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Abstract. This paper aims at providing an example of a cubic Hamiltonian
2-saddle cycle that after bifurcation can give rise to an alien limit cycle; this is
a limit cycle that is not controlled by a zero of the related Abelian integral. To
guarantee the existence of an alien limit cycle one can verify generic conditions
on the Abelian integral and on the transition map associated to the connections
of the 2-saddle cycle. In this paper, a general method is developed to compute
the first and second derivative of the transition map along a connection between
two saddles. Next, a concrete generic Hamiltonian 2-saddle cycle is analyzed
using these formula’s to verify the generic relation between the second order
derivative of both transition maps, and a calculation of the Abelian integral.

1. Introduction and settings. We deal with perturbations of Hamiltonian sys-
tems:

(X(µ,ε)) :





ẋ = −∂H
∂y

+ εf,

ẏ = ∂H
∂x

+ εg,
(1)

where H(x, y), f(x, y, µ, ε), g(x, y, µ, ε) are C∞ functions, ε is considered to take
small positive values and µ varies in some compact subset K ⊂ IRp. Further we
abbreviate µ = (µ, ε).

We suppose that the flow of X(µ,0) = XH contains a period annulus bounded
by a hyperbolic 2–saddle cycle L as in Figure 1. A period annulus is a subset of
the plane filled by closed orbits of XH . The hyperbolic 2-saddle cycle consists of
two saddle-connections Γ1 and Γ2 and two hyperbolic saddles s1 and s2 such that
s1 := α(Γ1) = ω(Γ2) and s2 := α(Γ2) = ω(Γ1). We choose H to be zero on the
2-saddle cycle and strictly positive on the nearby closed orbits.

In [9] it is proven that, for µ ∈ K and ε > 0 near zero, L can produce limit
cycles that are not controlled by zeros of the related Abelian integral (cfr. (5));
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