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LIMIT CYCLES FOR DISCONTINUOUS PLANAR PIECEWISE
LINEAR DIFFERENTIAL SYSTEMS SEPARATED BY AN
ALGEBRAIC CURVE

JAUME LLIBRE! AND XIANG ZHANG?2

ABSTRACT. We study how can change the maximum number of limit cycles
of the discontinuous piecewise linear differential systems with only two pieces
in function of the degree of the discontinuity algebraic curve between the two
linear differential systems. These discontinuous differential systems appear
frequently in applied sciences.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The dynamics of the piecewise linear differential systems started to be studied
around 1930, mainly in the book of Andronov et al [1]. Many researchers from
different fields considered this kind of differential systems, because they are widely
used to model phenomena appearing in mechanics, electronics, economy, neuro-
science, ..., see for more details and applications the books of Bernardo et al [3]
and of Simpson [33], the surveys of Makarenkov and Lamb [29], and Teixeira [36],
the articles [19, 20, 21, 31, 35], and the references which appear in all these works.

A periodic orbit of a differential system which is isolated in the set of all periodic
orbits of the system is a limit cycle. One of the main problems in the dynamics of
the differential systems in the plane is to control the existence and the number of
their limit cycles. This problem restricted to polynomial differential systems is the
famous 16th Hilbert’s problem, see more details in [14, 18, 22].

This last years many authors have studied the limit cycles of discontinuous piece-
wise linear differential systems in R?. Of course, the simplest piecewise linear dif-
ferential systems in R? are the ones having only two pieces separated by a curve,
and when this curve is a straight line. Thus the limit cycles of these last class of
discontinuous piecewise linear differential systems has been intensively studied, see
[2,4,6,7,9,10, 11, 12, 13, 15, 16, 17, 23, 24, 25, 26, 27, 28, 32] and the references
quoted in these papers. Up to know the results of all these papers only provide ex-
amples that the discontinuous piecewise linear differential systems in R? separated
by a straight line can have 3 crossing limit cycles (they are defined in what follows),
but it is an open question to know if 3 is the maximum number of crossing limit
cycles that such discontinuous differential systems can have.
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In the papers [5, 30] the authors considered discontinuous piecewise linear dif-
ferential systems with only two pieces, but now the curve of discontinuity between
the two pieces is not a straight line, and they shown that the number of limit cycles
can increase arbitrarily with the number of oscillations of that curve. We note that
the discontinuity curves considered in these two papers is not algebraic.

The main objective of this paper is to study how can change the maximum
number of limit cycles of the discontinuous piecewise linear differential systems
with only two pieces in function of the degree of the discontinuity curve when this
curve is algebraic. Due to the big amount of computations necessary for studying
this maximum number of limit cycles we restrict our analysis as follows: first to
the class of discontinuous piecewise linear differential systems separated by the
algebraic curve y = ™ where n > 1 is an arbitrary positive integer; second to
the class of discontinuous piecewise linear differential systems formed by two linear
differential systems having only centers; and third we only consider crossing limit
cycles, they are defined in what follows.

We consider discontinuous piecewise differential equations in R? of the form

( i ) _{ X~(.y) if (o) € L={(@.y) :y <an),

1 =
. J XH(x,y) if (z,y) €U ={(z,y) 1y = a"},
where the vector fields X~ and X are linear. The dynamics over the curve of
discontinuity y = 2™ is defined following the Filippov’s convention, see [8]. Thus,
on the curve of discontinuity y = 2™ we distinguish generically two different kind of
points: the crossing points {p = (x,2™) : X~ (p)X T (p) > 0}, and the sliding points
{p=(z,2") : X~ (p)X"(p) <0}

We assume that each one of the linear differential systems of the discontinuous
piecewise linear differential systems (1) has a center. We want to find upper bound
for the maximum number of crossing limit cycles that such discontinuous piecewise
linear differential systems can exhibit. A crossing limit cycle for such discontinuous
differential systems is formed by two pieces of orbits, one piece of orbit of the linear
differential system contained in y < ™ and the other piece of orbit of the linear
differential system contained in y > z”, furthermore both pieces connect in two
crossing points over the curve y = . We must mention that when n = 1, i.e.
when the discontinuous curve is a straight line, and both linear differential systems
have a center the discontinuous differential system (1) has no crossing limit cycles,
see for details [28]. This proves the result of the next Theorem 2 for the particular
case n = 1.

An equilibrium p of a linear differential system of a discontinuous piecewise linear
differential systems in R? separated by the algebraic curve y = z™ is called real when
p belongs to the closure of the component of R?\ {(z,y) : y = 2"} where is defined
the mentioned linear differential system, otherwise p is called wvirtual.

The following normal form for the discontinuous piecewise linear differential
systems in R? separated by the algebraic curve y = 2™ when both linear differential
systems have a center will help us to prove our manin result, the theorem which
follows the next proposition.
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Proposition 1. After a linear change of variables and a rescaling of the indepen-
dent variable any discontinuous piecewise linear differential systems in R? separated
by the algebraic curve f(x,y) = 0 when both linear differential systems have a center
can be written as

T = —bx

(2)

T

4b% + w?
4a
= —Yy—q y:x_ﬁv an:{($7y)yZ$n},

y+d, y=ax+by+c, in L={(z,y):y<a"}

with a > 0 and w > 0.

FIGURE 1. The three limit cycles of a discontinuous piecewise linear
differential system (2) for n = 2.

Theorem 2. Let n be a positive integer.

(a) An upper bound for the mazimum number of crossing limit cycles that a

discontinuous piecewise linear differential system in R? separated by the
algebraic curve y = x™ can have when both linear differential systems have
a center, real or virtual, is d, equal to

2% —n—1 2n? —n

— s if n is odd, and —g if n is even.
Forn = 2 there are discontinuous piecewise linear differential systems which
reach the upper bound of 3 limit cycles of statement (a), see the 3 limit cycles
i Figure 1.

For n = 2,3 we provide the explicit polynomial of degree 2d, whose real
roots x provide the points (x,x™) where the crossing limit cycles of the
discontinuous piecewise linear differential system (2) intersect the curve
y=za".

Theorem 2 is proved in section 3.

We remark that in statement (a) of Theorem 2 we provide upper bound for
the maximum number of crossing limit cycles that the discontinuous piecewise
linear differential systems studied in that theorem can have. The major part of the



4 J. LLIBRE AND X. ZHANG

results mentioned previously on the limit cycles of discontinuous piecewise linear
differential systems studied until now only provide lower bounds for that maximum
number. The unique other three papers that we know providing upper bounds
are when the curve of discontinuity is a straight line, and either one of the linear
differential systems has an equilibrium on the the discontinuity straight line [7, 24],
or one of the linear differential systems has a center [28].

It remains the following open question.

Open question. Are the upper bounds given in the statement of Theorem 2 reached
for values of n > 27

2. NORMAL FORM

Now we shall prove the normal form for the discontinuous piecewise linear dif-
ferential systems that we study.

Proof of Proposition 1. Doing the linear change of variables which writes the matrix
of the linear differential system in U, having a real or virtual center, in its real
normal form, and rescaling the independent variable of the differential system (if
necessary) we can write such a linear differential system as & = —y —«, y =z — .

Now the linear differential system in the region L is
&= Ax+ By +d, y=ax+by+c,

assuming that it has a center. Since the eigenvalues of this system are

A+b+\/1aB + (A—b)?
2 )

in order to have a center we must have that A+ b =0 and 4aB + (A — b)? = —w?
for some w > 0 and aB < 0, or equivalently A = —b, B = —(4b? + w?)/(4a) and
a > 0. This completes the proof of the proposition. O

It is easy to check that the differential linear system in the region L has the first
integral

Hy, = 4(ax + by)? + 8a(cx — dy) + w?y?,

while the first integral of the differential linear system in the region U is

Hy = (y+a)2 + (x—ﬂ)g.

3. PROOFS OF THEOREM 2

In order that the piecewise linear differential system (2) has a crossing limit cycle
T, it must intersect the discontinuous curve y = ™ in two points. Let (x,,z7}) and
(xr, %) be two intersecting points. Then, taking into account that Hy, and Hg
are first integrals these two points satisfy the equations

(3) ey = HL(I'L7‘T7£)—HL(1'R,LUTIL%):O7
ey = HU($L7.’E7£) — HU(:L‘R,.”L'%) =0.
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Note that ey, and ey are two polynomials of degree 2n in the variables xj and
xr. Clearly x; — x g is a factor of both ey, and er. Some direct calculations show
that Ef, = er/(xr, — zgr) and Eg = eg/(xr, — ) are given by

E; = (4()2 + w2) (a:%"_l + xLx%"_Q +...+ x}j_%?z” + m}j_Qa:%H)
+ ((4b® + w2t + 8ab) xh + (40 + w?)2} + 8abxy, — 8ad) x !
+ ((4b® + w2t + 8aba} — 8adxy) 7 °
+ oo (4 + w23 + 8abx} 2 — 8ada %) o,
+ (4% + w272 + 8abat ' — 8adz} % + 4a?) g
+ (46 + w?) 23"t + 8aba — 8ada’} ! + 4a’xy, + Sac,
and
Ey = xénfl + JcLaci{“2 +...+ xzf%%ﬁ + 33272307;;1 + xzflx}’é
+ (2 +20) (2 el + .+ 2 ag)
+ ((2F +2a) 2} 2+ 1) op + (2] + 20) 2} + 2, — 28.
Note that Fr, and Ey are polynomials in the variables xy, and xg of degree 2n — 1.

To study the existence and the number of limit cycles of system (2), it is necessary
to compute the common zeros (zr,zg) of E, and Egr. For doing so we calculate
the resultants Resultant[E},, Er, zr] and Resultant[Fy,, Fr, x| of Er, and Er with
respect to zr and xp, respectively. By the symmetry of E; and Er with respect

to zz, and xR, we know that Resultant[E, Er, zg] and Resultant[Ey,, Fr, x1] have
the same expression. So we only need to compute Resultant[Er, Egr, xg].

In what follows we denoted by Ry, (respectively Rr) for simplifying the nota-
tion the Resultant[EL, Er,xr] (respectively Resultant[EL, Er,x]) because this
resultant is a polynomial in the variable x, (respectively xg).

The next result provides the degree of the resultant Ry, which is the most
technical lemma in the proof of Theorem 2. We remark that in general the degree
of the resultant of two arbitrary polynomials of degree 2n — 1 is (2n — 1)2, but
since the polynomials Ej, and Er are special the degree in this case is lower, and
to compute this degree is the more difficult part of this paper.

Lemma 3. The maximum degree of the resultant Ry, is

2n? —n—1ifn is odd, and  2n% —n if n is even.

Proof. Let Sy = 4b? + w?, S = —8ad, So = 4a?, S3 = 8ac and A = 8ab. And for

simplifying notations we replace z; by x. Then by the definition of the resultant

of two polynomials Ry, is the determinant of a (4n — 2) x (4n — 2) matrix, more

precisely

Ci 01 -+ Op—1 -+ Ogp—o Co 01 -+ Op—1 -+ O2p—2
C1 Co

fir o e ’

Cl CV2
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where 0f is a k—dimensional column vector for k¥ € {1,...,n — 2}, the entries
which are empty are zeros, and C; and Cy are 2n-dimensional column vectors given
respectively as

O

L 50332"_1 + Ax™ + Sl.’IJn_l + Sox + S3 ]

So

So.??

80562
Sol‘n_g
Soxn72

Soxnil + A
S(]in + Az + Sl

Soz™tt + Az? + Sqz

Sox2n73+Axn72 _’_Slxn73
Sox2"_2+A:c"_1 +S1xn_2+52

aCQ

xn—S
xn72

mnfl
" + 2«

2"t + 20z

x2n73 _’_.2a1.n73
{L'2n_2+204$n_2+1

i 22 4 202+ — 28 ]

For computing the determinant Ry, we first apply the next algorithm to Rp:

Then

We add the (2n — 1 + j)-th column multiplied by —(4b% + w?) to the j-th

column for j =1,...,2n — 1.

We expand the resulting determinant of a (4n—2) x (4n—2) matrix through

its first row.

We expand the new resulting determinant of a (4n — 3) x (4n — 3) matrix

through its first row.

We expand this second new resulting determinant of a (4n —4) x (4n — 4)

matrix again through its first row.

In total we repeat this process n — 1 times, and at the end we have that
Ry, is the determinant of a (3n — 1) x (3n — 1) matrix.

After all these computations we achieve that R, = (—1)""'Ry,, with

R, =

D1 0

D,

077,72 Onfl On

Dy

D,

O2n—2

D,

Cs

0,
Cy

Cs
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where the entries without letters are zeros, and D1 is the n+ 1-dimensional column
vector given by
_ 4 _
Ax + B
Azx? + Bz
D, ; ,
Al‘n_2 + an—B
Az" ' 4+ Ba" 2 +C
i Ax" 4+ Bz" 1+ Cx+ D |

where B = —8ad—2« (4b2 + w2)7 C= 4a2—(4b2 + wz) and D = 8ac+2 (4b2 + w2).

We separate the rest of the proof in three cases, first n > 3, after n = 2 and
finally n = 3.

We do the next computations with Ry, when n > 3:

e We add the first row multiplied by —* to the (¢+1)-th row for £ = 1,...,n.

e In the new resulting determinant we add the second row multiplied by —z*

to the (£ + 2)-th row for £ =1,...,n— 1.

e In this second new resulting determinant we add the third row multiplied
by —xf to the (¢ + 3)-th row for £ =1,...,n — 2.

e In this third new resulting determinant we add the fourth row multiplied
by —xf to the (¢ + 3)-th row for £ =1,...,n — 3.

e In total we repeat this process n times.

Now Ry, is the determinant of a (3n — 1) x (3n — 1) matrix of the form

My My

Roo=1 gy

where My, Ma, M3 and My are respectively the (n+1) x (n+1), (n+1) x (2n—2),
(2n —2) x (n+1) and (2n — 2) x (2n — 2) matrices given by

- A -
B A
B
M1: .'. ". s
C A
D © B A |
ro0T, 1 0 7
1
M2: )
1 0
1
| 0h—2 20 0]
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[ O2n—2  ful®) gn-1(z) hn—2(x) hyp-3(2) hi(z) ]
O2n-3  fu(®)  gn-1(z) hn-2(z) :
Opr_s . .

M; = hn—s(z) |
hn—2()
gn—1(2)

fn()
L Op—2
where
fn(z) = Az™ + Ba""' 4+ Cz + D,
gn_1(z) = Az"" ' + Ba""2 + C,
hj(z) = Ax? + Ba?™! for j=n—-2,...,1,
and My is equal to
[ A ror1(x)  rp(x) 2l
hy () A Tnt2(®)  Tngi(z) ()
T2n-3()
A G2n—2()
By o () hi(z)  pan—1(z)
gn-1(z)  hn_2(z) :
fu(@)  gn1(2)
fn(2)
hn—2(x)
gn—1(2)
I fn(x)
where

Pon—1(x) = 22l 4 (20@"*2 + 1) T — 20,
Qon_o(x) = 2?72 4+ 202" % 4 1,

ri(w) =27 + 202’ for j=2n-3,...,n with j>3.

Since det M; # 0 because ab # 0, doing some linear algebra we get that

det Ry, = det My det(My — M3M; ' My) = (det A)" ' det(My — Mz M *My).

Ton—3()
Q2n—2(1’)

Pon—1 (33)

Ton—3 (:TJ)

Q2n—2(9€)
Pan—1(x) ]
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Direct calculations show that

- W )
w2 w1
w3 w2 w1
w3 w2 w1
-1
M =
Wn—1
Un Wnp—1 Wy W1
L Un+1 Up, Wp—1 **° ce . w3 wg Wi |
where
wy = (—1)FTATFBM for k=1,2,...,n 1,
un = (=1)"TTAT"B" T - ATIC,
Vg1 = (=1)"A~ (D Br L 943 BC — A72D.
Furthermore,
[ 02—2 w1 7
OrTL—z w2 w1
05—2 w3 w2 wq
' w3 w2 w1
M My = ’
0272 Wn—1
05—2 Un Wp—1 LTl T we wn
L 03:_2 Uyl +20W1 Uy Wp1 - e e W3 Wy
and
_ O (n—2 M,
= [ Oen e | g
' O(n—2)x (n—2) O(n—2)xn nxn = )k,é_l,,__,n
with 0;x; the zero ¢ x j matrix, and
n+1—k
Fre = Z Pk—1+sWnt3—0—s,
s=1
where for simplifying the notation we have used w; = 0 for j < 0, h, = fn,

hpn—1 = Ggn-1, Wy = Uy and wy41 = Vp41 + 20w .

Since det A = 8ab # 0, the computation of Ry, has been reduced to calculate
the determinant of the matrix M, — M3M1_1M2. Note that M, and M3M1_1M2
are (2n — 2) x (2n — 2) matrices. Now we work with these two matrices according
to the following algorithm:
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e we add the i-th row multiplied by —z to the (i +1)-th row for i = n—3,n—

2,...,1, successively.

At the end of this process the matrix M, has been reduced to the matrix M given
by

roA "t 4+ 2z 2" 422 "L .. o o 28
B 2
A 1 2c
B 28 1
C D2n -2 1
17271, _26
fn+1 D ]3271,
fn+1
c R |
D C -2
L fnt1 D D2n
where f,411 = —xfn(z) and pa, = —xpa,—1(x) are polynomials of degrees n + 1

and 2n respectively. Applying the same algorithm to the matrix MsM; LMo, this
has been reduced to the matrix M3 given by

[ Fyy Fio Fy3 Fiy Fin_2 Frna
Es>(x) Ei(z) wo Cwy
Es3(x) Es(x) Eq(x) wo  Cwi
o, . .
En_lz (z) En_.g(x) En_a(x) Es(z) Ei(z) wo
E,_1(z) Ep_2(z) Ep_3(x) Es(x) Ei(x)
Fn(x) Fn_1(x) Fn_2(x) Fs(x) F(z)
—ZTfnWn+1 —Tfawn —Tfawn—1 —zfaws  —xTfpws
L 02 03

2c

—24 |

Fl,n

Cw1

Fi(z)
—x frwa
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where 01 = 0(,,41)x (n—2)> 02 = 0(n—3)x (n—2)> 03 = 0(n—3)xn, Wo = Dwy + Cws, and
Ei(z) = —xfu(x)w; + Dwiy1 + Cwipe fori=1,...,n—1,
Fi(z) = —afp(x)w; + Dwiyq, fori=1,...,n,
Fiy = —A"'Ba" 4+ (A2BC — A™'D + 2a)z,
+ (-1)"AT" B 4 2473 B%2C — 2A72BD +20A7' D,
Fio=2" 4 (-1)""'A™"B" — A?2BC + A™'D,
Fig=a""" 4 (-1)" 24~ UBrl 4 ATIC,

Fip=a" 270 (—)ntlbpg=-(nd2=0pnt2=t - for p —4,. .. n.

Now det (My — M3M; 'Ms) = det (Mj — M), and this last determinant is the
determinant of the matrix

roA G1 o2 o3 o4 e opet
B A Eo Eq g —cwy
B Eg Ez El o
A En_s :
B A En_o En_3 En_4 . E, [
B En_1 En—2 En-3 En_4 s S E
C 172n1 anl fnf2 571—3 F2
D TfnWnt1 Don,2  Snt1,1 fnt1,2 TfpWn-z - xfpws
Frt1 D . D2n -28 1
Frt1 P2n
C 1
D C —28
L fan+1 D Dan

where the entries without anything are all zeros, and
Gi=Gi(z)=2"""+A'Ba" + (A2BC - A"'D)x
—(=1)"AT"ipn Tl _9A473B2C +2472BD — 2aA7'D,
oy =2a+ (—1)"A™"B" + A?BC — A™'D,
o3 = (—1)" ATl - AT,
= (—1)"+2_£A_("+2_£)B"+2_£, {=4,...,n,

6 = 2a — Dwy — Cws,

En—2 =1~ En—27 En—l = 72& - En—lv

B, j=1,...,n—3
Fo1=-28-F,1, Fho2=1-F, o _Fj7j:1a---7n_3

fn+1 - _xfn; fn—i—l,l - _25 + xfnwn—la fn+1,2 =1+ xfnwn—Q
Do2n = —TD2n—1, Dan,1 = —TP2n—1 — Fy, Don,2 = —TP2n—1 + T fr,Wny.

E =
Fj =

Denote this last (2n—2) x (2n—2) matrix as Ms,,_o. Note that A, B, C, D, §, —cwy,
—2, 0; are constants, pay, 1, Dan,2 and pa, are polynomials of degree 2n, all the other
letters denote polynomials of degree n + 1.

On

—Cw1

Fy
z frnwa

_Qﬂ
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Since by definition the determinant of a matrix (a,;) of order m is

Z (_1)7—(j1,.4.7jmr)a1j1 P a/mjm’

(J15ee5Gm)
where ¢ is a permutation of {1,...,m} and the summation is taken over all these
possible permutations, and 7 evaluated on a permutation of {1,...,m} is the min-

imum number of transpositions for passing the permutation to the identity, for
calculating the degree of this determinant, we must first compute the highest de-
gree terms aij, ... amj,, in the summation. In order to realize this aim we must
choose the a;j,’s in such a way that the product has the highest possible degree.
Applying this idea to the determinant of the matrix My, _o, in the row and col-
umn where pay. 1, Pan2, Pan is located, we must choose either one of these three
polynomials or the two ones on the row and column where one of these three poly-
nomials is located, because their product has the highest degree. The details are
the following;:

e For pay, 1 and pa,2 we can choose respectively Glﬁl and E’lenwl. But
we can choose only one of them, because ﬁl and x f,w; are located on the
same column. So in the product we choose Glﬁl and pay 2. Of course we
can also choose Doy, 1 and Elz fnw1 as the elements in the product.

e Next in order to get the highest degree in the product, we must choose the
B or A in the second row, which is associated to pay 1. We choose A.

e Then for the first ps,, from above, we choose _]?;l_i'_l and El, which are located
respectively on the row and column where the first py,, is located.

e For the second pa,, we can only choose itself, because there are no other
two elements on the row and column where the second ps,, is located, whose
product has degree larger than 2n.

e Correspondingly in the fourth row we can choose either the B or the A, we
choose A.

e To the third pa,, we choose f,,11 and E, which are located respectively on
the row and column where the third ps,, is located.

e In the row and column where the fourth ps, are located, we can choose
only po, itself as an element of the product.

e Then in the sixth row we can choose only either the B or the A, and for
the fifth pa,, we must choose f,+1 and F as the elements of the product.

e According to this algorithm we get the highest degree terms in the summa-
tion in the following products

— n polynomials of degree n+ 1 and (n — 2)/2 polynomials of degree 2n
provided that n is even,

— n— 1 polynomials of degree n+ 1 and (n — 1)/2 polynomials of degree
2n provided that n is odd.

Summarizing we have proved that the highest degree of Ry is at most

n(n+1)+n_ o2n =2n% —n if n is even,

n —

1
n=1)(n+1)+ 2n=2n%—n—1 ifn is odd.



DISCONTINUOUS PIECEWISE LINEAR DIFFERENTIAL SYSTEMS 13

Note that this last two numbers are both even, and recall that they are denoted
2d,,.

The above proof provides the maximum degree of the polynomial Ry, for n > 3.
We now study the degree of Ry, for n = 2,3, and for these values of n we present
the explicit expressions of Ry,.

For n = 2 we work in a similar way as we did for n > 3, and we get that
Rr, = —(8ab)® det (M — M3),
where

* ps(z) g2(z)
Mj = ,
4 { —xp3(x) —28
= | mfet (2= ATD)gr + 20+ DA™ g AT —mgy
3 mafo+ (e — A2D)D+ 2a+1)A™'D —A-tafo—mD |’
withn; = A=2(B+C) and ny = A~3(B+C)2. Since go(z) — (A~  fo(2) —mg1 (7)) =
A72(B+C)? — A7 1D+2a+1, it follows that Ry, is of degree 6 with the monomial
208 of higher degree, which comes from the product of the monomials 3 of higher
degree in the polynomials p3(z) and A=tz fo(z).

For n = 3 similar computations yield

Ry, = (8ab)* det (M} — M)

with
[ A qa() r3(x) 22
. | B —28 1 2
My = C —zxps(x) -28 1 ’
| D 0 —xps(x) —28
[0 —A™2Bfs+usgo+yah1  A7'f3 — A72Bgs + ushy A~lgy — A72Bhy
M 0 A 2Bzfs+usD+vC —Alzfs—A2BD+4+usC A'D—A2BC
3710 —usx f3 + Y4 D A_QBxfg, + uzD —A_l.rfg —A72BD |’
L 0 —Ya f3 —u3x f3 A™?Buxfs

where vy = —A™*B34+2473BC — A72D 4+ 2aA~!. Note that A~'gy — A=2Bh; =
22 — A72B? + A~!'C. Some additional calculations show that polynomial entries
mj for i = 1,...,4, mi; and mj, of the matrix My — M3 := (m};(z))axa have
degree zero, and that the degree of the polynomials m3, and mjs is 6. All the other
entries have degree 4. In the determinant of the matrix M; — M3, the product
containing the two entries of degree 6 provides only degree 12. Taking one degree

6 entry and two entries of degree 4 we get the maximum degree 14.

This completes the proof of the lemma. O

Proof of statement (a) Theorem 2. From (3) we have that for each solution (zr,,xg)
with xp # xg of the polynomial systems Ey, = 0 and Er = 0, we have a cross-
ing limit cycle of the discontinuous piecewise linear differential system (2) which
intersect the curve y = ™ at the points (zr,2}) and (zg,x’).

Recall that we denote by 2d,, the degree of the resultant R; computed in Lemma
3. Of course, the expression of 2d,, changes according the parity of n.
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If (xp,zRr) with z;, # xg is a solution of the polynomial system E; = 0 and
FEr =0, the value x, is a root of the resultant Ry, and the value x is a root of the
resultant Rr. But both resultants Ry, and Rr have the same roots, because these
two polynomials are the same, we can pass from one to the other interchanging the
variable z; by the variable zz. So the possible values for x; and for xr are the
same. Consequently we only have at most 2d,, points (zr,z}) and (zg,z%), all
together, which can be points where the crossing limit cycles intersect the curve
y = a2". Hence we cannot have more then d,, crossing limit cycles. This completes
the proof of statement (a) of the theorem. O

Proof of statement (b) Theorem 2. We provide an example showing that the upper
bound of 3 limit cycles given in Theorem 2 for the maximum number of limit cycles
that a discontinuous piecewise linear differential system in R? separated by the
parabola y = z2 when both linear differential systems have a center is reached.
Consider the linear differential system

189z 38221y 720042289
© 100 20500 205000000’
41z 189y 3296401
20 ' 100 1000000’

in the region L, and the linear differential system

(4) -

y:

. 18
r=—-Y,
5
5
(5) T
y_ 507

in the region U. Both linear differential systems form a discontinuous piecewise
linear differential system in R? separated by the parabola y = x2 having two centers.
This discontinuous piecewise linear differential system has the three limit cycles of
the Figure 1.

We note that the value of the coordinate x of the six points (x, z2) of the parabola
which belong to the limit cycles are the six real roots of the polynomial R equal
to

10769750976621134140624876981 — 29736678501017804062959688750 z+
2515419213211056546308719750 22 + 25945028877701413073475000000 23—
5566633022238812671927500000 z* — 5065968152418838875000000000 2°+
1454075658590625000000000000 x°.

The discontinuous piecewise linear differential system (4)-(5) proves the statement
(b) of Theorem 2. O

Proof of statement (¢) Theorem 2. For n = 2 we have that d,, = 3, and conse-
quently by Theorem 2 the discontinuous piecewise linear differential system (2) will
have at most 3 limit cycles. The concrete expression of the resultant R; modulo
the coefficient of the highest degree monomial is

R} =25 + C12° + Coa + Cs2® 4 Cya® + Csx + Cg,
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as before we have replaced the variable x, by the variable = for simplicity, and

Ol = 2AT}1,

Cy = A7'D + 2A%n} + 13,

C3 = 4Dn — 48,

Cy = A72D? — A=1Dn3 + Dng + 03 + Ani(Dmy — 48) + A%nins,

Cs =2A7'D(Dmy — ) — 20ns — 2ADn1ny — 2A%(8 — D)3,

Cs=A73D3 —2A72D?n3 + A~'D(n3 4+ 1)ns — Dn1(68 + Dy — mins)
+44% — A(Dn3 — 2Bmns) + A%nd(28 + D),

where 13 = 2a + 1.

For n = 3 we have that d,, = 7, therefore by Theorem 2 the discontinuous
piecewise linear differential system (2) will have at most 7 limit cycles. The resultant
Ry =Resultant|[Er (2, 2R), Er(zL,zR),xr] has a huge expression directly using
the parameters of the system. Here we choose the previous notations A, B, C, D,
and still replace x; by z for simplicity, we get the next formula R} of R; modulo
a multiplicative constant.

Rz :C().’E14 + C’lxl?’ + ngm + C3£E11 + 041510 + 051'9 + Cﬁ.’bg + C7{,C7 + Cg£E6
+ Cox® + Cioz* + C112° + Cra2® + Cizw + Chy,

where
Cy = —-3B,
Ci = —6A_1B2,

Cy = —4A72B% —2A'B(C + 2D) — 3D + 4Aq,

C3 = —2A72B*(C +5D)—12A7'BD,

Cy=—2A73B33C - 5D) —18A72B%D — A~2BD(8C + D)
—2A7Y(3B%a +2CD + D?) — 7B + 6Ca + 4Da — 4AB,

Cs =4A~*B*(C — D) —2A=3B?(4BD — 5C? + 10CD + D?)
+2A72B(4B%a — 50D + 7D?) — 2A~Y(5B%? + 6 BCa — 3D?)
+2BB 4+ 2Da + 8Aa?,

Cs = A=*B3(15C% — 18CD — D?) +2A—3B(BCD — 13BD? 4+ 203 — 4C?D — CD?)
—A72(4B3 — 4B?Ca — 8B?Da — 18BD? — 6CD? — 3C?D)
+2A7Y(3B%B — BC — 3BD + 3C%a +4CDa + D?a) — 7D + 6CS + 4Df + 8 Aa,

Cr =4A75B*C(C — D) +2A~*B?(8BCD + 8C? — 10C?D — CD? — 10D?)
+2A73B(B? —4B?*Da — 9BD? 4+ C?D — 12CD? — D3)
—2A%(B33 +5B2D +9B%Da — 2BC?a — 2BCDa — 2BD%a + 4CD? + 2D?)
—4A~Y(BCB + BDB + 5BD — 3CDa — D%a) + 8Da?) — 16 Aaf,

Cs =2A75B3(2BD + 5C?)(C — D) + 4A~*B*(C — D)o — 4A~*B3D?
+2A74B%(15C%D — 20CD? — D3) + A=*BC?(4C* — D? — 6CD)
—8A73B13 +2A73B3(5C — 2D — 8Da) — 2A73B?(5C?% + 2CD — D?)«a
—2A73BD?(8C +7D) —2A73CD(C? + CD + D?) — 4A~2B3a?
+2A72B%(3CB — 11D — 2DB) — A~2B(8CD — 26CDa + D? + 8D%q)
+2A72(2C3%a + 2C?Da + 3CD?a — 2D3) — 2471 B%a
+2A471B(2Ca? 4+ 4Da? +3DpB) — 2A71 (2023 + 30D + 6CDS + D? + D2%a)
—5B — 4Baf + 8Ca + 4Da + 4Da? + 8A(a® — j3),
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Cy =8A7°B2C (C* +2BD) (C — D)+ 2A™*B*(C + D) + 4A~*B*C(C - 3D)«a
+2A74B2D?*(5C — 11D) + 4A~*BCD(3C? — 5CD — D?)

—4A73B3(2CB + D +2DB) + 2A73B?(3C? — 4CD — 4CDa — D? — 8D?q)
—4A73B(C3a — 2C?Da — 2CD?*a + 3D3) — 4A~3CD?(2C + D) — 4A~?B3«
+12A72B%2DB +2A72B(6C?3 — 3CD — 10CDJ — 7D? + D?3)
+2A472(10C?Da — 4CD?*a + 3D3a) —4A"1B2 + 1247 1BCa

—2A71(4C%a? —8CDa* + 2CDB + 5D? + 4D?p)

+4(BB + Do — 2Caf — 2Daf) + 8A(a? + 52),

Cio = —2A7°B(C — D) (B* = 2B3Ca — 5B*D? + 10BC*D — C*)
+2A74B*(2CB + D — 4DB) + A=*B3(4C? 4+ 8CDa — D? — 16D?«)
—2A7'B?(2C3a + 2C?Da — CD*a + 3D3) + A=*B(6C?D? — 20CD? — D?)
—A74C?D(C? +2D?) + 2A73B*a — 4A73B3(Ca? + 2Dp)
+2A73B2(7C?B +5CD — 8CDf — 8D? — 9D« + 2D?3)
+2A73B(C® — C?D — CD? + 4D3a — C?Da)
+2A73(C*a + 3C?D%*a — 4CD? — D*) — A72B3(1 — 4ap)

—4A72B%(C + D)a + A72B(4C?%a? 4+ 8CDa? — 4CDB — 21D? — 4D?pB)
—A72D(20? +12C?B +8CD — 22CDa + 20Dj — D? 4 4D?%a) + 8A~1B23
—2A7'B(8CapB + D — 3Da) + 4471 (C?a + 2CDa — 5C Da? + 4D?*a? + 2D?3)
—4B(a? +2p%) —8CB +8Ca® — 5D —20Daf — 4DB — 4A(2a8 — 1)a,

C11 =4A7°B(C — D) (B*B — B*(C — Da) + B*C?a 4+ 5BCD? + 2C3D)
—8A™4B*DB +2A74B3*(3C%B8+ 7CD — 2CDB + D*B — 3D* — 4D?q)
+2A74B%(2C? — C?D — 3C?Da — CD? — 4CD%a + D3a)

—2A71B(4C*« — 2C3Da — 2C%D*a 4+ 3CD? + 3D*) — 2A~*CD?*(2C? + D?)
—8A3B*af —8A3B3*Da® — 2A73B2D(4C3 + 7D)

+2A73B(6C3B +2C%D — 2D3%a — 10C?Df — 6CD? + 2C D?q)

+2A73(6C3Da — 2C?D?a + 4CD3a — DY) + 4A72B3p

+2A72B2(C +8CaB — D — 2Da + 4Daf) + 2A72BD(8Ca? 4+ 4Da? + TDp)
—2A72(4C3a® — 4C?Da? + 2C%DB + 3CD?* + 4CD?B + 2D3 — 3D3«)
—16A71B%23%2 —8A"1B(CB + D +4Daf) + 8A~1(CD — 2CDp + D? — 2D%a)a
+16BBa? + 8(CB?% + 2Da?) — 16 Aap,

Ci2 = 2A7°B(C — D) (B3(2CB — D) — B2C(C — 4Da) + B(2C3a + 3D?) + 6C%D?)
—A™*B5 + 4A71B*Ca — 4A7*B3(C%a? + 20DB + D?p)
+A4B2(6C%B 4 16C%D — 8CD? +2CD?*3 — 4CD*a — D3 — 8D%a)
—~A™*BD(18C3a + C?D — 8C?Da — 4C D% + 3D?)
+A74D?(2C3Da — 6C0%D? — D*) —2A73B*B + 4A73B3(C — Caf — Da)
—2A73B%(7C%a — 3D?B) + 4A™3B(3C3a* + C?DB — 2CD? — 4CD?*3 — 2D? + D3p3)
—2A73(2C3DB + C?D? — 10C?D?a + 2C?D?B + 4CD3a — 3D*a)
—4A72B33% 4 A72B?(4Cp3 — 5D 4+ 4Dp) + 2A72B(4C?%af — CD + 12CDa)
+A72(4C%*Da — 20C%Da? + 8CD?*a? + 2CD? — 3D3)
+2A71B%a — 247 1B(4Ca® — DB + 4DpB?)
+2A714C%a3 — 2C%B8 — CD — 4CDB — 6CDaf — 2D%*a — 8D?af3)

—B +4Baf +2Ca + 8Ca?B + 8Da? + 4DB% + 4A(2a8 — 1),

Ci3 =4A7°B(C — D) (2B3DB — B*(C?B + CD — 2D?a) + BC*Da + 2CD?)
+2A74B%3 — 2A74B*(2CB — D)a — 2A™4B3*D(2Ca? + 3Dp)
—2A7*B?D(C?B — 6CD + 4D? + 3D*« — 2D?p)
+2A7*BC(4C33 + 2C%D — CD?* — D?)

—2A7*B(2C3DB + 9C%D%*a + C?D?3 — 4ACD3a — 2D*q)
+2A7CD3(Ca — 2D) +4A73B*32 — 4A—3B3(2C — Da)B
+4A73B%C(3CB — 2D)a + 4A™3BD(3C?*a? + CDJ — 2D?)
—2A73D(2C3B + C?D + 4C?DB + 20 D?* — 8CD*a — D? + 2D3q)
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—2A72B2(4CB% — 5DB + 4DB?) + 2A72B(2C?B + CD — 14CDBa — D? + 3D%a)
+4A72(2C%aB 4+ C?Da — 2C?Daf — 5CD?*a? + 2D%a? + D3p)

—4A'B%af + 4A"'B(2Ca?B — Do — Df?)

+4A71(2C?%B% — CDB +2CDa? — D? — 2D?B — D?af)

+2(BB — 4Baf? + Da — 4Da?B) + 8AB?),

Ci1a =2A7°B(C — D) (B*D(4CB + D) — BC(2C?B + CD — 2D?*a) + D*)
—4A=4B532 — A=*B*(20B + D + 8Daf) + 2A~4B*(2C?B + CD — 2D%a)«
—2A7*B2D2(9CB + D — 4Dp)
+A~4BD(10C3B + 5C?D — 4C%Df — 10CD?a — 2CD? + 4CD?*B + D* + 4D3a)
—A~4D?(2C3B + C?D — 2CD?*a + D?)
+2A73B3(10C 3% + D) + 2473 B%(4C?B 4 2CD + 12CDap — D?a)
—2A73B(6C3aB + 3C?*Da — 6CD?a? — 5D3f3)

—2A73D?%(2C?3+ CD + 2CDp + D? — 3D%*a + D?p)

—20A72B2Dp% — 2A72B(6C?3? + TCDB + 4CDB? + 2D? + 14D?*ap)
+2A72D(6C2%a — 2023 — CD + 3CDa + 2D?%a — 6D?a?)
+8A471B%af3? + 2A7'B(2CB + D + 8Daf)«

—2A71(4C%02B 4+ 20Da? — 6CDB? — 4D?*a® — 3D?B — 4D?3?)
—4Bp? — 203 — 16Caf? — D — 12DafB — 8Af33,

where uz3 = A73B? — A72C and ny = —A"4B3+2A73BC — A~2D + 2A~'a. This
completes the proof of statement (c) of Theorem 2. ([l
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