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Global dynamics of a family of 3-D Lotka–Volterra systems
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In this article, we analyse the flow of a family of three-dimensional Lotka–Volterra
systems restricted to an invariant and bounded region. The behaviour of the flow in
the interior of this region is simple: either every orbit is a periodic orbit or orbits
move from one boundary to another. Nevertheless, the complete study of the limit
sets in the boundary allows one to understand the bifurcations which take place in
the region as a global bifurcation that we denote by focus-centre-focus bifurcation.
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1. Introduction

Consider a closed chemical system composed of four coexisting chemical species denoted by
X, Y, Z and V, which represent four possible states of a macromolecule operating in a
reaction network far from equilibrium. As discussed by Wyman [1], such a reaction can be
modelled as a ‘turning wheel’ of one-step transitions of the macromolecule, which circulate
in a closed reaction path involving the four possible states. The turning wheels have been
proposed by Di Cera et al. [2] as a generic model for macromolecular autocatalytic
interactions.

While Di Cera’s model considers unidirectional first-order interactions, Murza et al. [3]
consider a closed sequence of chemical equilibria. In their approach the reaction rates are
defined as functions of the time-dependent product concentrations, multiplied by their
reaction rate constants. This type of reaction rates has been introduced in Wyman’s
original paper [1].

Following the closed sequence of chemical equilibria in [3], the autocatalytic chemical
reactions between X, Y, Z and V (Figure 1) are governed by the following 4-parameter
family of nonlinear differential equations

_x ¼ xðk1y� k4vÞ,

_y ¼ yðk2z� k1xÞ,

_z ¼ zðk3v� k2yÞ,

_v ¼ vðk4x� k3zÞ:

ð1Þ
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