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Abstract

In 1979 Jouanolou showed that if the number of invariant algebraic hypersurfaces of a polynomial vector
field in Rn or Cn of degree d is at least

( d+n−1
n

) + n, then the vector field has a rational first integral.
His proof used sophisticated tools of algebraic geometry. We provide an easy and elementary proof of
Jouanolou’s result using linear algebra.
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1. Introduction

Nonlinear ordinary differential equations appear in many branches of applied mathematics,
physics and, in general, in applied sciences. For a differential system or a vector field defined in
Rn or Cn the existence of a first integral reduces the study of its dynamics in one dimension; of
course working with real or complex time, respectively. So a natural question is: Given a vector
field on R

n or C
n, how to recognize if this vector field has a first integral? This question has no a

satisfactory answer up to now. Many different methods have been used for studying the existence
of first integrals of vector fields. Some of these methods based on: Noether symmetries [4], the
Darboux theory of integrability [7], the Lie symmetries [13], the Painlevé analysis [2], the use of

* Corresponding author.
E-mail addresses: jllibre@mat.uab.cat (J. Llibre), xzhang@sjtu.edu.cn (X. Zhang).

0007-4497/$ – see front matter © 2007 Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.bulsci.2007.12.001


