B1 — 112) + (da — b2)01 )y — Q207 (y3 — y3) =0
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and
ey = 4(by 4 dy)(by + do) Q1 + 4¢3 — 4(by 4 d1)*Qy + 2(by — do) Ly
— 204 ((by + d2)Qy — 2(by + d1)Q)y2 — Q7 Q(ys — y3) = 0.
Taking e3 = Q%e; — d?ey and solving e3 = 0 in y4 we get
s = Ag + Asyo
010 ((b2 — d2)d1 + (1 — £1)2)’

where
Ao = (81 — 11)* 83 — (by — d2)(B1 — p2) 061 + (by + di)((br + di)Qa — (by + d2) )07,
Ay = Qy((by 4 do)Qy — (by 4 dy)2)0%,
whenever 1y # 81 + (da — b2)d1/Qe. When py = 81 + (da — b2)d1/Qe = 0 solving e3 = 0
in yo we obtain yo = y; = 2(u1 + £1)/d1 which is not possible. So we can assume that
w1 # B1+ (da — b2)d1 /. Now introducing y, into equation (13) and solving in ys we
get
_m+miz§
Yot = 0 245

where
Az = —Q7007 ((B1 — 1)U + 2doS061 — (b + di)$0261)
(B = 1) 0 Qs — 202261 + (by + d1)Q201),
A= 49%925%(5192 — 18 + (dy — b2)51)2<<51 — 1) Qs + 2da61 — (b1 + di)$2201)
(B121Q9 — 111 Qs — 26520181 + (b + d1)2061) (B — M1)2Q%Q2
— 2(by — da)(Br — p1)Q701 + (2 ((by + dy) (by + d2) 4 2020 ) — (b1 + d1)*Q2)67),
whenever Az # 0, and if A3 = 0 then there is at most one solution ys.

When Aj # 0, since
by +d; VA

Yir = Q. Yor = (b1 +dy) /U F M, Yo,

there is at most one solution with y; > y» and y3 < y4. In summary, we have proved
that at most we can have one limit cycle.

Now we shall prove that this discontinuous piecewise linear differential system has
one limit cycle. This will complete the proof of Theorem 2 in Case(ii) when it is
discontinuous and so the proof of Theorem 2.

The Hamiltonians of the three linear systems in Case (ii) are
1
Fi(z,y) = =8y — 79* — 4(z + 2y)*,
Py(z,y) =x—y—a* =y,

1 1
Hi(e,y) = ~4 + 50° = 24P,
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where the Hamiltonian system in the half-plane x < —1 is

65
(14) &= —-8—16x — =Y y = 8(z + 2y);

the Hamiltonian system in the strip —1 <z < 1 is

(15) T =—1-2y, Yy = —1+2ux;
and the Hamiltonian system in the half-plane z > 1 is
(16) b=y, y=4-u

These three linear differential systems are two centers and a saddle because the deter-
minant of their linear part are 4, 4 and —1, respectively.

The discontinuous piecewise differential system formed by the three linear differential
systems (14), (15) and (16) in order to have one limit cycle intersecting the two discon-
tinuous straight lines z = +1 at the points (—1,%1), (—1,¥2), (1,y3) and (1,y4), these
points must satisfy system (12), and this system has the unique solution (11) satisfying
y1 > yo and y3 < y4. Drawing the corresponding limit cycle associated to this solution
we obtain the limit cycle of Figure 2.

5. PROOF OF THEOREM 3

Assume that we have a piecewise linear differential system separated by two parallel
straight lines and formed by two Hamiltonian saddles and one center. Without loss of
generality we can assume that the straight lines of separation are v+ = —1 and x = 1.
We have to consider only two different cases (the other combination of systems in the
different zones that are not contained in the cases given below are equivalent to one of
them doing the symmetry with respect to the y-axis).

(i) We have a linear Hamiltonian saddle in the regions z < —1 and = > 1; and we
have a linear center in the region z € (—1,1).

(ii) We have a linear Hamiltonian saddle in the regions x < —1 and = € (—1,1);
and we have a linear center in the region x > 1.

We will study each of these two cases separately.

Case (7). Note that if the piecewise linear differential system has a periodic orbit
candidate to be a limit cycle such a periodic orbit must intersect the lines x = +1
in exactly four points, namely (—1,41), (—1,42), (1,y3) and (1,y4), with y; > y» and
y3 < ys4. Since Fy, H; and H, are three first integrals, we have that

Hl(_17y1> - Hl(_1>y2) =0, Fl(_1>y2) - F1(1,y3) =0,
Hy(1,y3) — Hy(1,94) =0, Fi(1,y4) — Fi(=1,11) =0,
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that is

(Y1 —y2)(2(B1 + 1) — 61(y1 +¥2)) =0,

dey 4 2(by +dy)ys + 2(b1 — di)ys — D (ys —y3) =0,
(2(82 — p2) + 02(ys + ya))(ys — ya) = 0,

dey +2(by + dy)yr + 2(by — dy)ys — Q0 (y2 — y3) = 0.

(17)

Assume first that it is a continuous piecewise differential system. Then system (3)
(with 4 = 1) and system (1) (with ¢ = 1) must coincide in z = —1, and system (3)
(with ¢ = 2) and system (1) (also with ¢ = 1) must coincide in = = 1. Doing so we get

6i:b17 [,Li:dl, 5@':917 i:1,2, a1:1—01+71, 042:1—’—01—’}/2.

Then the solutions (y1, y2, y3, ¥4) of system (17) satisfying the necessary condition y; <
Yo are

2(by + dy) d—b VA dy—b VA
y2:Q—1—y17 Ys = 0 + Q) Ya = 0 + Q)
where A = b3 — 41y + (dy — Qqy1)? — 201 (dy + Q1) Hence all the periodic orbits of
the continuous piecewise differential system are in a continuum of periodic orbits and
consequently this differential system has no limit cycles. This completes the proof of

Theorem 3 for the continuous piecewise differential systems in Case (7).

Assume now that it is a discontinuous piecewise differential system. If 6; = 0 the first
equation in (17) yields 5 = —puy and any solution of the other three equations in (17)
yield a continuous of solutions. If 45 = 0 then the third equation in (17) yields 5y = ps
and any solution of the other three equations in (17) yield a continuous of solutions.

If 9105 # 0, then the solution of the first and third equations is
= 2(Pi+ ) y _ 2(p2 — Bo)

1 2, Y3
51 62

Introducing these solutions into the second and fourth equations in (6) we get

(18) er = 4(B2 — p12)*Q1 — 4(by — dy) (B — p2)d2 + 4165 + 265 (by + dy)ys

+ 289(282 — 29 — b16g + di82)ys — 105 (y3 — y3) =0

and
ea = 4(By 4 111)* Q1 — 4(by + dy)(B1 + j11)01 — 4c10? — 262 (b1 — dy)ys
—261(26191 + 201 — bi6y — dyd1)ya + 0t (vs — y3i) = 0.
Taking e3 = d?e; + d2e and solving ez = 0 in y, we get
Yo = j—? + i—?yz
where
Ag = —(B2 — p12)* 067 + (b1 — dv)(Ba — 112)6762 — (B1 + 1) ((Br + p1) 1 — (br + dv)01) 63,
Ay = 0702(— Lol + 1121 + 010y — diby), Ay = (—S1 — il + bi6y + d161) 556,
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whenever A; # 0. The case with A; = 0 yields By = ps + d2(by — d1)/€. Introducing
it into e3 = 0, and solving in y, we obtain y, = y; = (81 + p1)/61 which is not possible.
So we can assume that A; # 0. Now introducing y, into equation (18) and solving in
Yo We get

_ B1 + I VA
Yo+ 5 2A3’

where

Az = 915%53(529151 — 1280101 + B1§2102 + p11€210 — 2515152)
(B2 001 — 282161 — B1816s — 12102 + 2d16102),

A = 42016185 (BaQ1 — paQ + (=b1 +d1)d2)* (B2 — p2) by + (B + 1) Q185 — 2b16105)
((B2 = p2)201 — (Br + 1) s + 2d16102) ((Bz — p2)* 07 — 2(by — di) (B — 12)70

+ (48] — (Br+ p1)* 4 2(by + da) (Br + p1)01)3),
whenever Az # 0, and if A3 = 0 then there is at most one solution ys.
When Aj # 0, since

_2hm) _ptm VA
Y1+ 5 Yo+ 5 24, Yo,

there is at most one solution with y; > y» and y3 < y4. In summary, we have proved
that at most we can have one limit cycle.

Now we shall prove that the discontinuous piecewise linear differential system having
a saddle, a center and a saddle has one limit cycle. This will complete the proof of
Theorem 3 in Case (i) when it is discontinuous.

The Hamiltonians of the three linear systems in Case (i) are

1 65
Hi(z,y) = 16x + 2y + 2% — 4—8(309 — /157881y — @(405 — \/157881))y?,
Fl(x>y) :x_y_xQ_y27
Hy(z,y) = =8z + 2 — 9,

where the Hamiltonian system in the half-plane x < —1 is

1 65
=2~ (309 — VISTSST)x — =2 (405 — VISTSSL)y,

(19)
1

y=—16 -2z + 4—8(309 — V157881)y;

the Hamiltonian system in the strip —1 <z <1 is

(20) T=—-1-—2y, y=—1+2x;

and the Hamiltonian system in the half-plane z > 1 is

(21) i=-2y,  §=8—2x
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These three linear differential systems are a saddle, a center and a saddle, because
the determinant of their linear part are —8569/48 + 74/157881/16 < 0, 4 and —4,
respectively.

The discontinuous piecewise differential system formed by the three linear differential
systems (19), (20) and (21) in order to have one limit cycle intersecting the two discon-
tinuous straight lines = £1 at the points (—1,41), (—1,42), (1,y3) and (1,ys), these
points must satisfy system (12), and this system has the unique solution (11) satisfying
y1 > yo and y3 < y4. Drawing the corresponding limit cycle associated to this solution
we obtain the limit cycle of Figure 3.

Case (ii). Note that if the piecewise linear differential system has a periodic orbit
candidate to be a limit cycle, such a periodic orbit must intersect the lines x = +1
in exactly four points, namely (—1,41), (—1,92), (1,y3) and (1,y4), with y; > yo and
y3 < y4. Since Hy, Hy and Fj are three first integrals, we have that

Hl(_layl) - Hl(—Lyz) =0, Hz(—Lyz) - Hl(LyS) =0,
Fi(1y3) = Fi(1,y4) =0, Hy(1,ys) — Hao(=1,11) = 0,
that is
(y1 = y2) (2(B1 + 1) — 61(y1 + 92)) =0,
Ao + 2(Ba + pi2)y2 + 2(Ba — p2)ys — 62(y5 — y3) =0,
(2(b1 — d1) + Q(ys +ya)) (Y3 — ya) = 0,
— 4y = 2(Ba + p2)yr — 2(Ba2 — p2)ya + a2(yi — i) = 0.

(22)

Assume first that it is a continuous piecewise differential system. Then both systems
(3) (with ¢ = 1 and with ¢ = 2) must coincide in x = —1, and system (3) (with i = 2)
and system (1) (with ¢ = 1) must coincide in z = 1. Doing so we get

6i:b17 ,uz-:dl, 5i291, i:1,2, a1:1+01+71—272, @2:1+Cl—*)/2.

Then the solutions (y1, y2, y3, ¥4) of system (22) satisfying the necessary condition y; <
Yo are

2(by + dy) dy — by VA dy — by VA
1/229—1—917 Ys = 0 + QO Ya = 0 + QO
where A = 03 — 479 + (di — Qyy1)? — 2b1(dy + Qy31). Hence all the periodic orbits of
the continuous piecewise differential system are in a continuum of periodic orbits and
consequently this differential system has no limit cycles. This completes the proof of

the theorem for the continuous piecewise differential systems in Case (ii).

Assume now that it is a discontinuous piecewise differential system. If §; = 0 then
the first equation in (22) yields f; = —pu4, and any solution of the other three equations
in (22) yield a continuous of solutions.

If 97 # 0 since ; > 0, the solution of the first and third equations is
= 2(p1 + Br) _ 2(dy — by)
=== kSt S

(51 25 3 Ql
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Introducing these solutions into the second and fourth equations in (22) we get

e =40 (—(by — d1) (B2 — p2) + 7280) + 49%(51 - d1)252 + 29?(52 + p2) Y2

(23) a¢ o oy
— 291(6291 — ILLQQl - 2()152 + 2d152)y4 — Ql5g(y2 - y4) =0

and
ex = —4(B1 + 1) (B2 + p2)dy — 47207 + 4(—BF + 28111 + p13)02 — 207 (B2 — p2)ya
+ 261(B201 + 1201 — 28105 — 2p1102)y + 0762(y5 — y3) = O.

Taking e3 = §2e; + Q3ey and solving ez = 0 in y4 we get

Ay A

Ya = A, A1y2’
where
Ag = =081 ((Br + 1) (B + p2) 1 — (by — dv) (B — p2)01) — 02((B1 + p11)* Q7
+ (by — d1)?67),
Ay = D67 ( (B — p2) + (dy = b1)d2), Ay = Q761((B2 + p2)d1 — (B1 + pn)d2),

whenever ﬁg §£ 125 + (b1 — d1>(52/91. When BQ = U2 —+ (bl — dl)éz/Ql Solving €3 — 0
in y we obtain yo = y; = (1 + [1)/01 which is not possible. So we can assume that
Po # p2 + (b1 — d1)d9 /€. Now introducing y, into equation (23) and solving in ys we
get

_ Bi+m , VA

+
Yot 5 24,

where
Az = 9%5%52(2,&29151 — 12102 — 1112102 + b10102 — d15152)(2529151 — 3182102
— 182165 — 16162 + d16102),

A = —40365165(8oh — pafl + (—b1 + d1)62)* (26828001 — ((B1 + 1) Q1 + (br — d1)61)d2)
(20282161 — ((B1 + p1) 0 + (dy — b1)61)02) (292101 ((B1 + 1) (B2 + ) — (by — dy)
(B2 = p2)d1 + 272001) — ((B1 + p1) + (b — d1)01)((B1 + 1)1 + (di — b1)61)02),

whenever Az # 0, and if A3 = 0 then there is at most one solution ys,.

When Ajz # 0, since

_2bm) | Bibm VA
Y1+ 5 Yo+ 5 24, Yo,

there is at most one solution with y; > y» and y3 < y4. In summary, we have proved
that at most we can have one limit cycle.

Now we shall prove that the discontinuous piecewise linear differential system having
two saddles and a center has one limit cycle. This will complete the proof of Theorem
3 in Case (77) when it is discontinuous and so the proof of Theorem 3.
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The Hamiltonians of the three linear systems in Case (ii) are

1 65
Hy(z,y) = 16z + 2y + 2* — 4_8(309 — V/157881)zy — ﬁ(405 — \/157881))y?,

Hy(z,y) =2 —y+a® —y°,
Fi(z,y) = —8x + 8y — 4x? — 8xy — 5y?,
where the Hamiltonian system in the half-plane x < —1 is

1 65
i=2— (309 — VISTSST)w — = (405 — VISTSSL)y,

1
§ =16 — 2z + (309 ~ VISTSSI)y;

the Hamiltonian system in the strip —1 <z < 1 is

(24)

(25) T =—1-2y, y=—1-—2z;
and the Hamiltonian system in the half-plane z > 1 is
(26) T =8— 8z — 10y, Uy =8+ 8x + 8y.

These three linear differential systems are two saddles and a center because the deter-
minant of their linear part are —8569/48 + 7+/157881/16 < 0, —4 and 16, respectively.

The discontinuous piecewise differential system formed by the three linear differential
systems (24), (25) and (26) in order to have one limit cycle intersecting the two discon-
tinuous straight lines z = £1 at the points (=1, 1), (—1,42), (1,y3) and (1,y4), these
points must satisfy system (22), and this system has the unique solution (11) satisfying
y1 > yo and y3 < y4. Drawing the corresponding limit cycle associated to this solution
we obtain the limit cycle of Figure 4.
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