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ABSTRACT. In this paper first we give the sufficient and necessary conditions
in order that two classes of polynomial Kolmogorov systems in Ri are Hamil-
tonian systems. After we study the integrability of these Hamiltonian sys-
tems in the Liouville sense. Finally, we investigate the global dynamics of
the completely integrable Lotka—Volterra Hamiltonian systems in Ri. As
an application of the invariant subsets of these systems, we obtain topolog-
ical classifications of the 3-submanifolds in ]Ri defined by the hypersurfaces
axy + bzw + cx?y + dxy?® + ez?w + fzw? = constant.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Kolmogorov systems are defined by the system of ordinary differential equations

(1) dfdit(t) =z;(t)Pi(z1(t), - ,za(t)), i=1,,n

in the state space

R} ={z eR": x=(x1, - ,2,), x; >0},

which describes the growth rate of populations in a community of n interacting
species in population dynamics (cf. [7], [8]), where x;(t) is the population den-
sity or population number of the i species at time ¢ and P;(z) : R} — R are
C* functions. It is well known that system (1) is a Lotka-Volterra system if all
P;(xy1,--- ,xy,) are linear polynomials in the variables (z1, -+ ,x,) fori=1,--- n,
and system (1) is competitive (or cooperative) system if OP;(x1,- - ,2,)/0x; <0
(OP;(x1,- -+ ,2n)/0x; > 0, respectively) for ¢ # j.

The dynamics of general systems (1) for n > 3 are far from being understood,
although some dynamics for special classes of systems (1) have been revealed (see
[19], [20], [21]). For example, the general theory on competitive or cooperative
systems was developed in a series of papers by Hirsch in [9]-[15], which shown that
these systems typically have a global attractor which lies on a (n — 1)-dimensional
manifold. And Smale in [18] claimed that the dynamics of competitive system
(1) are compatible with any dynamical behavior provided the number n of the
species is very large. Comparing with the massive literature devoted to study
competitive or cooperative systems, conservative Kolmogorov systems have received
little attention although this class of systems goes back to the pioneer work of
Volterra and there are empirical and numerical evidences that periodic oscillations
often occur in such population dynamics. As it is well known, for two dimensional
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conservative Lotka-Volterra system, there is a family of periodic orbits. However,
for higher dimensional Kolmogorov systems, for example, for n = 4, we do not even
know what conditions can ensure that they are conservative systems or Hamiltonian
systems. And if a 4-dimensional Kolmogorov systems are Hamiltonian systems, can
we know all solutions of these 4-dimensional Hamiltonian systems and understand
the dynamics of their solutions in the phase space? This is a challenging problem.

The goal of this paper is to find the algebraic conditions which ensure that 4—
dimensional Kolmogorov systems (1) are Hamiltonian systems if all P;(z1,--- ,z4)
are linear or quadratic polynomials in the variables (x1,---,x4) for i = 1,...,4.
Once the Hamiltonian character of such systems (1) is established, the other goal
of this paper is: first, to study those Hamiltonian systems (1) which are integrable
in the Liouville sense; second, to characterize the topology of the invariant subsets
in the phase space obtained fixing values of the two independent first integrals, and
third to describe the global dynamics of the flow on those invariant subsets.

Let (x,y,2,w) be the coordinates of R*. We consider Kolmogorov systems of
the form

T = ZL’Pl(l',y,Z,U)),
y = yPQ(xayazaw)a
(2)

z= ZPS(xvyvsz)v
/lj) = wP4(x’ y, Z? w)’
in R} = {(z,y,z,w): >0,y >0,z > 0,w > 0}, where the dot in all this paper

means derivative with respect to the independent variable ¢, and the P;(z,y, z, w)’s
are polynomials of (z,y, z, w) with degree at most two for i =1,--- ,4.

In the following theorems we characterize the Kolmogorov systems (2) which are
Hamiltonian systems, and inside these last systems the ones which are integrable
in the Liouville sense. For the definitions of Hamiltonian system, and integrability
in the Liouville sense see section 2.

Theorem 1. The following statements hold.

(a) Assume that the P;(x,y, z,w)’s are linear polynomials in the variables (x,y,

z,w) fori =1,--- 4, i.e. system (2) is a Lotka-Volterra system in Ri.
Then system (2) is a Hamiltonian system if and only if its Hamiltonian is
of the form

Hy = azy + bzw + cx’y + day? + ez’w + fzw?,

where a, b, c,d,e and f are real parameters.

(b) Assume that the P;(x,y,z,w)’s are quadratic polynomials in the variables
(x,y,z,w) fori =1,---,4. Then system (2) is a Hamiltonian system if
and only if its Hamiltonian is of the form

Hy = azxy+ bzw + cx®y + dzy? + ez?w + fzw? + gz3y
+ha?y? +izy® + jryzw + k23w + £22w? + mazw?,
where a,b,c,d, e, f,qg,h,i,j,k, £ and m are real parameters.

Theorem 2. If a Lotka—Volterra system (2) in Ri 1s a Hamiltonian system, then
this system in Ri 1s integrable in the Liouwville sense.



DYNAMICS AND INTEGRABILITY FOR LOTKA-VOLTERRA SYSTEMS 3

Theorem 3. If j = 0 in the Hamiltonian Hy, then system (2) with quadratic
polynomials Pi(x,y,z,w) in Ri is integrable in the Liouville sense.

If j # 0 in the Hamiltonian Hy, taking into account that the Hamiltonian Hy
of statement (b) of Theorem 1 is invariant under interchanging either x and y, or
y and z, or z and w, then the essential integrable Hamiltonian systems (2) in the
Liouville sense with Hamiltonian Hy are the following ones:

(i) H = ary + bzw + ez?w + fzw? + ha?y? + joyzw + k23w + £22w? + mzw?,
and the second first integral is F = xy.
(i) H = —ﬁxy + bzw + cx’y + ez’w — %nyQ + Jaryzw — é—gzng, and the

«
second first integral is F = x2®y®*22PwP.
iii) H = —%xy + bzw + cxly — meyz + jryzw + k23w — 122202, and the
o a 48
second first integral is F = x>*y*23Pw?.
iv) H = —M:ry + bzw + gy — ﬁnyQ + jryzw + k2w — L222w2, and the
el 2c 28
second first integral is F = x3%y*238wP.

Here o and 3 are arbitrary non—zero constants.

We then consider the global dynamics of the completely integrable Lotka—Volterra
Hamiltonian system

&= —z(a+ cx + 2dy),
¥ =y(a+ 2cx + dy),

Z=—z(b+2fw+ez),
w=w(+ fw+ 2ez),

(3)

with Hamiltonian
H(z,y,z,w) = azy + cx’y + dzy® + bwz + fw’z + ewz?,
and two independent first integrals with H given by
Fi(x,y, z,w) = azvy + cx’y + dey?, Fo(x,y, z,w) = bwz + fw’z + ewz?,

where a,b, c,d,e and f are real parameters. Without loss of generality, we assume
that a® + ¢+ d? # 0 and b* + f2 + €2 # 0.

It is clear that system (3) is a decoupled system with respect to the variables
(x,y) and (z,w), and that the two subsystems are essentially the same. We only
consider the following subsystem of system (3)

& = —z(a+ cx + 2dy),
(4)

¥ =yl(a+ 2cx + dy)

in R? = {(z,y) : = >0,y > 0}. This subsystem is Hamiltonian with Hamiltonian
Fi(z,y) = ary+cr?y+dzy?, where a, c and d are real parameters and a?+c?+d? #
0.

In section 3 we use the Poincaré compactification for describing the different
topological phase portraits of the polynomial differential systems (4) in the com-
pactified quadrant Ri_, denoted by Di, where we have added to this quadrant a
quarter of the circle of infinity corresponding to the different directions that you
can reach the infinity from the closed quadrant ]Rf_.
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Theorem 4. System (4) has 13 different topological phase portraits in D% for all
parameters a® + c? +d? # 0, where we have identified the topological phase portraits
which differs on the orientation of all their orbits, see figures 1-3.

Theorem 4 is proved in section 3.
We can also obtain the global dynamics of the other subsystem of system (3)

z2=—z(b+ fz+ 2ew),
(5) w=wb+2fz+ ew),

with Hamiltonian Hy(z,y) = bzw + fz?w + ezw?, where b, f and e are real param-
eters and b2 + f2 + e # 0 by interchanging = and z, ¥ and w, a and b, ¢ and f,
and d and e in Theorem 4.

In summary, the phase portraits of system (3) in Ri can be obtained doing the
product of the different phase portraits in the spaces (z,y) € R% and (z,w) € R%
of systems (5) and (4), respectively. In a similar way to RZ and D3, we denote the
Poincaré compactification of Ri by Di. So we have the following result.

Corollary 5. Systems (3) have 26 - 13 = 338 different topological phase portraits
n Di having identified the phase portraits which only differs in the orientation of
all their orbits.

As an application of these phase portraits, we can give topological classifications
of the 3-submanifolds S} in Ri defined by the hypersurfaces azxy + bzw + cx?y +
dxy? + ez?w + fzw? = h, h is a constant, where we assume that a < 0 without loss
of generality. The next result is proved in section 4.

Theorem 6. The hypersurface Sy in the interior of ]Ri is a compact orientable
3-manifold, which is topological homeomorphic to the sphere S if and only if one
of the following conditions holds.

(i) b < 0, ac < 0, ad < 0, be < 0, bf < 0, h—h1+h26(a3/(27cd)
b3/(27ef),0), (z,y) satisfies that Fy(z,y) = hy € ( 3/(27cd) ,0) and (
satisfies that Fa(z,w) = hy € (b*/(27¢ef),0);

(i) b>0,ac<0,ad <0,be <0,bf <0, h=hi+hy € (a®/(27cd),b®/(27ef)),
(z,y) satisfies that Fy (z,y) € (a®/(27cd),0) and (z,w) satisfies that F(z,w)
€ (0,6%/(27ef)).

To our knowledge, this is the first completely topological classification on the
hypersurface S}, in the interior of ]Ri. The methods used in the paper will provide
a tool for studying the topological classification of some hypersurfaces in Rﬁ_ or R%.

2. INTEGRABILITY OF POLYNOMIAL KOLMOGOROV SYSTEMS

In this section we prove all the results related with the first integrals of polyno-
mial Kolmogorov systems with degree at most three that we consider, i.e. we prove
Theorems 1, 2 and 3.

We first recall the definitions of Hamiltonian system and the integrable system
in R*, respectively. More details on these definitions and notions can be found for
instance in [1] and in [4].

Let H : R* — R be a C? function, the differential system

(6) iz*Hya y=H,, z=-H,, w=H,
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(a) The phase portraits of system
(7) with the quarter equator filled
by equilibria as a # 0 and ¢ =
d =0, here a < 0.
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(c) The phase portraits of system
(7) with the positive y-axis filled

by equilibria as ¢ # 0 and a =
d =0, here ¢ < 0.
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(e) The phase portraits of sys-
tem (7) with 4 equilibria, in
which O is degenerated, as cd #
0 and a = 0, here ¢ < 0 and
d>0.

[¢] O xX

(b) The phase portraits of system
(7) with the positive z-axis filled
by equilibria as d # 0 and a =
c=0, here d < 0.
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(d) The phase portraits of sys-
tem (7) with 3 equilibria, in
which O is degenerated, as cd #
0 and @ = 0, here ¢ < 0 and
d < 0.

Y

[¢] o, <

(f) The phase portraits of sys-
tem (7) with 3 equilibria, in
which O; is degenerated, as
ad # 0 and ¢ = 0, here a < 0
and d < 0.

FIGURE 1

is called a Hamiltonian system with two degrees of freedom with Hamiltonian H,
where H,, H,, H, and H,, denote the partial derivatives of the function H (z,y, z, w)
with respect to the variable x, y, z, w, respectively.
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(a) The phase portraits of system
(7) with 4 equilibria, in which O
is degenerated, as ad # 0 and ¢ =
0, here a < 0 and d > 0.
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(¢) The phase portraits of system
(7) with 3 equilibria, in which O2
is degenerated, as ac # 0 and d =

o E. o x

(b) The phase portraits of system
(7) with 4 equilibria, in which O2
is degenerated, as ac # 0 and d =
0, here a < 0 and ¢ > 0.
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(d) The phase portraits of system
(7) with 6 equilibria, in which P is
a center, as ac < 0 and ad < O,

0, here a < 0 and ¢ < 0. here a < 0.

FIGURE 2
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(b) The phase portraits of
system (7) with 5 hyper-
bolic equilibria as ac < 0
and ad > 0, here a < 0.

(¢c) The phase portraits of
system (7) with 3 hyper-
bolic equilibria as ac > 0
and ad > 0, here a < 0.

(a) The phase portraits of
system (7) with 5 hyper-
bolic equilibria as ac > 0
and ad < 0, here a < 0.

FIGURE 3

A non-locally constant C* function F' : U — R defined in an open and dense sub-
set U of R* is a first integral of the differential system (2) in R* if F(x(t),y(t), 2(¢),
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w(t)) is constant on each solution (x(t),y(t), z(t), w(t)) of system (2) contained in
U, or equivalently if
$FmP1 + yFyPQ + ZFZP3 + ’waP4 =0

in all the points of U, where P; = P;(z,y, z, w).

It is clear that the Hamiltonian H of a Hamiltonian system (6) is a first integral
of system (6).

A Hamiltonian system (6) of two degrees of freedom with Hamiltonian H is
(completely) integrable in the Liouville sense in R* if system (6) has a first inte-

gral F, defined in R* except perhaps in a set of zero Lebesgue measure, which is
independent with the Hamiltonian H, i.e. the rank of the 2 x 4 matrix

H, H, H, H,
F, F, F, F,
is 2, except perhaps in a zero Lebesgue measure set of R*. Note that the Poisson

bracket between H and F' is zero if and only if F' is a first integral. So, the first
integrals H and F' are in involution.

We shall use the Darboux theory of integrability for finding an independent first
integral F' with the Hamiltonian H of the Hamiltonian system (6), see for instance
Chapter 8 of [5], there it is stated the Darboux theory for polynomial differential
systems in R2, but all the results extend in a natural way to R*, see also [16] for
the Darboux theory of integrability in an arbitrary dimension.

Let f = f(z,y,z,w) be a real polynomial in the variables z, y, z and w. The
algebraic hypersurface f = 0 is invariant by the flow of system (2) if and only if
there exists a polynomial k = k(x,y, z, w) such that

xprl +nyP2+ZfZP3+wfwP4:kf

The polynomial k is called the cofactor of the invariant algebraic hypersurface
f = 0. We note that the degree of the polynomial k£ is at most the degree of the
polynomial differential system (2) minus one.

According to Darboux theorem [4] (see also statement (i) of Theorem 8.7 of [5]),
the function F' = f ... f,” is a first integral of Darbouz type of system (2) if
and only if system (2) has p invariant algebraic surfaces f; = f;(z,y, z,w) = 0 for
i=1,...,p with cofactors k; = k;(x,y, z,w) and ax ks + - - - + akp = 0.

We are now ready for proving Theorems 1, 2 and 3.

Proof of Theorem 1. We provide the proof of statement (a), the proof of statement
(b) is analogous only a little more long due to the computations.

We consider the Lotka—Volterra systems in Ri given in (2), and a general poly-
nomial H = H(z,y,z,w) of degree 3 in the four variables z, y, z and w without
constant term, i.e.

3
(7) H= Z hijma'y! 2Pt
i+j+k+I=1
where i, j, k and [ are non-negative integers. Now we consider the Hamiltonian
system (6) defined by (7). Substituting the left hand side of system (6) by the right
hand side of system (2), and substituting the H of the right hand side of (6) by
(7), we have four equations between quadratic polynomials. These polynomials are
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equal if their coefficients are equal. Equating such coefficients we get a system of
equations which relates the coefficients of the Lotka—Volterra system (2) with the
coeflicients of the polynomial H. After a tedious computation, but easy to do with
the help of an algebraic manipulator as mathematica or mapple, this system has a
unique solution for the polynomial H, namely

Hsz = hy1002y + hoo112w + h1002Y + h12002y” + hoo21 2*w + hoor22w?.
Changing the name of the coefficients of Hs, we get the polynomial Hs of the

statement (a) of Theorem 1. O

Proof of Theorem 2. The Hamiltonian system defined by the Hamiltonian Hs given
in the statement (a) of Theorem 1 is

& = —xz(a+ cx + 2dy),
¥ =y(a+ 2cz + dy),

z2=—z(b+2fw + ez),
w=w(b+ fw+ 2ez).

(8)

It is immediate to check that the Hamiltonian system (8) has two independent
first integrals with H = Hj, namely

Fy = azy + cx’y + dxy?, and Fh = bzw + ez’w + fzw?.

By the definition of integrable Hamiltonian system, the system (3) is integrable
in the Liouville sense. This completes the proof of the theorem. [

Proof of Theorem 3. The Kolmogorov system defined by the Hamiltonian Hy given
in statement (b) of Theorem 1 is
i = —ax(a+ cx + 2dy + gx? + 2hxy + 3iy? + jzw),
© v =yla+ 2cx + dy + 3gx? + 2hay + iy? + j2w),
9
2= —z(b+ez+2fw+ jry + kz? + 20zw + 3mw?),
w=w(b+2ez + fw+ jry + 3k2? + 20zw + mw?).
For proving its integrability in the Liouville sense, we look for an independent
first integral F' with the Hamiltonian Hy of system (9).
If j = 0, then it is easy to check that system (9) has the following two independent
first integrals with Hy:
Fy = azy + cx®y + dxy? + g3y + hay? + ixy?,

Fy = bzw + ez?w + fzw? + k23w + £22w? + mzwd.

Thus, system (9) is integrable in the Liouville sense if j = 0.

If 7 # 0, then we look for a first integrals of Darboux type for system (9), which
is independent with the Hamiltonian Hy.
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It can be checked that system (9) has four invariant hyperplanes f; = x = 0,
fo=y=0, fs=2z=0and f; =w = 0, with cofactors

k1 = —(a + cx + 2dy + gz? + 2hay + 3iy? + jzw),
ke = a + 2cx + dy + 3gx? + 2hay + iy? + j2w,

ks = —(b+ ez + 2fw + joy + k2* + 20zw + 3mw?),
ky = b+ 2ez + fw+ jry + 3kz% + 20zw + mw?,

respectively. Looking for the solutions of the system
(10) Cklkl + Ckgkg + Oégkg + CM4]€4 = 0,

in the variables aq, as, as, a4, a,b,c,d, e, f, g, h,i,7,k, £ and m, and without consid-
ering the repetitive solutions in the sense that produce Hamiltonians H,4 that have
been already obtained interchanging either z and y, or y and z, or z and w, or
by compositions of these interchanges, we obtain only the following four different
solutions:

(i) e=d=g=i=0,a1 =as #0 and a3 = ay = 0.

(ii)d=f=g=i=k=m=0, a=-bag/(2a2), h = —jas/(4as), £ =
—jag/az, a; = 2a # 0 and ag = a3/2 # 0.

(iii)yd=e=f=g=i=m=0, a = —2bag/(3az), h = —jas/(3az),
= —=3jas/(4asz), a1 =2as # 0 and g = a3/3 # 0.

(ivyc=d=e=f=i=m=0,a=—bag/(Baz), h = —jaz/(6az), £ =
—3jas/(2a3), @1 = 3as #0 and oy = a3/3 # 0.

Hence, by the definition of Darboux integral, fi'* f32fs*° fi'* is a first integral

of Darboux type of the Hamiltonian system (9) for each one of the previous four
solutions of system (10). More precisely, we have the following results.

For case (i) we take a1 = ag = 1 # 0 and obtain the two independent first
integrals, namely

H = axy + bzw + ez’w + fzw? + ha’y? + jryzw + k2w + £2°w? + mzw?,
F =uxy.

For case (ii) we take as = v # 0 and ag = 28 # 0 and obtain the two independent
first integrals, namely
b . .
H= ——Bzy + bzw + cx’y + ez?w — ﬁnyQ + jryzw — BZQwQ,
« 2a 273

F = 220y2 2288,

For case (iii) we take as = o # 0 and a3 = 38 # 0 and obtain the two indepen-
dent first integrals, namely

28

. , o
H=—-""gy+bzw + ca’y — ﬁxzszrjxyszrkzdw— JX 2,2
o @

@Z w,
F = g2 2%00P,
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For case (iv) we take ag = o # 0 and a3 = 38 # 0 and obtain the two indepen-
dent first integrals, namely

% . )
H= ——ﬁxy + bzw + gxdy — ﬁxz;f + jayzw + k23w — BZQwQ,
Q 2a 20
F = x3°‘yo‘zsﬁw’8.
This completes the proof of the theorem. ([

3. GLOBAL DYNAMICS OF THE COMPLETELY INTEGRABLE LOTKA-VOLTERRA
HAMILTONIAN SYSTEMS

In this section first we study the equilibrium points and their local phase portraits
of systems (4) depending on the values of their parameters.

Lemma 7. System (4) has at most one positive equilibrium in the interior ofRi for
all values of parameters. More precise, the existence and topological classification
of equilibria of system (4) is the following.

(i) Ifa # 0 and ¢ = d = 0, then system (4) has a unique equilibrium O = (0,0)
mn Ri, which is a hyperbolic saddle.

(ii) Ifd # 0 and a = ¢ = 0, then system (4) has a continuum of equilibria which
fill the positive x-axis.

(iii) If¢c # 0 and a = d = 0, then system (4) has a continuum of equilibria which
fill the positive y-axis.

(iv) If cd # 0 and a = 0, then system (4) has a unique equilibrium O in RZ,
which is degenerated. Further, the positive x-axis and y-axis are orbits of
system (4), R% is a hyperbolic sector if cd > 0, and if cd < 0, then R2 s
divided into two hyperbolic sectors by the orbit cx + dy = 0 of system (4)
in RZ.

(v) If ad > 0 and ¢ = 0, then system (4) has a unique equilibrium O in R%
, which is a hyperbolic saddle; and if ad < 0 and ¢ = 0, then system (4)
has two equilibria in R%: O and E, = (0,—a/d), and both of them are
hyperbolic saddles.

(vi) If ac > 0 and d = 0, then system (4) has a unique equilibrium O in RZ,
which is a hyperbolic saddle; and if ac < 0 and d = 0, then system (4) has
two equilibria O and E, = (—a/c,0) in R%, and both of them are hyperbolic
saddles.

(vii) If acd # 0, then there are four cases:

(vii.1) If ac < 0 and ad < 0, then system (4) has four equilibria in R%.: O,
E,, E; and P = (—a/(3¢c),—a/(3d)); P is a center and the others are
hyperbolic saddles. There is a one—parameter family of closed orbits
around P, Fy(z,y) = axy + cx?®y + drvy? = hy for hy € (0,a%/(27cd))
(or for hy € (a®/(27¢d),0)) if a > 0 (or a < 0). Moreover, the
orbits in Fy(x,y) = 0 correspond to the triangle polycycle OE,E, and
Fi(z,y) = a®/(27cd) corresponds to the center P, and Fy(x,y) = hy is
a non-compact orbit of system (4) in RZ if hy € (—00,0) (or (0,00))
ifa>0 (ora<0).

(vii.2) If ac > 0 and ad < 0, then system (4) has two equilibria in R%: O
and E,. Both of them are hyperbolic saddles.
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(vii.3) If ac < 0 and ad > 0, then system (4) has two equilibria in R%.: O
and E,. Both of them are hyperbolic saddles.

(vii.4) If ac > 0 and ad > 0, then system (4) has a unique equilibrium O in
Ri, which is a hyperbolic saddle.

Proof. All statements except statements (iv) and (vii.1l) follows directly studying
the existence of equilibria of system (4) and their linear analysis. So only we shall
prove statements (iv) and (vii.1).

When cd # 0 and a = 0 system (4) becomes
(11) &= —z(cx +2dy),  §=y(2cz+dy),

in R%. This system has a unique equilibrium O = (0, 0) in R2 , which is degenerated.
To determine the topological type of O we blow up O using polar coordinates:
x =rcosf, y =rsinf, and changing the time 7 = rt, where r > 0 is a very small
positive number. Hence, system (11) in R% can be transferred to

d
# = —7 (c(cos® § — 2 cos fsin® ) + d(2 cos? Osin § — sin® 9)) ,
(12) d(;
d(T) = 3cosfsinf(ccosf + dsinb),
-
where 0 < <7/2and 0 <r < 1.
From system (12) we can see that there are at most two directions 61 = 0

and 03 = 7/2 in ]Ri where a trajectory or many trajectories of system (11) may
approach the origin O as t tends to 400 or —oo if e¢d > 0, and that there are at
most three directions §; = 0, 0 < 65 = arctan(—c/d) < 7/2, and 0 = 7/2 in R%
where a trajectory or many trajectories of system (11) may approach the origin O
as t tends to 400 or —oo if ¢d < 0. And it is easy to check that cx + dy = 0 is an
invariant straight line of system (11) if ¢d < 0.

We now calculate the eigenvalues of the equilibria: @1 = (0,61), Q2 = (0, 62)
and Q3 = (0, 63) of system (12), and obtain the corresponding eigenvalues —c and
3c for Q1, d and —3d for Qo, and ¢ — d + 2¢®/d? and —3c(c? + d?)/d? for Q3. The
phase portraits of system (12) in Ri are showed in figure 4.

This leads that system (11) has a unique orbit, the positive z—axis (resp. the
positive y—axis) approaching the origin O as t tends to +00, and another orbit, the
positive y—axis (resp. the positive z—axis) approaching to the origin O as ¢ tends
to —co if ¢ > 0 and d > 0 (resp. ¢ < 0 and d < 0). This implies that R? is a
hyperbolic sector if c¢d > 0. And system (11) has two orbits: the positive z—axis
and the positive y—axis (resp. a unique orbit: cx + dy = 0 in Ri) approaching to
the origin O as t tends to +00, and a unique orbit cx + dy = 0 in Ri (resp. two
orbits z—axis and y—axis) approaching to the origin O as t tends to —oo if ¢ > 0 and
d < 0 (resp. ¢ < 0 and d > 0). This implies that Rﬂ_ is divided into two hyperbolic
sectors by the orbit cx + dy = 0 of system (4) if ed < 0. Hence, the conclusion (iv)
holds.

When acd # 0 we consider case (vii.1): ac < 0 and ad < 0. By direct computa-
tions we obtain that system (4) has four equilibria in ]Rf_: 0, Ey, E; and P, and
P is a center and the others are hyperbolic saddles.

Note that Fy(z,y) = azy + cx®y + dry? is Hamiltonian function of system (4),
and Fy(z,y) = h; are the level curves of this Hamiltonian function.
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e

(a) The phase portraits of system (b) The phase portraits of system
(12) asc< 0 and d < 0. (12) as ¢ >0 and d > 0.

v< VC

(¢) The phase portraits of system (d) The phase portraits of sys-
(12) as ¢ < 0 and d > 0. tem (12) as ¢ > 0 and d < 0.

FIGURE 4

Consider the ray

c a

L:y=-z, Ve >——,

It ey
starting at P, it crosses the level curve of this Hamiltonian function at a point, and

a
Oy % >0 (resp. <0) asz> —3a0 0 < 0 (resp. a > 0);
| =% (a + 3cx) a

TlL =0 as r=——.
3dc

Hence, when a < 0, Fy(x,y) takes the minimal value a®/(27cd) at P and increases
for £ > —a/(3c), and Fi(x,y) = 0 corresponds to the polycycle OE,E,: x = 0,
y = 0 and y = —cz/d — a/d. This implies that if a < 0 then the level curve
Fy(z,y) = hy is a closed orbit of system (4) in R3 if hy € (a®/(27¢d),0), and it is
not a closed orbit if h; € (0,400). When a > 0, Fj(x,y) takes the maximum value
a®/(27cd) at P and decreases for z > —a/(3¢), and Fy(z,y) = 0 also corresponds
to the polycycle OE, E,. This implies that the level curve Fi(z,y) = hy is a closed
orbit of system (4) in R% if hy € (0,a/(27cd)) and it is not a closed orbit if
hi € (0, —00) and a > 0. Thus, statement (vii.1) holds. O

In order to study the global dynamics of system (4) in Ri, we need to investigate
the behavior of trajectories in a neighborhood of infinity for system (4) by using
the Poincaré compactification of R?. That is, we project from the center of the unit
sphere S? = {y = (y1,92,y3) € R? : y? + y3 +y3 = 1} (the Poincaré sphere) onto
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the (z,y)-plane tangent to S? at either the north or south pole. For example, we
project the upper hemisphere of S?, then the equations defining (z,y) in terms of

(y1,y2,y3) are given by
Y1 Y2
xr = —, y = —.
Y3 Y3

And the equations defining (y1,y2,y3) in terms of (x,y) are given by
z Y 1

Y1 = y Y2 = ) Y3 = .
Vo2 +y?+1 Vo2 +y?+1 Vo2 +y?+1

Clearly, the above equations define an one-to-one correspondence between points
(y1,Y2,¥3) on the upper hemisphere of S? with y3 > 0 and points (z,y) in R2.
The origin (0,0) € R? corresponds to the north pole (0,0,1) € S? and the equator
St = {y € $% : y3 = 0}, of the Poincaré sphere S? is identified to the infinity of
R2. Any two antipodal points on the equator S! is belonging to the same point at
infinity. Hence, system (4) in Ri can define a family of solution curves or a flow
on S? with 3, > 0 and y» > 0, which allows to extend the dynamics of system (4)
to infinity and study its dynamics in its neigborhood. The equator S with y; > 0
and y, > 0 consists of trajectories and equilibria of the reduced system (4) on S?
with y; > 0 and y2 > 0.

As S? with y; > 0 and y» > 0 is a differentiable manifold, for studying the flow
near the equator S' with y1 > 0 and y» > 0 of system (4) in R3, we consider
the two local charts Uy = {y € S? : 43 > 0}, Uy = {y € S? : yo > 0}, and the
diffeomorphisms F; : U; — R? for ¢ = 1,2 are the inverses of the central projections
from the planes tangent at the points (1,0,0) and (0, 1,0), respectively. That is,
the Poincaré transformation in the local chart U; is

1 u
=—,y=—, Z#0
r=p V=g it
and in the local chart Us is
v 1
==, y=—, 7 .
r=—, Y=, Z#0

More details about the Poincaré compactification can be found in many books, see
for example the paper [6], or the Chapter 5 of [5], or the book [22].

In the local chart U; system (4) becomes

2
du(t) = 2au + 3c= + 3du—,
(13) dt Z 7
dZ(t)
dt
where u > 0 and Z > 0. When Z # 0, system (4) and system (13) are topologically
equivalent. And Z = 0 always denotes the points of S, which corresponds to the
infinity of Ri.

=c+ 2du+ aZ,

Changing time t by the time 7 through dr = dt/Z, system (13) becomes
du(T)

—2 = 2auZ + 3cu + 3du®,
(14) dgz)
dT — ¢Z +2duZ + aZ?.
.

Thus system (14) is defined at Z = 0.
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System (14) has always the equilibrium O; = (0,0) for all values of parameters,
which corresponds to the endpoint at infinity of the positive z-axis in Ri. And
system (14) has the other equilibrium A = (—c/d,0) in R? if ¢d < 0, which corre-
sponds to the endpoint at infinity of the invariant straight line y = —cz/d in R?.
Otherwise, that is the case that cd > 0, system (14) has a unique equilibrium O;.

Since the linear part of system (14) at O; has eigenvalues ¢ and 3¢ and the
eigenvalues of the linearized matrix at A are —3c and —c if c¢d < 0, O1 and A are
hyperbolic nodes, and they have converse stability depending on the sign of c.

We now discuss the local phase portrait of O; if cd > 0. We divide its study in
four cases: (i) ed > 0, (ii) ¢ # 0,d =0, (iii) ¢ = 0,d # 0, and (iv) ¢ =d = 0.

It is clear that system (14) has a unique equilibrium O;, which is hyperbolic
stable (unstable) node if ¢ < 0 (resp. ¢ > 0) in cases (i) and (ii).

In case (iii) the unique equilibrium O; is degenerated. In this case, system (14)
becomes

—— = 2auZ + 3du?,
(15) dgz )
") — 9duZ + aZ?,
dr

where Z > 0 and u > 0.
We now distinguish three cases: a = 0, ad > 0 and ad < 0, in order to describe
the local phase portrait at the degenerated equilibrium O; in }Rf_.

(iii.a) ¢ = a = 0 but d # 0. Then it is clear that the positive z—axis of system
(4) is filled with equilibria, and that O; is stable (unstable) if d < 0 (resp. d > 0)
in R%.

(iii.b) ¢ = 0 but ad > 0. We do a polar blow up as follows u = rcos§, Z = rsin 6.
It transforms system (15) into the system

d
% =r?(asin® + 2d cos  + acos® fsin f + d cos® §),
16 ’
(16) do(r) . .
i —rsinfcosf(asinf + dcosb).
-
Hence, system (16) becomes
(17) r@ _ sin @ cos @(asin @ + dcos 6)

dr ~  asinf + 2dcosf + acos2 0sinf + dcos? 0

In a neighborhood V; of Oy in Rﬁ_ we have Z > 0 and u > 0. It can be checked that
there are only two characteristic directions of system (15): ¢; =0 and 6, = 7/2 in
V1, which form the boundary of a parabolic sector of the equilibrium O;. All orbits
of system (15) in this sector are asymptotic to O; as t — +o0o (resp. t — —o0) if
a>0and d>0 (resp. a <0 and d < 0).

(iii.c) ¢ = 0 but ad < 0. From (17) we can see that there exist three characteristic
directions of system (15): 6; = 0, 0 < 02 = arctan(—d/a) < 7/2 and 03 = 7/2 in
V1, which bound two sectors of the equilibrium O;. 6; and 6 forms the boundary
of a parabolic sector and all orbits of system (15) in this sector are asymptotic to
0O, ast — —oo (resp. t — 400) if a < 0 and d > 0 (resp. a > 0 and d < 0). 05
and 03 forms the boundary of an elliptic sector and all orbits of system (15) in this
sector are asymptotic to Oy ast — +oo if a <0 and d > 0, or a > 0 and d < 0.
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In case (iv), i.e. ¢ =d = 0, then system (14) becomes

1) _ quz
dr ’

dZ(r) 2

@7 _ 7
dr ass

which has the straight line Z = 0 filled of equilibria, these equilibria correspond to
the endpoints of the invariant straight lines y = kz in Ri for all £ > 0. Hence,
the quarter of the equator in Ri is filled with equilibria and the positive z—axis of
system (4) is a stable (resp. unstable) manifold of Oy if @ < 0 (resp. a > 0).

Since the local chart U; does not cover the endpoint at infinity of the positive
y—axis of Ri, we must consider system (4) in the local chart Us with coordinates

v 1
=—,y=—, Z#0O.
r=_ Y=, 2 F
Thus in such a local chart system (4) becomes
2
du(t) = —2av — 3dE — 361}—,
A
L(t) =—d—2cv—az,
dt
where v > 0 and Z > 0. Doing the change of time dr = dt/Z system (18) writes
d
v(7) = —2avZ — 3dv — 3cv?,
(19) .
dZ(r) = —dZ —2cvZ — aZ>.
dr

We are only interested in the equilibria with v = 0 and Z = 0 of system (19),
which corresponds to the endpoint at infinity of the positive y—axis. Clearly Os =
(0,0) is an equilibrium of system (19) having eigenvalues —3d and —d. Os is a
hyperbolic stable (resp. unstable) node if d > 0 (resp. d < 0). If d = 0, then we
divide the study of the local phase portrait at Oy into four cases: (i) ac # 0, (ii)
c#0,a =0, (ili) ¢ = 0,a # 0, and (iv) a = ¢ = 0. Using similar arguments to the
ones in the study of the degenerated equilibrium O, we can obtain the topological
classification Os.

Note that both local charts U; and Us together cover all equilibria at the infinity
of system (4) in R%. Hence, we can summarize the above analysis as follows.

Lemma 8. The following statements hold for the infinite equilibria of system (4).

(i) System (4) has infinitely many equilibria filling the boundary at infinity of

Ri when ¢ = d = 0, which are the endpoints at infinity of the invariant
straight lines y = kx for all k > 0 and x = 0.

(ii) System (4) has at most three isolated equilibria at the infinity of R3 when

c? +d? #0. More precisely:

(ii.1) If cd < 0, then system (4) has three equilibria at infinity: O1, which

corresponds to the endpoint at infinity of the invariant positive x—axis,

Os, which corresponds to the endpoint at infinity of the invariant posi-

tive y—axis, and A which corresponds to the endpoint at infinity of the

invariant straight line y = —cx/d in Rﬁ_. Moreover, O1 is an unstable

(resp. stable) hyperbolic node, A is a stable (resp. unstable) hyperbolic
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node, and O is an unstable (resp. stable) hyperbolic node if ¢ > 0 and
d <0 (resp. ¢c<0 andd>0).

(ii.2) If cd > 0, then system (4) has two equilibria at infinity: O and Oa.
Moreover, Oy is an unstable (resp. stable) hyperbolic node, and O
is a stable (resp. unstable) hyperbolic node if ¢ > 0 and d > 0 (resp.
¢<0andd<0).

(ii.3) If ¢ =0 and d # 0, then system (4) has two equilibria at infinity: O;
and Oy. Oy is an unstable (resp. stable) hyperbolic node as d < 0
(resp. d > 0), and Oy is degenerated. Further, Oy in R% has a stable
(resp. unstable) parabolic sector if a =0 and d < 0 (resp. a =0 and
d>0); Oy in ]Ri has an unstable parabolic sector and a hyperbolic
sector if ad > 0; and O1 in R%_ has a parabolic sector and an elliptic
sector if ad < 0. In these last two cases the two sectors are separated
by the separatriz du + az = 0.

(ii4) If ¢ # 0 and d = 0, then system (4) has two equilibria at infinity:
O1 and Oy. Oy is unstable (asymptotically stable ) hyperbolic node as
¢ >0 (c <0, resp.), and Oy is degenerated. Further, Os is stable
(unstable) with parabolic sector if a =0 and ¢ >0 (a =0 and ¢ < 0,
resp.); Oy is unstable with hyperbolic sector if ac > 0; and Oy has a
parabolic sector and an elliptic sector with the separatriz cv + az = 0
if ac < 0.

The projection of the closed northern hemisphere of S? on y3 = 0 under (y1, y2, y3)
— (y1,2) is called the Poincaré disc, denoted by D?. And we denote by ]D?F the
projection of the compactified first quadrant Rﬁ_ projected to y3 = 0.

Proof of Theorem 4. From Lemmas 7 and 8, we obtain the global dynamics of
system (4) in D? described in figure 1 - 3. This leads to Theorem 4. So this
theorem is proved. (I

Note that when ac < 0 and ad < 0, system (4) has a one—parameter family of
periodic solutions around the equilibrium point P, Fy(z,y) = axy + cz?y + dxy? =
hi, h1 € (a®/(27cd),0) (resp. hy € (0,a®/(27cd))) as a < 0 (resp. a > 0). Let
Ty (h1) be the minimum period of the one-parameter family of periodic solutions
Fi(z,y) = axy + cx®y + daxy?® = hy.

On the other hand, when bf < 0 and be < 0, system (5) also has a one-parameter
family of periodic solutions around the equilibrium point @ = (=b/(3f), —b/(3e)),
Fy(z,w) = bzw + f22w+ezw? = ha, hy € (b3/(27ef),0) (resp. ha € (0,03/(27¢f)))
as b < 0 (resp. b > 0). Let Tz(hz2) be the minimum period of the one-parameter
family of periodic solutions Fy(z,w) = bzw + fz?w + ezw? = hy. Then we have
the following property on the period functions T (k1) and T5(hs). The proof can
be found in [2].

Proposition 9. If ac < 0 and ad < 0, the minimum period Tyi(hy) of periodic
solutions Fi(x,y) = hy of system (4) is monotone increasing (resp. decreasing)
with respect to hy as a <0 (resp. a > 0). Moreover,
2v/3
lim Ti(h) = ﬁ and  lim Ty(hy) = +oo.

hy—s 22 |al h1—0
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Ifbf < 0 and be < 0, the minimum period Ta(ha) of periodic solutions Fy(z,w) =
hs of system (5) is monotone increasing (resp. decreasing) with respect to hs as
b <0 (resp. b>0). Moreover,

23
lim  To(hs) = V3T d lim Ty(hs) = +00.
hzﬁzng |b| h2—>0

We now consider the bounded solution ¢(t, xg, Yo, 20, wo) of system (3) with the
initial conditions (zg, Yo, 20, wo) € R

&= —z(a+ cx + 2dy),
¥ =y(a+ 2cx + dy),
Z=—z(b+2fw+ez),
w=w(+ fw+ 2ez),
2(0) = zo, ¥(0) = yo,

z(0) = zp, w(0) = wy.

(20)

Based on the global dynamics of system (3) (see figure 1 - 3), and Proposition
9, we can obtain
Theorem 10. The solution ¢(t,xo, Yo, 20, wo) of system (20) is a periodic solution
if and only if one of the following conditions holds.
(i) ac < 0 and ad < 0, Fi(zo,y0) € (a®/(27cd),0) (resp. Fi(zo,y0) €
(0,a®/(27cd))) as a < 0 (resp. a >0), and 29 = wo = 0;
(i) be < 0 and bf < 0, Fa(zo,wo) € (b*/(27ef),0) (resp. Fa(z0,wo) €
(0,6%/(27ef))) as b < 0 (resp. b>0), and zo = yo = 0;
(iii) ac < 0, ad < 0, be < 0 and bf < 0, Fi(zg,y0) € (a®/(27cd),0) (resp.
Fi(z0,y0) € (0,a®/(27¢d))) asa < 0 (resp. a > 0), Fa(z0,wo) € (b*/(27¢ef),0)
(resp. Fa(z0,wo) € (0,b%/(27ef))) asb < 0 (resp. b > 0), and Ty (Fy(z0,y0))/
T5(F5(z0,wo)) is rational.
Except periodic solutions and equilibria, the solution ¢(t,xq, Yo, 20, wo) of system
(20) is bounded if and only if one of the following conditions holds.

(i) ac < 0 and ad <0, 0 < 29 < —a/c and yo = 2o = wo = 0;

) ac< 0 and ad <0, 0 < yo < —a/d and o = 29 = wy = 0;

) ac <0 and ad <0, 0 < g, 0 < Yo, Yo + cxo/d+a/d =0 and zg = wo = 0;

) ac>0 and ad <0, 0 < yo < —a/d and o = 29 = wy = 0;

) ac <0 and ad >0, 0 < zg < —a/c and yo = zo = wo = 0;

) bf <0 and be <0, 0< zo < =b/f and o = yo = wo = 0;

(vil) bf <0 and be <0, 0 < wy < —b/e and xy =yo = 20 = 0;
ii) bf <0 andbe <0, 0 < zg, 0 < wg, wo + fzo/e+b/e =0 and xog = yo = 0;

) bf >0 and be <0, 0 <wy < —b/e and zg = xg = yo = 0;

) bf <0 and be >0, 0< zo < =b/f and wy = 29 = yo = 0;

) ac < 0, ad < 0, be < 0 and bf < 0, Fi(zo,y0) € (a®/(27cd),0) (resp.
Fi(z0,y0) € (0,a%/(27cd))) asa < 0 (resp. a > 0), Fa(z0,wo) € (b*/(27¢ef),0)
(resp. Fa(z0,wo) € (0,6%/(27ef))) asb < 0 (resp. b > 0), and Ty (Fy(z0,y0))/
T5(Fa(z0,wo)) is rrational.
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4. AN APPLICATION

As an application of the global dynamics of system (3) studied in section 3, we
consider the topological classification of the hypersurfaces
Sp={(z,y,z,w) € Ri saxy + cx’y + dry? + bwz + fw’z + ewz® = h},
where a,b,c,d,e and f are real parameters, and a® + ¢ + d? + b + f2 +e? £ 0.
Without loss of generality we assume that a < 0 throughout this section.

Note that system (3) has Hamiltonian function
H = H(z,y,z,w) = axy + cx’y + dey? + bwz + fw’z + ewz?,
and two independent first integrals, each one with H, given by
Fi(x,y, z,w) = azy + cx’y + dey?, Fo(x,y, z,w) = bwz + fw’z + ewz?.
It is well known that the sets

Ffl(hl-) ={(z,y,z,w): Fy(z,y,z,w) =h;, (z,y,z,w) € Ri, h; € R} 2 1y,

(2

defined using the first integral F; are invariant under the flow of system (3), for
1=1,2.

The sets Ip,n, are the intersections of I, and I,, which are also invariant and
are submanifolds of the phase space Ri if (h1, ha) are regular values of the function
(F1, Fy). The submanifold Ij,, is characterized by the global flow of the system
(3) and the phase space R is foliated by Ij,,. Then we use Iy, p, to characterize
the topological classification of the hypersurfaces Sp,.

In order to study the foliation of the phase space by the invariant sets Ip, p,, we

have to consider the critical and the regular values of the map
(F1, Fy): RY — R2
The point (z,y, z,w) € RY is reqular of (Fy, F) if the linear map

Fl:c Fly Flz Flw)

D(Fy, F3)(@,y, z,w) =
F2z F2y FQZ FQw

is surjective. And a point (z,y,z,w) € Ri is critical if it is not regular. Then
the rank of the matrix D(Fy, F»)(x,y, z, w) is less than two if (z,y, z,w) € R is a
critical point. A point (hy, he) € R? is a reqular value for (Fy, Fy) if the linear map
D(Fy, F>)(z,y, z,w) is surjective for any a point (z,y, z,w) € R% satisfying

(Fl(zvyaz,w)a FQ(?E,y,Z,w)) = (h17h2)'

If (hi, he) € R? is not a regular value it is called a critical value. Thus, the regular
values are those whose inverse image by (Fy, F3) is formed by regular points or it
is empty. And the critical values are the image of some critical points.

It is clear that the matrix D(Fy, Fa)(z,y, 2z, w) has rank less than 2 if and only
if
(21) ay + 2cxy + dy? = 0, z(a+ cx + 2dy) =0,

(22) bw + 2ezw + fw? =0, z(b+ez+2fw) = 0.
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We denote by S; the set of solutions of equation (i). Then by a directly calcula-
tion we get that the set Sa; of solutions of equation (21) is

{(z,y,z,w) : {(0,0} xRLU{(0,-2%)} xR} if ad < 0;

{(z,y,z,w): {(0,0)} x R% } if ad > 0 and a? + d? # 0;
{(z,y,z,w) : {(0,0)} xRY } ifa=d=0;
{(@,y,z,w) s {(—2,0} xR U{(—&,—5)} xR3} ifac <0 and ad < 0;
{(z,y,z,w): {(-2,0)} xR% } if ac < 0 and ad > 0;
{(z,y,z,w) : Ry x {0} x R% } ifa=c=0andd#0;
{(z,y,z,w) : {(0,0)} xR% } ifa=d=0and c#0,

and the set Sao of solutions of equation (22), which is equal to

{@y,2,0) s RE < {(0,00} URZ x {(0,~4)}} if bf < 0;

{(z,y,z,w) : RZ x{(0,0)} } if bf >0 and b + f2 £ 0;
{(z,y,2,w): R} x {0} } if b=e=0;
{(x,y,z,w): R2 x {(~%,0)} UR,? x{(—%,—%)}} if be < 0 and bf < 0
{(z,y,2,w) : RZ x {(-=2,0)} } if be < 0 and bf > 0.
{(z,y,z,w) : R x {0} xRy } if b= f=0and e # 0;
{(z,y,z,w) : R} x {0} } if b=e=0and f #0.

Therefore, the set of critical points of the map (Fy, F») is the union of Sp; and Sas.

From these critical points we can calculate the critical values of the maps F
and Fy, respectively. Fi(x,vy,z,w) has only two critical values: 0 and a®/(27cd).
And Fy(z,y, 2z, w) has only two critical values: 0 and b3/(27ef). Hence, I, is
a submanifold in R% if hy # 0,a%/(27cd). And I, is a submanifold in R} if
hy # 0,b%/(27ef). The set Iy, p, is also a submanifold in RY if hy # 0,a*/(27cd)
and ho # 0,63 /(27ef).

Note that system (4) (or system (5)) has a family of periodic orbits if ac < 0
and ad < 0 (resp. be < 0 and bf < 0) (see (d) in figure 2). From Theorem 10, we
have the following result.

Lemma 11. Assume that ac < 0, ad < 0, be <0 andbf < 0. Ifhy € (a®/(27cd),0)
and hy € (b%/(27ef),0) (resp. ha € (0,6%/(27ef))) as b < 0 (resp. b > 0), then
In,n, is homeomorphic to a two—dimensional torus in the interior of RY, and the
hypersurfaces Sy, in Ri is foliated by the two-dimensional tori I, p, with h = hi+hs
defined by

{(z,y,2,w) €RY : awy + e’y + day® = hy, bwz + fw’z + ewz? = hy}.

Moreover, there exist some pairs of hy and hg such that Ty (hy)/Te(hs) is rational
and every orbit of system (3) is periodic on the two—dimensional torus Ip,p,. And
there also exist some pairs of hy and hs such that Ty(hy)/Ta(he) is irrational,
system (3) has two periodic orbits and the other orbits are quasi—periodic on the
two—dimensional tori Ip, p,.
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Remark: When T} (hy)/T2(hs) is rational, the periodic solution ¢(t, o, yo, 20, Wo)
of system (20) with (o, yo, 20, wo) € intR?2 on the two-dimensional torus I, p, is
a knot (see [17]), where intR? is the interior of R2.

On the other hand, based on the global dynamics of system (4) and system (5)
(see Figure 1 — 3) and results in [3], we have

Lemma 12. Assume that at least one of the inequalities ac < 0, ad < 0, be <
0 and bf < 0 does not hold. If hy # 0,a3/(27cd) and hy # 0,b3/(27ef), then
Ip h, 15 a two-dimensional noncompact submanifold in Ri, which is topological
homeomorphic to S' x R or R x R, and the hypersurfaces Sy, in Ri is foliated by
the two—dimensional noncompact submanifold I, pn, with h = hy + hy defined by

{(z,y,2z,w) € Ri o axy + cx’y + dxy? = hy, bwz + fw’z + ewz® = hy}.
We are now in the position to prove Theorem 6.

Proof of Theorem 6. From Lemmas 11 and 12, we know that the hypersurface Sj,
is a compact orientable 3-manifold if and only if the conditions (i) or (ii) in the
theorem holds. We only need to prove the compact submanifold S}, is topological
homeomorphic to S? in two cases: (i) b > 0 and (ii) b < 0.

If b > 0, then for any given h € (a®/(7cd),b®/(27fe)), we can find an hio €
(a®/(7cd),0) such that b — hig € (0,6%/(27fe)). Thus, the interval (a®/(7cd),0)
is divided into two subintervals (a®/(7cd), hio] and [hio,0), and also the interval
(0,b%/(27 fe)) is divided into two subintervals [h — h1g, h — a®/(7cd))N(0,6%/(27 fe))
and (h,h — hig] N (0,6%/(27 fe)).

From Lemma 11, for any h; € (a3/(7cd), th] and corresponding hy € [h — hig,
h—a®/(7cd))N(0,b%/(27 fe)) with hy +hy = h, the invariant set I, p, of system (3)
is homeomorphic to a two—dimensional torus in the interior of R%, which foliates
the hypersurface Sj. As hy varies continuously in the interval (a®/(7cd), hio], it
becomes a solid torus. Similarly, as hy varies continuously in the interval [h1g,0)
and hy varies corresponding in the interval (h,h — hio] N (0,b%/(27fe€)), the set
U, €[h10,0)In1 hy 18 another solid torus. Hence, the hypersurface Sy, can be splitted
into two solid tori by a Heegaard splitting [17], which implies that hypersurface Sy
is topological homeomorphic to S? .

If b < 0, then for any given h € (a®/(7cd) + b®/(27fe),0), we can find an hyg €
(a®/(7cd),0) such that b — hig € (b°/(27f€),0). Thus, the interval (a®/(7cd),0)
is divided into two subintervals (a®/(7cd), hio] and [hio,0), and also the interval
(b3/(27fe),0) is divided into two subintervals [h — hio, h — %) N (63/(27fe),0)
and (h,h — hig] N (b3/(27fe),0).

Similar to the arguments in the case b > 0, the hypersurface S} can be splitted

into two solid tori by a Heegaard splitting. This leads that hypersurface S is
topological homeomorphic to S? . This completes the proof. ([l
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