UNIQUENESS OF LIMIT CYCLES FOR SEWING PLANAR
PIECEWISE LINEAR SYSTEMS
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ABSTRACT. This paper proves the uniqueness of limit cycles for sewing planar
piecewise linear systems with two zones separated by a straight line, 3, and only
one Y-singularity of monodromic type. The proofs are based in an extension of
Rolle’s Theorem for dynamical systems on the plane.

1. INTRODUCTION AND MAIN RESULTS

Usually the models used in many problems related with engineering, biology,
control theory, design of electric circuits, mechanical systems, economics science, and
medicine are differential systems that are not analytic, nor differentiable. A good
tool to describe the dynamics of these models is the study of piecewise differential
systems. See [1, 8] for a wide selection of models and real applications. Typically
this class of systems is obtained using two or more linear vector fields that are
defined on different regions separated by discontinuity boundaries. In particular,
a circuit having an ideal switch with state feedback can be modeled with a planar
piecewise linear system where the discontinuity boundary is defined by a straight
line, see Sec. 1.1.7 of [1].

Planar linear differential systems are completely understood using only linear
algebra and they do not present isolated periodic orbits, so called limit cycles. This
is not the case for piecewise linear differential systems. The classification of the
different phase portraits or the study of the maximum number of limit cycles are
still open problems, even when the number of regions is small, two in our case, or
the boundaries are straight lines. The existence of real and/or virtual singularities,
connection of separatrices, isolated periodic orbits,...increase, in comparison with
the linear one, the number of possible phase portraits in the class of piecewise linear
differential systems. We focus our attention only on the number of isolated periodic
solutions. More concretely, we focus on the maximum number of limit cycles that a
class of piecewise linear systems can present. This is a very intricate problem and
there are few studies that provide a complete answer, even when we restrict it for
a concrete class of planar systems. It can be considered as a generalization of the
classical 16th Hilbert problem, see [16]. In our approach the study of uniqueness
of limit cycles relates to the uniqueness of intersection points of algebraic curves.
One of the main tools used in this paper is the extension of Rolle’s Theorem for
dynamical systems on the plane, introduced by Khovanskii in 1982, see [17].

Lum and Chua conjectured in 1990 that continuous piecewise linear systems in
two zones have at most one limit cycle, see [21]. This was proved in [11]. Few
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years ago, as an application of a Liénard criterion, another piecewise linear family
with at most one limit cycle was studied, see [20]. All these cases have no sliding
regions. Recently, examples of piecewise linear systems with a sliding segment that
present two and three limit cycles are provided, see among others [3, 13, 14, 15] and
[5, 7, 19], respectively.

Before explaining our results with more detail we introduce some notation. Let 0
be a regular value of a function h : R? — R. We denote the discontinuity boundary
by ¥ = h71(0) and the two regions by X% = {+h(z,y) > 0}. With this notation we
consider the Y-piecewise vector field X = (X, X7) defined by

_J X" (@), h(g) >0,
) {X‘(Q), h(q) <0,

where X* are planar vector fields. The singularities p* of X* are called real or
virtual if p* € XF or pt € XF, respectively.

The vector field X is defined on X following Filippov’s terminology, see [10] and
Figure 1. The points in ¥ where both vectors fields X* simultaneously point outward
or inward from ¥ define the escaping or sliding region, the complement in ¥ defines
the sewing region. In fact the boundary of both regions is defined by the tangential
points of X* in X. The sewing points in ¥ = h71(0) of X = (XT, X ") satisfy
X*h(p) - X~ h(p) > 0, where XTh denote the derivative of the function % in the
direction of the vector X* i.e., XTh(p) = (Vh(p), X*(p)). Equivalently for X h.

FIGURE 1. Definition of the vector field on ¥ following Filippov’s
convention in the sewing, escaping, and sliding regions.

The point p in ¥ is a tangential point of X* if XTh(p) = 0 and we say that p is a
Y-singularity of X if p € ¥ and it is either a tangential point or a singularity of X
or X~. We call p € ¥ an invisible fold of X¥ if p is a tangential point of X* and
(X%)2h(p) < 0. Moreover, p € ¥ is a X-monodromic singularity of X = (X, X ™)
if p is a X-singularity of X and there exists a neighborhood of the p such that the
solutions of A turn around it either in forward or in backward time. See Figure 2.

The objective of this paper is to prove the uniqueness of limit cycle for a class of
planar piecewise linear systems where ¥ is formed by sewing regions with a unique
Y-singularity that is of monodromic type. As the vector fields X* are linear, all the
isolated periodic solutions should cross the discontinuity boundary .

More concretely, we consider X = (X*, X~) and ¥ = h~1(0), where X+ are linear
vector fields, h is also linear and p is the unique »-monodromic singularity. The
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FI1GURE 2. Invisible fold in p for the vector field X~ on X7 in the left
picture and a Y-monodromic singularity at p on the right one. The
gray lines show that p is a tangential point.

vector field X', after a rotation and a translation if necessary, can be expressed by

X(x,y)z{

(atx+bty+ct,dte+efy+ fT), y>0,
(acx+by+c,dex+ey+f), y<o,

(1)

where h(z,y) =y.
As we will see, system (1) is of sewing type if it can be written as the following
family:
X(r.y) = (g + e+ p3y.2), y >0, @)
(ho + e+ pyy, @), y<0.

Here X is the z-axis and the X-singularity is located at the origin. We remark
that the nonexistence of a sliding region allows us to extend, from the Filippov’s
convention, the vector fields X up to full ¥. Other canonical forms can be obtained
from [12], see Section 2.

The uniqueness problem in the focus-focus case, using an equivalent expression
for (2), is studied in [20]. In this work, the authors also present necessary conditions
for the existence of periodic orbits for the cases focus-node and node-node. Their
proof uses an equivalent Liénard type form for (2) and an extension of a classical
uniqueness criterion of limit cycles from these type of equations for the smooth case,
see [22]. This extension only works in the focus-focus case. The saddle-saddle and
node-node cases are done [14, 15] also using a Liénard type form. The completely
different approach used in this paper allow us to prove the uniqueness result for the
full family except the focus-focus case.

Theorem 1.1. The vector field (2) having a ¥—monodromic singularity has no limit
cycles when pypy > 0 and has at most one limit cycle when uip; < 0. Moreover
there is a choice of the parameters for which the limit cycle exists.

Observe that (2) is also a refracted vector field because it satisfies X*h(q) =
X~h(q) for all ¢ € X, see [4] for more details on refracted vector fields. In fact the
above result shows that the refracted piecewise linear vector fields, when they have
a Y-monodromic point, have at most one limit cycle.

This paper is organized as follows. In Section 2 we present the canonical form
of piecewise linear systems defined in two zones without sliding and a unique -
monodromic point. Section 3 deals with the characterization of their singular points
and the existence of a Hopf bifurcation at the origin. Conditions for the existence and
nonexistence of limit cycles are provided in Section 4. In particular, we extend the
divergence property, which determines the stability of a periodic orbit, to piecewise
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vector fields defined in two zones. Finally, in Section 5 we prove Theorem 1.1. More
concretely, firstly we provide a convenient expression for the upper and lower half
return maps and secondly we use the extension of Rolle’s Theorem for dynamical
systems on the plane given by Khovanskii in [17].

2. CANONICAL FORMS

Next result provides a canonical form for system (1) with a 3-monodromic sin-
gularity. First, we transform (1), without sliding nor scaping, to (2) and second,
we discuss the necessary conditions to have a Y-monodromic singularity. The sin-

gularities of X* that are also Y-singularities of focus or center type are denoted by
¥-CF.

Lemma 2.1. Let X be the Y-piecewise linear vector field defined by (1) without
sliding in % and a unique Y-singularity p. If p is a X-monodromic singularity, then
it 18 the unique X-singularity and after a change of coordinates, p can be translated
to the origin and the vector field X can be written as (2) and satisfying one of the
following conditions:

(i) ug <0, pg > 0 (invisible fold/invisible fold);

(ii) ug =0, uy < —(pf/2)?, and py > 0 (2-CF/invisible fold);

fiii) 15 = g = 0, 1 < — (i J2)2, and i3 < —(ui [2)? (S-CF/S-CF).

Under the hypothesis of the above lemma, we remark that the singularities of X*
are real saddles or virtual focus or nodes.

Proof of Lemma 2.1. Consider the vector field (1). As all regions in 3 are of sewing
type we have that XTh(p) X h(p) = (dTx+ fH)(d "z + f7) > 0 for all p € X.
So, there is a unique point such that X*h(p) X h(p) = 0. After a translation, and
without loss of generality, we can assume that p = 0. Consequently, we can consider
ff=f"=0and dtd” #0.

Doing the twin change of variables given by

(u,0) = { Pt (e, y) = (x4 (bF/d")y, (1/d")y) in X7,
’ ¢~ (,y) = (2 + (b7 /d7)y, (1/d")y) in X7,
and in the sequel rescaling time we can write the Y-piecewise linear vector field
as (2). Note that the for all ¢ € X we get " (q) = ¢~ (q).

Next, we observe that as the origin is a >-monodromic singularity, then it is a
singularity for X (resp. X ™) of focus or center type, or it is an invisible tangency
for X* (resp. X ). More concretely, when the origin is a center or focus for X*
(resp. X7) then pug < —(uf)?/4 (vesp. uy < —(uy)?/4). Whereas the origin is an
invisible fold for Xt (resp. X~) then (X*)2h(0,0) = ug (resp. (X7)2h(0,0) = pg ).

Finally, doing the changes of variables and time (z,y,t) — (x, —y, —t), (z,y,t) —
(—z,y,—t), or (z,y,t) — (—x,—y, —t) if necessary, the assumption of signs of i
follows. O

The equivalent canonical form used in [14, 15, 20] can be obtained from the
twin change of variables (u,v) = (—y,z — ujy) and (u,v) = (—y,r — p;y) in BF,
respectively. Hence the Liénard piecewise form of vector field (2) is

I (wfu—v, —pgu+pud), u>0,
(pu—v, —pyu+ ), u<0.
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3. STABILITY AND CLASSIFICATION OF SINGULARITIES

The singularities in %, when they exist, can be easily classified from their trace
and determinant because the vector field (2) is piecewise linear. The unique point
that remain to be classified is the origin, which is the unique Y-singularity. The
following result provides conditions to determine its stability for the case pg # 0
where a Hopf bifurcation occurs. Consequently, the existence of a limit cycle in
Theorem 1.1 is guaranteed.

Proposition 3.1. Consider the vector field (2) when puZ # 0 and the origin is
a Y-monodromic singularity. Then the origin is asymptotz’cally stable (unstable)
if g pto (i pg — i ptg) < 0 (> 0) or pifpg — pypg = 0 and pg py (pg (1o )? —
s (ud)?) < 0 (> 0), respectively. Moreover, the origin is a center if and only if
pr g — i ko = (13 (kg )* — g (1)) = 0.

Proof. The stability conditions of the statement follow from the computation of the
Lyapunov constants, see [6], because of the monodromic property. These constants
can be computed from the return map defined as the composition of the two half
return maps I1(z) = I~ ((II7)(xg)). Notice that this return map is analytic. Equiv-
alently we can also look for the difference of both maps A(zg) = 7~ (z9) — 7 (z0),
where 7t (2) = IT* () and 7~ () = (I~ (z))~". For the vector field (2), when ug # 0,
we have

20 5 Aur) 4
- L2 1
™ (xg) = — xo + g
3 9(ug)?
2(22(p1)° + 93 )iy 4 ) (26(p5)* + 2Tp3) 5
Ty — Eav] T+
135" 105(:2)
Consequently A(zg) = Z Vit where V; = 0 and
k=1
v, = 2 iy g — o g
3 pong
V3 =0, when V, =0, (3)
2 +
Vi = H1

— L (—p3 (1g)* + 13 (1d)?), when Va = 0.

15 (Na)2<u5r>3( Ha (MO) + Hy (NO) )7 when Vo

The proof finishes vanishing V5 and V, simultaneously and showing that the center,
using the change (z,y,t) — (z, —y, —t), is reversible. O

An immediate consequence of the expressions (3) is the next corollary. Notice that,
because of there are only two nonvanishing center conditions, only one bifurcated
limit cycle from the origin can be guaranteed.

Corollary 3.2. When No # 0, the maximum order of a weak-focus of the vector
field (2) is one. Moreover, if ugui (g (1g)? — pg (ud)?) < 0 (> 0) there exists
e > 0 (< 0) small enough such that for uy = (ufud (g )? —€)/((nd)ug ) a stable
(unstable) limit cycle bifurcates from the origin by a Hopf bifurcation.

Proof. From the proof of Proposition 3.1, using (3), there exist values of the param-
eters, ,uat # 0, such that V5 = 0, and V # 0. Consequently, the vector field (2) has
a weak focus of fixed order. Hence moving only u; as in the statement a limit cycle
bifurcates from the origin. The stability condition comes also from (3). O
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4. EXISTENCE, NONEXISTENCE AND STABILITY OF LIMIT CYCLES

For smooth differential systems the integral of the divergence along a periodic orbit
determines its stability, see [9]. This property cannot be used when the periodic orbit
cuts the discontinuity boundary . We call it a Y-periodic orbit. For that reason
we need to extend this well-known result to our class of vector fields. Below we
consider, using the notation of Section 1, a general piecewise differential system
X = (XT,X7). Here XT and X~ are two smooth vectors fields defined on ¥t =
h=1(0) > 0 and ¥~ = h~!(0) < 0, respectively. At the end of this section we apply
this extension to the vector field (2).

Consider v(t) = (¢(t),%(t)) a solution of the planar vector field X(x,y) =
(f(z,y),g(x,y)) such that v(0) = p and X = («a(s), 5(s)),s € I C R a regular curve
given by h=1(0), where h is a function of the plane and 0 is a regular value of 3.
Here, (a(0),5(0)) = p. Let 7o, 71 C ¥ be transversal sections to v at p = v(0) € T
and ¢ = (1) € Tq, respectively, where 7 is the smallest value such that v(7)N7T; = ¢
for t > 0.

Following the steps of the study of the stability of a periodic orbit described in
[2] we have the next result.

Proposition 4.1. Let II be the Poincaré map between the transversal sections
To and Ty of the orbit v(t) = (p(t),9(t)),v(0) = p for t € [0,7] of X(x,y) =
(f(x,y),9(x,y)). Then the derivative of I1 at p € To N~ is given by

(p) = EEO 8§ exo [ aiv x5 ).

) Yt
where V(t,0) = ‘ z’((())) 5/((0; '

Theorem 4.2. Let X = (X, X7) = ((f",97),(f7,97)) be a L-piecewise vector
field on R?, 4* two solutions of X* such that v = v U~ is a X-periodic orbit that
cuts transversally ¥ in p*. Then the derivative of the Poincaré map at p = p* is
X*h(p™) X~ h(p~
= — (p+) - (p)exp/diVX,
X~h(p*) X+h(p~) y
where div X = div X* on L*.

IT'(p)

Proof. Let Ty, 71 C X be the transversal sections to v at p™ and p~, respectively.
Let II* be the Poincaré maps associated to ~*, respectively. So, we define the
Poincaré map associated to v by the composition IT = II7(IT*). Notice that the
derivative at p is obtained multiplying the derivatives of II*™ and 117, i.e., II'(p) =
(II7)'(»7) (1) (p), where p~ = II*(p) and p* = p.

Consider a parametrization of ¥ given by (a(s),((s)), s € I C R such that
(a(0), B(0)) = p. We have that h(a(s), 5(s)) = 0 and (a/(s), B'(s)) = A(=hy, hs)
for a given constant A which depends on the parametrization. Hence, from Propo-
sition 4.1, we know that

' fEv*)  g=*
(

g (p™)
£\ ~hy(p™)  ha(p®) ox v
—hy(pT)  ha(p)
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Notice that the constant A\ disappears because it is in the numerator and denomi-
nator of the above expression.
The proof finishes observing that

_hy(pi) hx(pi)
7)) 0T | L s W\ v (oF
_hy(p:F) hx(p:F> ‘— <X ,Vh(p )) =X h(p ) O

As a consequence of the theorem above, we can write the derivative of the return
map of a Y-periodic orbit. In fact, the second statement of the corollary below
applies to (2).

Corollary 4.3. Let X = (X T, X ™) be a X-piecewise vector field as in Theorem 4.2
and p € 2.
(i) If h(z,y) =y and p = p*, then
(Y o (-
I(p) = g_(p )g (p_) exp/divX.
g (pt)gt(p) y
(i1) If X is continuous in the second coordinate then

II'(p) = exp/div X.

Y

fi<pi) gi(pi) ‘ —_ <Xi,Vh(pi)> — Xih(pi),

and

We remember that the linearity of the vectors fields X+ that define the class of
systems studied in this paper rules out the possibility of limit cycles not crossing
the discontinuity line ¥. More concretely, the conditions for the parameters in (2)
ensures that the limit cycles surround the origin. So, we get the following result.

Proposition 4.4. Every limit cycle of the vector field (2) has the origin in its
mnterior.

Corollary 4.3.(ii) gives conditions for determining the stability of a limit cycle.
In particular, the second part establishes that the Dulac criterion, see [9], for the
nonexistence of periodic solution is also valid for (2). This is useful to prove next
result.

Proposition 4.5. Let v and 7 be a limit cycle of the vector field (2) and the
respective flight times in X*. If ui7+ +pu; 7= < 0 (> 0), then v is hyperbolic and
stable (unstable). Moreover, if pp; > 0 or uf = 0 there are no limit cycles.
Hence, necessary conditions for the existence of limit cycles for (2) are pfuy < 0

and pg # 0 or puy # 0.

Proof. The hyperbolicity and stability properties and the conditions for ;i follows
directly from Corollary 4.3 and the Dulac criterion. When ui& = 0 the vector field
(2) is homogeneous and the existence of a periodic orbit implies the existence of a
continuum. Hence, there are no limit cycles for this second case. 0

5. UNIQUENESS OF LIMIT CYCLES

Proposition 4.5 gives conditions for the existence of limit cycles for system (2),
see Figure 3. We start this section simplifying the parameter space where these
limit cycles exist, see Lemma 5.1. Next we provide a new expression for the return
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map in the half plane {y > 0} determined by the different type of phase portraits:
(i) saddle, (ii) invisible fold (no singularity), (iii) node, (iv) degenerate node, and
(v) focus, see Lemma 5.2. The propositions of this section prove the uniqueness
of the limit cycle when it exists for the different possibilities that vector field X+
can present. Hence, adding the Hopf bifurcation studied in Section 3, the proof of
Theorem 1.1 is done.

FIGURE 3. Drawing of a limit cycle and the relative position of the
intersection points with the discontinuity line, y = 0.

Lemma 5.1. Let X be the vector field (2) having a ¥—monodromic singularity. If
X has a limit cycle vy, it is not restrictive to assume pf =1, uy = —1, and py = 1.
Consequently, if AT denote the areas of v in ¥F, respectively, then At = A~.

Proof. Proposition 4.5 provides the necessary conditions for the existence of a limit
cycle for (2). The change of variables (z,y,t) — (z, —y, —t) if necessary, as in the
proof of Lemma 2.1, allow us to assume that p, # 0. The proof of the first part
of the statement finishes doing different rescalings in X% for the variable y and the
time but the same for the variable z. Indeed the qualitative behavior of the orbits
does not change and the orbits that connect in > also connect after the rescalings.
The proof of the second part of the statement follows directly applying Green’s
formula. 0]

Now, given a point (xg,0) € 3, we define (x1,0) € X as the first point such that
the solution =y of the vector field that begins in (x¢,0) intersects X, see Figure 3.
In the result below, we obtain new relations from ~ involving just xq, x; and the
parameters of the vector field, i.e., not depending of the time. It provides the
intersection points of any periodic orbit, in fact the half return maps, with the line
3], depending on the matrix that define the linear vector field. Here we only consider
the vector field X on X7F.

Lemma 5.2. Let pg, o be real numbers. For pug < 0, consider 1 < 0 < xg such
that there exists the smallest positive real number T satisfying that the boundary
value problem

(@,9) = (po + 2 + pay, x), (2(0),y(0)) = (w0,0), (x(7),y(7)) = (21,0)  (4)

has a unique solution. Denoting s = /T +4dpus, § = /=1 —4uy, and o = (s —
1)/(s + 1), then the next conditions hold:

(i) When po > 0 then s > 1, a € (0,1). Considering
~ 2p0 4 wo(1 + 8) " — 2p0 + 21 (1 — s)
200 + 1 (1 +s)’ 210 + xo(1 — 5)’

we get the relation w = z%, where z,w € (0, 1].

()




UNIQUENESS OF LIMIT CYCLES FOR SEWING PLANAR PWL SYSTEMS 9

(ii) For s =0, we consider

Mo + o Top — T

w = : (6)

to + a1’ Ho
and we obtain that o = 0 and w = log z, where z € (0,1], and w € (—o0,0).
(11i) When —1/4 < s < 0 then a € (—1,0). Considering z and w defined as in (5),
we get the relation w = 2%, where z € (0,1] and w € [1,00).
(iv) When ps = —1/4 then a = —1. Let z,w be given by

20+ a1 (210 + 20) (210 + 1)
So, w = log z where z € (0,1], and w € (—o0,0].
(v) For ps < —1/4 and py < 0 we consider
_ 1%52 + ([L‘l + 2”0)2 w— 2M0§($1 - JZO) (8)
2552 + (20 + 2p10)*’ 2p0(w1 + o + 2p0) + 2170(1 + 52)
only when 2po(x1 + 0 +240) +2170(1+5%) # 0 and we obtain that arctan(w) =
log 2°/% — (sgn(w) — 1)7/2 where z € [1,exp(27/5)), and w € [0,00). If s <
—1/4 and po = 0, we get that z = §°x3/x3 and w € R.

2 2 —
L Ho + Zo w— pro(zo — 1) (7)

Proof. The proof will be done in a case by case study. Notice that because of the
definition of 7 and (4) y(7) does not change its sign for the orbit joining the points
(20,0) and (z1,0), being z; < 0 < .

(i) The condition ps > 0 implies that s > 1 and 0 < a < 1. Solving the boundary
value problem (4), we can write

1+s ) 20 +x1(1+ s 1
) = il

(1+s) _

B 2p0 + zo(1 + s) oz

1—s )_2uo+x1(1—s) B
2 " 2up + 70(1 — )

and the relation (5) is done. Then equating the flight time 7 in the above equalities
and using the definition of @ we obtain the relations of the statement for z, w.

The singular point, that is of saddle type, (0, —uo/p2) belongs in X7 = {y > 0}
and the intersections of the invariant straight lines with the x-axis are the points
(Z0,0) and (Z1,0) where g = —2puo/(1+s) > 0 and &3 = —2u0/(1 — s) < 0. Hence,
T <21 <0< 25 < T, and 0 < (2up + 2o(1 +5))/(2uo +21(L +5)) = 2 < 1.
Similarly we get 0 < w < 1. See Figure 4(a) for an illustration of all the points that
play a special role.

(ii) The condition py = 0 gives s = 1 and @ = 0. Arguing similarly to the
preceding case the solution writes as

exp (

)

9)

exp ( = w,

exp(—7) =2, —T=uw, (10)

where z and w satisfy (6). There are no singular points and x = —pug = %y is an
invariant straight line. Hence, 1 < 0 < 7y < %o, and, from (10), z € (0,1] and
w € (—o0,0]. See Figure 4(b).

(iii) The condition py € (—1/4,0) gives s € (0,1) and « € (—1,0). The solutions
of the differential equation (4) write as (9). In this case the singular point (0, — o/ 12)
is a node and belongs in ¥~ = {y < 0}. The intersections of the invariant straight
lines with the z-axis are the points (Z¢,0) and (Z,0) where Zo = —2uo/(1+s) >0
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and T3 = —2po/(1 — s) > o > 0. Using (9) we have that z € (0,1] and w € [1,00).
See Figure 4(c).

(iv) For ps = —1/4, we get that s = 0, a« = —1, (0,4u) € X~ is a degenerate
node and the intersection of the invariant straight line with the x-axis is the point

(Zo,0) where g = —2p9 > 0. Relation (7) follows, solving the differential equation
(4). That is
<T> 20 + 11 1
exp(=)=——"7=-,
2 20 + g 2
(11)
T 2p0(xo — 1)

2 4pd + 2p0(zo + 1) + ToT1
Now, using (11) we get z € (0,1] and w € (—o0,0]. See Figure 4(d).
(v) Finally we consider s < —1/4, up < 0 and § > 0. The solutions of the
differential equation (4) write as
exp(7) = z, arctan(w) = %—,
where z and w are defined in (8). In this last case (0, —pug/pe) € 3~ is a focus
and, using the nonvanishing condition of the statement, we get z € [1,exp(27/5))
and w € [0,00). See Figure 4(e). If py = 0 then the origin is a focus and the
flight time, 7 = 27/§, is constant. Hence the orbit moves to the straight line, in
(z,w)-coordinates, z = exp(27/3). O

FIGURE 4. Phase portraits of vector field X only considered on X7.

Before proving the uniqueness of limit cycles we introduce two technical results.
The first one provides, for the vector fields associated to the half return map w =
©(z) that relates the points xg and x; of the above lemma, the change of variables
that gives the analog of the Flow Box Theorem in a half plane. The second one
is an extension of Rolle’s Theorem for curves that intersect an orbit of a vector
field. See Figure 5. Although we do not use the first in our proofs, we present the
conjugations for all cases to better understanding the relative position of the curves.
See for instance Figure 6. In fact we illustrate how this conjugation acts for the first
case in the proof of Proposition 5.5.
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Lemma 5.3. Let & be a real number. Next statements hold:

(i) The change of variables (u,v) = (z,27%w) conjugates (2, w') = (z,&w) defined
in z > 0 with (u/,v") = (u,0) defined in u > 0. Moreover, the curve w — z* = 0
moves to the straight line v — 1 = 0.

(i) The change of variables (u,v) = (z,logz — w) conjugates (', w') = (z,1)
defined in z > 0 with (uv',v") = (u,0) defined in u > 0. Moreover, the curve
w — log z = 0 moves to the straight line v = 0.

(i1i) The change of variables (u,v) = (z,£logz — arctanw) conjugates (Z',w') =
(2,£(14+w?)) defined in z > 0 with (v, v") = (u,0) defined in u > 0. Moreover,
the curve w — tanlog 2¢ = 0 mowes to the straight line v = 0.

Theorem 5.4 ([17]). Let X be a C' planar vector field without singular points in
an open region @ C R%. If a C' curve, ¢ C Q, intersects an integral curve of X at

two points then, in between these points, there exists a point of tangency between (
and X. See Figure 5.

F1GURE 5. Extension of Rolle’s Theorem for dynamical systems on
the plane.

Finally, in the next propositions and following Lemma 5.2, we will prove the
uniqueness result when the vector field X+ has a saddle, a node, an invisible fold
(no singularity), a degenerate node, or a focus, respectively.

Proposition 5.5. The vector field (2) with pg >0, pf =1, uyy = =1, and py =1
has at most one limit cycle when ug < 0 and has no limit cycles when ug = 0.

Proof. As pg > 0, the singularity of X T is in ¥* and it is a real saddle. When
pg = 0 the vector field in ¥ has two invariant straight lines passing trough the
origin, that is a singularity. Hence there are no limit cycles. From now on we
consider only g < 0.

Following the notation introduced in Lemma 5.2, the different cases to be studied
will be labeled as (i*,i7), (i*,ii7), (i7,4ii7), (i7,4v7), and (i*,v7). Notice that
these cases correspond to the different phase portraits of the vector fields (X, X 7).

We start proving the saddle-saddle case in detail, hence p, > 0. Using the bound-
ary value problem of Lemma 5.2 we know that, when y > 0, doing the inverse of
the change of variables (5) we obtain
—14+ st —2sTz4+ (14 sT)zw

1= —zw) 7
—1—st+2sTw+ (1 —s")zw
1—=(s))A—zw)

To =244
(12)
T =2pg




12 J. C. MEDRADO AND J. TORREGROSA

with st = /1 +4u3. We remark that (12) is well defined because z,w € (0,1)
and st > 1. Finally we can write the solution that goes from (x¢,0) to (z1,0) with
the flow X as w = 2® with a = (s* —1)/(s* + 1) € (0,1). Hence the curve
Cy = {f(z,w) = 0}, associated to the upper half return map, is well defined in the
open square S = (0,1) x (0,1), where f(z,w) =w — 2°.

When y < 0, doing the change (z,y,t) — (z, —y, —t), we use again Lemma 5.2
with pg := —py = —1 and pg := p, for writing the solution that goes from (x4, 0)
to (rg,0) with the flow X~ as W = Z” where

B 2+$1(8_ — 1)

7 _ 2+$0(—1—S_)
N 2+.T0(8_—1)7

= w
2+ 11(—1—s57)’

(13)

s™ =+/14+4uy, and g = (s~ — 1)/(s~ + 1). Straightforward computations show
that there exist real numbers zg and ws such that the lower half return map writes
as the curve Cp = {F(z,w) = 0}, with F(z,w) = W(z,w) — Z(z,w)”, and it is well
defined in the open square S = (z5,1) x (wg, 1).

From (12) and (13) the limit cycles of (2), under the hypotheses of the state-
ment, correspond with the intersections of the curves C'y and Cp. The proof of the
proposition follows proving that (1, 1) is an intersection point where both curves are
tangent and, when they are not coincident, there is at most one intersection point
in the open square SN S.

When z — 17 we have that w — 17, 2y — 07, and z; — 07. Consequently also
Z — 1 and W — 1 and both curves pass through the point (1,1).

The drawing of C; and Cp with respect to the vector field (z, cw) and the trans-
formation to the (u,v)-plane is done in Figure 6.

w A UV A

1_ ?P/ ........ Cf

1 2z U

() (b)

FIGURE 6. Drawing of curves Cy and Cp in (z,w) and (u,v) planes.

We will prove the uniqueness of the intersection points of the curves C; and Cr
inSnNSs by contradiction. First we prove the result when there exist two simple
intersection points 1 and ¢ in SN S, afterwards we deal with the case when they
are tangent intersection points. Hence by Lemma 5.3(i) and Theorem 5.4 there exist
two tangential points ¢3 and ¢4 in S such that they are solutions of system

{F(z,w) =0,G(z,w) = 0}, (14)
with
G(z,w) = (VF(z,w) - (2, 0w))|{(5(z,u)=0}- (15)
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In particular, 3 and ¢4 are in the arcs of Cr defined by ¢; and ts, and ¢5 and (1, 1),
respectively. See Figure 7 for an illustration of the relative position of all these
points with respect to the curves C'y and Cp.

FIGURE 7. Curves C; and Cr having two intersection points in S.

The function G in (15) writes

ow W oz ow W oz
Gz w) = (E B /375) : (a_w - 57%) aw.

0=(1—=B—pgB+pga)(=1+p8— pug +pga) (16)
be a real number. If § = 0 then G(z,w) = 0 so equation (2) has a center at the
origin. Otherwise we get G(z,w) = f1(z,w) fa(z, w) where

Let

J,’O{L‘l&/ﬁ
fi(z,w) = (B + 1) (a + 1)56%, (17)

fo(z,w) = (1 — 2)%w + Az(1 — w)?,
and
A= (—a+af+pug —pga)(—a+af — uf B+ pgaf)a 5 (18)

Here 7y, Z , and W are the denominators of xo, Z(z,w), and W (z,w), respectively.
Their explicit expressions in these new coordinates are

Zo =a(zw — 1),

Z =alopg + B — nf — Dzw — pg (0 = Dw — af + apf +a — p,

W =(=aB(1 + i) + Bug + o)zw + B (02 = 1)z — a(l — B+ pf (o — 1)3).

We remark that from (13) and the interval of definition of xy and z; in Lemma 5.2
all these denominators do not vanish. Consequently f; and f, are well defined in
SN S. Moreover, as f» is a polynomial it is also well defined in R2.

Hence, as fi(z, w) does not vanish in the open square S NS, the solutions of system
(14) coincide with the solutions of system {F(z,w) = 0, fo(z,w) = 0}. Moreover,
the points (0,0), ¢3, t4 and (1,1) are in the curve Cf, = { fo(2, w) = 0}. This implies
that the curves C; and Cp are tangent at the point (1,1) and there exist ¢5 in
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C¢ N Cy,. Using Theorem 5.4 again, there exist two tangential points ¢, ¢t7 in Cy,
such that they are solutions of

{fZ(va) =0, f3(z7w) = 0}7 (19)

where f3(z,w) = (Vfa(z,w) - (2, 0w))|{foz0)=01 = A2« + 1)zw? + (a + 2)2%w —
200+ 1)(a+ 1)zw + Az + aw.

The solution of system (19) can be viewed as the intersection of the algebraic
curves Cf, and Cy, = {f3(z,w) = 0}, that are well defined in the full region S.
Using Grébner basis theory, see for instance [18], system (19) is equivalent to

22+ (a® + 1)N) (a—1)(aX —1)
Aoz —1) a+1

that only has one solution in S. This contradicts the existence of two intersection
points in {C; N Crp}.

When the intersection points ¢; and s of C'y and CF, see Figure 7, are tangent and
have odd multiplicity, the proof done for simple intersection points is also valid. If
there are two different intersection points with z € (0, 1) and even multiplicity, the
corresponding points ¢q, Lo, t3, and t5, coincide and, consequently, the tangent point
t5 belongs to the curves C'y, Cr and CYy,, see again Figure 7. This also contradicts
the fact that the curves Cy, and Cy, have no more than one intersection point in
the open region S and, consequently, the case (i*,i7) is proved.

{w? + w+1=0,24+alw+

=0},

The proof of uniqueness of limit cycle for all remaining cases follows in a similar
way as it is done for (i*,i7). We will only indicate the differences. The curve
Cp is defined from the corresponding equation (13), according with Lemma 5.2.
Consequently the domain S also changes. Straightforward computations show that
the expressions for fi(z,w), A, and 0 given in (16), (17), and (18) change for the
cases 14, 1w, and v~ and they are done in the next table:

fl(zaw) )\ (5
~2 + -1
‘ ~2 + _ 1 +2 2
N o172 4(1 —a?)(ud +1) -6
v | —(a+1)a?6(8* + 1)5%,{1060 (1-a )(il;g ) (g (v — 1) — 2)?
+8 (= 1)* (g )?

As in the case 7 all the denominators do not vanish because of the interval of defi-
nition of the change introduced in Lemma 5.2. U

Proposition 5.6. The vector field (2) with —1/4 < ug < 0, uf =1, uy = —1,

and jig = 1 has at most one limit cycle when pug < 0 and has no limit cycles when
+

frg = 0.

Proof. The proof is equivalent to the proof of Proposition 5.5 because the expressions
for xp, 1 in Lemma 5.2 for cases ¢ and i are exactly the same. In this case the
working region is S = (0,1) x (1, 00). O
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Proposition 5.7. The vector field (2) with uy =0, pf =1, uy = —1, and py =1
has at most one limit cycle when ug < 0 and has no limit cycles when ug = 0.

Proof. As the procedure is the same used in the proof of Proposition 5.5 we will only
indicate the main differences, that are only for ui < 0. We remark that the cases
(i7%,i7) and (it @47 are equivalent to (i*,4i7) and (iii",4i7), respectively. So the
cases (ii7,4i7), (it7,1w™), and (ii",v™) are the ones that remain to be studied.

Lemma 5.2 provides the new expressions for the curves C'y and Cr. Consequently
the region S = (0, 1) X (—00,0). According Lemma 5.3 equation (15) and the system
of equations (14) write as

{F(z,w) =0,VF(z,w) - (2,1) =0} (20)

and G(z,w) = fi(z,w)fo(z,w) with f; # 0 and f, are the functions given in the
next table:

fi(z,w) fa(z, w) A J
i~ | —(ud + 1)%;21:;53 1
v~ 52%1?2) (2 — 1) + \zw? - 0?;)2 pg + 2
v | —05(52 + 1)%15% (z = 1) + Xaw? —w (kg )?3% + (ng +2)°

Finally, the proof that (20) has only one intersection point for z € (0,1) follows
similarly as in the proof of Proposition 5.5 for the equivalent polynomial equation
(19) and the polynomial vector field (z/,w’) = (z,1). As the working region S is
noncompact, we can consider the intersection problem in the Poincaré disc, see [9].
The corresponding figure is equivalent to Figure 7. We do not have indicate the

region S because the respective curves (Y, and CY}, are well defined in S. UJ

Proposition 5.8. The vector field (2) with p3 = —1/4, uf =1, uy = —1, and

to = 1 has at most one limit cycle when ug < 0 and has no limit cycles when
+

Proof. As in the proofs of Propositions 5.6 and 5.7, we will only indicate the main
differences with the proof of Proposition 5.5. In fact, by the equivalences (iv™,i7),
(ivt,ii7), and (v, i47) with (it,iv™), (7,40 7), and (éi™,iv™), respectively, the
remaining cases to prove are (vt iw™) and (ivt,v7).

Lemma 5.2 provides the new expressions for the curves C'y and Cr and the re-
gion S = (0,1) x (—00,0). According Lemma 5.3 equation (15) and the system of
equations (14) write as

{F(z,w) =0,VF(z,w) - (2,1) =0} (21)

and G(z,w) = fi(z,w) fo(z,w). Here fo(z,w) = (z+ 1)w+ A(z — 1) and f; # 0 and
A are given in the next table:
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fi(z,w) A J
1— 72 208
| —ed 4’%?”51% —% py +1
N 1 _ ~2 2 + +/32 _|_ 1 + 1 ~
v | 653 + 1>Z( 4%;011:50 ) (1o (36 ) ) (1232 + (ud +1)?

As in the proof of Proposition 5.7 we show that (21) has only one intersection
point for z € (0,1). In fact, the relative position of the curves and the intersection
points, in the contradiction argument, is also equivalent to Figure 7. 0

Proposition 5.9. The vector field (2) with s < —1/4, ui =1, py = -1, ug =1
and pg < 0 has at most one limit cycle.

Proof. The cases (vt,i7), (vh,4i7), (v7,4i77) and, (v",iv~) were studied in the
Propositions 5.5, 5.7, 5.6, and, 5.8, respectively. The remaining case (v, v™) with
pg < 0 was studied in [20] and for g = 0 in [12]. An alternative proof when pf = 0
comes also from Lemma 5.2. In fact, the change of variables moves every orbit of
X to a vertical straight line. Hence the corresponding curves in that coordinates
can only cut in at most one point. So, we conclude this proof. 0

We remark that the key point for the proofs of the above propositions is that the
expressions for z,w as a function of xy, xy, given in Lemma 5.2, are birrational for
all cases, except when the singular point is a focus (case v). This is the reason why
the procedure detailed above does not work for the case (v*,v7), i.e. the focus-focus
case, and ug py < 0.

We would like to thank the reviewer for his helpful comments.
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