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Short Note

A note on globally periodic maps and integrability

Vı́ctor Mañosa*

Departament de Matemàtica Aplicada III, Control, Dynamics and Applications Group (CoDALab),
Universitat Politècnica de Catalunya, Colom 1, 08222 Terrassa, Spain

A strong relation between globally periodic maps was presented in Ref. [1], where it is

proved that an analytic and injective map F : U # Kk ! U is globally periodic if and only

if it is complete integrable, that is, there exist k functionally independent analytic first

integrals in U. On the other hand, there is a large literature relating the integrability of

maps and the properties of its singularities. In this note, we notice that ‘singularities’

(those points which belong to the forbidden set of the map) can play an essential role in

order to construct a Darbouxian-type first integral of some discrete dynamical system

(DDS from now on) [2,3]. This is the case of some rational globally periodic difference

equations, for instance the ones given by

xnþ2 ¼
1 þ xnþ1

xn
; xnþ3 ¼

1 þ xnþ1 þ xnþ2

xn
and xnþ3 ¼

21 þ xnþ1 2 xnþ2

xn
; ð1Þ

Given a rational map F : U # Kk ! U, with F ¼ (F1, . . . ,Fk), the singular set of F is

given by S(F) ¼ {x [ Kk such that den(Fi) ¼ 0 for some i [ {1, . . . , k}}. The set

L(F) ¼ {x [ Kk such that there exists n ¼ n(x) $ 1 for which F n(x) [ S(F)}, is called

the forbidden set of F, and it is conformed by the set of the pre-images of the singular set.

It is worth noting that the points in S(F) extend to regular ones when the map is extended

to infinity in KP k [6].

In this note, we use the functions describing the forbidden set of the maps associated to

equations in (1) to generate closed sets of functions, hence Darboux-type first integrals.

Set F : U # Kk !Kk. Recall that a set of functions R ¼ {Ri}i[{1, . . . ,m} is closed

under F if for all i [ {1, . . . ,m}, there exist functions Ki and constants ai,j, such that

RiðFÞ ¼ Ki

Qm
j¼1 R

ai;j

j

� �
; with

Qm
j¼1 R

ai;j

j – 1: Each function Ki is called the cofactor of Ri.

Very briefly, the method works as follows: If there exist a closed set of functions for F, say

R ¼ {Ri}i[{1, . . . ,m}, it can be tested if the function IðxÞ ¼
Qm

i¼1 R
bi

i ðxÞ gives a first integral

for some values bi, just imposing I(F) ¼ I.

Proposition 1. Consider the maps F1ðx; yÞ ¼ ðy; ð1 þ yÞ=xÞ, F2ðx; y; zÞ ¼
ðy; z; ð1 þ yþ zÞ=xÞ, and F3ðx; y; zÞ ¼ ðy; z; ð21 þ y2 zÞ=xÞ associated to equations in

(1), respectively. The following statements hold:
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