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Abstract

Let QSH be the whole class of non-degenerate planar quadratic differential systems possessing
at least one invariant hyperbola. We classify this family of systems, modulo the action of the group
of real affine transformations and time rescaling, according to their geometric properties encoded
in the configurations of invariant hyperbolas and invariant straight lines which these systems
possess. The classification is given both in terms of algebraic geometric invariants and also in
terms of affine invariant polynomials and it yields a total of 205 distinct such configurations.
We have 162 configurations for the subclass QSH(,>0) of systems which possess three distinct
real singularities at infinity, and 43 configurations for the subclass QSH,_q) of systems which
possess either exactly two distinct real singularities at infinity or the line at infinity filled up with
singularities. The algebraic classification, based on the invariant polynomials, is also an algorithm
which makes it possible to verify for any given real quadratic differential system if it has invariant
hyperbolas or not and to specify its configuration of invariant hyperbolas and straight lines.
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1 Introduction and statement of the main results

We consider planar polynomial differential systems which are systems of the form

dz/dt = p(z,y), dy/dt=q(z,y) (1)
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where p(x,y), ¢(z,y) are polynomial in x,y with real coefficients (p, ¢ € R[z,y|) and their associated
vector fields

X = p(x, y)% +q(x, y)a%- (2)

We call degree of such a system the number max(deg(p), deg(q)). In the case where the polynomials
p and ¢ are coprime we say that (1) is non-degenerate.

A real quadratic differential system is a polynomial differential system of degree 2, i.e.

dﬂ?/dt = DPo +p1((~1,33,y) + p2(a7x7y) = p(d7$7y)7
dy/dt = g0 + q1(a,z,y) + @(a,z,y) = q(a, z,y)

with max(deg(p), deg(q)) = 2 and

Pbo = a, pl(a7x7y) :Cﬂf—de, p2(av$7y) ng2+2hxy—|—k7y2,
w0="b qizy) =e+fy q@mzy)=I1z"+2mzy+ny’.

Here we denote by a = (a,b,c,d,e, f,g,h,k,l,m,n) the 12-tuple of the coefficients of system (3).
Thus a quadratic system can be identified with a points @ in R'2.

We denote the class of all quadratic differential systems with QS.

Planar polynomial differential systems occur very often in various branches of applied mathematics,
in modeling natural phenomena, for example, modeling the time evolution of conflicting species in
biology and in chemical reactions and economics [14, 32], in astrophysics [6], in the equations of
continuity describing the interactions of ions, electrons and neutral species in plasma physics [21].
Polynomial systems appear also in shock waves, in neural networks, etc. Such differential systems
have also theoretical importance. Several problems on polynomial differential systems, which were
stated more than one hundred years ago, are still open: the second part of Hilbert’s 16th problem
stated by Hilbert in 1900 [10], the problem of algebraic integrability stated by Poincaré in 1891
[19], [20], the problem of the center stated by Poincaré in 1885 [18], and problems on integrability
resulting from the work of Darboux [8] published in 1878. With the exception of the problem of the
center, which was solved only for quadratic differential systems, all the other problems mentioned
above, are still unsolved even in the quadratic case.

Definition 1 (Darboux). An algebraic curve f(z,y) =0 where f € Clz,y] is an invariant curve of
the planar polynomial system (1) if and only if there exists a polynomial k(z,y) € Clx,y| such that
of of

p(xvy)a_x + Q(xvy)a_y - f(xvy)k(‘rvy)

Definition 2 (Darboux). We call algebraic solution of a planar polynomial system an invariant
algebraic curve over C which is irreducible.

One of our motivations in this article comes from integrability problems related to the work of
Darboux [8].

Theorem 1 (Darboux). Suppose that a polynomial system (1) has m invariant algebraic curves
filx,y) =0, ¢ <m, with f; € Clz,y] and with m > n(n + 1)/2 where n is the degree of the system.
Then there exist complexr numbers A, ..., \y, such that ff‘l...f,f‘lm 18 a first integral of the system.



The condition in Darboux’s theorem is only sufficient for Darboux integrability (integrability in
terms of invariant algebraic curves) and it is not also necessary. Thus the lower bound on the number
of invariant curves sufficient for Darboux integrability stated in the theorem of Darboux is larger
than necessary. Darboux’ theory has been improved by including for example the multiplicity of
the curves ([13]). Also, the number of invariant algebraic curves needed was reduced but by adding
some conditions, in particular the condition that any two of the curves be transversal. But a deeper
understanding about Darboux integrability is still lacking. Algebraic integrability, which intervenes
in the open problem stated by Poincaré in 1891 ([19] and [20]), and which means the existence of a
rational first integral for the system, is a particular case of Darboux integrability.

Theorem 2 (Jouanolou [11]). Suppose that a polynomial system (1), defined by polynomials p(x,y),
q(z,y) € Clz,y], has m invariant algebraic curves fi(x,y) = 0, i < m, with f; € Clx,y] and with
m > n(n+1)/24 2 where n is the degree of the system. Then the system has a rational first integral
h(z,y)/9(z,y) where h(z,y),g(z,y) € Clz,y].

To advance knowledge on algebraic or more generally Darboux integrability it is necessary to have a
large number of examples to analyze. In the literature, scattered isolated examples were analyzed but
a more systematic approach was still needed. Schlomiuk and Vulpe initiated a systematic program
to construct such a data base for quadratic differential systems. Since the simplest case is of systems
with invariant straight lines, their first works involved only invariant lines for quadratic systems (see
[24], [26], [27], [29], [30]). In this work we study a class of quadratic systems with invariant conics,
namely the class QSH of non-degenerate (i.e. p, g are relatively prime) quadratic differential systems
having an invariant hyperbola. Such systems could also have some invariant lines and in many cases
the presence of these invariant curves turns them into Darboux integrable systems. We always assume
here that the systems (3) are non-degenerate because otherwise doing a time rescaling, they can be
reduced to linear or constant systems. Under this assumption all the systems in QSH have a finite
number of finite singular points.

The irreducible real affine conics are the hyperbolas, ellipses and parabolas. One way to distinguish
them is consider their points at infinity (see [1]). The term hyperbola is used for a real irreducible
affine conic which has two real points at infinity. This distinguishes it from the other two irreducible
real conics: the parabola has just one real point at infinity which is double and the ellipse has two
complex points at infinity.

In the theory of Darboux the invariant algebraic curves are considered (and rightly so) over the
complex field C. We may extend the notion of hyperbola (parabola or ellipse) for conics over C. A
hyperbola (respectively parabola or ellipse) is an algebraic curve C : f(z,y) = 0 with f € C[z,y],
deg(f) = 2 which is irreducible and which has two real points at infinity (respectively one double real
point at infinity or two complex (non-real) points at infinity). We point out that if we have a curve
C: f(x,y) =0 over C it could happen that multiplying the equation by a number A € C* = C\{0},
the coefficients of the new equation become real. In this paper by a complex hyperbola (respectively
line) we mean an irreducible conic (respectively line) whose coefficients cannot be made real by the
multiplication with a non-zero complex constant and whose points at infinity are real and distinct. We
have real quadratic differential systems having complex invariant hyperbolas (respectively complex
invariant lines).

Let us suppose that a polynomial differential system has an algebraic solution f(x,y) = 0 where



f(z,y) € Clz,y] is of degree n, f(z,y) = ap + a10T + a1y + - + Apox™ + ap_112" 1y + ... + apny”
with @ = (ag, ..., apn,) € CN where N = (n + 1)(n + 2)/2. We note that the equation \f(x,y) = 0
where A € C* = C\{0} yields the same locus of complex points in the plane as the locus induced by
f(z,y) = 0. So, a curve of degree n defined by a can be identified with a point [a] = [ag : a10 : ... : agn)
in Py_1(C). We say that a sequence of degree n curves f;(x,y) = 0 converges to a curve f(z,y) =0
if and only if the sequence of points [a;] = [a0 : ai10... : @ion] converges to [a] = [ag : a1g : ... : agy] in
the topology of Py_1(C).

On the class QS acts the group of real affine transformations and time rescaling and due to this,
modulo this group action quadratic systems ultimately depend on five parameters. This group also
acts on QSH and modulo this action the QSH is 3-dimensional.

We observe that if we rescale the time ¢’ = A\t by a positive constant A\ the geometry of the systems
(1) does not change. So for our purposes we can identify a system (1) of degree n with a point in
[ap : a1q : ... : bon) in SYTHR) with N = (n+ 1)(n + 2).

We compactify the space of all the polynomial differential systems of degree n on SN¥~! with

1/2
N = (n+ 1)(n+ 2) by multiplying the coefficients of each systems with 1/ <E(a?j + b?j)) .

Definition 3. 1. We say that an invariant curve L : f(z,y) = 0, f € Clx,y] for a polynomial
system (S) of degree n has multiplicity m if there exists a sequence of real polynomial systems
(Sy) of degree n converging to (S) in the topology of SN=1, N = (n+1)(n +2), such that each
(Sk) has m distinct invariant curves L1y : fig(x,y) = 0,..., Lk * fmr(z,y) = 0 over
C, deg(f) = deg(fir) = r, converging to L as k — oo, in the topology of Pr—1(C), with
R = (r+1)(r+2)/2 and this does not occur for m + 1.

2. We say that the line at infinity Loo : Z = 0 of a polynomial system (S) of degree n has
multiplicity m if there exists a sequence of real polynomial systems (S) of degree n converging
to (S) in the topology of SN1, N = (n + 1)(n + 2), such that each (Sy) has m — 1 distinct
invariant lines Ly : fir(x,y) =0,..., Lok fmk(z,y) =0 over C, converging to the line at
infinity Lo as k — 0o, in the topology of Po(C) and this does not occur for m.

Definition 4. 1. Suppose a planar polynomial system (S) has a finite number of algebraic solu-
tions L;, 1 < k, with corresponding multiplicities n; and the line at infinity Lo is not filled
up with singularities and it has multiplicity ne,. We call total multiplicity of these alge-
braic solutions, including the multiplicity no of the line at infinity L, the sum TMC(g) =
ny+ ... +ngp + Neo-

2. Suppose the system (S) has a finite number of real distinct singularities si,...,s;, finite or
infinite, which are located on the algebraic solutions, and s1, ..., have the corresponding mul-
tiplicities my, ..., my;. We call total multiplicity of the real singularities on the invariant
curves of (S) the sum TMSs)y=m1+...+m and TMS s the function defined by this ex-
pression.

An important ingredient in this work is the notion of configuration of algebraic solution of a
polynomial differential system. This notion appeared for the first time in [24].

Definition 5. Consider a planar polynomial system which has a finite number of algebraic solutions
and a finite number of singular points, finite or infinite. By configuration of algebraic solutions



of this system we mean the set of algebraic solutions over C of the system, each one of these curves
endowed with its own multiplicity and together with all the real singular points of this system located
on these curves, each one of these singularities endowed with its own multiplicity.

We may have two distinct systems which may be non-equivalent modulo the action of the group
but which may have “the same configuration” of invariant hyperbolas and straight lines. We need
to say when two configurations are “the same” or equivalent.

Definition 6. Suppose we have two systems (S1), (S2) in QSH with a finite number of singularities,
finite or infinite, a finite set of invariant hyperbolas H; : hi(z,y) =0, i =1,...,k, of (S1) (respectively
Mo hl(z,y) =0,i=1,...k, of (S2)) and a finite set (which could also be empty) of invariant straight
lines Lj : fj(z,y) =0, j = 1,2,..K', of (S1) (respectively L' : fi(z,y) =0, j = 1,2,..K, of (52)).
We say that the two configurations configurations Ci,Co of hyperbolas and lines of these systems
are equivalent if there is a one-to-one correspondence ¢y, between the hyperbolas of C and Co and a
one-to-one correspondence ¢; between the lines of C1 and Cy such that:

(i) the correspondences conserve the multiplicities of the hyperbolas and lines (in case there are
any) and also send a real invariant curve to a real invariant curve and a complexr invariant
curve to a complex invariant curve;

(i1) for each hyperbola H : h(x,y) = 0 of C1 (respectively each line L : f(xz,y) = 0) we have a
one-to-one correspondence between the real singular points on H (respectively on L) and the
real singular points on ¢p(H) (respectively ¢1(L)) conserving their multiplicities, their location
on branches of hyperbolas and their order on these branches (respectively on the lines);

(iit) Furthermore, consider the total curves F : [[Hy(X,Y, X)[[ F;(X,Y,Z2)Z = 0 (respectively
FTH(XY, X) [T Fj(X,Y, Z)Z = 0 where Hi(X,Y,X) =0, F;(X,Y,X) = 0 (respectively
H{(X,Y,X) =0, Fj(X,Y,X) = 0) are the projective completions of H;, L; (respectively M,
E; ). Then, there is a correspondence 1 between the singularities of the curves F and F' con-
serving their multiplicities as singular points of the total curves.

In the family QSH we also have cases where we have an infinite number of hyperbolas. Thus,
according to the theorem of Jouanolou (Theorem 2), we have a rational first integral. In this case
the multiplicity of a hyperbola in the family is either considered to be undefined or we may say
that this multiplicity is infinite. Such situations occur either when we have (i) a finite number of
singularities, finite or infinite, or (i7) an infinite number of singularities which could only be at infinity
(recall that the systems in QSH are non-degenerate). In both cases however we show that we have
a finite number of affine invariant straight lines with finite multiplicities. In fact it was proved in
[28] that all quadratic systems which have the line at infinity filled up with singularities have affine
invariant straight lines of total multiplicity three. Furthermore, the multiplicities of singularities of
the systems are finite in the case (i) and this is also true in case (i7) if we only take into consideration
the affine lines. We therefore can talk about the configuration of affine invariant lines associated to
the system. Two such configurations of affine invariant lines C1 1, Cor, associated to systems (S7), (S2)
are said to be equivalent if and only if there is a one-to-one correspondence ¢; between the lines of
Cq1, and Cyp, such that:



(i) the correspondence conserves the multiplicities of lines and also sends a real invariant line to a
real invariant line and a complex invariant line to a complex invariant line;

(ii) for each line £ : f(x,y) = 0 we have a one-to-one correspondence between the real singular
points on £ and the real singular points on ¢;(£)) conserving their multiplicities and their
order on the lines.

We use this to extend our previous definition further above to cover these cases.

Definition 7. Suppose we have two systems (S1), (S2) in QSH with a finite number of finite sin-
gularities and an infinite number of invariant hyperbolas of (S1) (respectively an infinite number
of hyperbolas of (S2)). Suppose we have a non-empty finite set of affine invariant straight lines
Lj: fi(x,y)=0,=1,2,..k, of (S1) (respectively L} : fi(z,y) =0, j =1,2,..k, of (S2)). We now
consider only the two configurations C1r, Car, of invariant affine lines of (S1), (S2) associated to the
systems. We say that the two configurations Cir,, Cor, are equivalent with respect to the hyperbolas of
the systems if and only if (i) they are equivalent as configurations of invariant lines and in addition
the following property (ii) is satisfied: we take any hyperbola H : h(x,y) = 0 of (S1) and any hyperbola
H B (x,y) =0 of (S2). Then, we must have a one-to-one correspondence between the real singular
points of the system (S1) located on H and of real singular points of the system (S3) located on H/,
conserving their multiplicities and their location and order on branches. Furthermore, consider the
curves F : [[h(z,y) [] fi(z,y) = 0 and F' : [Th' (z,y) [] fj(z,y) = 0. Then we have a one-to-one
correspondence between the singularities of the curve F with those of the curve F' conserving their
multiplicities as singular points of these curves.

It can be easily shown that the definition above is independent of the choice of the two hyperbolas
H:h(z,y) =0 of (S1) and H' : W/ (x,y) =0 of (Ss).

In [15] the authors provide necessary and sufficient conditions for a non-degenerate quadratic
differential system to have at least one invariant hyperbola and these conditions are expressed in
terms of the coefficients of the systems. In this paper we denote by QSH(, ) the family of non-
degenerate quadratic systems in QSH possessing three distinct real singularities at infinity and by
QSH ;) the systems in QSH possessing either exactly two distinct real singularities at infinity
or the line at infinity filled up with singularities. We classify these families of systems, modulo the
action of the group of real affine transformations and time rescaling, according to their geometric
properties encoded in the configurations of invariant hyperbolas and /or invariant straight lines which
these systems possess.

As we want this classification to be intrinsic, independent of the normal form given to the systems,
we use here geometric invariants and invariant polynomials for the classification. For example, it
is clear that the configuration of algebraic solutions of a system in QSH is an affine invariant.
The classification is done according to the configurations of invariant hyperbolas and straight lines
encountered in systems belonging to QSH. We put in the same equivalence class systems which have
equivalent configurations of invariant hyperbolas and /or lines. In particular the notion of multiplicity
in Definition 3 is invariant under the group action, i.e. if a quadratic system S has an invariant curve
L = 0 of multiplicity m, then each system S’ in the orbit of S under the group action has a
corresponding invariant line £ = 0 of the same multiplicity m. To distinguish configurations of



algebraic solutions we need some geometric invariants, and we also use invariant polynomials both
of which are introduced in our Section 2.

Main Theorem. Consider the class QSH of all non-degenerate quadratic differential systems (3)
possessing an invariant hyperbola.

(A) This family is classified according to the configurations of invariant hyperbolas and of invariant
straight lines of the systems, yielding 205 distinct such configurations, 162 of which belong to the
class QSH )50y and 43 to QSH ,_q). This geometric classification is described in Theorems
5 and 6.

(B) Using invariant polynomials, we obtain the bifurcation diagram in the space R'? of the coeffi-
cients of the system in QS according to their configurations of invariant hyperbolas and invariant
straight lines (this diagram is presented in part (B) of Theorems 5 and 6). Moreover, this dia-
gram gives an algorithm to compute the configuration of a system with an invariant hyperbola
for any quadratic differential system, presented in any normal form.

2 Basic concepts and auxiliary results

In this section we define all the invariants we use in the Main Theorem and we state some auxiliary
results. A quadratic system possessing an invariant hyperbola could also possess invariant lines. We
classified the systems possessing an invariant hyperbola in terms of their configurations of invariant
hyperbolas and invariant lines. Each one of these invariant curves has a multiplicity in the sense of
Definition 3 (see also in [7]). We encode this picture in the multiplicity divisor of invariant hyperbolas
and lines. We first recall the algebraic-geometric definition of an r-cycle on an irreducible algebraic
variety of dimension n.

Definition 8. Let V be an irreducible algebraic variety of dimension n over a field K. A cycle of
dimension r or r-cycle on V is a formal sum ZSywnw W, where W is a subvariety of V of dimension
r which is not contained in the singular locus of V', nyw € Z, and only a finite number of ny ’s are
non-zero. We call degree of an r-cycle the sum Yny . An (n — 1)-cycle is called a divisor.

Definition 9. Let V' be an irreducible algebraic variety over a field K. The support of a cycle
C on V is the set Supp(C) = {Winw # 0}. We denote by Max(C) the mazimum value of the
coefficients ny in C. For every m < Max(C) let s(m) be the number of the coefficients ny in C
which are equal to m. We call type of the cycle C the set of ordered couples (s(m), m) where
1 <m < Maz(C).

Clearly the degree and the type of an r-cycle are invariant under the action of the group of real
affine transformations and time rescaling.

For a non-degenerate polynomial differential systems (S) possessing a finite number of algebraic
solutions f;(z,y) = 0, each with multiplicity n; and a finite number of singularities at infinity, we
define the algebraic solutions divisor on the projective plane, ICD = 3, n;C; + noo Lo (also called
the invariant curves divisor) where C; : F;(X,Y, Z) = 0 are the projective completions of f;(z,y) = 0,
n; is the multiplicity of the curve C; = 0 and n, is the multiplicity of the line at infinity Lo : Z = 0.



It is well known (see [2]) that the maximum number of invariant straight lines, including the line at
infinity, for polynomial systems of degree n > 2 is 3n.

In the case we consider here, we have a particular instance of the divisor IC'D because the invariant
curves will be invariant hyperbolas and invariant lines of a quadratic differential system, in case these
are in finite number. In case we have an infinite number of hyperbolas we use only the invariant lines
to construct the divisor.

Another ingredient of the configuration of algebraic solutions are the real singularities situated
on these curves. We also need to use here the notion of multiplicity divisor of real singularities of a
system located on the algebraic solutions of the system.

Definition 10. 1. Suppose a real quadratic system has a finite number of invariant hyperbolas
Hi: hi(xz,y) =01 =1,...k and a finite number of affine invariant lines L; : fj(z,y) = 0,
j=1,...,1. We denote the line at infinity Lo, : Z = 0. Let us assume that on the line at infinity
we have a finite number of singularities. The divisor of invariant hyperbolas and invariant lines
on the complex projective plane of the system is the following:

ICD =niHi+ ... +npgHe +m1 L1+ ...+ mpLl) + Moo Loo,

where n; (respectively m;) is the multiplicity of the hyperbola H; (respectively m; of the line L;),
and Mmoo is the multiplicity of Loo. We also mark the complex (non-real) invariant hyperbolas
(respectively lines) denoting them by HS (respectively LS ). We define the total multiplicity
TMH of invariant hyperbolas as the sum Y, n; and the total multiplicity TML of invariant
line as the sum ), m;. We denote by IHD (respectively ILD ) the invariant hyperbolas divisor
(respectively the invariant lines divisor) i.e. IHD = n1Hy + ... + npHy (respectively ILD =
MooLloo + M1 L1+ ...+ mlﬁl).

2. The zero-cycle on the real projective plane, of real singularities of a system (3) located on the
configuration of invariant lines and invariant hyperbolas, is given by:

MSoc = U+ ... +1U; +v181 + ... + 0,8,

where U; (respectively s;) are all the real infinite (respectively finite) such singularities of the
system and r; (respectively v;) are their corresponding multiplicities.

In the family QSH we have configurations which have an infinite number of hyperbolas. These
are of two kinds: those with a finite number of singular points at infinity, and those with the line
at infinity filled up with singularities. To distinguish these two cases we define |Sing.| to be the
cardinality of the set of singular points at infinity of the systems. In the first case we have |Sing..| = 2
or 3, and in the second case |Singoo| is the continuum and we simply write |Sings| = co. Since in
both cases the systems admit a finite number of affine invariant straight lines we can use them to
distinguish the configurations.

Definition 11. 1. In case we have an infinite number of hyperbolas and just two or three singular
points at infinity but we have a finite number of invariant straight lines we define ILD =
miLy + ...+ miLy + Mmoo Lo (see Definition 10);



2. In case we have an infinite number of hyperbolas, the line at infinity is filled up with singularities
and we have a finite number of affine lines, we define ILD = m1Ly + ...+ mpLy.

Attached to the divisors and the zero-cycle we defined, we have their types which are clearly affine
invariants. So although the cycles IC'D and M Syc are not themselves affine invariants, they are used
in the classification because we can read on them several specific invariants, such as for example their
types, TMS, TMC, etc.

The above defined divisor /C D and zero-cycle M Syc contain several invariants such as the number
of invariant lines and their total multiplicity 7'M L, the number of invariant hyperbolas (in case these
are in finite number) and their total multiplicity 7'M H, the number of complex invariant hyperbolas
of a real system, etc.

There are two compactifications which intervene in the classification of QSH according to the
configurations of the systems: the compactification in the Poincaré disk and the compactification
of its associated foliation with singularities on the real projective plane P»(R). We also have the
compactification of its associated (complex) foliation with singularities on the complex projective
plane. Each one of these compactifications plays a role in the classification. In the compactified
system the line at infinity of the affine plane is an invariant line. The system may have singular
points located at infinity which are not points of intersection of invariant curves, points also denoted
by U,.

The real singular points at infinity (respectively the real finite singular points) which are intersec-

tion point of two or more invariant algebraic curves are denoted by (]]r (respectively by ér), where
j € {h,l,hh,hl,1l,1lh>°,...}. Here h (respectively [, hh, hl,1l,1lh*>°,...) means that the intersection
of the infinite line with a hyperbola (respectively with a line, or with two hyperbolas, or with a
hyperbola and a line, or with two lines, or with two line and infinity number of hyperbolas etc.). In
other words, whenever the symbol h* appears in the divisor MSyc it means that the singularity lies
on an infinity number of hyperbolas.

Suppose we have a finite number of real invariant hyperbolas and real invariant straight lines of
a system (S) and that they are given by equations f;(z,y) =0, ¢ € {1,2,....,k}, fi € Rlz,y|. Let us
denote by F;(X,Y,Z) = 0 the projection completion of the invariant curves f; = 0 in P(R).

Definition 12. The total invariant curve of the system (S) in QSH, on P»(C), is the curve T (S) :
[ E(X,Y,2)Z = 0.

We use the above notion to define the basic curvilinear polygons determined by the total curve
T (S). Consider the Poincaré disk and remove from it the (real) points of the total curve 7(S). We
are left with a certain number of 2-dimensional connected components.

Definition 13. We call basic polygon determined by T (S) the closure of anyone of these components
associated to T (S).

Although a basic polygon is a 2-dimensional object, we shall think of it as being just its border.

The singular points of the system(S) situated on T'(S), they are of two kinds: those which are
simple (or smooth) points of 7(S) and those which are multiple points of 7(S).



Remark 1. To each singular point of the system we have its associated multiplicity as a singular
point of the system. In addition, we also have the multiplicity of these points as points on the total
curve. Through a singular point of the systems there may pass several of the curves F; = 0 and
Z = 0. Also we may have the case when this point is a singular point of one or even of several of
the curves in case we work with invariant curves with singularities. This leads to the multiplicity of
the point as point of the curve T(S). The simple points are those of multiplicity one. They are also
the smooth points of this curve.

The real singular points of the system which are simple points of 7(S) are useful for defining some
geometrical invariants, helpful in the geometrical classification, besides those which can be read from
the zero-cycle defined further above.

We now introduce the notion of minimal prozimity polygon of a singular point of the total curve.
This notion plays a major role in the geometrical classification of the systems.

Definition 14. Suppose a system (S) has a finite number of singular points and a finite number of
invariant hyperbolas and straight lines. Let p be a real singular point of a system lying on T(S) and
wn the Poincaré disk. Then p may belong to several basic polygons. We call minimal proximity
polygon of p a basic polygon on which p is located and which has the minimum number of vertices,
among the basic polygons to which p belongs. In case we have more than one polygon with the
minimum number of vertices, we take all such polygons as being minimal proximity polygons of p.

Remark 2. We observe that for systems in QSH we have a basic polygon located in the finite plane
only in one case (Config. H.36) and the polygon is a triangle. All other polygons have at least one
vertexr at infinity.

For a configuration C', consider for each real singularity p of the system which is a simple point
of the curve 7(S), its minimal proximity basic polygons. We construct some formal finite sums
attached to the Poincaré disk, analogs of the algebraic-geometric notion of divisor on the projective
plane. For this we proceed as follows:

We first list all real singularities of the systems on the Poincaré disk which are simple points (ss
points) of the total curve. In case we have such points U;’s located on the line at infinity, we start
with those points which are at infinity. We obtain a list Uy,...,U,, s1,..., S, where s;’s are finite
points. Associate to Uy, ..., U, their minimal proximity polygons P41, ..., P. In case some of them
coincide we only list once the polygons which are repeated. These minimal proximity polygons may
contain some finite points from the list s1,...,s;. We remove all such points from this list. Suppose
we are left with the finite points s}, ..., s,.. For these points we associate their corresponding minimal
proximity polygons. We observe that for a point s;- we may have two minimal proximity polygons
in which case we consider only the minimal proximity polygon which has the maximum number
of singularities s;, simple points of the total curve. If the two polygons have the same maximum
number of simple (ss) points then we take the two of them. We obtain a list of polygons and we
retain from this list only that polygon (or those polygons) which have the maximal number of ss
points and add these polygons to the list Py,...,P,. We remove all the ss points which appear in
this list of polygons from the list of points s,..., s, and continue the same process until there are
no points left from the sequence si,..., st which have not being included or eliminated. We thus
end up with a list Py, ..., P, of proximity polygons which we denote by P(C).
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Definition 15. We denote by PD the prozimity “divisor” of the Poincaré disk
PD =viP1+- - +uvP,

associated to the list P(C) of the minimal prozimity polygons of a configuration, where P; are the
minimal proximity polygons from this list and v; are their corresponding number of vertices.

We used the word divisor of the Poincaré disk in analogy with divisor on the projective plane,
also thinking of polygons as the borders of the 2-dimensional polygons.

The next divisor considers the proximity polygons in PD but only the ones attached to the finite
singular points of the system which are simple points on the total curve. So this time we start with all
such points s1, ..., s, and build up the divisor like we did before. The result is called “the prozimity
divisor of the real finite singular points of the systems, simple points of the total curve” and we
denote it by PDy.

We also define a divisor on the Poincaré disk which encodes the way the minimal proximity
polygons intersect the line at infinity.

Definition 16. We denote by PDy, the “divisor” of the Poincaré disk encoding the way the prorimity
polygons in PD intersect the infinity and define it as

PDy =) npP,
P

where P is a proximity polygon in PD and np is 3 if P has one of its sides on the line at infinity,
it is 2 if P has only two vertices on the line at infinity, it is 1 if only one of its vertices lies on the
line at infinity and it is 0 if P is finite.

Definition 17. For a proxzimity polygon P we introduce the multiplicity divisor

mPpP = Zm(v) v,
where v is a vertex of P and m(v) is the multiplicity of the singular point v of the system.

In case a configuration C' has an invariant hyperbola H and an invariant line £, we define the
following invariant I which helps us decide the type of their intersection.

Definition 18. Suppose we have an invariant line L and an invariant hyperbola H of a polynomial
differential system (S). We define the invariant I attached to the couple L, H as being: 0 if and only
if L intersects H in two complex non-real points; 1 if and only if L is tangent to H; 21 if and only if
L intersects H in two real points and both these points lie on only one branch of the hyperbola; 22 if
and only if L intersects H in two real points and these points lie on distinct branches of the hyperbola.
In case for a configuration C we have several hyperbolas H;, i € {1,2,...,r} and an invariant line L,

then I = {I(L,H1),I(L, H),.... [(L, H,)}.

Definition 19. We define a function O (for “order”), O: QSH — {1,0,—1} as follows: Suppose
a system (S) in QSH has two singular points at infinity, one simple Uy and the other double Us.
Suppose the system has only one invariant hyperbola and only two real finite singular points s1 and
so lying on a branch of an invariant hyperbola connecting Uy with Uy such that so is double and s1
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is simple. We have only two possibilities: either the segment of hyperbola connecting the two double
singularities Uy and s9 contains s1 in which case we write O(S) = 1 or it does not contain s; and
then we write O(S) = 0. In case we have a configuration where this specific situation does not occur
we write O(S) = —1.

A few more definitions and results which play an important role in the proof of the part (B) of
the Main Theorem are needed. We do not prove these results here but we indicate where they can
be found.

Consider the differential operator £ = x - Ly — y - Lj constructed in [4] and acting on Rla, z,y],
where

B B 1 o B o 1 B
Li = 200555 + 01055, T 3001557 + 2b00g55 + o5, + 2bo1 g,

o) 0 1 o) o) 0 1 0
Lo = 2aq Dot + ao1 Faos + 50109, T 2boo Fbor + bo1 s + 5[)10 R

Using this operator and the affine invariant pg = Resx(pg(d,x,y),q2(d,az,y)) Jy* we construct the
following polynomials

- 1 ., )
Ni(aﬂxuy) = ﬁﬁ( )(/’LO)7 1= 17"747

where £ (o) = L(LED (up)) and L£O) (1) = po.
These polynomials are in fact comitants of systems (3) with respect to the group GL(2,R) (see
[4]). Their geometrical meaning is revealed in the next lemma.

Lemma 1. ([3],[4]) Assume that a quadratic system (S) with coefficients a belongs to the family (3).
Then:

(i) Let X\ be an integer such that X < 4. The total multiplicity of all finite singularities of this
system equals 4 — X\ if and only if for every i € {0,1,...,\ — 1} we have p;(a,z,y) = 0 in the ring
Rlz,y] and py(a,x,y) # 0. In this case, the factorization uy(a,x,y) = Hf‘zl(uix —vy) # 0 over C
indicates the coordinates [v; : u; : 0] of those finite singularities of the system (S) which “have gone”
to infinity. Moreover, the number of distinct factors in this factorization is less than or equal to three
(the mazimum number of infinite singularities of a quadratic system in the projective plane) and the
multiplicity of each one of the factors u;x — v;y gives us the number of the finite singularities of the
system (S) which have coalesced with the infinite singular point [v; : u; : 0].

(ii) The system (S) is degenerate (i.e. ged(P, Q) # const) if and only if pi(a,xz,y) = 0 in Rz, y]
for everyi=0,1,2,3,4.

The following zero-cycle on the complex plane was introduced in [12] based on previous work in
[22].

Definition 20. We define De2(S) = D o2 1ss where ng is the intersection multiplicity at s of the
curves p(z,y) =0, q(x,y) =0, p,q being the polynomials defining the equations (1) for system (S).

Proposition 1. ([33]) The form of the zero-cycle D¢2(S) for non-degenerate quadratic systems (3)
18 determined by the corresponding conditions indicated in TABLE 1, where we write p+ q + r¢ + s¢

12



TABLE 1: Number and multiplicity of the finite singular points of QS

No Zero—cycle Invariant No Zero—cycle Invariant
De2(S) criteria | De2(S) criteria
po #0,D <0,
1 =
1 p+q+r+s R>0.S>0 0 p+qg+7r | tp=0,D<0O,R#0
2| p+qg+rc+s© o #0,D >0 | p+q¢+r°| ng=0,D>0,R#0

po#0,D <0,R <0
po #0,D <0,8<0

3 pe+qt4rc+s° 12| 2p+q | po=D=0,PR#0

1| 2+q+r |mA0D=0,T<0|13] 3p |m=D=P=0,R£0
= = P
51 4+ | wA0D=0T>0|14] ptq | Ho-R=0PZ0,
U>0
po #0,D =T =0, c c po=R=0,P #0,
6] 2wt PR > ( o] pia U <0
c c /LO#OvD:T:O? /LOZR:07P7£07
7 2p° + 2q PR < 0 16 2p U=0
/LO#OvD:T:O? /LOZR:P:(L
1
8 KA P—0,R+£0 7 p U+£0
/LO#OvD:T:O? /LOZR:P:(L
) 4p P=R=0 18 0 U=0,V£0

if two of the finite points, i.e. ¢, s¢, are complex but not real, and

D= [3((% 13) . p12)? — (6popea — 3ppis + 13, u4)(4)] /48,

P =12p0/14 — 3papt3 + 13,

R =37 — 8uopa,

S =R? — 1642P, (4)
T =184 (313 — Buapa) + 2u0(23 — Y piopis + 27pipa) — PR,

U =3 — 4papa,

V =py.

The next result is stated in [15] and it gives us the necessary and sufficient conditions for the
existence of at least one invariant hyperbola for non-degenerate systems (3) and also their multi-
plicities. The invariant polynomials which appears in the statement of the next theorem and in the
corresponding diagrams are constructed in [15] and we present them further below.

Theorem 3. ([15]) (A) The conditions y1 = 2 = 0 and either n > 0, M # 0 or Cy = 0 are
necessary for a quadratic system in the class QS to possess at least one invariant hyperbola.

(B) Assume that for a system in the class QS the condition v1 = v = 0 is satisfied.

e (B1) If n > 0 then the necessary and sufficient conditions for this system to possess at least
one invariant hyperbola are given in DIAGRAM 1, where we can also find the number and
multiplicity of such hyperbolas.
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e (B3) In the case n =0 and either M # 0 or Cy = 0 the corresponding necessary and sufficient
conditions for this system to possess at least one invariant hyperbola are given in DIAGRAM 2,
where we can also find the number and multiplicity of such hyperbolas.

(C) The DIAGRAMS 1 and 2 actually contain the global bifurcation diagram in the 12-dimensional
space of parameters of the coefficients of the systems belonging to family QS, which possess at least
one invariant hyperbola. The corresponding conditions are given in terms of invariant polynomials
with respect to the group of real affine transformations and time rescaling.

c
Remark 3. An invariant hyperbola is denoted by H if it is real and by H if it is complex. In the
case we have two such hyperbolas then it is necessary to distinguish whether they have parallel or

non-parallel asymptotes in which case we denote them by HP (7—Clp) if their asymptotes are parallel
and by H if there exists at least one pair of non-parallel asymptotes. We denote by Hy (k =2,3) a
hyperbola with multiplicity k; by H5 a double hyperbola, which after perturbation splits into two HP;
and by HE a triple hyperbola which splits into two HP and one H.

Following [15] we present here the invariant polynomials which according to DIAGRAMS 1 and 2
are responsible for the existence and the number of invariant hyperbolas which systems (3) could
possess.

First we single out the following five polynomials, basic ingredients in constructing invariant poly-
nomials for systems (3):

CZ(&7x7y) = ypl(x7y) - :qu(x)y)v (Z = 07 17 2)

opi , Oqi . (5)
O + By’ (1=1,2).

Dz(&7 z, y) =

As it was shown in [31] these polynomials of degree one in the coefficients of systems (3) are GL—
comitants of these systems. Let f, g € Rla,z,y| and

k
k oFf g
(k) — E : —_1)
(f,g) h:(]( 1) <h> 8xk_h(9yh (fhhayk—h'

The polynomial (f,g)*) € Rla,z,y] is called the transvectant of index k of (f,g) (cf. [9], [17])).

Theorem 4 (see [34]). Any GL-comitant of systems (3) can be constructed from the elements (5)
by using the operations: +, —, X, and by applying the differential operation (x, *)(k).

Remark 4. We point out that the elements (5) generate the whole set of GL—-comitants and hence
also the set of affine comitants as well as the set of T-comitants and CT-comitants (see [24] for
detailed definitions).

We construct the following G L—comitants of the second degree with respect to the coefficients of
the initial systems

Ty = (Co,C)W, Ty = (Co, Co)V |, Ty = (Co, Do)V,
T, = (C, )P, Ts=(C,C) Y, Ts=(C1,Cr)?, (6)
Ty = (C1, Do)V Ty = (Cy, o), Ty = (Cy, Do)V
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B0, 319 & Ry £0

B1#0
17 Ps#0, J1H & v3=0, R1#0
B2=0
,63:0 M Jd1H < 55732#0
0+0 M» F1H & v3=0, R2#0
B25£0 B . 61#0=1H, or
ﬁﬁ#o_, 3>1 & v =0, R3#0 and either 51=0 = 2K
5220, 3191 & 7o =0, Ry £0
pr1=0 Br#0 B2+ 06240 = 1H, or
kel P —0, R5#0 and either § 2 ’
> 1< 75=0, R5#0 and either By =0y=0 = 2K
=0
Be 500 53740 = 1H, or
67:09_, 3> 14 75=0,R5#0 and either { §,=0, 8340 = 2%, or
_ 03=pPs=0=3H
59=0, 319 & 75=0,R5 £0 o
7>0 56#0510_#0, J1H & v7=0,Re#0
510=0, 5194 & 4,=0, B2Rs 40
577&0 B . 54#0#17‘[, or
Vo 820 3>1 < 13=0, f10R;#0 and either 5120 = 2H
B7:O B . (55750:>1H, or
3>14 49=0, Rg#0 and either Gs—0 = 2H
0 ) B2+ 0340 = 1H, or
Bs=0 m321<:)7778:077257é0 and either {588 :62:0#27—[
C
) Br#0 (770,710 <0 = 2HP, or
=0
L Y7 #0,710 >0 = 2HP, or
=0 B1o=0 R3#0
£ - Azl and either 17 #0,70=0= 17{]2” o
C
; Y7=0,v10<0 = 1H+2HP, or
=0
ET72 3 2He 47=0, R340 (77=0,710>0 = 1H+2H"

0
0 5270, J1H & B1=711=0, Rg#0
B2=0

71220, Rg#o = 17‘[,
or 7v3=0= o0

d>1 < [;=0 and either {

DiacraM 1: Existence of invariant hyperbolas: the case n > 0

Using these G'L—comitants as well as the polynomials (5) we construct additional invariant poly-
nomials. In order to be able to directly calculate the values of the invariant polynomials we need,
for every canonical system we define here a family of T—comitants expressed through C; (i = 0,1,2)
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BPFEO 519 e Ry £0

B2 #0 5
1:0 . 61#0:>1H7
L d1 = :
00 H e 7=0Rs 70 {5120:»17{2
B2=0 ) BiBs #0 = 1H;
= J1H & f1=714=0,R 0:
Br="14 107 {5758_0:>17{2
Ba#0 547é0:>1H
M#0 J1H & B3=95=0, R7#0: =0= 1%,

N#0

- 716+667£0le
Pra#0,115=0 {716_56_0;»1712 o

Bs=
[Fa=0, 3>1% Bg=0, Bu1R11#0
Fo=0, and either {512 =716 =0, y17 < 0= 2H" or
C
n=0 =0 Bi2 =716 =0, 17 >0:>2'Hp7 or

Biz =716 = 117 = 0= 1H}

P13 #0
P70, 319 e y19 =717 =0, Riy £0
N=o Y10 =717 17
=0 - -
51320, 300 & Yo =718 =719 =0
02:0
Joo & N;=0
(M=0) 7

DiacraM 2: Existence of invariant hyperbolas: the case n = 0

and D; (j =1,2):

A

A=(C, Ty — 2Ty + D3)? /144,
2C(Ty — 8Ty — 2D3) + C1(6T7 — T — (Cy1,T5) V) + 6Dy (C1 Dy — T) — 9D%02} /36,

[Dl 2Ty — Ti) — 3 (C1, To) D) — Do(3T5 + D1D2)] /72,

)y
Il

[6D2(D2 — 4Ty) + 4Dy Do(Tp + 6T7) +48Cy (D2, Ty)M — 9D3Ty+288D1 E

Y (C’2,D)( ) 120 (D2,13)( :

B ={16D; (D3, Tz)" (3C1 Dy — 2Co Dy + 4T3) + 32Cy (D2, Ty)") (3D1 Dy — 5T + 9T)
+2(Dy, Ty)W (27C1 Ty — 18C1 D} —32D1 Ty + 32 (Co, T5) ™M)
+ 6 (Do, Tr)V [8Cy(Ty — 12Ty) — 12C1 (D1 Do + T5) + D1 (26Co Dy + 32T5) +Co (9T + 96T3)]
+6 (D, Ts) Y [32C0 Ty — Cy (12T + 52Dy Dy) —32C2D?] 4 48Dy (Do, T1)™ (2D3 — Ty)
— 32D, Tk (D, To)M) + 9D3Ty (Ts — 2T%) — 16D, (Cy, Ty)M (D? + 4T3)
+ 12Dy (C1,Tx)? (C1 Dy — 2Co D) + 6Dy Do Ty (Ts — 7D3 — 42Ty)
+12D (C1, Ts)M (T4 + 2Dy Do) + 96D3 [D1 (C1, T5)™M + D2 (Co, T6)(1)} -
— 16Dy DoT5 (2D3 + 3T%) — 4D3 Dy (D3 + 3T% + 61h) + 6D7 D3 (7T + 2T%)
—252D1 Do Ty Ty} /(283%),
K =(Ts + 4Ty + 4D3)/72, H = (8Ty — Ts +2D3)/72, N =4K —4H.

=36Cy (D, Ty) D +8D1 (D2, T5) V] /144,
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These polynomials in addition to (5) and (6) will
polynomials for systems (3).

Using the above bricks, the following 42 affine invariants Ay, ..

serve as bricks in constructing affine invariant

., Ayo are constructed from the

minimal polynomial basis of affine invariants up to degree 12. This fact was proved in [5].

)

A = A, Agy :T152[C27 )(1),D2)(1),Dg)(l),Dg)(l)Dg)(l),
Ay = (Co, D)® /12, Agg = [F,H)D, K)? /38,
Ay = [C27D2)(1) Dg)(l) DQ)(I)/48, Ayy = [C%ﬁ)(z),f()(l),ﬁ) (2)/327
Ay = (H,H)®, Ay = [D,D)®,E)? /16,
As = (H,K)@)/2, Ags = /36,
Ag = (E,H)® /2, Agr = [§7D2)(1)=ﬁ)(2)/247
Ar = [Cy, EY® Dy)W 8, Ags = [Cy, K)®, D)V E)? /16,
As = [D,H)® Dy) Vs, Agy = [D,F)V, D)® 96,
Ag = [D, D)V, D))", Dy) M /48, Agy = [Co, DY, D)V DYP 288,
Ay = [f), A)(z),Dz)(l)/& Ay = [IA?,ZA?)@), A)(1)7ﬁ)(2)/647
Ay = (F,K)® /4, Asy = [D,D)®, D)V )M Dy) M 64,
Ay = (F,H)? /4, Ags = [D, D)V, FYV D) Dy) M /128,
Az = [Czyﬁ[)(l),ﬁ) (2),D2)(1)/24, Agy = [ﬁ,ﬁ)@),Dg)(l),I/(\')(l),Dg)(l)/Gél,
Ay = (B,C)® /36, Ags = [D, D)@, E)Y D)W Dy) Y 128,
A5 = (E,F)®/4, Ass = [D,B)», DYV H)® /16,
Ay = [E, D), Cy) Y B)? /16, As; = [D, D)@, D)V D)® /576,
Ay = [ﬁ,ﬁ)(z),DQ)(1)7D2)(1)/647 Agg = [C%ﬁ)(z)’ﬁ)@)’ﬁ)(l),ﬁ) (2)/64,
A = [D,F)® Dy)V /16, Asy = [D,D)®, F)V B)? 64,
Ay = [D,D)® H)? /16, Ay =[D,D)®, F)V K)® 64,
Agy = [CQ,ﬁ)(2),ﬁ) (2)/16, Ay = [CQ,ﬁ)(2),ﬁ)(2)7ﬁ)(1)7D2)(1)/64,
Ay = [D, D)@, K)® /16, Ay = [D,FY®, F)Y Dy)Y /1.
In the above list, the bracket “[” is used in order to avoid placing the otherwise necessary up to

five parentheses “(”.

Using the elements of the minimal polynomial basis given above the following affine invariant
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polynomials were constructed in [16].

1(a)
Ye(a) =

Y3(a) =

Ya(a) =

Ys5(a) =

A% (3A6 + 2A7) — 2A6 (Ag + Alg),

9A% A5(23252A3 + 23689A,) — 144045 A5(3A10 + 13A1;1) — 1280A4;3(2417 + Ag

+ 23419 — 4A50) — 320424 (50As + 3A10 + 45411 — 18A15) + 12041 Ag(6718Ag

+ 4033 Ag + 3542411 + 2786 A15) + 3041 A15(14980A5 — 20294, — 48266 A5)

— 304, A7(76626 A3 — 15173 Ag + 11797 A + 16427A;; — 30153 415)

+ 8A9 A7 (75515 A¢ — 32954 A7) + 2A5A3(33057Ag — 98759A15) — 6048042 Agy

+ A A4(68605Ag — 131816 Ag + 131073 A1 + 129953411 ) — 245(141267 A2

— 208741 A5 A12 + 320045 A13),

843696 A5 Ag Ao + A1 (—27(689078Ag + 419172A9 — 2907149 A1 — 2621619A11) A13
— 26(21057 A3 Aoz + 4900544 Aoz — 166774 A3 Aoy + 115641 A4 Ay)).

— 9A3(14A17 + Agy) + A2(—560A17 — 51845 + 881419 — 2849 + 509451 )

— Ag(17T1A2 + 3A5(367Ag — 107 Ao) + 4(99A2 + 9349 A1, + As5(—63A18 — 69419

+ TAgg + 24A21))) + 72A23 Aoy,

— 488 A3 Ay + A (12(4468A2% + 32A2 — 91543 + 32049 A1y — 3898410411 — 333143,
+ 2A45(78Ag + 199410 + 2433 A11)) + 2A45(25488A15 — 60259419 — 16824 A4,)

+ 77944 A21) + 4(7380A10As1 — 24(A1o + 41A11) Ass + As(33453 431 + 19588 A30

— 468A33 — 19120 A34) + 96 Ag(—Aszs + Asy) + 556 A4 Agy — A5(27773Ass + 41538 A3g
— 2304A41 + 5544 A42)),

v6(a) =2A20 — 3341,
’y7(C~L) =A; (64A3 — 541A4)A7 + 86AgA13 + 12849 A3 — 54 A19A13 — 128 A3 Aoy + 256 A5 Aog

+ 101 A3 A4 — 27TA4 Aoy,

va(@) =3063A44 A2 — 42A2(304Ag + 43(Ag — 11A10)) — 6A349(159A5 + 28 A9 + 409 A1)

+ 210045 A9A 3 + 315045 A7 A16 + 2414% (34A19 — 11A20) + 84014%1421 — 93245 A3A99
+ 525 A9 Ay Aoy + 84443, — 630A13Ass,

Yo(a@) =2Ag — 6Ag + Ao,
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Y10(@) =3As + A1,
Y11(a) = — 5A7Ag + A7Ag + 10A3 A1y,
Y12(@) =25A3 A3 + 18435,
Y13(a) =Az,
v14(a) =Ag Ay + 1845 A5 — 236 Ag3 + 188 A9y,
(a,z,y)
(a,z,y) =Ts,
(a,z,y) =T11 + 12773,
(@,x,y) =C1(Cy, C2) — 205(Cy, Ca) @,
(@,2,y) =D1(Cy, C2)®) = ((Cs,C), o),
01(a) =9Ag + 3149 + 641,
do(a) =41Ag + 44 A9 + 3244,
d3(a) =3A19 — 4417,
ds(a) = —HA A3 + 3A2 A4 + Aga,
d5(a) =62Ag + 10249 — 125 A4,
d¢(a) =2T5 + 3Ty,
Bi(a) =3A% — 2Ag — 24,
Ba(a) =2A7 — 9A,
B3(a) =As,
Ba(a) = —5A4 + 845,
Bs(a) =Aq,
Be(a) =Ar,
Pr(a) =8As — 3A4 — 445,
Bg(a) =24A3 + 11A4 + 2045,
Po(a) = — 8As + 1144 + 445,
Bio(a) =8As + 27A4 — 54 A5,
(a,x,y) =T% — 20Ty — 8Ty,
(a,z,y) =T,
(a,z,y) =T,
Ri(a)
+ Ag(9Ag + TA12),
Ra(a) =Ag + Ag — 24,
Rs(a) =A,
Ru(a) = — 3A3 Ay + 4A4 Ay,

19



Re(@) = — 21345 A5 + A1 (2057 Ag — 1264 A9 + 67TA1g + 1107 A1p) + 746( Agy — Agg),
Ry(a) = — 6A2 — AgAg + 2A3Ag — 5A4Ag + 444 A1 — 245 A13,

Rg(a) =Ao,

Ro(a
Rio(@) =7TAg + 5410 + 11411,

+ 366411 — 156A12) + 1098 A¢ A1 + 983A3A14 — 1548 A4 A4 — 365A3A15 + 135044 A5
+ 155042 A16 — 1350A; Agg],
XO(@) = 0818 [8A1 (42493 — 24 A5 A + 59 A9 As) + Ag(2196A7 + 384Ag + 244,19 + 36041,
— 432A12) + 4A7(123A8 —61A10—23A411 + 123A12) + 8(2A4A14—34A5A15 —19A2A16)],
YW(@) = — 37842 4 21345 + 40Ag — 187Ayg — 20541, + 317Ay,
(&) = 4846(65A49 — 54419 — 27A11) — 16A7(TT4A% — 38245 + 263A10 + 129411 — 360A412)
— 173499 + 27A24),

= A3(24s — 6A7 — Ag + A1g — A1 + 3A12),

49071656765835A% + 27 A7 (1344257279043 A11 — 1270094588593 A1)

+ 3A2(176071859457 A2 A4 + 2042424190056 A2, — 4553853105234A411 Ao

+ 2056276619466 A%, + 221071597034 A5 A1z — 539155411551 A5 Ag

+ 65833344676 A5 Agg + 26464141896 A4 Aoy + 303070135713 A5 Ay

— 137515925820 A9 Ag3) + 1048(35846142A3 A4 A1y — 163576560 A3, — 2127628843 A4 A 15
— 195478380A%, Ao + 325223640A4,1 A%, — 9386268043, + 78246044 Ag Ay

+ 26186136 Ap Ag A9y + 42548200 A5 Ag Agy — 2682720 A2 Agg — 83946780 A5 A5 Az

+ 429178020 A5 A5 Azy — 204768603 A3 Ay Azy — 12582339049 A5 Aszy),

(@)
(@)
(@) = Au(5As — 1847 — Ayg — 3411 + 9A12),
(@)
(@)
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X9 (@) = 10687627614087AS — 3643 Ay (57734730901 A1, — 18520980346 A15)
— 54A7(29889576561 A1 + 85579885241 A15) — 1848441298229 A, AgAg
— 995417129104 A4 A19A19 4 139152650610A5 Ayg A9 — 8546197917824, A11 Arg
— 234092667978 A5 A1 A1g — 1064773031314 A4 A19A1g — 1538921088774 A5 A12Ag
— 200109956062 A4 Ag Ay — 3339915826444 Ay Asg + 1182168636 A5 A19 Az
— 336995611924, A11 Aoy + 359794764 A5 A11 Agg — 150658987068 A4 A1 Ang
— 97478758260 A5 A1 Aoy — 1043930677997 Ay Ag Az — 381285679090 A4 A19 Az
— 266080146306 A5 A19Aa; — 340140897016 A4 Ay1 Aoy — 373227206190 A5 A1q Ay
— 763104633190A4 A9 Ag; — 470713035534 A5 A2 Aoy,
X(C?’) (@) = — (30838311945A% A2 A, + 2760800121876 A% A2 + 7697984307234 A% Ag Ag
+ 3201113344320A% A3 — 1697507613684 A% Ag A1o + 31825111584 A3 A4 Ay
— 69599088047 Ag A1 — 6141096042 A2, + 10245847104 A3 A4 Ao
— 2435095368044 Ag A17 — 2913648480 A4 Ag A7 — 2523363762580A% A5 A1g
— 2970632376044 Ag A1z + 334082073870A% A5 A1 + 142776946840A% A5 Asg
+ 47764080 A4 Ag Agg + 28221048043 Ay Ag; + 2047601391150A43 A5 Agy
+ 63016473792 A5 Ag Aoy + 7730551360045 Ag Agy — 3544143012043 Ay Aos
— 42056705280 A9 Ag A9z — 163762560 A2 Agg — 94243374720 A5 A5 Az,
+ 2908228540804 A5 A3y — 150861290016 A Ay Azy — 4716262800045 A5 As,),
X3 (@) = (78154242 — 19122604, A2 — 377236244 Ag Ag — 23790044 Ag A1g — 17808042 A1 As3
— 193248 A5 A11 A1z — 1318176 A2 A7 + 1194740A4 A5 Ajg — 13910442 Ag
+ 56706 A4 A5 A1g + 70214442 A1g — 5655244 A5 Agg — 11040 A% Agy — 99507044 A5 Aoy
— 32856 A3 A4 Aoz + 2611243 A5 Agy),
XD (@) = 54A2 Ay + 61145 Ag — 10445 A1y — 140A5 Ay + T3241 Ayy — 243 A5y — 234 Ass + 245 A3,
x(@) = — (114, +1045),
(@) = (—2434, — 80A2 + 6445 Ag — 80AsA1g + 16Ag Ayg — 9A%) — 3245 A1y + 4849 A1,
+2A10A11 + 2343, +120A5 A7 + 24A5A15 — 4A5A19 + 644 Ao + 4A5 A1)
X (26443 Ag — 11242 Ag — 56 Ag A7 + T46A10A17 + 1006 A1 Ay + 424A19A1g
+ 824411 Arg + 109245 A1g — 384AgArg — 9TA1gALg + 153411 Ayg — 26445 Asg
+ 168 A9 Agg + 14A19Agg — 14411 Agg — 620Ag Aoy + 81 A19 Ay — 81411 Aoy
+ 126A4A30 — 20843 A3 — 11245 A33),
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(@) = (—12(518A42 — 16A9(2A10 + 5A11) + 2(A1 + 3A11) (31 A1 + 69A411) + As(369A1g
+ 871A11) — 96A3A17) + 2A5(552A% — 404A15 + 2271 A9 — 316 Agg — 1674 A51)
— 13544 A9 — 240 A5 Ags) (4A2(6160Ag — 60659410 + 5565A411) + 533574 A10 A1y
+ 2120070A11 A17 + 365744 A19 A1 + 657528 A11 A1g — 713634 A19A1g + 8A9 (22484 A17
+ 10472418 + 10911 A19 — 2156 Asg) + 121318419 Agg — 11130411 Agg + 522591410 Agy
— 357309A1; Ag1 + T2A5(1324T A17 + 1081 Agg + T084 A1) + 2079 A4 Aso + 186520 A2 Asy),

XS (@) = 9549 + 2419,

Xf)(@) = 441 — 44,

A (@) = (As — 245)(As — 2411),

A7 (@) = (45 — As)(As — A),

(@) = — 2A5(634842 — A4 (502073 Ays + 250407 A1g + 37072A0) + 1845(720 Ay, + 8179 Ay3))

+ 3(640A3 + 36 A7 (3218 A5 + 17721 Ag) + 8Ag (750545 A1 + 3796643 Ags) + 4A2(Ars
X (T4429A15 + 44574 A1g) — TA10(5387 Agg + 4741 Agg) + 243552 A7 Agy)
+ Ay (—341504A10 A1g — T8TT9A7 Ags + 234046 A Az3)),
Xo(@) = 2484 A2(2A15 + 9A10) — 245(276 A2 + A4(—34111 A5 + 51231459 — 35504 40)
+ 46794 A9 Agz) + 3(4A2(5403A13 A1 — 29222413 A1g — 6123 A19Ago + 1144449 Agg
+ 7131 A10 Aoz + 4138447 Ag7) + A4(1080A9A1g — 35328 A1 A1g — 52173 A7 Ags
+ 3584245 A33)),

(@) = (As — Aq)(8AZ — 44A3Ag + 27 A4 Ag + 4A3Ag + 22A3A10 — 944 Ay),
D (@) = 2445 — 234y,

X(j)(a) = 5Ag — Ao,

9 (@) = 94g — 25 A5.

We also need here the following additional affine invariant polynomials, constructed in [28]:
Hy=—[(C1,8H + N)V +2D,N], Hy=—[D,D)®, D)V, D)® = 12D,

Hyg=— [D,N)?,Dy)V, Hy =3[(C1,8H + N)V) +2D,N]* = 32H [(Ca, D)® + (D, D)V},
His =(D,D)®, Ny =12D1(Cy, Do) + 2D} + 9D (C1, C2)® + 36[Co, C1) ), Do)V,

Next we construct the following T-comitants (for the definition of T-comitants see [25]) which are
responsible for the existence of invariant straight lines of systems (3):

Notation 1.
Bs(a,x,y) = (Ca, D)V = Jacob (Cy, D),

BZ(CL?xvy) = (B37B3)(2) _633(027D)(3)7 (7)
Bi(a) = Res, (Cy, D) /y° = —279373 (B,, Bs)W..

Lemma 2 (see [24]). For the existence of invariant straight lines in one (respectively 2; 3 distinct)
directions in the affine plane it is necessary that By = 0 (respectively By = 0; B3 =0).
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At the moment we only have necessary and not necessary and sufficient conditions for the existence
of an invariant straight line or for invariant lines in two or three directions.

Let us apply a translation = = 2’ + 2o, y = ¥’ + yo to the polynomials p(a,x,y) and q(a,z,y). We

AL A

obtain ﬁ(d(a7 Zo, y0)7 .Z'/, y/) = p(au ! + Zo, y/ + y0)7 Q(a(aa Zo, y0)7 .Z'/, y/) = Q(a7 ! + o, y/ + yO) Let us
construct the following polynomials
Fz(av Zo, yO) = Res x’ (OZ (d(a7 o, y0)7 33‘/, y/) ) CO (d(av Zo, y0)7 33‘/, Z/)) /(y/)i+17
PZ(EL7 Zo, yO) S R[EL7 Zo, ?JO]; 1= 17 2.
Notation 2. We denote by

gz(d7x7y) = Fi(&v‘/L'Ovy())|{:(;0:;c7 Yo=y} S R[d,x,y] (Z = 172)

Observation 1. We note that the polynomials & (a,xz,y) and E(a,z,y) are affine comitants of
systems (3) and are homogeneous polynomials in the coefficients a,b,c,d, e, f, g, h,k,l,m,n and non-
E = 6.

Notation 3. Let &(a, X,Y,Z), i = 1,2, be the homogenization of E(a,x,y), i.e.

homogeneous in x,y and degdc‘:’l =3, deg(xhy)gl =5, degdgg =4, deg(, )

&a, X,Y, 2) = 2°61(a, X/2,Y/Z),  &(a,X,Y,2) = Z°\(a, X/Z,Y|Z)

The geometrical meaning of these affine comitants is given by the following lemma (see [24]):

Lemma 3 (see [24]). 1) The straight line L(z,y) = ux + vy + w = 0, u,v,w € C, (u,v) # (0,0) is
an invariant line for a quadratic system (3) if and only if the polynomial L(x,y) is a common factor
of the polynomials & (a,x,y) and E5(a,z,y) over C, i.e.

Ei(a,z,y) = (ux + vy + w)Wi(z,y), i =1,2,

where W;(z,y) € Clz,y].

2) If L(x,y) = 0 is an invariant straight line of multiplicity A for a quadratic system (3), then
[L(z,y)] | ged (&1, E) in Clz,y], i.e. there exist Wi(a,z,y) € Clz,y], i = 1,2, such that

Eila,z,y) = (uz + vy + w))‘Wi(a,a:,y), 1=1,2.
3) If the line lo : Z = 0 is of multiplicity X > 1, then Z*~' | ged(&1, Es).
In order to detect the parallel invariant lines we need the following invariant polynomials:
N(a,x,y) = D3+ Ty — 2Ty = 9N, 6(a) = 245 — Ay (= Discriminant (N (a, z,7)) /1296).

Lemma 4 (see [24]). A necessary condition for the existence of one couple (respectively two couples)
of parallel invariant straight lines of a system (3) corresponding to a € R'? is the condition 6(a) = 0
(respectively N(a,z,y) =0).

Now we introduce some important G L—comitant in the study of the invariant conics. Considering
Cy(a,x,y) = ypa(a,z,y) — xqa(a, x,y) as a cubic binary form of x and y we calculate

n(a) = Discrim[Cy,&], M (a,x,y) = Hessian[C5],

where £ = y/x or £ = x/y. According to [30] we have the next result.
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Lemma 5 ([30]). The number of infinite singularities (real and imaginary) of a quadratic system
in QS is determined by the following conditions:

(i) 3 real if n > 0;

(7i) 1 real and 2 imaginary if n < 0;
(791) 2 real if n =0 and M # 0;

(tv) 1 real if n =M =0 and Cy # 0;
(v) o0 ifn=M=Cy=0.

Moreover, for each one of these cases the quadratic systems (3) can be brought via a linear transfor-
mation to one of the following canonical systems (S;) — (Sy):

& = a+cx+dy+gx®+ (h—1)xy, (S))
. I
g = btex+ fy+(9—1zy+ hy?
& = a+cx+dy+gr®+ (h+ 1)y, Sp)
. big
v = btex+ fy—a?+ gry+ hy%
& = a+cx+dy+ gr®+ hay, (Sur)
. 1
g = btex+ fy+(g9—1)ay+ hy?
& = a+cx+dy+ gr®+ hay, (Sn)
. 1%
g = b+tex+ fy—a®+gry+ hy?
& = a+cx+dy+ 3,
. (Sv)
y = b+exr+ fy+ay.

Finally, in order to detect if an invariant conic
®(x,y) = p+ gz +ry + sz + 2tzy + uy® =0 (8)

(or an invariant line) of a system (3) has the multiplicity greater than one, we use the notion of k-th
extactic curve 8,(X) of the vector field X (see (2)), associated to systems (3). This curve is defined
in the paper [7, Definition 5.1] as follows:

vy vy Uy
&.(X) = det Xlo) - X)X ,
Xl_i(vl) Xl_i(vg) Xl_i(vl)
where v1,v9,...,v; is the basis of the C-vector space C,[z,y] which is the set of all polynomials

in x,y of degree n , of polynomials in C,[z,y] and | = (k + 1)(k + 2)/2. Here X°(v;) = v; and
X7 (v1) = X(XI7(vy)).

According to [7] the following statement holds:

Lemma 6. Assume that an algebraic curve ®(x,y) = 0 of degree k is an invariant curve for systems
(3). Then this curve has multiplicity m if and only if ®(z,y)™ divides &(X).
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3 The configurations of invariant hyperbolas for the class QSH,

In this section systems we consider systems in QSH(, - ) for which we have the following result.

Theorem 5. Consider the class QSH ;5 oy of all non-degenerate quadratic differential systems (3)
possessing three distinct real singularities at infinity.

(A) This family is classified according to the configurations of invariant hyperbolas and of invariant
straight lines of the systems, yielding 162 distinct such configurations. This geometric classifi-
cation appears in DIAGRAMS 3 to 9. More precisely:

(A1) There are exactly 3 configurations of systems possessing an infinite number of hyperbolas.

(A2) The remaining 159 configurations could have up to a mazximum of 8 distinct invariant
hyperbolas, real or complex, and up to 4 distinct invariant straight lines, real or complez,
including the line at infinity.

(B) The bifurcation diagrams for systems in QSH(,)~) done in the coefficient space R in terms
of invariant polynomials appear in DIAGRAMS 10 and 11. In these diagrams we have necessary
and sufficient conditions for the realization of each one of the configurations.

Remark 5. The invariant polynomials Xg/) in DIAGRAMS 10 and 11, where W = A,...,G and
i =1,...,8, as well as other invariant polynomials (1, 0, p;, B;...and so on) are introduced in

Section 2. Moreover, in these diagrams we denote by (€;) (i = 1,2,3) the following sets of conditions

(€1): (BR1#0)U (B2 =73 =00Np3#0),
(€2) : (BaBsR2#0)U (Bs =173 =0, Ra #0),
(€3): (B1=0)N((712=0,R9 #0) U (m13=0))).

Remark 6. For more details about the geometric classification of the configurations of systems in
QSH ;)0 see Section 5.

25



TMH=1
TML=1

ICD=H+Ls

Cmrﬁg. H.1

(1)

PD= 477
h h @
]\.’[S()C = U1 +U2+U3 N Config. H.2
PD=2P, +2P. v \ Gt
- 1 2
— 1)
PD=4P ¢
h h
MSoc =2U1+Us+Us " Config. 1.4
" 2791-1-27)2
e Config. H.5
PD=4P,
h
AIS@C:3U1+U2+U:5 T~
Config. H.6
PD=2P1+2P, v o
= » Config. H.7
PD= 473'
MSoe = Uy + U+ Uy 24
1Soc =U1+Us+Us+2s >(‘onﬁqH8
PD= 27314—2732
J Config. H.9
PD=4P, ‘“’
hoohoy,
MSoc=U,+2Us+Us+s )
Config. H.10
PD=2P; +2P, 1 T~
Config. H. 11
PD=4P, “”
h h h
AISOC:U1+2U2+U3+28 Cvmﬁ_q.H.]E
W, [PD=2P, +2P, | "
‘ Config. H.13
Mo h h h 1) (1.1)
00—U1+2U2+U3+38> Config. H.14
PD=4P, (”
MSoe =20y + Uy + Us 424
) _ <u>
e 1+Us+Us+25 Conﬁy,HAL‘F
PD= 2P1+2’P2
u)

PD=4P

(1
Config. H.16

’ (1)
’ o
(1)
Config. H.17

PD;=2pP
=

hoh oo
MSoc=U1+Us+Us+s1+59

PD=2P1+2P

—> A, (next page)

PDf:Q'Pl‘l’Q'PQ ( Cfmﬁt] H.18
L —J = -
PD;=2P 27> »
(1)

PDf:2P1+2P2
e EEEE—

Config. H.19

DiacraM 3: Diagram of configurations with one hyperbola and TML =1
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DIAGRAM 4: (Cont.) Diagram of configurations with one hyperbola and TML = 2

Proof: We prove part (A) under the assumption that part (B) is already proved. Later, we prove
part (B).

We first need to make sure that the concepts introduced above gave us a sufficient number of
invariants under the action of the affine group and time rescaling so as to be able to classify geomet-
rically the class QSH,,~ ) according to their configurations of their invariant hyperbolas and lines.
Summing up all the concepts introduced, we end up with the list: /CD, MSyc, TMH, TML, PD,
PDy, PDy, mP, I. From this list we clearly have that T'M H and T'ML are invariants under the
group action because the action conserves lines and the type of a conic as well as parallelism and it
conserves singularities of the systems which are simple points on an invariant curve. The types of the
divisor IC'D on P»(C) and of the zero-cycle MSyc on P(R) are invariants under the group because
the group conserves the multiplicities of the invariant curves as well as the multiplicities of the sin-
gularities. The number of vertices of a basic polygon is conserved under the group action basically
because the number of intersection points of the various invariant curves is conserved. Furthermore
the coefficients of mP are also conserved because multiplicities of the singularities are conserved.
For analogous reasons the coefficients of PD, PDy, PD,, are also conserved. The invariant I is
also conserved because complex intersection points of a line with a hyperbola as well as intersection
multiplicities are conserved. The concepts involved above yield all the invariants we need and we
now prove that the 162 configurations obtained in this section are distinct.

Fixing the values of TM H and T'M L, we first apply the main divisor /C'D. In many cases, just
using the invariants contained in IC'D and the zero-cycle MSyc (TTM H, TM L and the correspond-
ing types) suffice for distinguishing the configurations in a group of configurations. In other cases
more invariants are needed and we introduce the necessary additional invariants, to distinguish the
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5 h hla hly il Config. H.82
MSoe = U+ D207+ 2 1544 NN
‘ CUf!ﬁj H.83
PD= 3731+3'P2
15 h  hlz ’ Config. H.84
MSoc=U+Up +Us |[PD=2P; +4P>
S+ <‘> “”g{w H.85
PD 771+3732 ‘, (1)
+3P3+3Py
PD=3P,+ 3P, +4P5+4P,
1 2 3 \IPD,=3P1+3P> ﬂ @
I L Tk L T 3Ps+3Py JA o
R 7
(
Crmqu H.87 Config. 156
PD 2P1 +3’P2 (1) ('(mﬁr] .88
hlylo|
MSoc = U1+U2+U3 D3P L3P
: . 3P1+3P2 T (Config. H.89
N ‘ 0™
(1) 1
PD=3P,+4P, ‘ (m
PD=3P,+3Py+3Ps+4Ps R , v

5t lo hly  hly
+5S1+S2+ 853+ 54

lily
MSUC U1 +U2+U3

lo  hly  hls
+81+82+83 + 54

hlils
MSoc Uy +U2+U3

> Ag (next page)
> A7 (next page)

> A (next page)

’ Config. H.91 Config. H.90
' (1)
Conﬁ[] H.92
PD= 27)1 +2P9 +3’P3
Cunﬁq H.93
PD=2P;+3Py+3P3
(1)
( )
PD=3P;1+3P2+3P3 ‘
Config. H.94

—> A5 (neat page)

DiacrAM 5: Diagram of configurations with one hyperbola and TML =3
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(1‘» Config. H.95
PD;=2P1+2P, _ / @

PD=3P1+3P, w

/ 20N,
PD;=3P1+3P; / :) o0
N

PD=3P1+4P> ry (mnﬁq H.97
As
ICD=H+L1+Lo+ L W CuvLﬁq H.98
h hlila PD=3P1+3Pa+4P-
MSoc=U1+Uy+Us L 2 3
ls hly  his ‘
+31+82+$3+84
b Config. H.99

PD=3P,+3P,+3Ps+3P, / <

7 Con/ty H.100
PD=3P;+3P2+3Ps+4P,

A\

('anﬁg H.101
PD=2P; +3P,
——
/ ('(mﬁg H.102
Ag PD =3P, +4P;

ICD:H+2£+£OC]

(1)
(1)

( ’ Config. H.103
PD=2P+3Py+4P3

TMH=1
TML=3 ‘

(1.1)

{ Config. H.104
hl hl

MSoc = 2U1+2U2+U3+2s1
g (1,1) C077ﬁg H.105

A7 PD:2P1 +3P2 /(l ! (1,1) Config. H.106
(11
[1CD=H+L+2Lx

(1,1)

&

(1.1)
h I n |[PD=3Pi+4P:
MSoe =20 + 20U+ Uy + 5+ =2 > ‘
(1.1)
' Config. 1.107
- PD=2P+3P2+3P3 _ (1,1)
{ Config. H.108 A
PD=4P =
(2.1)
As oo
[ D430 :| Config. H.109
I1CD=
N PD=2P,+2P, _ @y

DiAGrAM 5: (Cont.) Diagram of configurations with one hyperbola and TML =3
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PD=3P

lg hl1 lQ

MSyo = U1+U2+U5

l1  hil2 hlllg l2l3
+s1+s2+ 53 + 54

(1)

4’ Config. H.111
PD=3P1+3P; w
Config. H.112

ICD=H+L1+Lo+ L3+ L

Q)

Config. H.113
hls hlyls
MSoc=U1+Up+Us PD=3P1+3P> }(
hl hlo  l1l3 = lal:
+51+ 89+ 53+ 84 >
7
[
PD=3P1 +4P2 _ A (1)
o) ” .
! ¢ Config. H.115
9 o Config. H.11
ICD=H+L+LS+L+ Lo @

A
(1.1)

(1)
" Config. H.116
ICD=H+L1+Ls+2Lo . m
-V

TMH=1
TML>4

(1)

(1) .
V Config. H.117

ICD=H+2L1+Lo+ L _ 4 o
O

h l1lo hlgly
MSoc=U1+Us+Us

1113 laly hlll4 hlgl3
+51+ 52+ 853+ 5

ICD:H+£1+£2+£3+£4+£OO 1 hla  hlzly (1)
MSoc=U14+Us+Us

hla | s | bigls s
1+52+83+s

Config. H.119
(1)

' Config. 1.120
ICD=H+LY+L+LS+ LT+ Lo (1)

DiacrAM 6: Diagram of configurations with one hyperbola and TML > 4

configurations of the following groups. The result is seen in the DIAGRAMS 3 to 9.

We finally obtain that the 162 geometric configurations displayed in DIAGRAMS 3 to 9 are distinct,
which yields the geometric classification of the class QSH according to the configurations of invariant
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Y Config. H.121
hy ha hihs
MSoc=U1+Us+Us -

(1)
o
(2,
hy ha hihs Cnnﬁg H.122
MSoc=3U1+Us+Us @

(1)
" ) Config. H.123

h1 ha  hihs

MSoc = U1+U2+U3+81+82 <1>
&)

N N ﬂ’ Config. H.12/

1 2 hihs hih
MSoc = U1+U2+U3+Si+2 3922 R <1)

(U Config. H.125
hihe hi hyh
MSoc =U1+Us+2 U3+Si+ é22‘ — (1.1)
(2 C H.126
b hy hihs ‘ ol

TMH=2, TML=1 | MSoc=U1+3Us+ Us 1848 @
ICD=H1+Ho+ L

.)

1)

/S s
PD=3P @

(1)

J\

Conﬁg. H.128

hi  hz hihs ho hih =2P1+3P2 = / @
MSoc = UlJrU2+U3+31+é§+§32 > (’

1)

(1
PD =3P, +3P,+3P p
1 2 3 » [ —(1)
“) Config. H.130 Config. H.129
hi hy hiha  p o, hiha

MSyc = U1+U2+U3+251—|—82+ 3 R

(
]71 hg h1h2 ’
MSoc = U1+U2+U3+81+82+83+S4

%

(

% Config. H.131
,m

DiacraM 7: Diagram of configurations with two hyperbolas and TML =1

hyperbolas and lines. This proves statement (A) of this theorem.

Proof of part (B). We assume 1 > 0. In this case according to [24, Lemma 44] there exist an affine
transformation and time rescaling which brings systems (3) to the systems

d d
d—i:a—kcaz—kdy—i-ga:z—k(h—l)xy, d—i:b+ea:+fy+(g—1)a:y+hy2, 9)

withnp=1and § = —(g —1)(h —1)(g + h)/2.
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TMH=2

TML>2 |

(1)
(

hi  ha hihal
MSoc=U1+Us+ Uz

(1)

hi  hy hihal 1
MSoc=U;+Us+ Us+sit+sa ‘
Q[

hy

1)
Config. H.132

(1)

‘(1)
‘ Config. H.133
(1)

(1)

ho hihsl (1> Config. H.134
2l hihy  hih
IOD=H1+Hao+ Lt Loo MSOC:U1+U22+ IU;, + (%’12-1- é22 > <1> o)
ha hihz bl pe 1 hihe  hol m’ Config. H.135
MSOC:U1+U2+U3+81+82+ §32—|—824 > o)
A
(1)
hiohy hihal o p oy phy bk ‘/
MSoc=U1+Us+ Us +s1+52+ é32—|— 542 , (1)
A
e8]
hihy hihaly, LD =3P1+3P>
MSoc=U1+ Uy + Us
hily  hal
+ 9 "
(1)
PD=4P,+4P; 5 ’(U
4 Config. H.138
&)
ICD=H1+Ho+ L1+ Lo+ Lo by mhoht, PD=3P143Pa .
MSoc=U1+ Uy + Us

l haly holy  hihol

+ s1+ So+ S3+ s4

h1  hiho halily
MSoc=U1+ Uy + Us
Ml holy | Maly  hala

+ s1 + So+ S3+ S4

]L1h2 h1h2
MSoc=U1+ Us + Us

onfig. H.139

€3]

‘(D
(1)

ICD=H1+Ho+ LT+ LG+ Lo

h1 hao hihs
MSoc=U1+ Uz + Us

ICD=H{+HF+ L +LF+ Lo

ICD=HS +HF + L1+ Lo+ Lo

L Ay (next page)

Config. H.1/2

)
Config. H.145
(1)

DiacraM 8: Diagram of configurations with two hyperbolas and TML > 2
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(1)
(1)
'/ Config. H.146

ICD=H1+Hs+L+2L _ ‘ e
“

h1  hals  hihalily
MSoyc=U1+ Uy + Us

hali  hihsle  halyls l2l3
+ S1 So 4+ 83+ s4

hi  hihals  halils
MSoyc=U1+ Uy + Us

l1l3 15l hihol hihsal:
ICD =M1 +Ho+ L1+ Lo+ L3+ Loo | + 87+ 89 + 85 + 54

1 h1h2 h1h21213
MSoc=U1+ U+ Us W

hily  hils hilly  halils N
+ 81 + s9 + 83 + S4 (1)
y [ Q) "
> (1) \
(1) \@

’(1)
M Config. H.150 Config. H.149
(1)

ICD=H1+Ho+ L1+ LS+ L + Lo

»
'

&,

(1)

(1)
[TMH =9 ﬁ Config. H.151

TML>2|ICD=H{ +HS + L1+ LS+ LS+ Lo m

(1) Config. H. 152

(1)

ICD=H+Hs+2L+ L

4

(1)
ICD=HS+HS +2L+ Lo Config. H.153

(1)

’ Config. H.154
ICD=2H+L1+ L2+ Lo - // 8
<

(1)

\ 4

1)

(1
’ Config. H.155

ICD=2H+LY+ LS + Lo "

a

DIAGRAM 8: (Cont.) Diagram of configurations with two hyperbolas and TML > 2

\/

3.1 The subcase 0 # 0

Following Theorem 3 we assume that for a quadratic system (9) the conditions § # 0 and 7, = 0
are fulfilled. Then, as it was proved in [15], due to an affine transformation and time rescaling, this

system could be brought to the canonical form

le—:;:a—i-cx—kgﬁ—i-(h—l)xy, Z—i/:b—cy—k(g—l)xy—i-hyz, (10)
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1={1,1,22}

ICD=H1+Ho+Hs+L+L

I={1,1,0}

ICD=H14+Ho+H3+L1+ Lo+ L -

(1
% Config. H.159
(1)

ICD=H{+HT +H3+ LY +LS + Lo %

TMH>3

ICD=L1+ Lo+ L3+ L4+ L5+ Lo

ICD=LY+ LS+ LY+ LS+ L5+ Lo

ICD=L1 +2L5 +2L3+ L

DIAGRAM 9: Diagram of configurations with three or more hyperbolas (T'MH > 3)

for which we calculate
Yo = — 1575¢*(g — 1)2(h — 1)%*(g + h)(3g — 1)(3h — 1)(3g + 3h — 4)By,
B =—c(g—1)(h—1)(3g — 1)(3h — 1) /4, (11)
Bo=—clg—h)(3g+3h—4)/2, 0 =—(g—1)(h—1)(g+h)/2,

where By = b(2h — 1) — a(2g — 1).

3.1.1 The possibility 5, # 0
In this case the condition v, = 0 is equivalent to (3g + 3h — 4)B; = 0.
3.1.1.1 The case Py # 0. Then 3g + 3h — 4 # 0 and we obtain By = 0. Since ¢ # 0 due to the

rescaling (x,v,t) — (cx,cy,t/c) we may assume ¢ = 1. Moreover as (2g — 1)? + (2h — 1) # 0 due to
B2 # 0 (i.e. g — h # 0), the condition B; = 0 could be written as @ = a1(2h — 1) and b = a1(2g — 1).
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ViE

Xy <0 N

Config. H.1

Xp >0 Config. H.2
e
>0
XS:?#U X~ 2, Config. H.19
X(l) <0
M o2 Config. H.16
Xc W
B Config. H.18
1)
<0 .
qul)>0 X(1)<OL Config. H.21
oz 0 TR0, ot s
XB 72 Config. H.
T 40 0 fig
X <
N X(C})>0 (1)>0 Config. H.20
Xp =0 Xp ~7, Config. H.22
X(})
= Config. H.26
T=0 (1)
xg <0
1 AB >, g
X(C>>0 (1)>0 Config. H.24
v <o Config. H.25
1) _ o AB""0 Config. H.7
XA W
XB Config. H.8
By #0 )
(1) X <0 Config. H.3
xa <0 Mg
Xp ~7, Config. H.4
X(l)
o L Config. H.30
o’ <0 1)#0
(1)>0 0 Config. H.32
Xp = Config. H.34
1)
Xz <0, Config. H.29
M g
Xo' < (1)#0
(1) 1
B3+3240 po=0pxa =0 x>0 m_, Config- .71
XD Config. H.33
1)
XD #0
Xg)<04'(1) Config. H.9
M _ XD Config. H.11
e MO
B1#£0 (1) XD Config. H.10
>0
T#0 .
x%):() Config. H.12
[77>0} W <o T=0, Config. H.13
0+#0 (1):0 0 Config. H.1}
By = X529, Config. H.15
Cl (next page) onfig. H.
_l’_
%-—’ Cy (next page)
f1=0

=" (3 (next page)

DIAGRAM 10: Bifurcation diagram in R!? of the configurations: Case n > 0, 6 # 0
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D<0

Config. H.39
(1)
<0 D>0 Config. H.49
(1) _
Xa <0 D=0 Config. H.44
N
L Config. H.38
(1)
LU» Config. H.75
(1)
<0
Xp D=0, Config. H.7/
Vv
X >0] D>0 Config. H.48
[ D=0, Config. H.64
x>0 D=0 config H.79
0 fig. H.7:
Bo # D <0| Do ‘
Config. H.47
D=0 .
(1) >0 Config. H.66
D=0, Config. H.72
(1)
>0| D>0 Config. H.46
D=0 .
L———— Config. H.65
X' #0 /i
(1)<0‘::T<0 Config. H.67
Xi‘l):() T>0 Config. H.43
X(l) 0
B Config. H.42
(1)
<0 Config. H.70
to=0 D<0 Config. H.71
(1)
Xz >0/ D>0 Config. H.41
D=0 Config. H.55
C
! D#0 Config. H.60
@) X3 <o )
51=0 Xp 7 Config. H.65
D=0 m_,
1o #0 o D Config. H.69
Xk < Config. H.61
1)
Xg'>0 DyéO Config. H.59
By #0 X' 20 X' #0
2
_ Config. H.62
B £0 D=0 [ o,
X(l) <0 D Config. H.68
= Config. H.56
>
1 — Config. H.57
; =0 1o =0 o
{Z;O} W_, X < Config. H.50
e (1) D#0 Config. H.51
Xp >0 g- H.0
Bo—0 D=0 Config. H.5/
2= ¢y (next page)
@) F—— C, (neat page)
[51=0, C3 (next page)

DiAGRAM 10: (Cont.) Bifurcation diagram in R1? of the configurations: Case 1 > 0,

0 +£0

39



(1
Xe <0, Config. H.8/

(1)
;<0
Xr Config. H.86
(1) V(1
>0 . <0
G te hte Config. H.85
@) 508 >0
B =0 A Xe Config. H.83
(1) YW=o
Xz =0 X(l):0 B¢ . Config. H.81
P1#0 || By=0 = Config. H.82
(2)
Xq <0 Config. H.37
(2)
X5 <0 ‘
G [\Psor? Config. H.52
X(2)>0
[(Qz)] i Config. H.53 o)
@ _ Y& <o
XA;O» Config. H.45 X(A3)<0 i) Config. H. 1
X >0 Config. H.2
+v(3)
MFCB:GI Config. H.17
(3)
X(B)#O X; >0 Config. H.19
= @ <0
Xg>>0 B Config. H.16
(3)
Ho#0 ® Xz >0 Config. H.18
Xa >0 MO
Xg)<0 'Z) Config. H.21
T A0 X5 > Config. H.23
(3) _ (3)
[n>0] Xp =0 Xg >0 Config. H.20
070 T=0 Config. H.26
+(3)
B #0 mr@:w: Config. H.7
(3)
X >0 Config. H.8
(3)
<0
Xa Config. H.3
(3)
W <0 2L Config. H.52
4{’ L3
Xp =0 Config. H.34
) X(3)>0
5140 10=0[xY >0 &—— Config. H.29
(3)
W <0 X('; 20, Config. H.9
X =0 Xp =0, config. H.11
(3)
>0
B3 #0[72=0 " XB Z7, Config. H.10
- 3 _g
Rs 70 X4 Config. H.14
By=0
- Cs (next page)
Bs#0 51 =0
Ce (next page)
Cs f2=0]75=0
[ 3 ] : Ry#0— Cr (neat page)
B1=0]| g.—0
[56=0, Cs (next page)

DIAGRAM 10: (Cont.) Bifurcation diagram in R!? of the configurations: Case n > 0,

0 +£0
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(3)
M Config. H.49

(1)
X <0 Config. H.74
(3)
>0
X(F?)#O Xa D<0 Config. H.73
(1)
Xp >0] D>0 Config. H.41

D=0

Config. H.55
=0
A Config. H.67

. D+#0 ,
M'i: Config. H.60
G D=0 Config. H.69

61#0
|:31=0 MO;AO Lﬂ,ﬁ Conﬁg. H.61
X(éj) ) Ho >0 Config. H.59
- (3)
B2 #0 D=0 Xp 70 Config. H.62
(3) _
xp =0 )
© ’ (3)5‘&0 L Config. H.68
xp =0 Mli Config. H.57
(3) _
B2 #0 Xe =0 Config. H.50
B,=0 Config. H.86
9 <o D70, Gonfig. H.128
D=0 Config. H.150
Ho<0 XE.S'>>0 )
Config. H.129
X5 =0
B6£0 By #£0 Config. H.12/
Cs Ho>0 Config. H.127
[61=0] . L=, Config. H.125
1= Config. H.135
(3)
M Config. H.37
@0 225 o .52
C7 X/; >O[T' onﬁg. Y
>0
[52_:(9:| e 27, Config. H.53
> ol = ()
n>0 Ra70|a Config. H.45 o X =0 oo B
0+£0 Xa <0 @< g d
[[5 70] X5 Config. H.2
' fo#0 W <0
D0 " Config. H.17
XE:)>0 Xz >0 Config. H.19
B, 40 (4)
17 D=0 Xz <0 Config. H.27
(4)
3246240 X5 20, config. 1.28
8,20 [72=0 #o=0 Cy (next page)
7 5=0] | _
Rs#0 [B1=0 Cio (next page)
C8 68:52:0
[56:0] Ci1 (next page)
pr=0

Ci2 (next page)
DiAGRAM 10: (Cont.) Bifurcation diagram in R1? of the configurations: Case 1 > 0,

0 +£0
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XS;*><0

E;l) <0 Config. H.5
X(4)>O
Co 2B~ Config. H.6
- (4)
ﬁ§+5§7ﬁ0 X(4)<0 X <0 Config. H.35
B #0 A Wso
11o=0 —=—— C(Config. H.36
B 4
<0
C1o Xa Config. H.37
ﬁ77é0 rQ2 52 0 XSL)>O
Bs+05#0] | Config. H.53
| B1=0
Ho <V Config. H.123
(5)
<0
-0 XA Config. H.121
Cin Fo X(5)>0
A
[ﬂsz‘;z :O] ‘ Config. H.131
(5)
Xy <0
110 =0 Config. H 122
(5)
Xy >0
‘ Config. H.126
n>0
0+#0
- - (4)
_ xXp <0
{ﬂé 0] Y9 <0 Z) Config. H.1
= xg >0
5340 i) Config. H.2
<0
Y950 Xi) Config. H.17
0
X5~ > Config. H.19
Po#0 %5;%* 9 <o D <0 Config. H.132
Bg 0 | D>0 Config. H.133
O 5 0 2= Confiy. H.196
d5=0
Cia 3 © D>0, config. H.134
<0
[B7=0] Be=0 XE“) Config. H.156
6
>0
X4 Config. H.157
X <0
Bo=0 [7,=0 (T» Config. H.40
=0 | >0
Rs#0] [Xa Config. H.58

DIAGRAM 10: (Cont.) Bifurcation diagram in R!? of the configurations: Case n > 0,

0 +£0

So setting the old parameter a instead of a1, we arrive at the 3-parameter family of systems

dx

i

a(2h — 1) + z + gz + (h — 1)y,

(12)

d
d—iza(2g—1)—y+(9—1):ﬂy+hy2
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Config. H.2
(1)
Xp <0
1) ~=—— Config. H.17
Xp #0 X(l) fig
" B Config. H.18
Bi1#0 x4 >0 <0
T#0 X(E;< Config. H.21
Xg)zo Xg >0, Config. H.22
) T= Config. H.25
Xa' =0 Config. H.8
— (1)
Bi0#0 77%76;00 n Xa <0 cunfig. H.38
(1)
o Xp' <0, Config. H.75
1
o0 XA >0 D=0, config. H.72
(1)
Xz >0 D>0 Config. H.46
B,=0 W D=0 Config. H.65
Be #0 Xy =0 Config. H.42
1)
1o =0 Xp <0 Config. H.76
O
2B =~ Config. H.77
(3)
Xa <V Config. H.2
(3)
0
o Xe <0 Config. H.17
- — (3) (3)
Bio=0 | 71a=0 Xa >0 >0
ByRs#0 A ) Xc Config. H.18
N 40 Xp =V Config. H.21
MO
= Config. H.8
o 70
By 40 Ci3 (next page)
=0
>0 04#0 Fo Ci4 (next page)
0=0 Br#0 ;87:307&07 B>=0 C15 (next page)
10R7 5,=0
Ba#0 Cie (next page)
_ =0 =0
Bs=0 i %98#0—> Ci7 (next page)
=0
bz Cis (next page)
N

N=0, ¢y (neat page)

DIAGRAM 11: Bifurcation diagram in R!? of the configurations: Case n > 0, 8 = 0
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x(g><0

xg)>0

Config. H.78

Config. H.79

X' <0

Config. H.96

X5 <0

xg)<0

Config. H.99

B10<0

(7)

xg >0

Config. H.95
M» Config. H.9/
N <0

Xg)>0

X5 #0

Config. H.100

N>0, config. H.98
Config. H.97

Xp' <0

Xz <0

x5 >0

(7)

<0

Ci3 XD

[M()#O] ok

>0

Xg>>0

Xp <0

X5 >0

Config. H.93

Config. H.92
Config. H.89

N <0

x5 <0

N>0

xg' <0

Config. H.90

7
X5 =0

Config. H.88
(7
XU4>O> Config. H.87

X5 >0

B #0

N<0_ Config. H.103

Config. H 102

Xg5' <0

N>0

Xg)>0

Config. H.101

X5 <0

Config. H.106

Xg)<0

3470 Cia

[p0=0]

Config. H.105

X5 >0

Xy =0

Xg)>0

Config. H.107
Config. H.104

(M)
. <0
Xe ==, Config. H.111

N<0 Config. H.112

Config. H.110

B £0 o #0

7
xe!

>0

Ci5

N>0

Config. H.116
Config. H.140
Config. H.139

po=0
N<O0

B2#0

o #0

N>0

Cis
=y

Br=0

1o=0
[Ho=2 Config. H. 146

N#0
[po=1]

Ci7 (next page)

Cis (next page)

B2=0

N=0, ¢, (next page)
DIAGRAM 11: (Cont.) Bifurcation diagram in R!? of the configurations: Case n > 0,
6=0
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X(A7) <0

Config. H. 115
(7)
Xo' <0
B3 #0 X(A7)>0 (C;) Config. H.114
>0
5540 @ Xe 77, Config. H.113
=0
Xa Config. H.117
Ciz B3 =0
B2#0 Config. H.119
%z% %=0 Config. H.147 X(z) <0
o A
Rg#0 7 =0 o Config. H.80
>0
Xa 75 Config. H.91
(7)
xg <0
B2+ 6240 Xg)<0fT>Conﬁg. H.78
>0
X5 Config. H.79
(7)
<0
v8=0 XE47) >0 X5 Config. H.96
(M)
X
Bi0#£0 [177%=0 " Config. H.95
Rs#0 | | (7)
Xp <0
y\'=0 Config. H.108
A W00
B Config. H.109
N#0 XEZ) 0
[56=1] s =0, =0 ) Config. H.143
>
X4 77 Config. H.141
(7)
Xa <0 Config. H.144
(7)
>0
B270 Xa Config. H.145
(7 _
sl 0 <0 X4 =0 Config. H.153
Ba= Config. H.151
(7
M’ Config. H.142
>0 x(s) <0
|:Z:():| vz #0 By #0 X<A7) >0 (3)—'0 Config. H.137
Xg > Config. H.138
Y10 >0 X(7) -0
Ci8 4 Config. H.152
Bs=0
[p2=0] 2 Config. H.149
B1o=0
=0 7
Y10 =0 Xa <0 config. H.155
X(7) >0
A 7 s Config. H.15
<0
y7r=0 ML Config. H. 159
™ 710>0 Config. H.158
<0
Br=0[77=0 X:‘) Config. H.150
—. (7
Rs7 0] [xa”>0 Config. H.148
N=0, ¢, (next page)

DIAGRAM 11: (Cont.) Bifurcation diagram in R'2 of the configurations: Case n > 0, 6 = 0

45



Config. H.79
Ry <0

Config. H.96
X4 >0 X<D8) <0

B2#0 |B1="11=0
Ro#0 Ro>0 [y 0

Xp =0

Config. H .93

Config. H .92

Config. H.87

Config. H 101

n>0 (2)

<0
[9:()] y12=0 X4 Config. H.120
Config. H 118

B2=0 -
€ Ry <0 Config. H.160

Y13=0 Rg>0

Config. H 161

Ro=0

Config. H 162

DIAGRAM 11: (Cont.) Bifurcation diagram in R1? of the configurations: Case 1 > 0,
6=0

with the condition
alg = 1)(h =1)(g +h)(g = h)(3g = 1)(3h —1)(3g + 3h —4) # 0. (13)
These systems possess the invariant hyperbola
O(z,y) =a+zy = 0. (14)

Remark 7. We point out that for systems (12) the parameters g and h have the same significance,
because we could replace g by h via the change (z,y,t,a,g,h) — (—y,—xz,—t,a, h,qg), which keeps
these systems.

For systems (12) we calculate

By = 2a’(g — 1)*(h — 1)*(g — h)(29 — 1)(2h — 1)[a(g + h)* — 1]. (15)

3.1.1.1.1  The subcase By # 0. In this case by Lemma 2 we have no invariant lines. For systems
(12) we calculate pg = gh(g + h — 1) and we consider two possibilities: pg # 0 and pg = 0.

a) The possibility po # 0. Then by Lemma 1 the systems have finite singularities of total multi-
plicity 4. We detect that two of these singularities are located on the hyperbola, more exactly such
singularities are M o (ng, y1’2) with

1+ V7 L 1+V7

= Z1 =1 —4agh.
29 Y1,2 on 1 ag

T2 =
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On the other hand for systems (12) we calculate the invariant polynomial

W= (9= 12(h = 1)%(g = 1)*(3g — 1)2(3h — 1)> 71,
X = —105a(g — 1)*(h — 1)2(g — h)*(3¢ — 1)*(3h — 1)%/8

and by (123) we conclude that sign (qul)) = sign (Z1) (if Z; # 0) and sign (Xg)) = —sign (a). So we
consider three cases: XS) < 0, XS) > (0 and XS) = 0.
a;) The case XS) < 0. So we have no real singularities located on the invariant hyperbola and we
arrive at the configurations of invariant curves given by Config. H.1 if Xg) < 0 and Config. H.2 if
S
XB > .
ay) The case XS) > 0. In this case we have two real singularities located on the hyperbola. We

have the next result.

Lemma 7. Assume that the singularities M o (:El,g,ng) (located on the hyperbola) are finite. Then
these singularities are located on different branches of the hyperbola if Xg) < 0 and they are located
on the same branch if Xg) > 0.

Proof: Since the asymptotes of the hyperbola (122) are the lines z = 0 and y = 0 it is clear that
the singularities M o are located on different branches of the hyperbola if and only if z1z2 < 0. We

—1+ \/Z_l} [—1 - \/2_1} ah
2¢ 29 g’ (16)
x5 = 35agh(g — 1)*(h — 1)*(g — h)*(g + h)*(3g — 1)*(3h — 1)%/32

and due to the condition (123) we obtain that sign (z122) = sign (X(Cl)). This completes the proof of

calculate

T1x2 = |:

the lemma. ]

Other two singular points of systems (12)are M3 4 (:173,4, y374) (generically located outside the hy-
perbola) with
(1—2n)[1+ V7] (29 — 1)[1 £ V73]

= Zy=144a(l —g—h). 17
g+ h—1) » Y34 2g+h—1) 2 +4a(l—g—h) (17)

T34 =
We need to determine the conditions when the singular points located outside the hyperbola
coincide with its points (singular for the systems or not). In this order considering (122) we calculate

A— (29 —1)2h - 1)1+ 2
(I)(‘Tay)’{x:xa,zi, Y=y34} 2(9 +h— 1)[2 = Q3,4(a7g7 h)a

where A = 2a(g + h — 1)(4gh — g — h). It is clear that at least one of the singular points Ms(z3, y3)
or My(x4,y4) belongs to the hyperbola (122) if and only if

CLZg 2
QY= ————"—5 = Z3=(29—-1)2h—1) —a(dgh —g—h)~.
3{ly G h—1) 0, Zs=(29—1)(2h—1)—a(4gh—g—h)

On the other hand for systems (12) we have

X = 105(g — h)(3g — 1)(3h — 1) Z3 /4
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and clearly due to (123) the condition x%) = 0 is equivalent to Z3 = 0. We examine two subcases:

X%) %0 and Xg) =0.

) The subcase Xg) # 0. Then Z3 # 0 and on the hyperbola there are two simple real singularities
(namely M 2(x1,2,91,2)). By Lemma 8 their position is defined by the invariant polynomial Xg) and
we arrive at the following conditions and configurations:

° Xg) < 0 and ngl) <0 = Config. H.17,

° Xg) < 0 and Xg) >0 Config. H.19;

=
° Xg) > 0 and ngl) <0 = Config. H.16;
=

(1)

® X' >0and Xg) >0 Config. H.18.

B) The subcase X%) = 0. In this case the conditions Z3 = 0, By # 0 (see (124)) and (123) implies
4gh — g —h # 0 and we obtain a = (29 — 1)(2h — 1)/(4gh — g — h)?. Then considering Proposition 1
we calculate

D=0, T=-3[glg—1)(2h—1)z+h(h—1)(29 —1)y]’P,

2
P= %(2 — 39— 3h + 4gh)*(gx — hy)?[(29 — )z + (2h — 1)y]”.

B1) The possibility T # 0. Then T < 0 and according to Proposition 1 systems (12) possess one
double and two simple real finite singularities. More exactly, we detect that one of the singular points
Ms(x3,ys3) or My(xy4,ys) collapses with a singular point located on the hyperbola, whereas another
one remains outside the hyperbola. Taking into consideration Lemma 8 we obtain the following
conditions and configurations:

(1) (1)

e X <0and xp’ <0 = Config. H.21;
° Xg) < 0 and Xg) >0 = Config. H23,
° Xg) > 0 and ngl) <0 = Config. H.20;
. Xg) > 0 and XSBI) >0 = Config. H.22.

B2) The possibility T = 0. In this case due to the conditions (123) and po # 0 the equality
T = 0 holds if and only if P = 0 which is equivalent to 2 — 3g — 3h + 4gh = 0 (or equivalently
2 —3g+h(4g — 3) = 0). Since g — h # 0 (see (123)), the condition (4g — 3)% + (4h — 3)? # 0 holds,
then by Remark 7 we may assume (49 — 3) # 0, i.e. h = (39 — 2)/(4g — 3) and we obtain

3 2

D=T=P=0, R= W(Q —1)%(29 — 1)*[g(4g — 3)z + (2 — 3g)y| .
Since R # 0, by Proposition 1 we obtain one triple and one simple singularities. More precisely the
singular points M3 and M, collapse with one of the singular points M; or M, and the last point

becomes a triple one. In this case, we calculate

1 105(g —=1)°Bg —1)*(5g = 3)> 1) _ 359(39 —2)(g — D'°(3g — 1)*(59 — 3)*(29° — 1)°
X = 8(4g —3)° e 8(4g —3)10 |
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We remark that the condition X(Cl) < 0 implies XS) > 0. Indeed, if Xg) < 0 then g(3g —2) <0 (i.e.

0 < g < 2/3) and for these values of g we have 4g — 3 < 0, which is equivalent to ngl) > 0. Taking

into consideration Lemma 8 we obtain the following conditions and configurations:

° X(cl) <0 = Config. H26;

° Xg) > 0 and ngl) <0 = Config. H24;

° Xg) > 0 and Xg) >0 = Config. H.25.
az) The case XS) = 0. Due to the condition (123), the condition XS) = 0 implies Z; = 0 and
it yields a = 1/(4gh). In this case the points M 2 collapse and we have a double point on the
hyperbola. So we calculate

W = _% (9 - 1)2(h—1)%(g — h)*(3g — 1)*(3h — 1)%,
X&) =385(g — 1)*(h — 1)"(g — h)*(g + h)*(3g — 1)2(3h — 1)*/128 > 0,
) = o M Eg~DER—1) £0.

Since Xg) # 0, no other point could coalesce with the double point on the hyperbola and we arrive
at the configurations given by Config. H.7 if Xg) < 0 and Config. H.8 if Xg) > 0.

b) The possibility po = 0. Then by Lemma 1 at least one finite singular point has gone to infinity
and collapsed with one of the infinite singular points [1,0,0], [0,1,0] or [1,1,0]. By the same lemma,
a second point could go to infinity if and only if u1(z,y) = 0. However, for systems (123) we have
the following remark.

Remark 8. If for a system (12) the condition pug = 0 holds then p; # 0. Moreover by (4) the
condition R = 3u% # 0 is fulfilled.

Indeed for systems (12) we calculate
po=gh(g+h—1)=0, p =g(l—g-—2g9h)r+h(l—h-—_2gh)y. (18)

We observe that in the case ¢ = 0 (respectively h = 0; g = 1 — h) we get u3 = h(1 — h)y # 0
(respectively pu1 = g(1 — g)y # 0; ug = h(h — 1)(2h — 1)(z — y) # 0) due to the condition (123).
We consider the cases: XS) < 0, XS) > 0 and XS) =0.

b)) The case XS) < 0. The points on the hyperbola are complex and, moreover, 1 — 4agh < 0

implies agh > 0 and hence X(Cl) > 0. Then we arrive at the configurations given by Config. H.3 if

Xg) < 0 and Config. H.4 if Xg) > 0.

b)) The case XS) > 0. The points on the hyperbola are real and we observe that due to the

condition (123) the equality X(Cl) = 0 is equivalent to gh = 0. So we consider two subcases: Xg) #0

and X(Cl) = 0.

o) The subcase XS) # 0. Then the condition ug = 0 gives g+ h —1 =20, i.e. ¢ =1 — h and one
finite singularity has gone to infinity and collapsed with the point [1,1,0]. Clearly that this must
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be a singular point located outside the hyperbola and hence on the finite part of the phase plane of
systems (12) there are three singularities, two of which (M; and M;) being located on the hyperbola.

Since the singular points on the hyperbola are real we have to decide when the third point will
belong also to the hyperbola. For systems (12) with g = 1 — h we calculate

Xy = —105ah?(h — 1)*(2h — 1)2(3h — 1)*(3h — 2)/8,
X! = 105(2h — 1)*(2 — 3h) (30 — 1)[1 + a(2h — 1)?] /4.

We observe that the condition Xg) < 0 implies X%) # 0. Indeed, supposing X%) = 0 and considering

condition (123), we obtain a = —1/(2h — 1)? and hence
W = 10512 (h — 1)2(3h — 1)%(3h — 2)2/8 > 0.

So in the case XS) < 0 we get the following conditions and configurations:

. Xg) <0 = Config. H.50;
° Xg) > 0 and X%) #0 = Config. H.32;
° Xg) > 0 and Xg) =0 = Config. H.34;

whereas for Xg) > 0 we get

° Xg) <0 = Config. H.29;
° Xg) > 0 and Xg) %0 = Config. H.51;

o XSBI) > 0 and X(Dl) =0 = Config. H.535.

B) The subcase XS) = 0. Then gh = 0 and ¢ + h? # 0 due to g — h # 0. By Remark 7 we may
assume g = 0 and then one of the singularities located on the hyperbola (122) has gone to infinity
and collapsed with the point [1,0,0]. The calculations yield

X0 = —105ah2(h — 1)2(3h — 1)2/8, X'V = 105h(3h — 1)(1 — 2h — ah?) /4. (19)

B1) The possibility ngl) < 0. Then we have to analyze two cases: X%) # 0 and x%) = 0.
If X%) # 0, the finite singularities M3 4 remain outside the hyperbola and we arrive at the config-

uration given by Config. H.9. In the case X(Dl) = 0 (which yields a = (1 —2h)/h?), one of the singular

points M3 4 coalesces with the remaining singularity on the hyperbola. For this case we calculate
D =0, P = (3h — 2)%y*(x +y — 2hy)?, T = —3h*(h — 1)*y*P.

We observe that the condition Xg) > 0 implies T # 0. Indeed, the conditions x%) =T = 0 imply
h =2/3 and a = —3/4, and hence Xg) > 0.
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Moreover, according to Remark 8, in the case pg = 0, the condition R # 0 is satisfied for systems
(12). Then, since T # 0, we obtain PR # 0, and by Proposition 1 we have a double singular point
on the hyperbola and we arrive at Config. H.11.

B2) The possibility ngl) > 0. We again analyze the cases Xg) # 0 and X%) = 0. In the case X%) %0,

the finite singularities M3 4 remain outside the hyperbola and we arrive at the configuration given
by Config. H.10. 1f X%) = 0, we obtain the configurations shown in Config. H.12 if T # 0 and
Config. H.13 if T = 0.

by) The case ij) = 0. Due to the condition (123), the condition ij) = 0 implies Z; = 0 (then
gh # 0) and hence a = 1/(4gh). Therefore the condition py = 0 yields g = 1 — h. In this case the
singular points M; o collapse and we have a double point on the hyperbola. For systems (12) with
g=1—hand a =1/[4h(1 — h)], we calculate

X = 105h(h — 1)(2h — 1)*(3h — 1)2(3h — 2)2/32,

K = % WAl — 1) (2h — 12(3h — 1)2(3h — 2)%,
m__ 105
XD = T6h(h — 1)

D=0, T=-3hh-1)>%2h—-1)>2x—y)*z+y)*#0.

(2h —1)3(3h — 1)(3h — 2),

Since x%) # 0 (due to condition (123)), the singular point located outside the hyperbola could not
collapse with this double point and we arrive at the configurations given by Config. H.1/ if Xg) <0
and Config. H.15 if Xg) > 0.

3.1.1.1.2  The subcase By = 0. According to Lemma 2 the condition B} = 0 is necessary in
order to exist an invariant line of systems (12). Considering the condition (123) we obtain that
B; =0 (see (124)) is equivalent to
(29 — 1)(2h — 1) [a(g + h)* — 1] =0.
On the other hand, for these systems we calculate
Xg' = =105(g = D)(h = 1)(g ~ h)(3g ~ )Bh 1) Zs,  Zu = [alg +h)* ~ 1],
and by (123) the condition Z; = 0 is equivalent to Xg) =0.

a) The possibility X%) # 0. In this case we get g = 1/2 and this leads to the systems

Cfl—f —a(2h— 1)+ 2+ 222+ (h— Ly, % — Y242 — 2hy)/2, (20)
for which the following condition holds (see (123)):
a(h —1)(2h — 1)(2h + 1)(3h — 1)(6h — 5) # 0. (21)

We observe that besides the hyperbola (122) these systems possess the invariant line y = 0, which

is one of the asymptotes of this hyperbola. For the above systems we calculate
1 105
po=h(2h = 1)/4, X' = === (h=1)(2h = 1)(3h = 1) Zu[(,, .

By =0, By=—648a(h—1)*(2h —1)*y" Zu| ,_, -
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Therefore we conclude that due to the conditions Xg) # 0 and (21) we obtain By # 0 and, by
Lemma 2, we could not have an invariant line in a direction which is different from y = 0. Moreover,
due to the condition # # 0 and according to Lemma 4, in the direction y = 0 we could not have
either a couple of parallel invariant lines or a double invariant line.

a;) The case pg # 0. Then h(2h — 1) # 0 and considering the coordinates of the singularities
M;(z;,yi) (i=1,2,3,4) mentioned earlier (see page 46) for g = 1/2 we have

z19=—1+vV1-2ah, y12=—-1FV1-2ah,

r34=—1E£+/1+ 2(1(1 - 2h), y3.4 = 0.

We recall that the singular points M o(z1,2,y1,2) are located on the hyperbola. We also observe that
the singularities Ms 4(23.4,y34) are located on the invariant line y = 0.

On the other hand, for systems (20) we calculate

W =272(h — 1)2(2h — 1)°(3h — 1)2(1 — 2ah), X'W = —105a(h — 1)%(2h — 1)2(3h — 1)2/512,
X0 =271635an(h — 1)*(2h — 1)2(2h + 1)%(3h — 1), D = 3a%(2h — 1)* [2a(2h — 1) — 1](1 — 2ah),
and it is clear that, due to the factors 1 — 2ah and 1 + 2a(1 — 2h), the invariant polynomials Xfaxl)
and D govern the types of the above singular points (i.e. are they real or complex or coinciding),
whereas the invariant polynomials XS) and X(Cl) are respectively responsible for the position of the
hyperbola on the plane and for the location of the real singularities on the hyperbola (i.e. on the

same branch or on the different ones).

a) The subcase XS) < 0. Then the singularities M o (located on the hyperbola) are complex,

whereas the types of singularities M3 4 (located on the invariant line y = 0) are governed by D. We
observe that clearly the condition ij) < 0 implies Xg) > 0.

Furthermore, we see that ngl) > 0 implies D < 0. Indeed, the condition ngl) > 0 yields a < 0 and,

since 1 — 2ah < 0 (i.e. 4ah > 2), we have 2a(2h — 1) — 1 = 4ah — 2a — 1 > 0; then D < 0. So we
arrive at the following conditions and configurations:

° XS) <0and D <0 = Config. H.39;
° Xg) <0and D >0 = Config. H.49;
° XS) <0and D=0 = Config. H.44;

° xg) >0 = Config. H.38.

B) The subcase XS) > 0. In this case the singularities M o are real and we have to decide if they
are located either on different branches or on the same branch and, moreover, the position of the

hyperbola.

We observe that the conditions Xg) < 0 and X(Cl) < 0 imply D < 0. Indeed, the conditions

Xg) < 0 and XS) < 0 yield ¢ > 0 and ah < 0, respectively, and, since 1 — 2ah > 0, we have
2a(2h — 1) — 1 = 4ah — 2a — 1 < 0; then D < 0.

So in the case ngl) < 0 we get the following conditions and configurations:
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° X(cl) <0 = Config. H.75;

° X(cp >0and D <0 = Config. H.74;
° Xg) >0and D >0 = Config. H48;
. Xg) >0and D=0 = Config. H.64;

whereas for XS) > 0 we get

° Xg) <0O0and D<0 = Config. H.73; X(Cl) >0and D <0 = Config. H.72;
° Xg) <0and D>0 = Config. H47; XS) >0and D >0 = Config. H.46;
° Xg) <0and D=0 = Config. H.66; X(Cl) >0and D=0 = Config. H.65.

~) The subcase ij) = 0. Due to the condition (123), the condition XS) = 0 implies Z; = 0 and
hence a = 1/(2h). In this case the points M 5 collapse and we have a double point on the hyperbola.
For systems (12) with a = 1/(2h) we calculate

35
W = o1 (h = 1*(2h — 1)*(2h + 1)*(3h — 1)?,
3 2

Due to (21), we have Xg) > 0 and sign (T) = sign (h(h—1)), therefore according to Proposition 1,

besides the double point on the hyperbola, we could have two simple points on the invariant line
y = 0.

We observe that the condition Xg) > 0 implies T > 0. Indeed, if XSBI) > 0 we have a < 0 and, since
a=1/(2h) (i.e. h <0), we obtain h(h — 1) > 0; then T > 0.

So we arrive at the configuration Config. H.67 if XSBI) < 0and T < 0; Config. H.43 if Xg) < 0 and
T > 0; and Config. H.42 if Xg) > 0.

@) The case jip = 0. Then h(2h — 1) = 0 and considering the condition (21) we get h = 0. In
this case one of the singular point located on the hyperbola has gone to infinity and collapsed with
[0,1,0] (since u1 = x/4, see Lemma 1).The second singularity on the hyperbola has the coordinates
(=2, —a/2), whereas the coordinates of the singularities M3 4(x3.4,y34) located on the invariant line
y = 0 remain the same. Since for systems (20) with h = 0 we have D = —3a?(2a + 1) we obtain
sign (D) = sign (2a + 1).

We observe that in the case Xg) < 0, we have ¢ > 0 and hence D = 2a + 1 > 0, which implies
the existence of two real simple singularities on y = 0 and we obtain the configuration shown in
Config. H.70. Now, in the case Xg) > 0, we obtain the following conditions and configurations:
Config. H.71 if D < 0; Config. H.41 if D > 0; and Config. H.55 if D = 0.

b) The possibility x%) = 0. In this case we obtain a = 1/(g + h)? and this leads to the systems

dx 2h —1

ar - sh— 1 dy  2g-1
dt — (g+h)?

+w+gx2+(h—1)xy, o —m—y+(g—1)wy+hy2 (22)
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possessing the following invariant line and invariant hyperbola

r—y+2/(g+h)=0, &(z,y)= S +ay=0. (23)

1
(9+h)
We claim that the condition Xg) = 0 implies D < 0 and Xg) < 0. Indeed, if Xg) = 0, then
a =1/(g+ h)? and in this case we see that

(1) _105(g — 1)*(h — 1)*(g — h)*(3g — 1)*(3h — 1)

W g+ P -t
D— 192(g — h)%(g +h —2)*(g + h — 2gh)? “0
(g + h)® o
due to condition (21), and this proves our claim.
For the above systems we calculate
By =~y (9= D= 129 — D= (e —»)* (24)

and by Lemma 2 for the existence of an invariant line in a direction different from y = x it is
necessary By = 0.

b)) The case By # 0. Since § # 0 by Lemma 4 we could not have a couple of parallel invariant
lines in the direction y = x and obviously the invariant line y = x + 2/(g + h) is a simple one. As
before we consider two subcases: po # 0 and g = 0.

) The subcase pg # 0. Then gh(g +h — 1) # 0 and systems (22) possess four real singularities
M;(x;,y;) with the coordinates

1 1 % — 1 29 — 1
TI=———— 1= A3=————, Y3 = ;
LT Y T g ST TR BT g h 25)
h g 2h — 1 2g—1

T TR T R0 T g g+ h— D)

It could be checked directly that the singularity M;j(x1,y1) is a common (tangency) point of the in-
variant hyperbola and of the invariant line (23). Moreover, the singular point Ms(z2, y2) (respectively
My(x4,y4)) is located on the hyperbola (respectively on the invariant line), whereas the singularity
M3 (x3,ys3) generically is located outside the invariant hyperbola as well as outside the invariant line.

For systems (22) we calculate

1
' == (9= D20 = 1%(g = kB9 = 2B = 1) Z1] 0y g mey:

xe! :g_ggh(g = 1(h = 1)*g — h)*(3g — 1)*(3h — 1)*, (26)
O %(9 —h)*(3g — 1)(3h — 1)(g + h — 2gh)

and, due to (123), the condition XS) = 0 is equivalent to Z; = —(g — h)?/(g + h)?> = 0 and this
contradicts the condition (123). So the singular points M; and M, could not collapse.

We consider two possibilities: Xg) < 0 and XS) > 0.
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a1) The possibility X(Cl) < 0. In this case the singularities M 5 are located on different branches

of the hyperbola and we need to decide if the singular point M3 coalesces with the singularities on

the hyperbola, and this fact is governed by the polynomial D. However, this last polynomial could

vanish due to the factors g + h — 2 and g + h — 2gh. Then, according to (26), we need to disti guish
1) 1 _

the cases x,” # 0 and x " = 0.

So we get the configurations Config. H.60 if D # 0; Config. H.63 if D = 0 and X%) # 0; and
Config. H.69 if D =0 and X(Dl) =0.

az) The possibility X(Cl) > 0. Assume Xg) > 0, i.e. gh > 0. Then, by Lemma 8, both singularities

M; o are located on the same branch of hyperbola. It is clear that the reciprocal position of the
singularities My (located on the hyperbola) and My (located on the invariant line) with respect to
the tangency point Mj of the hyperbola and the invariant line (23), define different configurations.
More exactly the type of the configuration depends on the sign of the expression:

(9 —h)?
g+h—1)(g+h)?

(z1 — o) (21 — 14) = ol
and hence we need sign (g(g +h— 1)) when gh > 0. We calculate
X = (g + (g +h—1)(g — D'k —1)*(g — h)(3g — 1)*(3h — 1)*/256
and, since in the case gh > 0 we have sign (g) = sign (g + h), we deduce that
sign (x') = sign (g + h)(g + h — 1)) = sign (g(g + h — 1)).

We observe that the conditions Xg) > 0 and Xg:l) < 0 imply D # 0 (i.e. D < 0). Indeed, if we
suppose D = 0, then (g + h — 2)(g + h — 2gh) = 0. In the case g = 2 — h, we have

W = (h = 1)'°(3h — 5)%(3h — 1)2/32 > 0,
due to (21), which contradicts the condition X%l) < 0. On the other hand, if g = h/(2h — 1), we have

1) 1

R _ 10 2 o 2 . 2
XE' = gy —ywo 1 (= P+ 17(3h — 151 = 25+ 20%) > 0,

due to (21), which again contradicts the condition ngl) < 0. So we detect that in the case x%) <0

we obtain the configuration Config. H.61.
In the case Xg) > 0, the polynomial D could vanish and we need to detect to which singular
points My or My the singularity My collapses. So we get the following conditions and configurations:

Config. H.59 if D # 0; Config. H.62 if D = 0 and X(Dl) # 0; and Config. H.68 if D = 0 and X(Dl) =0.

B) The subcase jg = 0. Then gh(g + h — 1) = 0 and, by Lemma 1, at least one finite singularity
has gone to infinity and collapsed with an infinite singular point. Since for systems (22) we have

Xg) = 0 if and only if gh = 0 (see (26)), we consider two possibilities: Xg) # 0 and Xg) =0.

B1) The possibility Xg) # 0. Then the condition pg = 0 implies g+ h —1 =0,ie. g =1—h
and considering the coordinates (25) of the finite singularities of systems (22) we observe that the
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singular point M, located on the invariant line has gone to infinity and collapsed with the singularity
[1,1,0]. In this case calculation yields

AW = B2(h — 1)2(2h — 1)*(3h — 1)%(3h — 2)° /64,
X' = =105 h2(h — 1)2(2h — 1)*(3h — 1)*(3h — 2)2/8,
XY = 3517 (1 — h)?(2h — 1)2(3h — 1)2(3h — 2)?/32,
D = —102(2h — 1)5(1 — 2h + 2h%)2,

and by (21) we have XS) > 0, Xg) > 0 and D < 0. Moreover, since by Remark 8 the condition R # 0

holds, then according to Proposition 1 all three finite singularities are distinct. This means that the
singularities located on the hyperbola are simple and belong to different branches (respectively of the
same branch) of the hyperbola if Xg) < 0 (respectively Xg) > 0). As a result we get configurations

Config. H.56 if Xg) < 0 and Config. H.57 if Xg) > 0.

B2) The possibility Xg) = 0. Then gh = 0 (this implies pp = 0) and we have g2 + h? # 0 due to
g — h # 0. Considering Remark 7, without loss of generality, we may assume g = 0. In this case,
the singularity Mj located on the hyperbola (23) has gone to infinity and collapsed with the point
[1,0,0]. Since by Remark 8 we have p; # 0, then according to Lemma 1 other three finite singular
points remain on the finite part of the phase plane.

It is clear that depending on the position of the singular point M, (located on the invariant line
(23)) with respect to the vertical line x = x; we get different configurations. So this distinction is
governed by the sign of the expression 24 —x1 = 1/(1 — h). Moreover, since in this case we have the
invariant line z — y + 2/h = 0, its position depends on the sign of h. Then we need to control the
sign (h(1 — h)). Thus, we calculate

X&) =B (h — 1°(3h — 1)%/256, D = —192(h — 2)’

and we have sign (h(1 — h)) = —sign (XE:I))-

It is clear that, in the case XE:I) < 0, we have D # 0 and, since the condition R # 0 holds (see
Remark 8), Proposition 1 assures us that all three finite singularities are distinct if D # 0. So we
arrive at the cconfiguration given by Config. H.50.

Now, in the case X%) > 0, the polynomial D could vanish and we obtain the configuration Con-

fig. H.51 if D # 0 and Config. H.54 if D = 0.

by) The case By = 0. Considering (24) and the condition (123) we obtain g = 1/2 and this leads
to the 1-parameter family of systems

dr  4(2h —1) 72 dy
i~ @ht)? +z+ 5 + (h — 1)zy, 0 y(2+ x — 2hy)/2, (27)

for which the condition 63182 # 0 gives
(h—1)(2h +1)(2h — 1)(3h — 1)(6h — 5) # 0. (28)

These systems possess two invariant lines and a hyperbola

4 4

T—y-+ 5 +zy =0.

(2h + 1)
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as well as the following singularities M;(z;,y;):

2 2 2(1 — 2h) .

rNn =—-——— _= N xrqQ = —-> _= N

YT o M T oy ST Topg1 BT (29
4h 1 4

To = , ya = 0.

o+ U T e YT T ont 1

We observe that due to the condition (28) all singularities are located on the finite part of the phase
plane, except the singular point My which could go to infinity in the case h = 0. For the above
systems we calculate

X0 = 35h(h — 1)*(2h — 1)%(3h — 1)%/16384

and we analyze the subcases XS) <0, Xg) > 0 and XS) = 0.

a) The subcase Xg) < 0. Then h < 0 and it implies

48
= h(2h —1)/4 D=-——2(2h—3)%2h—1)°£0.
po = h(2h —1)/4 20, g 2 91 £ 0
Since the singular points on the hyperbola are located on different branches, we arrive at the unique

configuration Config. H.84.

B) The subcase X(Cl) > 0. Then h > 0 (this implies again pg # 0) and the singularities on the
hyperbola are located on the same branch. Thus, it is necessary to distinguish the position of Ms on
the hyperbola with relation to Mj, which is the intersection point of the hyperbola and the invariant
line z —y+4/(2h+1) = 0, and My, which is the intersection point of the two invariant lines, as well
as the position of the singularities M3 and M, on the invariant line y = 0. We calculate

4(2h — 1) 2(2h — 3)

hyDe W=

(1 —z2)(T1 —24) =

and hence sign (2h — 1) (respectively sign (2h — 3)) will describe the position of the singularity My
on the hyperbola (respectively the position of the singularity M3 on the invariant line y = 0). We
calculate

A =278 2n — 1320+ 1)(h+ 1) Bh - 1%, X8 = @n—3)(h+1)/8
and, due to (28) and since h > 0, we obtain sign (2h — 1) = sign (X%l)) and sign (2h — 3) = sign (Xg)).

We observe that the condition X(Gl) = 0 yields h = 3/2 and this implies D = 0. In this sense, we
obtain the following conditions and configurations:

° Xg) <0 = Config. H.86;

X%) > 0 and Xg) <0 = Config. H85;

x%) > 0 and X(Gl) >0 = Config. H.83;

. X;}) > 0 and X(Gl) =0 = Config. H81,

~) The subcase Xg) = 0. Then h = 0 (this implies gy = 0) and the singularity Ms has gone to
infinity and collapsed with [0, 1,0]. As a result we get Config. H.82.
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3.1.1.2 The case 2 = 0. Since p1 # 0 (i.e. ¢ # 0) we get (9 — h)(3g + 3h —4) = 0. On the other
hand, for systems (10) we have

Pz =—clg—h)(g—1)(h—1)/4

and we consider two possibilities: §3 # 0 and 83 = 0.

3.1.1.2.1  The possibility B3 # 0. In this case we have g —h # 0 and the condition 85 = 0 yields
3g+3h—4=0,1ie. g=4/3 — h.In this case, for systems (10), we calculate

v3 = 765Tc(h — 1)*(3h — 1)*[a(5 — 6h) — 3b(2h — 1)],
By = —c(h —1)(3h — 2)(3h — 1)/18, Ry = (a —b)e(h —1)3(3h — 1)3/6.

Without loss of generality, we may assume 2h — 1 # 0, otherwise via the change (z,y,t,a,b,¢) —
(y,z,t,b,a,—c) we could bring systems (10) with h = 1/2 to the same systems with h = 5/6.
Therefore, due to B3 # 0, the condition v3 = 0 yields b = a(5 — 6h)/[3(2h — 1)] and since ¢ # 0 we
may assume ¢ = 1 due to the rescaling (x,y,t) — (cz,cy,t/c).
We remark that the condition 73 = 0 could be written as a = a1(2h — 1) and b = a;1(5 — 6h)/3. So
setting the old parameter a instead of a1, we arrive at the 2-parameter family of systems
dx 4—3h dy  a(5—6h) 1—3h
& 3a(2h -1 o
o 3a( )+ + 7 3 Y+
for which the condition 63163R1 # 0 is equivalent to the condition

2® + (h = Dzy, zy+hy?, (30

a(h —1)(3h —1)(3h — 2) # 0. (31)
Moreover, these systems possess the same invariant hyperbola (122).

Observation 2. We observe that the family of systems (30) is in fact a subfamily of systems (12)
under the relation g = 4/3—h. Moreover, if we present the condition (123) in the form F(a, g, h)(3g+
3h —4) # 0, then in the case g = 4/3 — h, the condition (31) is equivalent to F(a,g,h) # 0. We
also point out that the condition g = 4/3 — h does not imply the vanishing of any of the invariants
XS)an),--wX(Gl)- Hence, all the configurations of systems (30) are the configurations of systems
(12) determined by the same invariant conditions.

Considering this observation, we could join the conditions defining the family (12) (i.e. n > 0,
06102 # 0) with the conditions which define the subfamily (30) (i.e. n > 0, 81 # 0, 52 = 0 and
B3 # 0). More precisely, the conditions defining both such families of systems are 33 + 33 # 0 and
(¢1), where

(€1): (BaR1 #0)U (B2 =73 =00Np3 #0).

3.1.1.2.2  The possibility B3 = 0. Due to 81 #0 (i.e. (9 —1)(h—1) #0), we get g = h. In this
case, we calculate
Yo =6300h(h — 1)*(3h — 2)(3h — 1)?By,

O =—hh—1)2 p=—(h—1)323h—1)/4,
B4 =2h(3h — 2), B5 = —2h>(2h —1).
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We shall consider two cases: 54 # 0 and 84 = 0.

a) The case B4 # 0. So the condition v = 0 implies 5; = 0 and by Theorem 3 the condition 35 # 0
is necessary for the existence of hyperbola. Hence, we arrive at the particular case of systems (12)
when g = h, i.e. we get the systems

dx
dt

with the condition

= a(2h — 1) + = + ha® + (h — 1)zy, % =a(2h —1) —y + (h — Vzy + hy? (32)

ah(h —1)(2h —1)(3h — 1)(3h — 2) # 0. (33)
These systems possess the invariant line and hyperbola
l+h(zx—y)=0, ®(,y)=at+zy=0.

Since po = h?(2h — 1) # 0 (see (33)), then the systems have finite singularities M;(x;,y;) of total
multiplicity 4:

1++/1 —4ah? 1T V1 — 4ah?

€T = -— e —

1,2 oh y Y12 oh s
—1++v1+44a — 8ah 1F 1+ 4a — 8ah
X34 = B , Y34 = B )

We detect that the singularities M2 are located on both the hyperbola and the straight line.
These singular points are located on different branches (respectively on the same branch) of the
hyperbola if only if z1x9 < 0 (respectively x1x9 > 0), where z1x9 = a. Moreover, these singularities
are real if 1 — 4ah? > 0, they are complex if 1 — 4ah?® < 0 and they coincide if 1 — 4ah? = 0.

On the other hand, we calculate
X2 =2n%(2h — 1)2(3h — 1)2(1 — 4ah?), X\ = —a(h — 1)2(2h — 1)*(3h — 1)* /4

and, due to the condition (33), we have sign (1—4ah?) = sign (Xf)) (if 1—4ah? # 0) and sign (z122) =
. 2
—sign (XSB)).
We observe that at least one of the singular points M3 4 could be located either on the invariant
hyperbola or on the invariant straight line. Next we determine the conditions for this to happen. We

calculate

q>(xyy)|{m=x3,4, y=y3a} — (_1 +4ah £ V1 +4a — Sah) = /3’4(61, h),
L+ 1z — Yle=as.4, y=ysa} = L +A(=1 £ V1 +4a — 8ah) = O3 4(a, h).
So M3 or My could be located on the invariant hyperbola (respectively invariant line) if and only if
Q5Q) = 0 (respectively ©304 = 0). So we have
Q4 = —a(l —4ah*) =0, 0304 = (1 —2h)(1 —4ah?) =0

if and only 1 —4ah? = 0 (due to the condition (33)).
2

Thus, in the case Xf) # 0 we arrive at the configuration given by Config. H.37 if x,’ < 0;
Config. H.52 if Xf) > 0 and Xg) < 0; and Config. H.53 if Xf) > 0 and Xg) > 0.

Assume now Xf) = 0, i.e. 1 —4ah® = 0. Due to the condition (33) we have h # 0 and hence
a = 1/(4h?). It could be easily observed that in this case the singular points My and M3 coalesce
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with the singularity M; and this point becomes a triple point of contact of the invariant hyperbola
and invariant line. We remark that this point of contact could not be of multiplicity 4 because in
this case we have

po=h?(2h—1)#0, D=T=P =0, R=3r*h—-122h—1)>*x+y)*#0,

due to the condition (33). Thus, in the case Xf) = 0 we get the configuration given by Config. H.45.

b) The case B4 = 0. Then, due to 6 # 0, we get h = 2/3 and we obtain a family of systems which
is a subfamily of systems (32) setting h = 2/3. Since in this case we have

X =8(9 —16a)/729, ¥ = —a/324,

it is clear that we obtain again the same four configurations as for the family (33) with the same
invariant conditions. As earlier we could join the cases 84 # 0 and 4 = 0. More precisely, the
conditions defining the corresponding families of systems are

(€2) : (BafsRa #0)U (Bs =73 =0, Ry #0).

3.1.2 The possibility 5, =0

Considering (11) and the condition 6 # 0, we get ¢(3g — 1)(3h — 1) = 0. On the other hand, for
systems (10) we calculate

Bs = —clg —1)(h —1)/2

and we shall consider two cases: 8 # 0 and (g = 0.

3.1.2.1 The case 35 # 0. Then ¢ # 0 (as before we could assume ¢ = 1 due to a rescaling) and
the condition 8; = 0 implies (3g — 1)(3h — 1) = 0. Therefore, due to Remark 7, we may assume
h =1/3 and this leads to the following 3-parameter family of systems

d d
d—f:a+$—|—gx2—2$y/3, d—izb—y+(9—1)$y+y2/3, (34)

which is a subfamily of (10).

For these systems we calculate

1 =16(g — 1)*(3g — 1)?[3a(2g — 1) + b] [(3g + 1)*(b — 2a + 6ag) + 6(1 — 3g)] /243,
Bo=(9-1)/3, P2=(1—-9)Bg—1)/2, Rs=a(3g—1)°/18.

3.1.2.1.1 The subcase By # 0. Then 3g — 1 # 0 and, in order to have 4 = 0, we must have
[3a(29 — 1) + b] [(3g + 1)*(b — 2a + 6ag) + 6(1 — 3g)] = 0.

We claim that systems (34) with (3¢ + 1)2(b — 2a + 6ag) + 6(1 — 3g) = 0 (i.e. b = 2(3g — 1)(3 —

a — 6ag — 9ag?)/(3g + 1)) could be brought to the same systems with b = 3a(1 — 2g) via an affine

transformation. Indeed, due to # # 0 (i.e. (3g+1)(g—1) # 0), we may apply the affine transformation

39 +1 39 +1 2 3(g—1)

= 571 = - +—7 ty = tu
TRt Y 3(1—9)(96 v) 1—g" ' 3g+1

(35)
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and we arrive at the systems

dxl
—= =ay + a1 + g2} — 2x151/3,
dtq

d
%11 =b —y1 + (g1 — Dy +yi/3,

where by = —3a1(2g1 — 1), a1 = —a(3g + 1)?/[9(g — 1)?] and g1 = (2 — 3g)/3. This completes the
proof of our claim.

Thus, in what follows, we consider the following family of systems

d d
d—f =a+x+ gz? — 2xy/3, d—?i = —3a(29 — 1) —y + (9 — Dy + 32/3, (36)
with the condition
alg —1)(3g —1)(3g + 1) # 0. (37)

According to Theorem 3, these systems possess either one or two invariant hyperbolas if either
&1 # 0 or & = 0, respectively, where &; = (3g — 1)[6(1 — 3g) + a(3g + 1)?] /18.

a) The possibility 61 # 0. Then systems (36) possess the unique invariant hyperbola
O (z,y) = 3a —xy = 0. (38)
For systems (36) we calculate

By =8a®(g —1)*(29 — 1)(3g — 1)[3 + a(3g + 1)?] /2. (39)

ar) The case By # 0. In this case, due to (37), we have (29 — 1)[3 + a(3g + 1)?] # 0. For systems
(36) we calculate pg = g(3g — 2)/9 and we consider two possibilities: pg # 0 and pg = 0.

o) The subcase pg # 0. In this case the systems have finite singularities of total multiplicity 4
with coordinates M;(z;,y;):

—1++/1+ 4ag 3(1 + /1 +4ayg)
331,2 = 29 s 2= 5 s
1+ /T —8a+ 12ag 3(29 — 1)(1 + /T — 8a + 12ag)
T == == .

We detect that the singularities M o are located on the invariant hyperbola. More exactly, these
singular points are located on different branches (respectively on the same branch) of the hyperbola
if only if zyx9 < 0 (respectively zixo > 0), where z1x9 = —a/g. Moreover, these singularities are
real if 1+ 4ag > 0, complex if 1 + 4ag < 0 or they coincide if 1 + 4ag = 0.

On the other hand, we calculate

7713280
B — 2" (14 4ag) [6(1 — 39) + a(3g + 1)7]7,

XA T T3
164798932 2
X = g alg = 1)*(3g — 1*[6(1 — 39) + a(3g + 1)),
66560 2
N - ag[6(1 — 3¢) +a(3g +1)]%,

9
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and, due to the condition (37), we have sign (Xf)) = sign (1+4ag) (if 1 +4ag # 0) and sign (X(g’)) =

sign (z1x2).
We point out that at least one of the singular points M3 4 could be located on the invariant
hyperbola. Next we determine the conditions for this to happen. We calculate

3[2a(g —1)(3g —2) — (29 — 1)(1 + /T = 8a + 12ag)]
¢(:Ij7 y)|{m:x3,4, y:ygy4} = 2(39 o 2)2

= Q/3/,4(617 g, h)

It is clear that at least one of the singular points M3 or My belongs to the hyperbola (137) if and
only if Q5] = 0. So we have

9ala(g —1)* — 29 + 1]

%01 = (39 —2)? ="
and, since
X8 =28 (8~ alg — 1)” ~ 29 +1] [6(1 — 39) +a(39 +1)?].
W(e )deduce that at least one of the singular points M3, belongs to the hyperbola if and only if
XS =0.

o) The possibility XEE) < 0. So we have no real singularities located on the invariant hyperbolas

and we arrive at the configurations given by Config. H.1 if Xg) < 0 and Config. H.2 if Xg)) > 0.

az) The possibility XE[:)) > 0. In this case we have two real singularities located on the hyperbola

and we need to decide if they are located either on different branches or on the same branch of the
invariant hyperbola and also if at least one of the singular points M3 4 will belong to the hyperbola.

i) The case Xg)) # 0. Then a(g — 1)?> — 2g +1 # 0 and on the hyperbola there are two simple real
singularities (namely M 2) and we arrive at the conditions and configurations given by:

° X(c%) < 0 and Xg’) <0 = Config. H.17,
° X(g)) < 0 and Xg’) >0 = Config. H.19;
° X(g)) > 0 and Xg’) <0 = Config. H.16;
° X(g)) > 0 and Xg’) >0 = Config. H.18.

it) The case X(D3) = 0. In this case, due to By # 0 and (37), we obtain a = (29 —1)/(g — 1)2. Then,
considering Proposition 1, we calculate

_9)\2
—21(855@73)1)4(39 —1)%(3gz — )?[3(29 — 1)z — y]*[39(g — 1)z +2(2g — 1)y]°.

D=0, T-=
21.1) The subcase T # 0. Then T < 0, XEE) > 0 and, according to Proposition 1, in this case
systems (12) possess one double and two simple real finite singularities. More exactly, we detect that
one of the singular points M3 or My collapses with a singular point located on the hyperbola, whereas
the other one remains outside the hyperbola. Then, we obtain the conditions and configurations as
follow:
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° X(g)) < 0 and Xg’) <0 = Config. H.21;

° Xg)) < 0 and Xg’) >0 = Config. H.23;

° Xg)) >0 = Config. H.20,

in which in the last case the condition X(C?’) > 0 implies XS) < 0, because T < 0 yields 0 < g < 1/2

and, for these values of g combined with the condition X(g)) > (0, we have a < 0 and hence Xg) < 0.

1t.2) The subcase T = 0. In this case, due to the conditions (37) and uo # 0, the equality T = 0
yields g = 3/5 and hence X(g)) = —416000/3 < 0, which leads to configuration given by Config. H.26.

ag) The possibility Xf) = 0. Due to (37), the condition Xf) = 0 implies 1 4+ 4ag = 0 and hence
a = —1/(4g). In this case the points M; o collapse and we have a double point on the hyperbola. In
this case we see that
(3) _ 46(3g —1)°(9g — 1)

XD = 81g2 70

and 01 # 0, due to (37). So, as xf’) Z# 0 no other point could collapse with the double point on the
hyperbola, we arrive at the configuration Config. H.7 if Xg) < 0 and Config. H.8 if Xg) > 0.

B) The subcase g = 0. We consider the possibilities: Xf) < 0, Xf) > (0 and Xf) = 0.

B1) The possibility x(j’) < 0. The singular points on the hyperbola are complex and, since 1+4ag <
0 yields ag < 0, we have g = 2/3 and then a < 0, which is equivalent to XS) < 0. So we arrive at
the configuration given by Config. H.3.

B2) The possibility XS) > 0. Analogously we have g = 2/3 and the points on the hyperbola are

real. We observe that, due to the condition (37), the equality X(g)) = 0 is equivalent to g = 0. So we

consider two subcases: X(g)) # (0 and Xg)) =0.

t) The case Xg)) # 0. Then one finite singularity has gone to infinity and collapsed with the point
[1,1,0]. As observed earlier, this must be a singular point located outside the hyperbola which goes
to infinity and hence on the finite part of the phase plane of systems (40) there are three singularities,
two of which (M; and Ms) being located on the hyperbola.

Since the singular points on the hyperbola are real, we have to decide when the third point will
belong also to the hyperbola. For systems (36) with g = 2/3 we calculate

(3 164798932

7713280
Xf) = 81 (8a + 3)(3a - 2)27 XB - 81 a(ga a 2)27
133120 3 736
Xé*) l— a(3a — 2)%, XS:)) = %(a—3)(3a—2).
We observe that sign (Xg)) = —sign (xg))) and, moreover, Xg) =0 (i.e. a = 3) implies Xg)) < 0. So

we get the following conditions and configurations:
° X(Cg) < 0 and X(D?’) #0 = Config. H.52;

. X(g) < 0 and Xg’) =0 = Config. H.34;
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° X(Cg) >0 = Config. H.29.

it) The case X(CB) = 0. Then g = 0 and this implies

3 = 164798932a(a + 6)2/81, ¥ =0, ¥ = —736(a1)(a + 6)2/81.
So we get the following conditions and configurations:
° XS) < 0 and X(D?’) #0 = Config. H.9;
° Xg)) < 0 and X(Dg) =0 = C(Config. H.11;
° Xg) >0 = Config. H.10,

in which in the last case the condition Xg’) > 0 (i.e. a > 0) implies X(Dg) #0.

B3) The possibility Xf) = 0. Due to (37), the condition py = Xf) = 0 implies g(3g—2) = 1+4ag =

0. Then this yields g # 0 and hence g = 2/3 and a = —3/8. In this case the singularities M 5 collapse
and we have a double point on the hyperbola. For systems (36) with a = —3/8 we calculate

3 = 162500 >0, ¥ =575/18 % 0.

Since X(Dg) = 0, no other point could coalesce with the double point on the hyperbola and we arrive
at the configuration Config. H.14.

ay) The case By = 0. Thus, according to Lemma 2, the condition B; = 0 is necessary in order to
exist an invariant line of systems (36). Considering (37), the condition B; = 0 (see (39)) is equivalent
to
(29 — 1)[3+a(3g +1)*] = 0.

On the other hand for these systems we calculate

XD = (39— D[3+ a(3g + 1)?] [6(1 — 3¢) + a(3g + 1)?]

and we examine two possibilities: Xg’) # 0 and XS) = 0.

) The subcase XS) # 0. In this case we get g = 1/2 and this leads to the systems

fl_j:a+x+x2/2—2xy/3, Z—ilz—y(1+$/2—y/3)a (40)

for which the following condition holds (see (37)):

a(25a — 12) # 0. (41)

Since the family of systems (40) is a subfamily of (36) (setting ¢ = 1/2), the invariant hyperbola
remains the same as in (137). Besides this hyperbola, systems (40) possess the invariant line y = 0,
which is one of the asymptotes of this hyperbola. For the above systems we calculate

po=—1/36, X\ = (250 +12)(25a — 12)/192, By =0, By = —8a(25a + 12)y".
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Therefore, we conclude that, due to the conditions Xg’) # 0 and (41), we obtain By # 0 and by
Lemma 2 we could not have another invariant line in a direction different from y = 0. Moreover, due
to the condition 6 # 0 and according to Lemma 4, in the direction y = 0 we could not have either a
couple of parallel invariant lines or a double invariant line.

Since pg # 0, systems (40) possess finite singular points of multiplicity 4 with coordinates M;(z;, y;)
(i=1,2,3,4):

x172:—1:|:\/2a—|—1, y1,2:3(1:|:\/2a—|—1)/2,
LE374 =—-1+4 vV 1— 2&, y3,4 =0.

We recall that the singular points M o are located on the hyperbola and that the singularities M3 4
are located on the invariant line y = 0.

On the other hand for systems (40) we calculate

482

P = 8240380(2a +1)(25a — 12)?, D =a*(2a —1)(2a + 1)/3,
() _ 4199733 o om_ 2080 oo
XE = —ser a(25a —12)%,  xgo = 5 a(25a — 12)

and then the invariant polynomials Xf) and D govern the types of the above singular points (i.e. are

they real or complex or coinciding), whereas the invariant polynomials Xg’) and Xg)) are responsible
respectively for the position of the hyperbola and the location of the real singularities on it (i.e. on

the same branch or on the different ones).

o) The possibility Xf) < 0. Then the singularities M 2 (located on the hyperbola) are complex.

Since xf’) < 0, we obtain Xg’) < 0 and D > 0, and by Proposition 1 the singularities on the invariant

line are real and distinct. So we get the configuration given by Config. H.49.

az) The possibility Xf) > 0. In this case the singularities M; 2 are real and they are located

on different branches (respectively on the same branch) of the hyperbola if X(g)) < 0 (respectively

Xg)) > 0). We observe that the conditions Xf) > (0 and D > 0 imply a > 1/2 and then XS) > (0 and

X(g)) < 0. Moreover, the conditions Xf) > 0 and ngg) < 0 yield —1/2 < a < 0 and then D < 0 and

X(g)) > 0. Therefore, we arrive at the following conditions and configurations:

° Xg) <0 = Config. H74;
° Xg)) >0and D <0 = Config. H.73;
° XS) >0and D >0 = Config. H47,

° Xg) >0and D=0 = Config. H.66.

ag) The possibility XS’) = 0. Due to the condition (41), the condition XS’) = 0 implies a = —1/2.
In this case the points M 5 collapse and we have a double point on the hyperbola. For systems (40)
with a = —1/2 we calculate

X = 41199733/41472 > 0, T = —(3z — 2y)(92° — 24xy + 8y>)2/4478976 < 0.
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So, according to Proposition 1, besides the double point on the hyperbola, we have two simple real
singular points on the invariant line y = 0 and we get the configuration given by Config. H.67.

B) The subcase Xg) = 0. In this case we obtain a = —3/(3g + 1)? and this leads to the systems

dx 3 9 dy 9(2g—-1) 9
R —oxy/3. 2 =2 7 _ —1 3 42
o G TEte zy/3, o By 1 1? y+(g— Dy +y/ (42)
with the conditions
(9 —1)(Bg —1)(3g + 1)(6g — 1) #0. (43)
Moreover, systems (42) possess the following invariant line and invariant hyperbola
18
r—y+6/(3g+1)=0, ®(z,y) Ggr g =0 (44)

We observe that the condition Xg)) = 0 implies
(3)  7713280(3g — 1)?(6g — 1)*

(3) _ 164798932(g — 1)*(3g — 1)*(6g — 1)*
Xa = 27(3g + 1)?

>0 xp = 3(3g +1)2 <9,

due to (43). Therefore, the points on the hyperbola are real and distinct and the hyperbola assumes
only one position.

For the above systems we calculate

(o Vg~ D =)' (45)

and, by Lemma 2, for the existence of an invariant line in a direction different from y = x it is

By =

necessary By = 0.

B1) The possibility Ba # 0. Then 2g — 1 # 0 and, since § # 0, by Lemma 4 we could not
have a couple of parallel invariant lines in the direction y = z and obviously the invariant line
y=x+6/(3g+ 1) is a simple one. As before, we consider two cases: pg # 0 and pg = 0.

1) The case ug # 0. Then g(3g — 2) # 0 and systems (42) possess four real singularities M;(x;, y;)
having the following coordinates:

wlz—i Y1 = 3 : Trs = — 1 ygzw
3g+1° 3g+1’ 3g+1’ 3g+1 7 (46)
e e 99 3 o 92g-1)
9(3g+1)’ 3g+1 (3g+1)(3g —2)’ (39 +1)(3g — 2)

We could check directly that the singularity M; is a common (tangency) point of the invariant
hyperbola and of line (44). Moreover, the singular point My (respectively My) is located on the
hyperbola (respectively on the invariant line), whereas the singularity Ms is generically located
outside the hyperbola as well as outside the invariant line.

For systems (22) we calculate
64
(g +1)*(3g — 5)*(3g — 1)° =9(3g—2)/9
33g 9 T B0 By =1 o =9(39 =2)/9,
O 199680g(6g — 1)* O 1472(g + 1)(3g — 1)*(6g — D)
¢ (3g+1)2 P 27(3g + 1)2

(47)

66



t.1) The subcase X(c%) < 0. Then g < 0 and the singular points M2 are located on different

branches of the hyperbola and we obtain the configuration Config. H.60 if D # 0 and Config. H.69
if D=0.

©.2) The subcase Xg)) > 0. Then g > 0 and the singular points Mj > are located on the same

branch of the hyperbola. It is clear that the reciprocal position of the singularities My (located on
the hyperbola) and My (located on the invariant line) with respect to the tangency point M; of the
hyperbola and the invariant line (44) defines different configurations. More exactly, the type of the
configuration depends on the sign of the expression:

 3Bg-1)2
~ 9(Bg—2)(3g +1)*

Hence, we observe that sign ((z1 — x2)(21 — 24)) = sign (o). So, if D # 0, we arrive at the configu-
ration Config. H.61 if pug < 0 and Config. H.59 if pg > 0.

We consider now the case D = 0. Then, due to the condition (22), we have (g +1)(3g —5) =0

and clearly the invariant polynomial X(Dg) distinguishes which one of the two factors vanishes.

(z1 — x2)(21 — 74)

If X(Dg) # 0, then g+ 1 # 0 and we get g = 5/3. We observe that in this case the singularity M3
collapses with the singular point M, located on the invariant line. On the other hand, we calculate

T = —256(z — y)(5z — y)* (5 + y)?/177147 < 0

and, by Proposition 1, we have three distinct singularities (one of them being double). Now, assuming
g = 5/3, for systems (42), we calculate

X = 748800 > 0, (21 — @) (21 — a4) = 4/15 > 0

and hence we arrive at the configuration given by Config. H.62.
In the case Xg) = 0, we have g = —1 and then the singularity M3 collapses with the singular point

M5 located on the hyperbola (but outside of the invariant line). Moreover, for g = —1 we have
T = —256(z — y)*(3z + v)?(9z + y)?/243 < 0

and again we conclude that systems (42) possess three distinct singularities (one double). In this
case we have
X = 2446080 < 0, (21 — x9) (w1 — 24) = 12/5 > 0

and therefore we get the configuration given by Config. H.68.

i1) The case pg = 0. Then g(3g — 2) = 0 and, by Lemma 1, at least one finite singularity has gone

to infinity and coalesced with an infinite singular point. Since for systems (42) we have X(g)) =0 if

and only if g = 0 (see (47)), we consider two subcases: Xg’) # 0 and X(g)) = 0.

11.1) The subcase X(g)) # 0. Then the condition pg = 0 implies 3g — 2 = 0 (i.e. ¢ = 2/3) and,
considering the coordinates (46) of the finite singularities of systems (42), we observe that the singular
point My located on the invariant line has gone to infinity and collapsed with the singularity [1, 1, 0].
In this case calculation yields

D = —1600/19683 < 0, ¥ = 133120 >0,
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and, since by Remark 8 the condition R # 0 holds, according to Proposition 1, all three finite
singularities are distinct. Moreover, due to X(c%) > (), the singularities are located on the same branch

of the hyperbola and we get the configuration given by Config. H.57.

%.2) The subcase Xg) ) — 0. Then g = 0 and in this case the singularity Ms located on the hyperbola

(44) has gone to infinity and collapsed with the point [1,0,0]. Since by Remark 8 we have p; # 0,
according to Lemma 1 the other three finite singular points remain on the finite part of the phase
plane.

Now, depending on the position of the singular point My (located on the invariant line (44)) with
respect to the vertical line x = x1, we may get different configurations. This distinction is governed
by the sign of the expression 4 — x1 and we calculate

D =—1600/3 #£0, x4—a1=3/2>0.

Since by Remark 8 the condition R # 0 holds, according to Proposition 1, all three finite singularities
are distinct (D # 0) and since x4 — x; > 0, we arrive at the configuration given by Config. H.50.

B2) The possibility B = 0. Considering (45) and the condition (37), we obtain g = 1/2 and this
leads to the system

‘;—f — 12/25 4 2+ 2%/2 — 2uy)3, % — (L4 2/2—y/3), (48)

possessing the two invariant lines and the invariant hyperbola:

12 72
syt =0, y=0 Pxy) = +2y=0

as well as the following singularities M;(z;,y;) with the coordinates

6 6 2 4 9 12
T 57 Y1 57 €3 57 Y3 07 €2 57 Y2 57 Ty 5 y Y4 0 ( )
Hence, all singularities are located on the finite part of the phase plane since ug = —1/36 # 0. We
calculate

D = —2352/390625 < 0, X = 319488/5 > 0.

Since Xg)) > 0, the singular points M; and M, are located on the same branch of the hyperbola

and we need to detect the position of the singularity My on the hyperbola. This fact is verified by
the sign of the expression (x; — x2)(z1 — x4) = —12/25 < 0. Then, we arrive at the configuration
given by Config. H.86.

b) The possibility §; = 0. Due to condition (37) we get a = 6(3g — 1)/(3g + 1)? and we get the
following 1-parameter family of systems
de  6(3g—1) o 2ry dy _ 18(1—2g)(3g — 1) 2

y
gr N9~ ) _ - - 1 v 50
G BgriE T TR g (Bg+1)2 y+lg=Day+g, (50)

with the conditions
(9—1)Bg—1)(3g+1) #0. (51)
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Moreover, systems (50) possess two invariant hyperbolas:

~36(1 — 3g)

36(3g — 1 12
q)l(x7y) - (3g+1)2 = ( . )

x+2zx(x—y)=0. (52)

We observe that the family of systems (50) is a subfamily of systems (36) and hence, via the
transformation (35), systems (50) could be brought to systems of the same form (50) but with the
new parameter g; = 2/3—g. So, this transformation induces a transformation in the coefficient space
which fixes the point ¢ = 1/3 and sends the interval (—oo,1/3] onto the interval [1/3,+00). Thus,
in what follows we shall consider only the values of the parameter g on the interval (—oo,1/3].

In this sense, we get the next remark.

Remark 9. Due to an affine transformation and a time rescaling, we could assume that the param-
eter g in systems (50) belongs to the interval (—oo,1/3].

For systems (51) we calculate

(o~ U6~ D' g = 1)(6g — 1) (53)

By =
and we analyze two subcases: By # 0 and By = 0.

bi) The case By # 0. In this case due to (51) we have (29 — 1)(6g — 1) # 0. For systems (50) we
calculate pg = g(3g —2)/9 and we consider two subcases: py # 0 and po = 0.

) The subcase 119 # 0. Then the systems have finite singularities of total multiplicity 4 with

coordinates:
3g—1 18¢g 3(3g —1) 9(2g —1)(3g — 1)
Tl = —F5 o Y11= 5 — 75 xr3 = y Yz = ;
9(3g +1) 3g+1 (39 +1)(39 — 2) (39 +1)(39 — 2) (54)
6 3(1 — 3¢) 2 6(1 — 29)
To = — = Tag = — = —
2T U T T3y 1 YT T3 M T T3

We detect that the singularities M o are located on the first invariant hyperbola (90) and moreover
the singularity M is also located on the second hyperbola, i.e. M5 is a point of intersection of these
two hyperbolas on the finite part of the plane. The singular point M3 belongs to the second hyperbola,
whereas the singularity M, generically is located outside the hyperbolas.

For systems (90) we calculate

X = (99 —1)(99 —5)/9, o= g(3g —2)/9,
D - _73(&62 75 (99— 1)°(9 —5)°(5g —1)*(159 — 7"

On the other hand, we have

6(1 —3g)
T = ———=,  DPy(zy4, =
122 939 + 1)?2 1(24,Y4)

12(1 — 59)
(3g—2)2"

4(159 —7)

Do (24, Y1) = Bg—22 "

We observe that the singular points M; o are located on different branches (respectively on the
same branch) of the first hyperbola if only if x129 < 0 (respectively x1z9 > 0), and this is governed
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by the sign (z122) = —sign (g(3g —1)). Since by Remark 9 we have g € (—oo, 1/3], we conclude that
in this interval sign (x129) = —sign (uo).

Besides, we point out that the singular point My(x4,y4) (which generically is located outside of
the hyperbolas) could be located on one of these invariant hyperbolas if and only if the following
condition holds:

(@1 (My)] [@2(My)] = [12(1 - 59)} [4(159 - 7)] 48(1 — 5¢)(15g — 7)

G2 | Get 2]~ Gornt U

We observe that in the case Xg) # 0 the condition (59 — 1)(15g — 7) = 0 is equivalent to D = 0.

o) The possibility py < 0. According to Remark 9, the condition pg < 0 is equivalent to g > 0
and the singular points M; o are located on the same branch of the first hyperbola. We calculate

99 — 1

rK — T = ——"9-—.
9(Bg+1)

We observe that sign (1 — x2) = sign (Xg’)) due to Remark 9. Then we consider the cases Xg) <0,

xg) > (0 and xﬁf’) = 0.

t) The case Xg) < 0. Then (99 —1)(9g —5) < 0 and we consider two subcases: D # 0 and D = 0.
If D # 0 we have only simple singular points on the hyperbolas and we arrive at the configuration
shown in Config. H.128. Otherwise, D = 0 implies the existence of a double singular point on the
first hyperbola and this point is characterized by the collision of the singular points M7 and My, and
we get the configuration given by Config. H.130.

it) The case xf’) > 0. Then (9g—1)(9g—5) > 0 and we get the configuration given by Config. H.129.

111) The case Xg) = 0. Then (1 — 5g)(9g — 5) = 0 and, according to Remark 9, we get g = 1/5.
In this case, the singularities M; and Ms have collided and we obtain a double singular point at the
intersection of the two hyperbolas (90) and hence we get the configuration given by Config. H.124.

o) The possibility po > 0. In this case the singularities M 2 are located on different branches of
the first hyperbola and we get the configuration given by Config. H.127.

B) The subcase g = 0. Then g = 0 and the point M; has coalesced with the point [1,0,0] at
infinity and we obtain the configuration shown in Config. H.125.

by) The case By = 0. Considering (51), the condition By = 0 (see (53)) is equivalent to (2g—1)(6g—
1) = 0. According to Remark 9, we have g = 1/6 and in this case, besides the hyperbola, we have the
invariant line z — y +4 = 0. Since By = —6400(z — y)*/9 # 0, the system could not possess another
invariant line by Lemma 2. Moreover, we observe that the point M; is the point of intersection of
the first hyperbola and the invariant line. Since g = —1/36 < 0 and x13 = —7/36 < 0, we get the
configuration given by Config. H.135.

3.1.2.1.2  The subcase 35 =0 Then g = 1/3 and we arrive at systems of the form

d
d—f =a+x+2%/3 - 22y/3,

dy

== b—y—2xy/3 +y%/3, (55)
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For systems (55) we calculate
v5 = 256ab(a — b) /81, Ry = 128(a® — ab+ b?)/6561.

In order to have 75 = 0 we must have ab(a — b) = 0. We observe that i n the case ab = 0 we may
assume b = 0 due to the change (x,y,t) — (—y, —z, —t). On the other hand, the systems (55) with
b = 0 could be brought to the same systems with b = a via the change (z,y,t) — (z,x — y + 3, —t).
Therefore, we consider the following family of systems

d
d—f = —a/3+xz+2%/3 - 22y/3,

with the condition a # 0.

d
= —a/3—y—2y/3 4473, (56)

We observe that the above family of systems is a subfamily of systems (32) defined by the condition

h = 1/3. For the family (32), it was shown that, due to the conditions (33) (i.e. h # 1/3), we have

sign (Xf)) = sign (1 — 4ah?) and sign (Xg)) = sign (x122). Clearly that for the subfamily (56) these

invariants vanish and we need other invariant polynomials which are responsible for the sign (1—4ah?)
and sign (z1x9) in this particular case.

We calculate
(1- 4ah2)|{h:1/3} = (9 —4a)/9, (w1x2)|{h:1/3} = q.
On the other hand, for systems (56) we calculate
W) = 1234124804 (9 — 4a) /19683, &) = 1064960a” /729
and hence sign (Xg’)) = sign (9 — 4a) and sign (Xg’)) = sign (z122).

Thus, considering the conditions and configurations for family (32), we get the configurations
given by Config. H.37 if xf’) < 0; Config. H.52 if xf’) > (0 and X(g)) < 0; Config. H.53 if Xf) > (0 and
Xg)) > 0 and Config. H.45 if ij’) =0.

3.1.2.2 The case f5 = 0. The conditions B = —c(g — 1)(h —1)/2 =0 and 0 = (g — 1)(h —
1)(g 4+ h)/2 # 0 imply ¢ = 0. Then for systems (10) with ¢ = 0 we calculate

Br=2(2g —1)(2h — 1)(1 — 29 — 2h), 5 = —288(g — 1)(h — 1)(g + h)B1B21s,
where
By =b(2h—1)—a(2g —1); Ba=0b(1—2h)+2a(g+2h—1); Bs=a(l—2g9)+2b(2g9+h—1).
We consider two subcases: 87 # 0 and 7 = 0.

Remark 10. Considering systems (10) with ¢ = 0, having the relation (2h—1)(2g—1)(1—2g—2h) =0
(respectively (4h —1)(4g — 1)(3 —4g — 4h) = 0), due to a change, we may assume any of the factors
2h—1, 29 —1 or 1 —2g — 2h (respectively 4h — 1, 49 — 1 or 3 — 4g — 4h) to be zero, for instance we
could set 2h — 1 = 0 (respectively 4h —1 =0).
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Indeed, it is sufficient to observe that in the case 2g — 1 = 0 (respectively 49 — 1 = 0) we could
apply the change
(‘Thyuaa b7g7 h) = (y7‘r7b7a7 h7g)7
which conserves systems (10) with ¢ = 0, whereas in the case 1—2g—2h = 0 (respectively 3—4g—4h =
0) we apply the change

(:E,y,a,b,g,h) = (y—x,—:v,b—a,—a,h,l—g—h),

which also conserves systems (10) with ¢ = 0.

3.1.2.2.1 The subcase (37 # 0. According to Theorem 3, in this case for the existence of an
invariant hyperbola, it is necessary and sufficient v5 = 0, which is equivalent to BiB2B3 = 0. We
claim that, without loss of generality, we may assume B; = 0, as other cases could be brought to
this one via an affine transformation.

Indeed, assume first By # 0 and By = 0. Then we apply to systems (10) with ¢ = 0 the linear

transformation 2z’ =y — z, ¥y = —x and we get the systems
dx’ v/
= d ga? e (W -y, =Y (g Dy

These systems have the following new parameters:
ad=b—a, b=-a ¢g=h h=1-g—h.
A straightforward computation gives
By =V(2h —1)—d (29 —1) =b(1 —2h) +2a(-1+g+2h) =By =0

and hence, the condition By = 0 we replace by By = 0 via a linear transformation.

Analogously in the case By # 0 and B3 = 0, via the linear transformation z”’ = —y, ¢y’ =z —y,
we replace the condition B3 = 0 by B; = 0 and this completes the proof of our claim.
Since 87 # 0 (i.e. 2h — 1 # 0) the condition By = 0 yields b = a(2g — 1)/(2h — 1) and we arrive at

the 3-parameter family of systems

dx dy

pri a(2h — 1) + gz + (h — 1)y, i a(2g — 1) + (g — Day + hy? (57)
with the condition
a(lg—1)(h—1)(2g — 1)(2h — 1)(g + h)(2g + 2h — 1) # 0. (58)
These systems possess the invariant hyperbola
O(z,y) =a+zy = 0. (59)

For systems (57) we calculate

Bs =2(4g — 1)(4h — 1)(3 — 4g — 4h),
J2 = 2a(4g — 1)(4h — 1)[68(g* + h?) + 236gh — 79(g + h) — 144gh(g + h) + 22],
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According to Theorem 3, these systems possess either one or two invariant hyperbolas if either
B2 + 83 # 0 or B3 = dy = 0, respectively.
We claim that the condition g = d2 = 0 is equivalent to (4g — 1)(4h — 1) = 0. Indeed, assuming
that (49 — 1)(4h — 1) # 0 and s = J2 = 0 we obtain
3—4g—4h =0, 68(g>+ h%) +236gh — 79(g + h) — 144gh(g + h) + 22 = 0.

The first equation gives g = 3/4 — h and then from the second one we obtain (2h — 1)(4h — 1) =0,
which contradicts the condition (58) and the assumption. This completes the proof of our claim.

a) The possibility 32 + 63 # 0. Then this implies (4g — 1)(4h — 1) # 0 and systems (57) possess
only one invariant hyperbola. For these systems we calculate

By =2a°(g — 1)*(h — 1)*(29 — 1)(2h — 1)(g — h)(g + 1)’
and considering (58) we conclude that the condition B; = 0 is equivalent to ¢ — h = 0. We examine
two cases: By # 0 and B; = 0.

a;) The case By # 0. Then g — h # 0 and by Lemma 2 we have no invariant lines. For systems
(57) we calculate g = gh(g + h — 1) and we consider two subcases: pg # 0 and pg = 0.

) The subcase py # 0. In this case the systems have finite singularities of total multiplicity 4
with the following coordinates M;(z;, y;):

v—agh

€12 q y Y12 h )
a(l—g—nh) a(l—g—nh)
=+2h—-1)F——-7—— =+29—-1)——7—
3,4 ( ) g+h—1 Y34 (29 —1) g+h—1

We detect that the singularities My o are located on the invariant hyperbola. More exactly, these
singular points are located on different branches (respectively on the same branch) of the hyperbola
if only if 129 < 0 (respectively z1x2 > 0), where z129 = ah/g. Moreover, these singularities are real
if agh < 0, they are complex if agh > 0 and they coincide if agh = 0.

On the other hand, we calculate
W = —16128a’gh(g — 1)%(h — 1)%(g + h)*(2g — 1)*(2h — 1) (4g — 1)2(4h — 1),
X = —42577924° (g + h)* (29 — 1)8(2h — 1)%(4g — 1)*(4h — 1)?

and due to the condition (58) we have sign (Xff)) = —sign (agh) = —sign (z122) and sign (Xg‘)) =

—sign (a) (which corresponds to the position of the hyperbola). We observe that in the case the
singular points M7 and My are real, they must be located on different branches of the hyperbola
(we recall that systems (57) is symmetric with respect to the origin). Moreover, we could not have
Xff) = 0 due to pp # 0 and (58).

Besides, we point out that at least one of the singular points M3 4 could be located on the invariant
hyperbola and we determine the conditions for this to happen. We calculate

a(4dgh — g —h)

@ p— ¢ =
(‘/L'37y3) (3:47y4) g+ h—1

73



It is clear that both of the singular points M3 and M, belong to the hyperbola (141) if and only if
4gh — g — h = 0. Since
D = —768a(4gh — g — h)* po,

we deduce that both of the singular points M3 4 belong to the hyperbola if and only if D = 0.

1) The possibility Xff) < 0. So we have no real singularities located on the invariant hyperbolas

and we arrive at the configurations given by Config. H.1 if Xg;) < 0 and Config. H.2 if Xgl) > 0.
az) The possibility X%) > 0. In this case we have two real singularities located on the hyperbola
and they are located on different branches. Now, we need to decide if both of the singular points

M3 4 will belong to the hyperbola.

1) The case D # 0. Then 4gh — g — h # 0 and on the hyperbola there are two simple real
singularities and we obtain the configurations given by Config. H.17 if Xgl) < 0 and Config. H.19 if

xg‘) > 0.
i1) The case D = 0. Then 4gh — g — h =0 (i.e. g = h/(4h — 1)) and in this case we calculate

W = —4128768 4P 1O (h — 1)2(2h — 1)¥(3h — 1h)?/(4h — 1),
D=T=0, PR=-256ah*(2h — 1)%[z — (4h — 1)y]°/(4h — )"

and, due to X%) > (0, we have PR > 0 and on the hyperbola there are two double real singularities

(see Proposition 1) we arrive at the configurations given by Config. H.27 if Xgl) < 0 and Config. H.28
e (4)
if x3" > 0.

B) The subcase g = 0. We consider the possibilities: xff) < 0, xfj‘) > 0 and XE:‘) = 0.

B1) The possibility Xff) < 0. Then gh # 0 and the condition gy = 0 yields ¢ = 1 — h. So we
calculate
D=0, u =0, pus=ah(l—h)(2h—1)>*x—y)>+#0.
Hence, two singular points go to infinity in the direction y = x and we get the configurations
Config. H.5 if Xg) < 0 and Config. H.6 if Xg) > 0.
B2) The possibility Xff) > 0. As in the previous subcase, two singular points go to infinity in
the direction y = z and, moreover, the singularities M o are real. So we obtain the configurations

Config. H.35 if Xg;) < 0 and Config. H.36 if Xg;) > 0.

az) The case By = 0. Then by conditions (58), we get g = h and systems (57) possess the invariant
line  — y = 0. For this case due to (58) we have

po = h?(2h —1) # 0, D =12288a*h5(1 — 2h)5 # 0.

) The subcase X%) < 0. In this case the singularities M; o are complex and, since

W = —258048 4P 1S (h — 1)*(2h — 1)¥(4h — 1)* < 0,

we have Xg) = —68124672a°h*(2h — 1)'2(4h — 1)* < 0. So, we obtain the unique configuration
Config. H.37.
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B) The subcase X%) > 0. In this case the singularities M2 are real and analogously we have
(4) (4)

sign (x,’) = sign (x5’ ). So we get the unique configuration Config. H.53.

b) The possibility fg = d3 = 0. Then this implies (4g — 1)(4h — 1) = 0 and, due to a change, we
may assume h = 1/4, without loss of generality. In this case, systems (57) possess the two invariant
hyperbolas

(I)l(x7y):a+xy:07 <I>2(x,y):a—x(x—y):0

For these systems we calculate
po = g(4g —3)/16,  Bi=9a%(g —1)*(29 — 1)(4g — 1)(4g + 1)*/1024
and, due to conditions (58), we verify that By # 0. Then we consider two cases pg # 0 and pg = 0.

bi) The case g # 0. Then g(4g — 3) # 0 and the systems have finite singularities of total
multiplicity 4 with the following coordinates M;(x;,y;):

—a(4g — 3)

—a(4g — 3)
49 — 3 ' .

v/ —a
T12 =% ga Y12 = £2¢/—ag, x34==% 19— 3

29

y374 = :]:2(29 — 1)

We detect that the singularities M; o are located on the invariant hyperbola ®;(x,y) = 0. More
exactly, these singular points are located on different branches (respectively on the same branch)
of the hyperbola if only if x129 < 0 (respectively z1z9 > 0), where z1z9 = a/4g. Moreover, these
singularities are real if ag < 0, they are complex if ag > 0 and they coincide if ag = 0. We also point
out that the position of the hyperbolas are governed by sign (a).

On the other hand, we calculate
) = —41a(8g — 3)?/128.

We observe that in the case the singular points M7 and My are real, they must be located on
different branches of the hyperbola (we recall that systems (57) is symmetric with respect to the

origin). Moreover, we could not have XS) = 0 due to pp # 0 and (58).

Moreover, we also detect that the singularities M3 4 are located on the invariant hyperbola ®5(x,y) =
0 and their position concerning which branch they are located is also governed by sign (a) and they
will be complex, real or coinciding depending on the sign of the expression a(4g — 3) and hence the
sign of pg plays an important role in this analysis.

Besides, we point out that the singular points M;j s could not be located on the hyperbola
®9(z,y) = 0 and, conversely, M3 4 could not be located on the hyperbola ®;(z,y) = 0, since we

have
a

3—4g

a
Oo(x12,912) = 1 #0, Pi(x34,y34) = # 0,

due to conditions (58).

We consider the case g < 0 (i.e. 0 < g < 3/4). Then, for these values of g, we have 8¢ — 3 < 0
and, independently of the sign of a, we get the unique configuration Config. H.125.
In the case pug > 0, we obtain the configuration Config. H.121 if XS) < 0 and Config. H.131 if

XS) > 0.
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by) The case py = 0. Then g(4g—3) = 0 and depending on which one of these two factors vanishes,
we have different finite singular points coalescing with an infinite singular point. More precisely, if
4g — 3 = 0 then the singular points M3 4 coalesce with [1,1,0], and if g = 0 then the singular points
M, 5 coalesce with [1,0,0].

However, we observe that, applying the change (z,y,t,a) — (—x,y — x,t,—a), we could bring
systems (58) with h = 1/4 and g = 3/4 to the same systems with h = 1/4 and g = 0. So, without
loss of generality, we may assume g = 0.

Thus, we obtain the configurations given by Config. H.122 if XS) < 0and Config. H.126 if XS) > 0.

3.1.2.2.2 The subcase §; = 0. We recall that the conditions 5; = B¢ = 0 yields ¢ = 0 and
systems (10) with ¢ = 0 becomes
dy

d
d_f:a+gx2+(h—1)$y, §:b+(9—1)$y+h112- (61)

Without loss of generality, Remark 10 assures us that we may choose g = 1/2 — h in order to have
Br =229 —1)(2h —1)(1 — 29 — 2h) = 0.
Now, we calculate
By = 4h(1 — 2h)

and we analyze two possibilities: B9 # 0 and [y = 0.

a) The possibility B9 # 0. As earlier, according to Theorem 3, in this case for the existence of at
least one invariant hyperbola, it is necessary and sufficient v5 = 0, which is equivalent to 51883 = 0
and, without loss of generality, we may assume By = 0, as other cases could be brought to this one
via an affine transformation.

ay) The case 63 # 0. In this case we have only one invariant hyperbola and the condition d3 # 0
yields a — b # 0. Then, the condition 5 = 0 is equivalent to b(1 — 2h) — 2ah = 0, which could be
rewritten as a = a1 (2h — 1) and b = —2a1h. So, setting the old parameter a instead of a;, we arrive
at the 2-parameter family of systems

d d
d—f —a(2h — 1)+ (1 - 2h)a2/2 + (h — 1)ay, d_i = —2ah — (2h + 1)ay/2 + hy?, (62)
with the condition
ah(h —1)(2h — 1)(2h 4+ 1)(4h — 1) # 0. (63)
These systems possess the invariant hyperbola
(z,y) =a+ay=0. (64)

We observe that, due to (63),
By = a®h(h — 1)%(2h — 1)(2h + 1)%(4h — 1) # 0
and, hence, systems (62) possess no invariant line. Moreover, we have

pio =h(2h —1)/4 #0, D =12a"h(1 — 2h)(1 — 4h + 8h*)* # 0,
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due to the same conditions, and then all the finite singularities are in the finite part of the phase
plane and none of them coalesces with other points. Considering the coordinates of these singularities
Mz(‘rlayl) (121727374)7 we have

2ah(2h — 1) 2ah(2h — 1)

= =+(2h -1)V2 = +2hV2a.
oh — 1 o Y2 =F o y T34 (2h —1)V2a, Y34 a

T12 =

After simple calculations, we obtain that M; o are located on the hyperbola, whereas Ms 4 are
located generically outside the hyperbola. Then, the singular points M 5 are complex if ah(2h—1) <
0 and they are real if ah(2h — 1) > 0. We point out that these two singularities could not coincide
since ah(2h — 1) # 0, due to (63). So, we need to control sign (ah(2h — 1)). Moreover, sign (a) gives
the position of the hyperbola on the phase plane.

On the other hand, we calculate
& = 2016 6% (h — 1)%(2h — 1)°(2h + 1)%(4h — 1)*,
X = —17031168 4715 (2h — 1)6(4h — 1),
Therefore, we arrive at the following conditions and configurations:

X%) < 0 and Xgl) <0 = Config. H.1;

X(j‘) < 0 and Xgl) >0 = Config. H.2;

X%) > 0 and Xgl) <0 = Config. H.17,

X%) > 0 and Xgl) >0 = Config. H.19.

as) The case 05 = 0. In this case, the conditions 5 = d3 = 0 yield a — b = 0 (i.e. b = a) and

systems
d d
d—f =a+(1—2h)2%/2+ (h— 1)y, d—?; = a— (2h + Dzy/2 + hy?, (65)
with the condition
ah(h —1)(2h — 1)(2h + 1) # 0, (66)
possess at least two invariant hyperbolas. We calculate s = —2(4h — 1) and we analyze two

subcases: g # 0 and (g = 0.
) The subcase fg # 0. Then 4h — 1 # 0 and systems (65) possess two invariant hyperbolas:

Bi(a,y) = ta(e—y) =0, Pa(wy) =7 +2le—y) =0 (67)

2h—1
We observe that
By =0, By=—162a*(h—1)*(2h +1)*(z —y)* £0,

due to (66), and this implies that systems (65) possess only one invariant straight line, namely
r—y=0.
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Due to condition (66), we obtain
po=h(2h —1)/4#0, D= —12a*h(2h —1) # 0,

and then we have four distinct finite singularities M;(z;,y;) (i=1,2,3,4), where

2ah(2h — 1 2ah(2h — 1
r12 = i%, Y12 = i#, T34 = :I:\/Qa, Y3,4 = +/2a.

We observe that the singular points M o are located on the first hyperbola (67), whereas Ms 4 are
located on the invariant line. Additionally, the singularities M; o (respectively M3 4) are complex if
ah(2h — 1) < 0 (respectively a < 0) and are real if ah(2h — 1) > 0 (respectively a > 0).

So, we need to control sign (ah(2h — 1)) and sign (a). Moreover, sign (h(2h — 1)) gives the position
of the hyperbolas on the phase plane.

On the other hand, we calculate
Xf) = ah(2h —1).

If Xff) < 0, then the singularities M 2 are complex and we get the configuration Config. H.132 if
D < 0 and Config. H.133 if D > 0.
In the case Xf) > 0, the singular points M 5 are real and we obtain the configuration Config. H.136

if D < 0 and Config. H.13/ if D > 0.

B) The subcase g = 0. Then h = 1/4 and systems (65) possess three invariant hyperbolas, namely
the two presented in (67) with h = 1/4 and

O3(x,y) = 2a —xy = 0.

In this case, we observe that D = 3a*/2 > 0 and we obtain the configuration Config. H.156 if
X9 <0 and Config. H.157 if X© > 0.

b) The possibility 9 = 0. Then h = 0 (this yields ¢ = 1/2) and systems (61) becomes

d
—x:a—l—x2/2—xy,

dy
L —b—ay/2. 68
- b—zy/ (68)

dt

According to Theorem 3, in this case for the existence of at least one invariant hyperbola, it is
necessary and sufficient 75 = 0, which is equivalent to (a — b)b = 0. Without loss of generality,
we may assume b = 0, since we could pass from the case b = a to the case b = 0, via the affine
transformation (x,y,t) — (z,x — y,—t). Then, we arrive at the 1-parameter family of systems

dx 9 dy
— = 2 — — = —xy/2. 69
7 = ¢ + x%/2 — xy, o xy/ (69)
with the condition a # 0.
The above family possesses the invariant hyperbola
Dla,y) —a—ay =0 (70)
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and, since By = 0 and By = —162a%y* # 0, due to a # 0, systems (69) possess the only one invariant
line y = 0.
We calculate

NOZ/H:O; M2:a$2/8, D =0.

Then, two finite singular points has collapsed and gone to infinity and coalesced with [0, 1,0]. Con-
sidering the remaining singularities on the finite part of the plane, their coordinates are M;(x;,y;)
(i=1,2):

T19=+V-2a, y12=0.

We point out that these two singularities are located on the invariant line and they are complex
if @ > 0 and are real if a < 0. So, we need to control sign (a), which also gives the position of the
hyperbola on the phase plane.

On the other hand, we calculate
XE45) = —a/16.

So, we obtain the configuration Config. H.40 if XS) < 0 and Config. H.58 if XS) > 0.

3.2 The subcase § =0
For systems (3) we assume 7 > 0 and therefore we consider systems (9) for which we have

0=—(g—1(h—-1)(g+h)/2

Since 6 = 0, we get (g — 1)(h —1)(¢g + h) = 0 and we may assume g = —h, otherwise in the case
g = 1 (respectively h = 1) we apply the change (z,y,9,h) — (—y,x —y,1 — g — h, g) (respectively
(z,y,9,h) — (y — x,—x,h,1 — g — h)) which preserves the quadratic parts of systems (9).

So, g = —h and we arrive at the systems
dx 2 dy 2
E:a—kcaz—hx + (h — 1)zxy, E:b—i—fy—k(h—i—l)a;y—khy, (71)

for which we calculate N = 9(h% — 1)(x — y)2. We consider two possibilities: N # 0 and N = 0.

3.2.1 The possibility N #0
For systems (71), we calculate

n = (= f)*e+ fHlh—1)°(h+1)*(3h — 1)(3h +1)/64,
Bs = (c = f)(h=1)(h+1)/4,  fro = =2(3h = 1)(3h +1).

According to Theorem 3, a necessary condition for the existence of hyperbolas for these systems is
Y1 = 0.

3.2.1.1 The case B # 0. Then c—f # 0 and the condition v; = 0 yields (¢+f)(3h—1)(3h+1) = 0.
So, we consider the subcases: f19 # 0 and $19 = 0.
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3.2.1.1.1  The subcase 10 # 0. Then (3h —1)(3h + 1) # 0 and we get f = —c and obtain the
following systems

le—f:a—l—cx—hx2+(h—1)xy, %:b—cy—(h+1):ny+hy2. (72)

Now, in order to possess at least one hyperbola, it is necessary and sufficient that for the above
systems the condition

v7 =8(h —1)(h +1)[a(2h + 1) + b(2h —1)] =0

holds, and due to N # 0 this is equivalent to a(2h + 1) + b(2h — 1) = 0.

Since fg = c¢(h —1)(h+1)/2 # 0 (i.e. ¢ # 0), we could apply the rescaling (x,y,t) — (cx,cy,t/c)
and assume ¢ = 1. Moreover, since (2h — 1)? + (2h +1)? # 0, the condition a(2h +1) +b(2h —1) =0
could be written as a = —a1(2h — 1) and b = a1(2h 4 1). So, setting the old parameter a instead of
a1, we arrive at the 2-parameter family of systems

Z—f =a(2h — 1)+ 2 — ha* + (h — D)ay, Z—ZZ = —a(2h+1) —y — (h+ Day + hy?, (73)
with the conditions
a(h —1)(h+1)(3h —1)(3h + 1) # 0. (74)

We observe that the family of systems (73) is a subfamily of systems (12) with g = —h.

The above systems possess the invariant hyperbola
®(z,y) =a+azy=0 (75)
and for them we calculate

By = —4a*h(h — 1)2(h +1)%(2h — 1)(2h + 1). (76)

a) The possibility By # 0. Then h(2h — 1)(2h + 1) # 0 and by Lemma 2 systems (73) possess
no invariant lines. Since pg = h%? # 0, these systems have finite singularities M;(x;,7;) of total
multiplicity 4, whose coordinates are

141+ 4ah? 15 V1 + 4ah?
Ti2=—"%57 > YYo= — (57—
2h 2h
N (2h — 1)(1 = /1 + 4a) , (2h + 1)(1 £+ 1 + 4a)
3,4 = ) 3,4 — .
: 2 : 2

We observe that the singular points M o are located on the hyperbola, whereas the singularities
M3 4 are generically located outside of it.

On the other hand, for systems (73), we calculate the invariant polynomials
YW = B2(h = 1)2(h+ 1)2(3h — 1)%(3h + 1)%(1 + 4ah?) /16,
X0 = —105ah?(h — 1)2(h + 1)2(3h — 1)2(3h + 1)%/2

and, by the condition (74), we conclude that sign (xfj)) = sign (1 + 4ah?) (if 1 + 4ah?® # 0) and

sign (Xg)) = —sign (a). So, we consider three cases: XS) <0, XS) > 0 and XS) =0.
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ar) The case XS) < 0. Then 1 + 4ah? < 0 yields a < 0 and hence XS) > 0. So, since the singular

points located on the hyperbola are complex, we arrive at the configuration given by Config. H.2.

ay) The case XS) > 0. In this case, we have two real singularities located on the hyperbola. We

calculate x1x9 = —a and, due to the condition (74), we obtain that sign (Xg)) = sign (z122), which
defines the location of the singular points Mj 2 concerning the branches of the hyperbola (i.e. they

are located either on different branches if ngl) < 0 or on the same branch if ngl) > 0).

However, we need to detect when the singularities M3 4 also belong to the hyperbola. In this order,
considering (75), we calculate

4h*[1+2aFV1+4a) —1+V1+4a
q)(x7 y)’{x:x3’47 y=y3.4} 2 = 9374(0’7 g, h)

It is clear that at least one of the singular points Ms or My belongs to the hyperbola (75) if and
only if
Q3Q4 = a(16ah* +4h* — 1) = 0.

On the other hand, for systems (73), we have
W = —105h(3h — 1)(3h + 1)(16ah* + 4k — 1)

and clearly, due to (74), the condition X%) = 0 is equivalent to 16ah* + 4h* — 1 = 0. We examine

two subcases: Xg) # 0 and X%) =0.

) The subcase Xg) # 0. Then, on the hyperbola there only two simple real singularities and we

obtain the configurations given by Config. H.17 if Xg) < 0 and Config. H.18 if Xg) > 0.

B) The subcase x%) = 0. In this case, the condition 16ah*+4h%* —1 = 0 yields a = —(2h — 1)(2h +
1)/(16n*) and we calculate

D=0, T=-32h%-1)>%(z+y)>?[(2h+ 1)z — (2h — Dy]*[(h+ 1)(2h + D — (h — 1)(2h — 1)y]".

If T # 0, then we have a double and a simple singular points on the hyperbola and we arrive at the
configurations shown in Config. H.21 if XSBI) < 0 and Config. H.22 if Xg) > (. In the case T =0, we
obtain h = +v/2 /2 and hence Xg) > 0. Then, we have a triple and a simple singular points on the
hyperbola and we obtain the configuration Config. H.25.

as) The case XS) = 0. Then a = —1/(4h?) and hence Xg) > 0. In this case, the singular points
My and My coalesce and we get the configuration Config. H.8.

b) The possibility By = 0. Then h(2h — 1)(2h + 1) = 0 and we analyze the two cases: p9 # 0 and
po = 0.

b1) The case pg # 0. Then h # 0 and the condition By = 0 is equivalent to (2h — 1)(2h 4+ 1) = 0.
Without loss of generality, we may assume h = —1/2, otherwise we apply the change (z,y,t,h) —
(—y, —x,—t,a,—h), which keeps systems (73) and changes the sign of h.

So h = 1/2 and then systems (73) possess the invariant line y = 0 and the singularities M3 4 are
located on this line. In this case, we calculate

W =225(a+1)/16384, ) = —236254/2048, D = —48a%(a + 1)(4a + 1).
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) The subcase XS) < 0. Then a + 1 < 0 implies @ < 0 and hence Xg) > 0. So, we obtain the

configuration shown in Config. H.38.

B) The subcase XS) > 0. Then a > —1 and we have real singularities on the hyperbola. So, we get
the following conditions and configurations:

° XSBI) <0 = Config. H.75;
. XS) >0and D <0 = Config. H.72;
° Xg) >0and D >0 = Config. H.40;

° Xg) >0and D=0 = Config. H.65.
~) The subcase XS) = 0. Then a = —1 (consequently D = 0 and Xg) > () and this implies the
existence of a double singular point on the hyperbola and the singularities on the invariant line are
complex, obtaining the configuration Config. H.42.

by) The case g = 0. Then h = 0 and we also have u; = 0 and pe = —zy, which means that the

singular points M; » have gone to infinity and coalesced with the singular points [1,0,0] and [0, 1, 0].
Considering Lemma 3 we detect that Z is a simple factor of & and &. So, we deduce that the
infinity line Z = 0 is a double invariant line for systems (73). Since XS) =1 > 0, we obtain the

configurations Config. H.76 if Xg) < 0 and Config. H.77 if Xg) > 0.

3.2.1.1.2 The subcase f19 = 0. Then (3h — 1)(3h + 1) = 0 and as earlier we may assume
h = 1/3 and obtain the following systems

dx a 2 2y dy 5a 4y y?
o = A Y AR 7
@ 373 3 w3V R 70

3
with the condition a # 0. We again remark that the family of systems (77) is a subfamily of systems
(12) with g = —h and h = 1/3.

These systems possess the invariant hyperbola
O(x,y) =a+xzy =0. (78)
and for them we calculate
po =179, D = —16(4a + 1)(4a + 9)(16a — 45)/19683, B; = 1280a* /2187.

Since By # 0, systems (77) do not possess invariant lines and the condition g # 0 implies that the
finite singularities M;(x;,y;) are of total multiplicity 4, and their coordinates are
3++v4a+9 3FVia+9 1+ V4a+1 5(1F Vda+1)

2 I

y Y12 = 5 , T34 6 3A4=—F—".

12 =
6

We observe that the singular points M o are located on the hyperbola, whereas the singularities
M3 4 are generically located outside of it.
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Concerning the singular points M 2, we see that 2122 = —a and the sign (a) will detect the location
of these singularities on the same or different branches of the hyperbola as well as its position on
the phase plane.

Moreover, we need to detect when the singularities M3 4 also belong to the hyperbola. Considering
(78), we calculate

8a+£5vV4a+1-5
18 = 9374(0“797 h)

P (, y)|{x=x3,47 y=ysa} —

and we observe that at least one of the singular points M3 or My belongs to the hyperbola (78) if

and only if

a(16a — 45)
18

On the other hand, for systems (77), we calculate the invariant polynomials

QY = — 0.

(B _ 123112180040 +9) @) _ 168754106368

A 243 » XB T 243 ’
3 10649600 (3  5888(16a — 45)
Xo = 9 = KXo T 729

and we conclude that sign (Xf)) = sign (4da +9) (if 4a +9 # 0), sign (Xg’)) = sign (Xg’)) = —sign (a)

and at least one of the singular points M3 or My belongs to the hyperbola if and only if X(Dg) = 0.

We observe that the condition Xf) < 0 implies Xg’) > (0 and X(g)) > 0, all the finite singular points

are complex and we get the configuration Config. H. 2.

In the case XE&O)) > 0, the singularities M 2 are real and we arrive at the following conditions and

configurations:
° X(Dg) # 0 and Xg’) <0 = Config. H.17,
° Xg) # 0 and X(g)) >0 = Config. H.18;
° Xg) =0 = Config. H.21.

And in the case Xf) = 0, the singular points M; 2 have collapsed and M3 4 are complex, obtaining

the configuration Config. H.8.

3.2.1.2 The case Bg = 0. Then f = ¢ and hence y; = 0. We calculate
By =ch—1)(h+1)/2, Br=—2(2h—1)(2h+1)

and we analyze two subcases: B2 # 0 and (3 = 0.

3.2.1.2.1  The subcase Py # 0. Then ¢ # 0 and we obtain the systems

d
—x:a—kcx—hxz—l—(h—l)xy,

d
i Y_py cy — (h+ 1)zy + hy?. (79)

dt
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a) The possibility f7 # 0. Then (2h—1)(2h+1) # 0 and, according to Theorem 3, for the existence
of at least one invariant hyperbola for systems (79), it is necessary and sufficient the conditions g = 0
and (19R7 # 0. So, we calculate

vg = 42(h — 1)(h + 1) &3, Pip = —2(3h — 1)(3h + 1),
Ey = —2c%(h —1)(2h — 1) — 2a(h — 1)(3h — 1)? + b(2h — 1)(3h — 1)?,
E3 = =22 (h +1)(2h + 1) + 2b(h + 1)(3h + 1)* — a(2h + 1)(3h + 1)%

We observe that the condition vg = 0 is equivalent to £2E3 = 0 and due to the change (x,y,a, b, ¢, h)
(y,x,b,a,c,—h), we may assume that the condition & = 0 holds.

Since (78190 # 0, we could write the condition & = 0 as ¢ = ¢1(3h — 1), b = by(h — 1) and
a = (by —2¢3)(2h — 1)/2. Then, we apply the reparametrization b; = ac} and a = 2a;. Finally, since
c1 # 0 (due to ¢ # 0), we could apply the rescaling (x,y,t) — (c1z,c1y,t/c1) and assume ¢; = 1.
Thus, setting the old parameter a instead of a1, we arrive at the 2-parameter family of systems

Z—f = (a—1)(2h — 1) + (3h — 1)z — ha® + (h — 1)z, 50
Z—ZZ =2a(h— 1)+ (3h — 1)y — (h + 1)zy + hy?,
with the conditions
(a—1)(h—=1)(h+1)(2h—1)(2h+1)(3h — 1)(3h + 1) # 0. (81)
These systems possess a couple of parallel invariant lines and an invariant hyperbola:
Lia(z,y) =h(z —y)> = (Bh—1)(x —y) +2h —a—1=0, (52)

O(z,y)=1—a—2z+z(x—y)=0.
We remark that, since
Discriminant [£12(z,y),x — y] = (h — 1)? + 4ah,

these lines are complex (respectively real) if (h — 1) + 4ah < 0 (respectively (h — 1)? + 4ah > 0).

We calculate
61 =3(h —1)(2h — 1)[(h — 1)*(2h + 1) + a(3h + 1)%] /2

and we consider two cases: d4 # 0 and 64 = 0.

ay) The case 54 # 0. In this case we have (h —1)?(2h +1) + a(3h +1)? # 0 and hence ®(x,y) =0
(see (82)) is the unique invariant hyperbola. Since By = 0 for systems (80), we calculate

By = —1296 a(a — 1)(h — 1)3(h + 1)2(2h — 1)(z — y)*.

o) The subcase By # 0. Then a # 0 and, since o = h?, we consider two possibilities: jo # 0 and
po = 0.
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1) The possibility po # 0. So we get h # 0 and the finite singularities of systems (80) are of
multiplicity 4, and their coordinates are M;(z;,y;):

_ h+1+/(h—1)?+4ah ) (h—=1)[h—1£+/(h—1)%+ 4ah]
B 2 ’ h

€12 1,2 = 5 ,
2h —1)|h+ 1+ +/(h—1)? 4+ 4ah
963,42( i 2h( ) a}, ysa =h—1++/(h—1)% 4 4ah.

We observe that the singular points M; 5 are located on the hyperbola and on the invariant lines,
whereas the singularities M3 4 are located on the invariant lines.

Concerning the singular points M 2, we see that z12z9 = h(1 —a) and hence sign (h(a— 1)) detects
the location of these singularities on the same or different branches of the hyperbola. Moreover, the
position of the hyperbola is governed by sign (a — 1).

In order to detect when the singularities M3 4 also belong to the hyperbola, we consider (82) and
we calculate

A+ [(h+1)2h —1)y/(h—1)% + 4ah
(I)(‘Tvy)’{w=$3,4, y=y34} [ 2h2 ] = /3/,4(a7g7 h)

where A = 2ah(1 —3h)+ (1 —h)(1 —h+2h?), and we observe that at least one of the singular points
Ms or My belongs to the hyperbola (82) if and only if

(a—1)[a(8h —1)% +2(h — 1)?]
12
On the other hand, for systems (80), we calculate the invariant polynomials
X = (h = 12(h+ 1)2[(h — 1)* + 4ah] /16,
X = 6480(a — 1)(h — 1)2[(h — 1)2(2h + 1) + a(3h + 1],
X = 2160 A(1 — a)(h — 1)2[(h — 1)*(2h + 1) + a(3h + 1)*]%,

QL0 = — 0.

and we conclude that sign (XEZ)) = sign ((h—1)*+4ah) (if (h—1)*+4ah # 0), sign (Xg)) = sign (a—1),
sign (Xg)) = sign (h(l—a)) and at least one of the singular points M3 or M, belongs to the hyperbola
if and only if a(3h —1)? +2(h — 1)3 = 0.

1) The case XEZ) < 0. Then all the finite singular points are complex as well as the pair of invariant

lines. Moreover, the condition XEZ) < 0 (ie. (h—1)% +dah < 0) yields ah < 0. Combining this

inequality with Xg) < 0 (i.e. a — 1 < 0) (respectively Xg) > 0 (i.e. a—1 > 0)), we obtain h < 0

(respectively h > 0) and hence Xg) < 0 (respectively Xg) > 0). So, we arrive at the configuration
Config. H.78 if Xg) < 0 and Config. H.79 if Xg) > 0.

it) The case Xg) > 0. Then all the finite singular points and the pair of invariant lines are real.

In this sense, according to the position of the finite singular points on the hyperbola and on the
invariant lines, we may have different configurations.

We calculate
a(3h —1)2 +2(h —1)3
h )

(1 — 24)(22 — 73) = —

(3h — 1)\/(h — 1)? + dah
h )

(I—="h)(h+1)

(r1 — x4) + (X2 —23) = h

(1 —24) — (22 —73) =
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and we observe that sign ((z1—z4)(z2—x3)), sign ((z1—z4) — (22 —23)) and sign ((z1 —z4)+ (22 —x3))
govern the position of the four finite singularities along the hyperbola and the invariant lines. More
exactly, if (z1 — 24)(x2 — x3) < 0 (respectively (z1 — a4)(w2 — 23) > 0), then the sign ((z1 — z4) —
(z2 — x3)) (respectively sign ((x1 — 4) + (z2 — x3))) distinguishes the position of Mz and M, with
respect to the hyperbola.

On the other hand, we calculate
X = 3(h — 1)2(h+1)*[a(3h — 1)2 + 2(h — 1)%] /8,
Bio=—-23h—1)(3h+1), N=9h—-1(h+1)(z—1y)>

We consider two subcases: Xg) # 0 and Xg) =0.

11.1) The subcase Xg) # 0. In this case the singularities M3 4 do not belong to the hyperbola and
we need to distinguish when the singular points M o are located on different or on the same branch.

14.1.1) The possibility Xg) < 0. Then M; 5 are located on different branches of the hyperbola and,

if Xg) < 0, we obtain @ < 0 and h < 0, and hence Xg) < 0. So, we get the configuration Config. H.96.

In the case Xg) > 0, we observe that the condition Xg) < 0 implies N < 0. So, we arrive at the

following conditions and configurations:
° Xg) <0 = Config. H.99;
° Xg) >0 and B0 <0 = Config. H.95;
° Xg) >0 and B9 >0 = Config. H.94.

11.1.2) The possibility X(C7) > 0. Then M; 5 are located on the same branch of the hyperbola.

If Xg) < 0, the condition Xg) > 0 implies S1p < 0 and we obtain the following conditions and

configurations:

° Xg) <0Oand N <0 = Config. H.100;
° Xg) <0and N >0 = C(Config. H 98,

° xg) >0 = Config. H97.

In the case Xg) > (, the condition Xg) < 0 implies B19 < 0. Moreover, if Xg) > 0, independently of
sign (IV), we are led to the same configuration. So, considering the claim stated in the next paragraph,
we arrive at the configuration Config. H.93 if Xg) < 0 and Config. H.92 if Xg) > 0.

We claim that, if Xg) > 0 and Xg) > 0 (i.e. the singular points M o are located on the same
branch and the hyperbola is positioned in the sense of Xg) > 0), we could not have the configuration
with the singular points M3 4 located inside the region delimited by both branches of the hyperbola.

Indeed, suppose the contrary, that this configuration is realizable. Then the conditions XEZ) > 0,
(7

Xz > 0and X(C7) > (0 are necessary and these conditions are equivalent to
(h—12+4ah >0, a—1>0, h<O0.
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We assume that M3 and My are located inside the region delimited by both branches of the hyperbola.
We observe that inside this region we also have the origin of coordinates (because ®(0,0) = 1—a < 0).
Therefore we must have Q4Q/ > 0 and sign (4 + Q) = sign (A) = sign (1 — a). Hence the condition
A < 0 must hold. However, the conditions (h — 1)? + 4ah > 0 and h < 0 imply

A=2ah(1—3h) + (1 — h)(1L — h+2h*) = =[(1 — 3h)[(h — 1)* + 4ah] + (1 — h)(h + 1)*] > 0,

N

and this proves our claim.

11.2) The subcase Xg) = 0. Then a = —2(h —1)3/(3h — 1)? and the singular points M, coalesces
with the singularity M;. We note that the hyperbola divides the plane into three regions: ®(z,y) < 0,
®(z,y) > 0 and ®(x,y) = 0, and the singular point M3 could be located only in the first two regions.

Moreover,
(2h —1)(h — 1)(h +1)?
O(M;3) = —
(M) h2(3h — 1)
and, in this case, we have
3h — 1 — 4h? 3 —5h
ﬁl—fL’-?J*Fm—O, £2—x—y+3h_1—0.

We calculate

X = (= 1) h+ 1) (16(3h — 1)%), ¥\ = —58320(2h — 1)(h — 1)6(h + 1) /(3h — 1)5,

XD = 19440 h(2h — 1)(h — 1)S(h + 1)5/(3h — 1)8, N = 9(h — 1)(h + 1)(z — y)°.
Due to conditions (81), we have XEZ) > 0, sign (Xg)) = —sign (2h — 1) sign (x (C)) = —sign (h(2h —
1)) and sign (N) = —sign ((h — 1)(h + 1)). Moreover, £ — Ly = (h — 1)(h 4+ 1)/[h(3h — 1)].

If Xg) < 0 (i.e h > 1/2), we have X(C7) > 0 and sign (®(Ms)) = —sign (ﬁl — L9) = —sign (N). Then
we get the configuration Config. H.89 if N < 0 and Config. H.90 if N > 0.

In the case Xg) > 0 (i.e h < 1/2), the condition X(C7) < 0 implies N < 0 (then zo — 23 < 0),
obtaining the configuration Config. H.88. If Xg) > 0 (then ®(M3) > 0), independently of the sign of

N, we get the configuration Config. H.87.

(M _

1i1) The case X, = 0. Then we have two double singular points (namely My = My and M3 = My)

and a double invariant line. The condition XEZ) = 0 yields a = —(h — 1)2/(4h) and hence Xg) >0

and sign (Xg)) = sign (Xs:))) —sign (h).

We observe that, if X(B) > 0, independently of sign (810) and sign (IV), we are conducted to the
same configuration. Thus, we get the following conditions and configurations:

° Xg) <0Oand N <0 = Config. H.103;
° Xg) <0and N >0 = Config. H.102;

e \\V'>0 = Config. H.101,
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az) The possibility g = 0. Then h = 0 and, since we also obtain p; = 0 and pg = xy, two
finite singularities of systems (80) have gone to infinity and collapsed with [1,0,0] and [0, 1,0]. The
remaining two finite singularities have the coordinates M;(z;,y;):

1 =1, y1 = —a, To=a—1, yo=—2.

In this case, the invariant hyperbola remains the same, whereas one of the invariant lines (82)
goes to infinity and hence the line of infinity Z = 0 becomes double (see Lemma 3). The remaining
invariant line is expressed by z —y — (a + 1) = 0.

We observe that the singular point M is the intersection of the hyperbola and the straight line,
whereas Ms is generically located on the line and outside the hyperbola.

However, Ms could be located on the hyperbola if and only if

O (z9,y2) = (a—1)(a—2) =0,

which is possible if and only if @ — 2 = 0, due to conditions (81).
For systems (80) with h = 0, we calculate

A = 6480(a — 1)(a + 1%, "7 = 3(a —2)/8.

We note that, if Xg) < 0, then a < 1 and hence Xg) < 0. So, we have the following conditions and
configurations:

e 'V <0 = Config. H.106;
° Xg) > 0 and Xg) <0 = Config. H.105;

o XV >0and x>0 = Config. H.107;

o Xg) <~ 0 and Xg) =0 = Config. H.104.

B) The subcase By = 0. Then a = 0 and we arrive at the family of systems

Z—f =1—2h+ (3h — 1)z — ha® + (h — 1)z, % = (3h — 1)y — (h + V)zy + hy?, (83)

with the conditions
(h—=1)(h+1)(2h —1)(2h + 1)(3h — 1)(3h + 1) # 0. (84)
These systems possess three invariant lines and an invariant hyperbola

Since po = h?, we consider again the possibilities: 19 # 0 and pg = 0.
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B1) The possibility po # 0. Then h # 0 and the finite singularities of systems (83) are of multiplicity
4, and their coordinates are M;(x;,y;):

(h—1)?
h )

2h —1
33‘3:2h—1, y3:2(h—1), Ty = A

r1=1,41=0, @2="h, yo = , ya = 0.

We observe that the singular points M 5 are located on the hyperbola, M; is located on the lines
L1 =0 and L3 = 0, M5 is located on the line £o = 0, M3 is located on the line £; = 0 and My is
located on the lines £5 = 0 and L3 = 0.

Concerning the position of these singularities with relation to the invariant lines and the invariant
hyperbola, we have:

e the location of M; and My on the branches of the hyperbola: sign (z1x2) = sign (h);

e M;3 and My could not belong to the hyperbola, since ®(z3,y3) = 2(1 —h) # 0 and ®(x4,y4) =
(h —1)2/h? # 0, due to conditions (84);

the position of the line £ = 0 with respect to the line £; = 0: sign (£1 — £L2) = sign (h(h—1));

the position of My and My on L3 = 0: sign (x1 — x4) = sign (h(l — h));

the position of My and My on Lo = 0: sign (x9 — x4) = sign (h);

the position of M; and M3 on £ = 0: sign (z1 — x3) = sign (1 — h).
On the other hand, for systems (83), we calculate the invariant polynomials
X = 2160 h(h — 1)5(2h +1)2, N =9(h — 1)(h + 1)(z — y)°.

We observe that the condition X(C7) < 0 implies that sign (h — 1) is controlled and we have the

unique configuration given by Config. H.111.
In the case X(g) > 0, we obtain the configuration Config. H.112 if N < 0 and Config. H.110 if
N > 0.

B2) The possibility up = 0. Then h = 0 and, since we also obtain g1 = 0 and uy = zy, two
finite singularities of systems (80) have gone to infinity and collapsed with [1,0,0] and [0, 1,0]. The
remaining two finite singularities have the coordinates M;(z;,v;):

r1=-1, y1 = -2, xzg =1, y2 =0.

In this case, the invariant hyperbola remains the same (since it does not depend on h), whereas
the invariant line Lo = 0 goes to infinity and hence the line of infinity Z = 0 becomes double and
we obtain only one configuration given by Config. H.116.

ay) The case 54 = 0. In this case, the condition (h — 1)%(2h + 1) + a(3h + 1)? = 0 yields a =
—(h —1)%(2h 4+ 1))/(3h + 1)2, which leads to the family of systems

dz  2(h+1)*(1 —2h)

+ (3h — D)a — ha® + (h — 1)zy,

dat — (3h+1)2 (86)
o 3
W 21 (3Z)+(i;12+ D o (8h—1)y = (h+ Day + b,

89



with the conditions
(h—1)(h+1)(2h —1)(2h +1)(3h — 1)(3h + 1) # 0. (87)
These systems possess two invariant lines and two invariant hyperbolas

4h 5h? — 1
2(1—h)?  2(3h—1)
(3h +1)2 3h+1

£1($7y):x_y_ :07

3
Dy (x,y) = % —2z+z(x—y)=0, Py(z,y) =

z—ylz—y)=0.
(88)
Since po = h?%, we consider again the possibilities: ug # 0 and pg = 0.

) The subcase pg # 0. Then h # 0 and the four finite singularities of systems (86) have coordinates
M;(xs, yi), where:

(h+1)? (h —1)2 2h(h + 1) (2h + 1)(h — 1)?
':Ul = o1 | 1 yl = o1, 1 x2 = Ta1 | 1 y2 = )
3h+1 3h+1 3h+1 h(3h + 1)
. 2(h +1)(2h — 1) ~ 2(h—=1)(2h +1) oy (2h—1)(h+1)?  2n(h—1)
ST 3hte1 BT T T 3hrr YT T RBh ) T T3h g

We observe that the singular point M is located on both hyperbolas and on the line £; = 0, M>
is located on the hyperbola ®; = 0 and on the line £ = 0, M3 is located on the line £; = 0 and My
is located on the hyperbola 5 = 0 and on the line £5 = 0.

Concerning the position of the singular points on the lines and hyperbolas, we observe that the
position of My and Mz on £; = 0 is governed by sign (21 — 3) = sign ((h — 1)(h + 1)(3h + 1)) and
the position of M, and My on Ly = 0 is governed by sign (22 — z4) = sign (h(h — 1)(h +1)(3h +1)).
Moreover, the position of the hyperbolas is governed by sign ((h —1)(h+ 1))

We observe that, in the case (h — 1)(h + 1) < 0, we have —1 < h < 1. Then, analyzing the
sign of the expression h(3h + 1), we verify that all the possible configurations for these values of
the parameter coincide. Analogously, we obtain the same configurations by analyzing the sign of
h(3h + 1) subjected to (h — 1)(h + 1) > 0. So, it is sufficient to only study sign ((h — 1)(h + 1)).

Thus, we conclude that sign (N) = sign ((h — 1)(h + 1)) and we arrive at the configuration given
by Config. H.140 if N < 0 and Config. H.139 if N > 0.

B) The subcase g = 0. Then h = 0 and two finite singular points have gone to infinity and
coalesced with [1,0,0] and [0, 1, 0], since p; = 0 and pe = xy. The remaining two finite singularities
have the coordinates M;(z;,y;), where

T =2, y1 = -2, xo =1, yp=1.

In this case, both invariant hyperbolas remain the same (since they do not depend on h), whereas
the invariant line Lo = 0 goes to infinity and hence the line of infinity Z = 0 becomes double (see
Lemma 3) and we obtain only one configuration given by Config. H.146.

b) The possibility B7 = 0. We recall that the conditions S = 0 and 33 # 0 imply f = ¢ # 0, and
then we arrive at systems (79). As earlier, via a time rescaling, we may assume ¢ = 1. Moreover,
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the condition 87 = 0 implies (2h — 1)(2h + 1) = 0 and, without loss of generality, we could choose
h = 1/2, otherwise we apply the change (z,y,t,a,b,h) — (—y,—x,—t,b,a,—h), which keeps the
systems (79) and changes the sign of h.

Now, according to Theorem 3, for the existence of at least one hyperbola for systems (79), it is
necessary and sufficient the conditions 9 = 0 and Rg # 0. So, we calculate 79 = 3a/2 and, setting
a = 0, we obtain the 1-parameter family of systems

Cclz_j:”f—f/?—wy/z %:b+y—3xy/2+y2/2a (89)

with the condition b+ 4 # 0.

These systems possess three invariant lines (two of them being parallel) and an invariant hyperbola

£1,2($7y) = ($_y)2_2($_y)+2b:07 £3(x,y) ::E:O)

(90)
O(z,y) =4+b—4dz+z(zx—y) =0.

We remark that, since Discriminant [ﬁl,g(x,y),:n - y] = 4(1 — 2b), these lines are complex (re-
spectively real) if 2b — 1 < 0 (respectively 2b — 1 > 0).
We calculate &5 = 3(8 — 25b)/2 and we consider two cases: d5 # 0 and d5 = 0.

bi) The case 65 # 0. In this case we have 25b — 8 # 0 and hence ®(z,y) = 0 (see (90)) is the
unique invariant hyperbola. Since B; = By = 0 for systems (89), we calculate

By = —27ba?(z — y)? /4.

) The subcase By # 0. Then b # 0 and, since py = 1/4, the finite singularities M;(z;,y;) of
systems (89) are of total multiplicity 4, and their coordinates are

+v1-2b 1Fv1-2b
_3EVi—2 V-2 234 =0, y3a=—1+£V1-2b.

€12 2 y Y12 = 2 )

We observe that the singular points M o are located on the hyperbola and on the invariant lines
L12 = 0, whereas the singularities M3 4 are located on the intersections of the couple of parallel
invariant lines with the third one.

Considering the singular points M; 2, we see that xjx2 = (b+ 4)/2 and hence sign (b + 4) detects
the location of these singularities on the same or different branches of the hyperbola. Moreover, the
position of the hyperbola is governed by sign (b + 4).

In order to detect when the singularities M3 4 also belong to the hyperbola, we consider (90) and
we calculate

[@(23,y3)] [®(24,y4)] = (b+4)* #0,

otherwise the hyperbola splits into two lines. Thus none of the singular points M3 or M, could belong
to the hyperbola (90).

On the other hand, for systems (89), we calculate the invariant polynomials

X7 =01 —2b)/256, x\ = 135(b + 4)(25b — 8)%/8
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and we conclude that sign (XEZ)) = sign (1 — 2b) (if 2b — 1 # 0) and due to 05 # 0 (i.e. 25b — 8 # 0)
. (N .
we have sign (x’) = sign (b + 4).

1) The possibility XEZ) < 0. Then all four finite singularities are complex as well as the invariant

lines £12 = 0 and we get the configuration shown in Config. H.115.

az) The possibility XEZ) > 0. Then all four finite singularities and the invariant lines £ 9 = 0 are

real and we obtain the configuration Config. H.11/ if Xg) < 0 and Config. H.113 if Xg) > 0.
ag) The possibility XEZ) = 0. Then we have two double finite singular points (namely, M;=DM,
and Mz=DM,) and also the invariant lines £; 2 = 0 collapse and we obtain a double invariant line.

So, we arrive at the configuration Config. H.117.

B) The subcase B3 = 0. Then b = 0 and we obtain a specific system possessing a fourth invariant
line, namely £4 = y = 0. Then, we obtain the unique configuration Config. H.119.

bs) The case 65 = 0. Then b = 8/25 and again we obtain a concrete system, but now possessing
a second hyperbola, namely ®o(x,y) = —4/25 — 4y/5 + y(z — y) = 0. Moreover, we observe that,
for systems (89) with b = 8/25, we have B3 = —54x?(x — y)2/25 # 0 and hence there are no
more invariant lines rather than the ones given in (90). So, we arrive at the unique configuration
Config. H.147.

3.2.1.2.2  The subcase B3 = 0. Then ¢ =0 and we obtain the systems

Cclz_fza—hx%r(h—l)wy, %:b—(thl):verhyz- (91)

a) The possibility B7 # 0. Then (2h — 1)(2h 4+ 1) # 0 and, since B9 = —2(3h — 1)(3h + 1), we
consider two cases: 819 # 0 and B9 = 0.

a;) The case P19 # 0. Then (3h — 1)(3h 4+ 1) # 0 and, according to Theorem 3, for the existence
of at least one invariant hyperbola for systems (91), it is necessary and sufficient the conditions
v7v8 = 0 and R5 # 0. So, we calculate

v =8h—1)(h+1)&, ~z=42(h—1)(h+1)(3h —1)3(3h + 1) &8s,
E1=a2h +1) +b(2h —1), & =2a(1 —h)+b2h—1), & =2b(h+1)—a(2h+1).

We observe that we could pass from the condition & = 0 to the condition £ = 0 via the change
(z,y,a,b,h) — (y,x,b,a,—h), and any of these conditions is equivalent to 73 = 0. However, the
condition & = 0 could not be replaced. So, we need to analyze the possibility 77 = 0 and then the
possibility vg = 0.

We calculate

Bs = —6(4h — 1)(4h + 1), ds = 2[(a+ b)(128h% — 11) + (a — b)h(400h* — 49)].

o) The subcase 2 + 05 # 0. By Theorem 3 (see DIAGRAM 1 in this case systems (91) possess
a single invariant hyperbola if and only if y77s = 0 and R5 # 0. We consider the cases v; = 0 and
~vg = 0 separately.
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a1) The possibility yv7 = 0. Then & = 0 and we obtain a subfamily of systems (73) with ¢ = 0.
So, we arrive at the 2-parameter family of systems

dx dy
— =a(2h—1)—ha* +(h -1 —
7 = ) —ha” + (h = Vay, —
for which h # 0, otherwise we get degenerate systems, and considering the condition Ng78190R5 (55% +
62) # 0, we have

= —a(2h + 1) — (h + VDay + hy?, (92)

ah(h —1)(h+1)(2h — 1)(2h + 1)(3h — 1)(3h + 1)(4h — 1)(4h + 1) #£ 0. (93)
These systems possess two parallel invariant lines and the invariant hyperbola
Lio=(x—y)?—4a=0, ®(z,y)=a+zy=0. (94)

Since p1g = h? # 0, these systems possess all four finite singularities on the finite part of the phase
plane and their coordinates are M;(x;,y;), where

T2 = i\/ﬁ, Y12 = :F\/a, T34 = :|:(2h — 1)\/5, Y34 = :]:(2}1 + 1)\/5

We observe that the singular points M o are located on the hyperbola and on the invariant lines
L1 = 0, whereas the singularities M3 4 are located only on the invariant lines.

Considering the singular points M 2, we see that x1x2 = —a and hence sign (a) detects the location
of these singularities on the same or different branches of the hyperbola. Moreover, the position of

the hyperbola is also governed by sign (a).
We point out that the singularities M3 4 could not belong to the hyperbola since

(@ (x5, y3)] [®(24,94)] = 16a°h* # 0,

due to conditions (93). On the other hand, we calculate Xf) = 80ahb and we note that sign (Xf)) =

sign (a). So, we arrive at the configurations given by Config. H.80 if Xf) < 0 and Config. H.91 if
X(AQ) > 0.

az) The possibility 45 = 0. Then & = 0 and this is equivalent to the relations a = a1(2h — 1) and
b =2ai(h—1), where a; is a new parameter. So, setting this reparametrization in (91) and replacing

the old parameter a instead of a1, we arrive at the 2-parameter family of systems
dx
dt

with the conditions

d
= a(2h — 1) — ha® 4 (h — 1)zy, d_i =2a(h — 1) — (h + Vzy + hy?, (95)
alh —1)(h+1)(2h — 1)(2h + 1)(3h — 1)(3h + 1)(4h — 1)(4h + 1) # 0. (96)
These systems possess two parallel invariant lines and the invariant hyperbola

Lio=(r—y)?—a/h=0, ®(x,y)=a—a(r—1y)=0. (97)

We consider the coordinates M;(z;,y;) of the finite singular points of systems (95):

— 1)V 2h — 1)V ah
r12 = £Vah, y12= iw, T34 = i%, Y34 = £2Vah.
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We observe that the singular points M o are located on the hyperbola and on the invariant lines
L1 = 0, whereas the singularities M3 4 are located only on the invariant lines.

Considering the singular points M 2, we see that xjx9 = —ah and hence sign (ah) detects the
location of these singularities on the same or different branches of the hyperbola. Moreover, the
position of the hyperbola is governed by sign (a).

We remark that the singular points M3 4 could not belong to the hyperbola since

a’(3h —1)2

(@ (x3,y3)] [®(24,54)] = 72

# 0,
due to conditions (96). On the other hand, we calculate
X = ah(h —12(h+1)2/4, 7 = 648043 (h — 1)%(3n + 1)*

and we note that sign (XEZ)) = sign (ah) and sign (Xg)) = sign (a).

If XEZ) # 0 (i.e. h #0), we obtain the following conditions and configurations:

ox(j)<0andxg)<0

(7) (7)

= Config. H.78;
e Xy <0and xz’ >0 = Config. H.79;
=

oxg)>0andxg)<0

° XEZ) > 0 and Xg) >0 = Config. H .95.

Config. H.96;

In the case XEZ) =0 (i.e. h = 0), then we have pg = 1 = po = pug = 0 and py = a’2%y? # 0.

Thus, the four finite singularities have gone to infinity and two of them coalesced with [1,0,0] and
the other two of them coalesced with [0, 1,0]. Moreover, the two invariant lines £; 5 = 0 have also
gone to infinity and hence the line of infinity Z = 0 is a triple invariant line for the system, because
Z? is a double factor of the polynomials £; and & (see Lemma 3).

Now, according to the sign (a) we have different position of the hyperbola and consequently distinct
configurations. So, we get the configurations shown by Config. H.108 if Xg) < 0 and by Config. H.109
e (7
if xz" > 0.

B) The subcase Bg = d2 = 0. Then the condition g = 0 gives (4h — 1)(4h + 1) = 0 and, without
loss of generality, we may assume h = 1/4 due to the change (x,y,a,b,h) — (y,z,b,a,—h).

We calculate
0o =6(b—3a), ~7=—-15(3a—0)/4, ~g=15435(3a — 5b)(3a —b)/8192

and hence the condition d2 = 0 yields b = 3a and then 7 = 73 = 0. So we obtain the 1-parameter

family of systems

d
d—f =a—x?/4—3xy/4,

with the condition a # 0.

dy

pri 3a — bxy/4 + 2 /4, (98)

These systems possess two parallel invariant lines and two invariant hyperbolas

£1,2:(gj_y)2+8a:07 q)l(x7y) :2(1_333/:07 @2(33,3/) :2a—|—x(:17—y) =0. (99)
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Since pp = 1/16 # 0, all the four finite singularities are on the finite part of the phase plane and
their coordinates are M;(z;,y;):

—2a 3V —2a
T12 = £V —2a, y12 = FV—2a, T34 = iT’ ysa=F—5

We observe that the singular points M o are located on the first hyperbola ®; = 0, whereas the
singularities M3 4 are located on the second hyperbola ®5 = 0. All singular points are located on the
invariant lines £y 2 = 0.

Considering the singular points M; o (respectively Ms4), we see that z1z2 = 2a (respectively
x3xs = a/2) and hence sign (a) detects the location of these singularities to be on the same or
different branches of the hyperbolas that they are located on. Moreover, the position of the hyperbola
is also governed by sign (a).

We remark that the singular points M; o (respectively Ms4) could not belong to the hyperbola
Py = 0 (respectively ®; = 0) since

(@21, 51)] [P2(22,92)] = 4a® #0,  [®1(x3,y3)] [®1(24,y4)] = a®/4 #0,
due to a # 0.

On the other hand, we calculate

X7 = —225a/2048
and we note that sign (XEZ)) = —sign (a). So, we get the configurations shown by Config. H.143 if
X7 < 0 and Config. H.141 if x> 0.

az) The case f1p = 0. Then (3h — 1)(3h + 1) = 0 and, without loss of generality, we may assume
h = 1/3, since the case h = —1/3 could be brought to the case h = 1/3 via the change (z,y,a,b, h) —
(y,x,b,a,—h). So, we arrive at the systems

Z_f =a—2?/3 — 2xy/3, Z—i’ =b— 4zy/3 + y*/3. (100)

with the condition a # 0, possessing a pair of parallel invariant lines and a couple of invariant
hyperbolas with parallel asymptotes

Lis(z,y)=(x—y)?—3(a—b) =0, ®12(z,y)=3a++/3da—b)x+z(x—y)=0. (101)

In accordance to Theorem 3, we have to analyze the following subcases: 77 # 0 and 77 = 0 and we
calculate
v7 = —65(5a — b)/27, 10 = 8(4a — b)/27.

) The subcase y7 # 0. Thenb we could not have other invariant hyperbolas rather than the ones
in (101). Moreover, the hyperbolas (101) are complex if v39 < 0, real if 739 > 0 and they coincide if
Y10 = 0. Then, we consider two possibilities: v19 < 0 and ~19 > 0.

o) The possibility v190 < 0. bThen the hyperbolas (101) are complex. In this case, we set a new
parameter v # 0 satisfying 4a — b = —3v?, which yields b = 4a + 3v% and we obtain the 2-parameter
family of systems

d
d—i = da + 3v* — day/3 + y?/3, (102)
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with the condition av # 0, possessing the invariant lines and invariant hyperbolas
Lis(z,y) = —y)?+9a+v*)=0, ®1s(z,y)=3a=+3ive +z(z —y) = 0. (103)

We calculate
po=1/9, By =0, By=—512a(4a + 30v?)(x —y)*

and we consider two cases: By # 0 and By = 0.

i) The case By # 0. Then there are no other invariant lines rather than £;2 = 0 in (103). We
calculate

po=1/9#0, D =—-4096v*(a+v?)2/3, S =256v(a+ v?)(x —y)?(2x +y)? /2187,
R = —16[(4a + 50*)2% + 2(2a + v*)zy + (a + 20*)y?] /81, T = —81RS/32.

We claim that all four finite singular points are complex. Indeed, if a 4+ v? > 0, we observe that
Discriminant [R, z] = —1024v*(a + v%)y?/729 < 0, Coefficient [R,y*| = —16(a + 20%)/81 < 0

and hence R < 0. Since D < 0, by Proposition 1 all four finite singularities of systems (102) are
complex.

Now, if a +v? < 0, then D < 0 and S < 0, and by Proposition 1 all four finite singularities of
systems (102) are complex.

Finally, if @ + v> = 0, then D = T = 0 and we have two collisions of finite singular points, i.e.
we have two double singular points. As in any case we have only complex singularities, these double
singular points are also complex. So, our claim is proved.

We calculate Xg) = —16(a + v?)/81 and we note that sign (xfp) = —sign (a + v?).

If XEZ) < 0, then the invariant lines are also complex and we get the configuration Config. H.144. In
the case XEZ) > (0 the invariant lines are real and we arrive at the configuration Config. H.145. If XEZ) =

0, then the invariant lines collapse and become double, which leads to configuration Config. H.153.

ii) The case By = 0. Then 4a + 3v? = 0 and systems (102) have a third invariant line y = 0 and
the lines £12 = 0 are complex. So, we get the configuration Config. H.151.

az) The possibility 19 > 0. In this case, we set the new parameter v # 0 satisfying 4a — b = 3v?,
which yields b = 4a — 3v? and we obtain the 2-parameter family of systems

d
d—f =a—x?/3 —2xy/3,

dy

o 4a — 3v° — 4zy/3 + y?/3, (104)

with the condition a # 0, possessing the invariant lines and invariant hyperbolas
Lis(z,y) = —y)?+9a—2v*)=0, ®a(zx,y)=3a=+3ve+z(x—y)=0. (105)
Remark 11. We remark that, the condition v =0 for systems (104) is equivalent to 19 = 0.

We calculate
po=1/9, By =0, By=—512a(4a — 30v?)(x —y)*

and we consider two cases: By # 0 and By = 0.
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t) The case By # 0. Then there is no other invariant line rather than £;2 = 0 in (105). Since
o # 0, all four finite singularities of systems (104) are on the finite part of the phase plane and
their coordinates are M;(z;,y;), where

T2 =—vEVvE—a, yig=—-vF2Vv?—qa, wz3s=vEVv®—aqa, y34=0vF2Vv?—a.

We observe that the singular points M o are located on the first hyperbola ®; = 0 and on the
invariant lines £1 2 = 0, whereas the singularities M3 4 are located on the second hyperbola ®3 = 0
and on the invariant lines £ 2 = 0.

Considering the pairs of singular points M; 2 and M3 4, we see that x1x2 = x374 = a and hence
sign (a) detects the location of these singularities to be on the same or different branches of the
respective hyperbola they are located on.

We remark that the singular points M o (respectively M3 4) could belong to the hyperbola ®; = 0
(respectively ®; = 0) if and only if

[®a(21,51)] [®2(22,y2)] = 36av® =0, [®1(23,y3)] [®1(24,94)] = 36av® =0,

which are equivalent to v = 0. However by Remark 11 and the condition ~19 > 0 we have v # 0.

On the other hand, we calculate

XY =16(* — a)/81, ¢ =17039360a(a + 3v*)2/9

(7)

and we conclude that sign (x},’) = sign (v 2

— a) and sign (x’) = sign (a).
Since v # 0, the invariant hyperbolas ®1 5 = 0 are distinct. We observe that the condition XEZ) <0

implies @ > 0 (as v # 0) and consequently, X(C?’) > 0. Moreover, if XEZ) = 0, then both invariant

2

lines coalesce and we obtain the double invariant line (x — y)? = 0. So, we arrive at the following
conditions and configurations:

° XEZ) <0 = Config. H.142;

e vV >0and x®¥ <0 = Config. H.137;

o vV >0and x& >0 = Config. H.138;

° X(A7) =0 = Config. H.152.

i1) The case By = 0. Then a = 3v?/4 and we have a third invariant line £3(z,y) = y = 0 and the
previous two lines could be factored as £1(x,y) = 22 — 2y +3v = 0 and Lo(z,y) = 22 — 2y — 3v = 0.

Since a > 0, we have
X7 =40?/81 >0, ) = 199680000 > 0

and we obtain the unique configuration Config. H.149.

ag) The possibility v10 = 0. In this case according to Remark 11 we have v = 0, and then XEZ) =

—16a/81 # 0. In this case, both hyperbola collapse and we get a double hyperbola. Furthermore,
the singularities collapse two by two and we have two double singular points (namely M; = M3 and
My = My).
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It remains to observe that the condition XEZ) < 0 (respectively XEZ) > 0) implies X(c%) > 0 (re-

spectively X(g)) < 0). So, we get the configuration Config. H.155 if XEZ) < 0 and Config. H.15/ if
(7)
Xa > 0.

B) The subcase y; = 0. Then b = 5a and we arrive at the 1-parameter family of systems

d
— =a—2?/3 - 2xy/3, d—i:5a—4xy/3+y2/3, (106)
with the condition a # 0.

These systems possess a couple of parallel invariant lines, a pair of invariant hyperbolas with

parallel asymptotes presented in (101) and a third hyperbola

Lig(z,y) = (z —y)* +12a =0,

107
Q9(z,y) =3axvV-3ar+z(x—y)=0, P3(z,y)=2zy—3a=0. (107)

Since By = 0 and By = —2560a?(z —y)* # 0, systems (106) could not possess other invariant lines
rather than the ones in (107). Moreover, we have g = 1/9 # 0 and all the four singularities are on
the finite part of the phase plane with coordinates M;(x;,y;), where

v —3a 5V —3a
T12=*+V-3a, y12=FV-3a, x34==* 5 WBa=F

We observe that all four singular points are located on the invariant lines and also: My is located
on the hyperbolas ®, = 0 and &3 = 0, M, is located on the hyperbolas ®; = 0 and &3 = 0, Mj is
located on the hyperbola ®; = 0 and M, is located on the hyperbola ®5 = 0.

Concerning the position of the singularities on the hyperbolas, we have
e the position of My and M3 on ®4(z,y) = 0 is controlled by sign (z2x3) = sign (a);
e the position of M; and My on ®o(z,y) = 0 is controlled by sign (z124) = sign (a);
e the position of M; and My on ®3(z,y) = 0 is controlled by sign (xox3) = sign (3a).

We also point out that due to a # 0, the singularities could be located on the hyperbolas only as
it is described above.

We remark that, if a > 0, then the four singularities are complex as well as the pair of invariant
hyperbolas ®; 2(z,y) = 0 and the couple of invariant lines £; 2(x,y) = 0.

On the other hand, we calculate 190 = —8a/27 and we conclude that sign (y19) = —sign (a). So,
we arrive at the configuration Config. H.159 if v190 < 0 and Config. H.158 if ~v19 > 0.

b) The possibility 57 = 0. Then (2h — 1)(2h + 1) = 0 and, without loss of generality as earlier, we
may assume h = 1/2. So, we obtain the systems

dr _ a—z%/2 — xy/2,

= Wy 302442/, (108)

dt
According to Theorem 3, the condition v7 = 0 is necessary and sufficient for the existence of

invariant hyperbolas for systems (108). Moreover, this condition implies the existence of two such
hyperbolas.
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We calculate 7 = —12a = 0 and we obtain the 1-parameter family of systems

dx

dt
with the condition b # 0.

d
= —22/2 — xy/2, d—?i =b—3zy/2 + y*/2. (109)

These systems possess three invariant lines and two invariant hyperbolas

£1,2(33,y) = (x_y)2+2b:07 £3($7y) :33:0,

(110)
(I)l(x7y):b_2xy:07 (1)2(.’1'7y):b+33(.’1’—y):0

For systems (109) we calculate By = By = 0 and Bz = —27bx?(x — y)?/4 # 0 and therefore
by Lemma 2 systems (109) could not posses other invariant lines rather than the ones in (110).
Since pp = 1/4 # 0, these systems have finite singularities of total multiplicity 4 with coordinates
M;(x;,y;), where

T12 = i@, Y12 = :Fg, w34 =0, Y34 = £V-2b.

We observe that the singular points M2 are located on the two hyperbolas and on the lines
L12 = 0 and the singularities M3 4 are located on the three invariant lines.

Moreover, due b # 0 we deduce that the singular points M3z 4 could not belong to the hyperbolas.
By the same argument the singular points M; 2 could not belong to the invariant line £3 = 0.

Since z1z9 = b/2, the position of the singular points Mj 2 on the hyperbola is governed by sign (b),
as well as the position of the invariant hyperbolas.

We calculate XEZ) = —9b/128 and we conclude that sign (XEZ)) = sign (b).

It is worth mentioning that, if b > 0, then all four singular points are complex as well as the couple

of invariant lines £ 2 = 0. So, we get the configuration Config. H.150 if XEZ) < 0 and Config. H.148

if XEZ) > 0.

3.2.2 The possibility N =0
Since for systems (9) we have § = —(g — 1)(h — 1)(g + h)/2 = 0, we observe that the condition
N =(g-1(g+1)2” +2(g = )(h — Day + (h = 1)(h+1)y* =0

implies the vanishing of two factors of 8. Then, without loss of generality, we may assume g = 1 = h,
otherwise in the case g+ h = 0 and g — 1 # 0 (respectively h — 1 # 0), we apply the change
(z,y,9,h) = (—y,x —y,1 — g — h,g) (respectively (z,y,9,h) — (y — x,—z,h,1 — g — h)) which
preserves the form of such systems.

So, g = h =1 and due to an additional translation we arrive at the systems

dx 2 dy 2
. =7 — 111
o a+dy+ x7, 7 b+ ex +y~, (111)

for which we calculate
1 =4de, P2 =—2(d+e).
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According to Theorem 3, a necessary condition for the existence of hyperbolas for these systems is
£1 = 0. This condition is equivalent to de = 0 and, without loss of generality, we may assume e = 0,
due to the change (x,y,a,b,d,e) — (y,z,b,a,e,d).

Then Py = —2d and we analyze two cases: 83 # 0 and B = 0.

3.2.2.1  The case B2 # 0. Then d # 0 and via the rescaling (z,y,t) — (4dz,4dy,t/(4d)), we may
assume d = 4. In this case, since 51 = 0, according to Theorem 3 the conditions ;1 = 0 and Rg # 0
are necessary and sufficient for the existence of one invariant hyperbola.

We calculate ~1; = —64(a — 4b+ 1) and, setting a = 4b — 1, we obtain the 1-parameter family of

systems

dx dy
o iy ot — + 7, (112)

for which Rg = 40(b+ 1) # 0. These systems possess the invariant lines and the invariant hyperbola

Since By = 0 and By = —124416(b + 1)y* # 0, systems (112) could not possess other invariant
lines rather than the ones in (113). Moreover, o = 1 # 0 implies that these systems possess finite
singularities M;(z;,y;) of total multiplicity four and their coordinates are

T1,2 = -1+ 2\/ —b, Y12 = :|:\/ —b, T34 = 1+ 2\/ —b, Y34 = FvVv —b.

We observe that the singular points M; 2 are located on the hyperbola and on the lines, whereas
the singularities M3 4 are located on the invariant lines.

Moreover, at least one of the singular points M3 4 could belong to the hyperbola if an only if

[‘I’((L’g, yg)] [(I)({L'4, y4)] = 4(b + 1)(4b + 1) = 0,
i.e. if and only if 46+ 1 = 0.

Since z1x2 = 4(4b + 1), the position of the singular points M; 2 on the hyperbola is governed by
sign (4b + 1), while the position of the invariant hyperbola is governed by sign (b).

We calculate
Xy = —80b, XY =80(4b+1), Ry =40(b+1)

and we conclude that sign (Xf)) = —sign (b) and sign (Xg)) = sign (4b + 1).

We observe that, if b > 0, then all four singularities and the invariant lines are complex. So, we
arrive at the unique configuration Config. H.79 if Xf) < 0.

In the case Xf) > 0, we get the following conditions and configurations:

e Rg <0 Config. H .96,
e Rg >0 and Xg) <0 = Config. H.93;
e Rg >0 and xg) >0 = Config. H.92;

e Rg >0 and xg) =0 = Config. H.87.

If Xf)

M coalesces with M3, and so does My with My, and we have two double singular points, leading us
to the configuration Config. H.101.

= 0, then b = 0 and the invariant lines collapse and become double. Moreover, the singularity
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3.2.2.2 The case S = 0. Then d = 0 and, according to Theorem 3 (see Diagram 1) we have at
least one hyperbola if and only if the conditions (€3) are satisfied, where by (€3) we denote

(€3): (B =0)N((112=0,Rg #0)U (713 =0))).

We observe that the condition v19 = 0 leads to the existence of only one invariant hyperbola, whereas
the condition 713 = 0 leads to the existence of an infinite number of such hyperbolas.

We calculate y19 = —128(a — 4b)(4da — b), 13 = 4(a —b).

3.2.2.2.1 The subcase y12 = 0. Then (a — 4b)(4a — b) = 0 and, via the change (z,y,a,b) —
(y,z,b,a), we may assume b = 4a and we arrive at the 1-parameter family of systems

dx 2 dy 2
o a+x°, o da+y°, a#0 (114)

These systems possess two couples of parallel invariant lines and the invariant hyperbola
£1,2(x7y) :£E2+CL:0, £3’4(3§‘,y) :y2+4a:07 q>(ﬂj‘,y) :a—ﬂj‘(;p—y) =0. (115)

Since By = By = 0 and B3 = 36ax?y? # 0, systems (114) could not possess other invariant lines
rather than the ones in (115). Moreover as pp = 1 # 0, by Lemma 1 the above systems possess finite
singularities M;(z;,y;) of total multiplicity four and their coordinates are

T12 = EtV—a, y120==E2vV—a, x34==EV—a, y34=F2V—a.

We observe that all four singularities belong to the lines £;234 = 0. Moreover, the singular
points Mj o are located on the hyperbola, whereas the singular points M3 4 could not belong to the
hyperbola due to a # 0.

Since z129 = 4a, the position of the singular points Mj 2 on the hyperbola is governed by sign (a),

as well as the position of the invariant hyperbola.
We calculate Xff) = —80a and we conclude that sign (Xf)) = —sign (a).

Since in the case a > 0 all four singularities and the invariant lines are complex, we arrive at the
configuration Config. H.120 if Xff) < 0 and Config. H.118 if Xff) > 0.

3.2.2.2.2  The subcase y13 = 0. Then b = a and we arrive at the 1-parameter family of systems

dx 2 dy 2
7 29 _ . 116
i a+x°, i a+y®, a#0 (116)

These systems possess five invariant lines and the family of invariant hyperbolas

El,Z(xay) :.Z'2+CL:O, 53,4(%?4) :y2+CLZO, £5(x7y) :‘T_y:07

(117)
O(x,y) =2a—7r(x—y)+22y=0, reC.

Since pp = 1 # 0 the above systems possess finite singularities M;(x;, y;) of total multiplicity four
and their coordinates are

Ti2 =*V—a, y12==*tV—a, x34==EV—a, ys4=FV—a.
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We observe that all four singularities belong to the lines £1 234 = 0. Moreover, the singular points
M 5 are located on the hyperbolas for any r € C and on the line L5 = 0.

The sign (a) distinguishes if the singularities are either real, or complex, or coinciding (if a = 0).
Since Ry = 16a, we conclude that sign (Rg) = sign (a).

In the case a # 0, we could assume a = 1 if ¢ > 0 and a = —1 if a < 0, due to a rescaling. So,
we arrive at the configuration Config. H.160 if Rg < 0, Config. H.161 if Rg > 0 and Config. H.162
if Rg =0.

The proof of statement (B) of Theorem 5 is completed. B

4 The configurations of invariant hyperbolas for the class QSH,_

In this section systems we consider systems in QSH,_q) for which we have the following result.

Theorem 6. Consider the class QSH ;o of all non-degenerate quadratic differential systems (3)
possessing an invariant hyperbola and either exactly two distinct real singularities at infinity or the
line at infinity filled up with singularities.

(A) This family is classified according to the configurations of invariant hyperbolas and of invariant
straight lines of the systems, yielding 43 distinct such configurations. This geometric classifica-
tion appears in DIAGRAMS 12 and 13. More precisely:

(A1) There are exactly 9 configurations with an infinite number of invariant hyperbolas.

(Ag) The remaining 34 configurations could have up to a maximum of 2 distinct invariant hy-
perbolas, real or compler, and up to 3 distinct invariant straight lines, real or compler,
including the line at infinity.

(B) DIAGRAM 14 is the bifurcation diagram in the space R'? of the coefficients of the system in
QSH ,,—o) according to their configurations of invariant hyperbolas and invariant straight lines.
Moreover, DIAGRAM 14 gives an algorithm to compute the configuration of a system with an
mwvariant hyperbola for any quadratic differential system, presented in any normal form.

Remark 12. In the above theorem we indicate that the 43 configurations obtained for the family
QSH,,—) are distinct due to the types of ICD,ILD, MSoc and PD. We defined in Section 2 such
functions on the family QSH y,—qy. We can read several geometrical invariants from the expressions
of these cycles modulo the group action, which form a complete set of geometric invariants for the
configurations of the family QSH,_o).

Remark 13. The invariant polynomials which appear in DIAGRAM 2 are introduced in Section 2.
Moreover, in this diagram we denote by (€1) the following condition

(€1): (Bs=0,811R11 #0) N ((Brz # 0,75 = 0) U (B12 =716 = 0)).

Remark 14. For more details about the geometric classification of the configurations of systems in
QSH,,—g) see Section 5.
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MSoc; =2U1+Us+51+8

‘ Config. H.10
(1)

Config. H.11

N

Config. H.12
©)

w AN
N

(1)
(2)

monﬁg' H.14
(1)
1

TML=2

»
»
(2)

I h &
MSoc =2U1 +Us+251 —FSLQ—i-Slgk m

N

(2)

) ®
K - Config. H.16
Config. H.15
o
2

h Wy
MSoc =2U1+Us+51+S2+53+54

PD=2P +3P ;m
1)
PD=2P+2P+3P3+3P; W

>
LL_?)» Aj (next page)

Config. HAT

DiaGrAM 12: Diagram of configurations with one simple hyperbola

Proof: We prove part (A) under the assumption that part (B) is already proved. Later, we prove
part (B). Summing up all the concepts introduced in order to define the invariants, we end up with
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(2) ~
‘ Config. H.18

ICD=H1+LY+ LS+ Lo o
» (2,2)
’ ’/ C()nﬁy.ﬁ.19
hlql h
MSyc =4 U112+U2+(é11+}}3l22‘(1) y
[N
PD=2P,+3P -
ICD=H1+ L1+ Lo+ Lo Conti fIVQ()
Config. H.
MSoc =201+ Uy
oc=2U1+ U241 pp_sp ‘h
=3P1+3P;
BG4 s4 s > w “’
Conﬁg.ITI.QI
A -
TMH=1
l ]lICD:'}Lh—l—2£1—|—£ook ﬂh \

S

»

TML>3 = o
Config. H.23 f’ (2”2) PD=2P+35+3P;

ICD=H1+L1+2L - 1) Config. H.22
Config. 13.24 Sl
ICD=H1+3L1+ L . m
Conﬁg.'ﬁ.QS 'n
ICD=Hy+4L1+Loo ‘ o

DiAaGrAM 12: (Cont.) Diagram of configurations with one simple hyperbola

the list: ICD, ILD, MSoc, TMH, TML, PD, O and |Sings|. The proof of part (A4) of this theorem
could be done in a similar way of the proof of part (4) of Theorem 5.

Proof of part (B). Following the conditions given by DIAGRAM 2 (the case n = 0). We consider two
possibilities: M (a,z,y) # 0 (i.e. at infinity we have two distinct real singularities) and M = 0 = Cy
(when we have an infinite number of singularities at infinity).

4.1 The possibility M(a,z,y) # 0

According to Lemma 5 there exists a linear transformation and time rescaling which brings systems
(3) to the systems

d d
d—j =a + cx + dy + gx* + hxy, d—? =b+ex+ fy+ (g— Day+ hy’. (118)
For this systems we calculate
Co(x,y) = %y, §=—h*(g—1)/2. (119)
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onﬁ(] H.27

C
1ICD=H1+Ho+ L1+ Lo+ Lo

(2,2)
Config. H.28
ICD=H{+HS+L1+ Lo+ Lo

AISOC 0 Config. H.29
(1
ICD=2H1+L Config. H.30

MSyc = 261+252

\4

TMH=2

OV

]\[SOC = C’onﬁq H.31

ICD=2H1+L1+L mCOnﬁg.I?I.Z}Z
MSyc = 5‘1 q+94 ku)

ICD=2H1+L1+ Lo+ L \ Cnnﬁg,ﬁ,SS

“,2)

C .34
ICD=2H,+3L1+ Lo ”"ﬁg
TNMH>2

ILD=2L1+Lo+L3+2L+ (2])szﬁq H.35
l @2

|Sing.o|=2 .
Config. H.36
TLD=3L;+3Ln @m
Conﬁ{p H.37

Ly lilsh™
MSoc="s7+ "3

TMH=05¢ ILD=L1+Lo+Ls MSoc="%" +1%8™

Ll zlzghoo Iol3h™®
MSoc = 51+ + 53

MSyc=0
E—

|Singo|=0¢| LD = £, +£§+£§

lClC

12
MSyc= s1
=\ S

ILD=3L,

MSoc=3"41

DiacraM 13: Diagram of configurations with TMH > 2
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040

B27#0

po#0

X4'<0

Config. H1
(1)
Xp #0

X4 >0

B, #0

A20R 20

X((;)>O

T#0

X' =0

(1
:O ~
X4 Config. H4

~ (1) -
M Config. H3

D<0

Xp'=0

Config. HT

) .
Xa'<0, Config. H12

xe’ <0

M#0

0=0

Cy=0
p=0)

'-)/4:07
Ry 0

D>0

Xi;l)>0

1
x(c) >

0

Config. H.14

(1) -
Xa 7Y, 70 Config. H15

1) _ _
=0 Config. H13

XEZ)>0

(2)_0

B78s#0

X4 =

po#0

B1=714=0,

=, A

R10#0

Br

po=0

Ri0<0

HoR10>0

Xg =0

—>O>Conﬁg. H5
Config. HA4
HoR10<0

Config. H1
Config. H6

Config. H2

pr=0 Config. H.31

Bs=0

(next page)

As (next page)

Rio>0

Bs=0
Br=0

Config. H29

Config. H.32

Bs =0, Config. B30

Config. HG6

Config. H5
(1)

Xc'<0 Config. H.10

o <0
x(cl)>0

T=0

=

Config. H6

po >0

Config. H11

Config. H17
Config. H.16

Config. H.10

Config. H38
Config. H9

DIAGRAM 14: Bifurcation diagram in R'? of the configurations: Case 1 = 0
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xg)< 0

Config. H18 7

W <o _
R7 <0 Config. H.22
x(7)>0 ~
£0[B 0470 =L Config. H.20
po#0|Bs=75=0, | (7 B
R770 Xa >0 (Re>0, Config. H21
™ %420, Config. H33
Xa = Conﬁg.ﬁ.23
M C’onﬁg.f[lQ
B12#0 0 -
< 0 s Config. H24
v N
[020 716 =0 %70, Config. F.25
N (e 36=0 .
( y 26—, Config. H.34
—M Conﬁg.f].Q?
Fr2=0 |7 >0 Config. H.28
=0 =0 -
= REVALN Config. H.34
Y16 70 .
n=0 B #0|10="17=0,| | . Config. H19
N=0 Ruz0 NS=2, Config. H26
0 ~
Bi3=0 — Ha7 Config. H.35
13 A Ms=%9 =0} 1p =0 -
Config. H.36
Hy <0 _
Config. H.39
H0701Hy >0 Config. HA1
Hy=0 Conﬁg.ﬁ'.43
Ao Hy#0 _
Cy=0, N7 =0 27 Config. H37
M:O] Hy2#0 Hiy <0 R
Ho—0 Config. H.40
H10:O 2— H O -
11 >0, Config. H.38

M Config. HA42

DIAGRAM 14: (Cont.) Bifurcation diagram in R'? of the configurations: Case n = 0

4.1.1 The case 0 #0

In this case h(g — 1) # 0 and due to a translation we may assume d = e = 0. So in what follows we
consider the family of systems

dx 9

— =a+cx+gx” + hry,

j’f (120)
d—i/ =b+ fy+ (9 — Day + hy®
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for which calculations yield:

n =2~ f)le+ f)°h'(g —1)?/32, B2 =h*(2c— [)/2.

According to Theorem 3 for the existence of an invariant hyperbola of the above systems the condition
~v1 = 0 is necessary. So we consider two subcases: f2 # 0 and [y = 0.

4.1.1.1 The subcase 52 # 0. Then 2c — f # 0 and the condition y; = 0 implies f = —c¢. Then
we calculate

Yo = — 14175¢2h° (g — 1)*(3g — 1)[a(2g — 1) — 2bh), B1 = —3c*h%(g — 1)(3g — 1)/4

and following DIAGRAM 2 (see Theorem 3) we examine two possibilities: 51 # 0 and 51 = 0.

4.1.1.1.1 The possibility §; # 0. Then the necessary condition v, = 0 (for the existence of
a hyperbola) gives a(2g — 1) — 2bh = 0 and setting a = 2a1h (since h # 0) we get b = a1(2g — 1).
Therefore keeping the old parameter a (instead of aj) we arrive at the following family of systems

%:2ah+cx+gx2+hxy, %

We observe that since ch # 0, we may assume ¢ = h = 1 due to the rescaling (z,y,t) — (cz, cy/h,t/c)

=a29g—1)—cy+ (g — Dzy + hy?.

and the additional parametrization ah/c?> — a. So we get the following 2-parameter family of systems

d d
d—:§:2a+x+gx2+xy, d—zt/:a(2g—1)—y+(g—1)a:y+y2, (121)

which possess the following invariant hyperbola (with cofactor (2g — 1)x + 2y):
O(z,y) =a+zy=0 (122)

and for which the following coefficient conditions (defined by 63251R1 # 0) must be satisfied:

a(g —1)(3g — 1) # 0. (123)

For systems (121) we calculate
By = 4a®(g — 1)%(1 — 2g). (124)

1) The case By # 0. In this case by Lemma 2 we have no invariant lines. For systems (121) we
calculate pg = g and we consider two subcases: pg # 0 and pg = 0.

a) The subcase py # 0. Then by Lemma 1 the systems have finite singularities of total multiplicity
four. More exactly, systems (121) possess the singular points M o (x172,y172) and M3 4 (x374,y3,4),

-1+ /1 —4ag 1+ /1—4dag
2g ' N 2 '
x34=—1+V1—4a, ysa=29—-1)1FV1—4a)/2.

We detect that the singularities M o (m172, yl,g) are located on the hyperbola. On the other hand for

where

x1,2 = Y1,2

systems (121) we calculate the invariant polynomials

XY =9(g — 1)%(3g — 1)%(1 — 4ag) /64
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and by (123) we conclude that sign (XS)) = sign (1 — 4ag) (if 1 — 4ag # 0) and we consider three

possibilities: XS) <0, XS) > 0 and XS) =0.

a1) The possibility XS) < 0. So we have no real singularities located on the invariant hyperbola

and we arrive at the configurations of invariant curves given by Config. H.1.
ay) The possibility XS) > 0. In this case the singularities M o (a:l,g, yl,g) located on the hyperbola

are real and we have the next result.

Lemma 8. Assume that the singularities M o (:El,g,ym) (located on the hyperbola) are finite. Then
these singularities are located on different branches of the hyperbola if Xg) < 0 and they are located
on the same branch if Xg) > 0, where XS) = 315ag(g — 1)*(3g — 1)?/32.

Proof: Since the asymptotes of the hyperbola (122) are the lines x = 0 and y = 0 it is clear that
the singularities M o are located on different branches of the hyperbola if and only if z1z2 < 0. We

_1+m] [—1—\/W} _a (125)

calculate

T1xp =
[ 29 29 g

and due to the condition (123) we obtain that sign (x122) = sign (X(Cl)). This completes the proof of
the lemma. [ |

Other two singular points M374(x374,y3,4) of systems (121) are generically located outside the
hyperbola. We need to determine the conditions when some singular points of the system become
singular points lying on the hyperbola. Considering (122) we calculate

(@, ) {v=s.4, y=ys.a} = (29 = D (= 1EV1—4da) +a(dg —1) = Qs(a,g).

Put Q3(a,9) = Q4 (a,g) and Q4(a,g) = Q_(a,g). It is clear that at least one of the singular points
Ms(x3,ys) or My(x4,ys) belongs to the hyperbola (122) if and only if

Q3 = af2(1 — 29) + a(l — 49)*] = aZ; = 0.

On the other hand for systems (121) we have A)Z%) = 547, and clearly due to (123) the condition

')V((Dl) = ( is equivalent to Z; = 0. We examine two cases: ')Z(Dl) # 0 and ')Z(Dl) =0.

«) The case Xg) # 0. Then Z; # 0 and on the hyperbola there are two simple real singularities
(namely Mj 2(x1,2,91,2)). By Lemma 8 their position is defined by the invariant polynomial Xg) and

we arrive at the configuration given by Config. H.6 if Xg) < 0 and by Config. H.5if X(Cl) > 0.

B) The case ')V((Dl) = 0. In this case the condition Z; = 0 implies 4g — 1 # 0 (otherwise for g = 1/4
we get Z; = 1 # 0. So we obtain a = 2(2g — 1)/(4g — 1)?. In this case the coordinates of the finite
singularities M;(z;,vy;) (i=1,2,3,4) are as follows

1—2g 29 2 2g —1
€T = = - = = = = —:
1 g(4g_1)7 Y1 49_17 2 3 1_497 Y2 Y3 49_17

4(1 -2 2(g —1)?
o= X 9)7 i = (g ),
(49 — 1 4g — 1

109



i.e. all the singularities are real. Then considering Proposition 1 we calculate

D=0, T=-3[2g(g—1)z+ (29— 1)y]°P,

(49 —3)*(92 — y)* (292 — x +29)*

P= (49 — 1)

B1) The subcase T # 0. Then T < 0 and according to Proposition 1 systems (121) possess one
double and two simple real finite singularities. As it is mentioned above, the singular point Ms(z3,y3)
coalesces with the singular point My (x2,y2) located on the hyperbola, whereas My(z4,y4) remains
outside the hyperbola.

Considering the coordinates of the singular points we calculate

(1) _ 3159(29 — 1)(g —1)*(3g — 1)°
Xe 16(dg — 1) '

sign (z122) = sign (9(29 — 1)),
Therefore in the case Xg) < 0 the singular points My and My = M3 are located on different branches
of the hyperbola and we arrive at the configuration Config. H.10.

Assume now that the condition X(Cl) > 0 holds, i.e. the two singular points (one double and one
simple) are located on the same branch of the hyperbola. Since on this branch are also located two
infinite singular points (one double and one simple), it is clear that the reciprocal position of singular
points M; and My (double) on the branch leads do different configurations. So we need to determine
the conditions to distinguish these two situations.

We calculate y 5 1

g(dg—1) 1-4g g(4g-1)

and hence the reciprocal position of M; and Ms depends on the sign of the expression g(4g —1). On
the other hand, the condition Xg) > 0 implies g(2¢g — 1) > 0, i.e. we have either g < 0 or g > 1/2.
Since pg = g we deduce that these two possibilities are governs by the invariant polynomial pg.

Tl — T2 =

It is easy to detect that we arrive at Config. HS8 if o < 0 (ie. g < 0) and we get Config. H.9 if
po >0 (ie. g > 1/2).

B2) The subcase T = 0. In this case due to the condition By # 0 (i.e. 2g — 1 # 0) the equality
T = 0 holds if and only if P = 0 which is equivalent to 49 — 3 = 0, i.e. ¢ = 3/4. In this case we
obtain

D=T=P=0, R=3(3z—4y)?/64

and since R # 0, by Proposition 1 we obtain one triple and one simple singularities. More precisely
the singular points Ms, M3 and My coalesce and since all the parameters of systems (121) are fixed
we get the unique configuration given by Config. H.11.

a3) The possibility XS) = 0. In this case we get ¢ = 1/(4a) and the singularities M o (:El,g,ym)

located on the hyperbola coincide. On the other hand we have Z; = a # 0 and hence none of
the singular points M3 4 could belong to the hyperbola. So we arrive at the unique configuration
presented by Config. H 4.

b) The subcase py = 0. Then we have pu; = —y and by Lemma 1 one finite singular point has
gone to infinity and coalesced with the infinite singular point [1,0,0]. In this case we arrive at the
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1-parameter family of systems

dx

d
n —y:—a—y—azy+y2 (126)

=2a+x + 2y, 7

possessing the singular points M (2}, y}) and My 3(z23, y2.3) (the same points for the particular case
g = 0) with the coordinates

g;’lz—a, yi:l; x374:—1:|:\/1—4a, y3,4:(—1:|:v1—4a)/2.

We observe that only the singular point M is located on the hyperbola. On the other hand it was
shown earlier that one of the points Mj3(x23,923) belongs to the hyperbola if and only if Z; =0
which in this case gets the value Z; = a + 2. For systems (126) we calculate

5 = 54(a + 2)

and it is not too difficult to detect that in the case X(Dl) # 0 (i.e. a+2 # 0) we arrive at the unique
configuration given by Config. H.3.
(1)

Assume now X’ = 0. Then a = —2 and we get a system with constant coefficients for which the
singular point My has coalesced with M. As a result we obtain Config. H.7.

2) The case B; = 0. Considering (124) and the condition (123) this implies g = 1/2 and we obtain
the following 1-parameter family of systems
dx d
— =2a+x+2%/2+ xy, —y:—y(1+x/2—y). (127)
dt dt
These systems besides the hyperbola (122) possess the invariant line y = 0 and four singular points
M;(x;,y;) with the coordinates

1++v1-—2a
12 =—1£+v1-2a, 2=—b7

€34 = —1+v1-— 4CL, Y34 = 0.

We observe that the singular point M; and M, are located on the hyperbola, whereas M3 and My
are situated on the invariant line y = 0, which is one of the asymptotes of the hyperbola (122). For
the above systems we calculate

D = 4842(1 — 2a)(da — 1), '} =9(1 — 2a)/1024

and it is clear that due to the condition (123) (i.e. a # 0) two of the finite singular point could
coalesce if and only if D = 0. So we examine three subcases: D < 0, D > 0 and D = 0.

a) The subcase D < 0. Then (1 — 2a)(4a — 1) < 0 and we observe that if XS) <0 (ie.a>1/2)
all the singular points are complex and we get the unique configuration given by Config. H.12.

Assume now XS) > 0 (i.e. a < 1/2). Then the condition D < 0 implies a < 1/4 and all singular

points are real. We calculate x1x9 = 2a and Xg) = 316a,/4096 and hence this invariant polynomials
governs the position of the singular points located on the hyperbola (on the same branch or not).

Thus we get Config. H.17 when X(C) < 0 and Config. H.16 when X(C) > 0.
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b) The subcase D > 0. In this case we have 1/4 < a < 1/2 and therefore the singular points
located on the hyperbola are real, whereas the singularities from the invariant line are complex. As
a > 0 we deduce that the real singularities are located on the same branch of the hyperbola. As a
result, we get the unique configuration Config. H.14.

c) The subcase D = 0. Then either a = 1/4 or a = 1/2 and these possibilities are distinguished by
XS)' Therefore we get the configuration Config. H.15 if XS) # 0 and Config. H.13 if XS) =0.

4.1.1.1.2 The possibility $; =0. Then due to 6 # 0 (i.e. h(g — 1) # 0) and to the condition
B2 = 3ch?/2 # 0, the condition 3; = 0 implies g = 1/3 and 72 = 0. So we arrive at the following

family of systems
dx

E:a+cx+x2/3+hxy,

d
Yoy cy — 2xy/3 + hy?.

dt

We observe that since ch # 0 we may assume ¢ = h = 1 due to the rescaling (z,y,t) — (cz,cy/h,t/c).
According to Theorem 3 (see DIAGRAM 2) the above systems possess an invariant hyperbola if and

only if 74 = 0 and R3 # 0. Considering the condition ¢ = h = 1 for these systems we calculate
v4 = 16(a + 6b)?/3, Rz = 3b/2

and hence the condition v4 = 0 gives b = —a/6 # 0. So we get the following 1-parameter family of

systems

d d

with a # 0 which possess the following invariant hyperbola
O(x,y) =a+2xy=0 (129)

and singular points M;(x;,y;) (i=1,2,3,4) with the coordinates

219 =(=3+33—20)/2, y12=3+/3(3—2a)/6,
x374:—1j:\/1—2a, y3,4:(—1i\/1—2a)/6.

We observe that the singularities M o (m172,y172) are located on the hyperbola and since Xf) =

2(3 — 2a)/9 we deduce that these points are complex (respectively, real) if Xf) < 0 (respectively

Xf) > 0) and they coincide if XE42) =0.

On the other hand we have x129 = 3a/2 and Xf) = 23a/12 and therefore we conclude that the

singular points M; o are located on different branches of the hyperbola if Xf) < 0 and on the same

branch if Xf) > 0.

Other two singular points M374(x374,y3,4) of systems (128) generically are located outside the
hyperbola. In order to determine the conditions when at least one of these singular points is located
on the hyperbola we calculate

q)(xa y)’{x:x3’47 y=y3a} — (CL + 2 F 2v1 — 2(1)/3 = QgA(CL),
Q3 = a(12+ a)/9, P = —9a(12 + a)/8.
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It is clear that at least one of the singular points Msz or My belongs to the hyperbola (129) if and
only if Xg’) =0.

Since for systems (128) we have By = 2a3/27 # 0 and pug = 1/3 # 0, by Lemmas 1 and 2 we
have no invariant lines and none of the finite singularities could go to infinity. So we arrive at the
following conditions and configurations:

° xf) <0 = Conﬁg.ﬁ.l;

° Xf) >0, Xf) < 0 and xg’) #0 = Conﬁg.]?I.G;

° Xf) > 0, Xf) < 0 and Xg) =0 = Config. f[.lO;

° Xf) > 0 and Xf) >0 = Config. ﬁ.5;

. XE42) =0 = Config. H.4.

4.1.1.2 The subcase 2 = 0. Then f = 2c and this implies 73 = 0. By Theorem 3 (see DIAGRAM
2) in this case we have an invariant hyperbola if and only if v9 = $; = 714 = 0 and Ry¢ # 0. Moreover,
this hyperbola is simple if 878s # 0 and it is double if 8785 = 0. So we calculate

Yo = — 14175ac®h’(g — 1)2(1 + 3g), B1 = —9¢%(g — 1)*h*/16
and evidently the condition v = 1 = 0 implies ¢ = 0. Then we obtain
Y14 = —80h*[a(2g — 1) — 2bh], Rig = —4ah® #0

and as h # 0 the condition v14 = 0 gives a(2g — 1) — 2bh = 0. Then setting a = 2a1h we get
b = a1(2¢g—1) and keeping the old parameter a (instead of a;) after the additional rescaling y — y/h
we arrive and at the following 2-parameter family of systems

d d
d_f = 2a + ga® + xy, d_i =a(2g = 1) + (g — Day +y°. (130)

These systems possess the invariant hyperbola (122) and we calculate
Br=8(1-2g), Bs=32(1-4g), Bi=4a’(g-1)*(1-29), po=g

and following DIAGRAM 2 (see Theorem 3) we examine two possibilities: 783 # 0 and S70s = 0.

4.1.1.2.1 The possibility 8785 # 0. In this case for systems (130) the condition

a(g—1)(2g —1)(4g — 1) # 0 (131)

is satisfied and this implies By # 0. Therefore according to Lemma 2 these systems could not have
invariant lines and as earlier we consider two cases: o # 0 and pg = 0.

1) The case py # 0. Then systems (130) possess four finite singular points M;(z;,y;) (i=1,2,3,4)
with the coordinates

r12 =+ —a/g, y12=*V—ag,
34 =E2V—a, y34=EV—-a(l—2g).
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We detect that the singularities M o (m172, yl,g) are located on the hyperbola and they are complex
(respectively, real) if ag > 0 (respectively ag < 0). Moreover since z1x2 = a/g then in the case when
they are real (i.e. ag < 0) these points are located on different branches of the hyperbola (122).

On the other hand considering singular points M3 4 (x374, y374) we calculate

q>(x7y)|{:c=x3, y=y3} — (I)($7y)|{x::c4, y=ya} — a(4.g - 1) 7& 0,
i.e. for any values of the parameters a and g satisfying the condition (131) these singularities could
not belong to the hyperbola (122).
For systems (130) we calculate pgR190 = —8ag # 0 and hence sign (pR19) = —sign (ag). So we
arrive at the configuration given by Config. H.1 if ugR19 < 0 and by Config. H.6 if pgR1o > 0.

2) The case pg = 0. Then g = 0 and we calculate

po=p1 =0, pz=ay®#0

and by Lemma 1 two finite singular points have gone to infinity and both coalesced with the infinite
singular point [1,0,0]. As a result we get the unique configuration Config. H.2.

4.1.1.2.2 The possibility 5;0s = 0. Assume first 87 = 0, i.e. ¢ = 1/2 which implies B; = 0
and systems (130) possess the invariant line y = 0. Since R19 = —8a, considering the coordinates of
the singularities we arrive at Config. H.31if Rio < 0 and at Config. H.32 if Rio > 0.

Suppose now g = 0 which gives ¢ = 1/4. Then the singularities M3 and M, coalesce with M
and Mo, respectively. So in this case systems (130) have two double singular points located on the

hyperbola which are complex if a > 0 and real if ¢ < 0. So we obtain Config. H.29 if Ryg < 0 and
Config. H.30 if R > 0.

4.1.2 The case 0 =0

According to (119) we get h(g — 1) = 0 and since for systems (118) we have o = gh? we consider
two subcases: pg # 0 and pg = 0.

4.1.2.1 The subcase g # 0. Then h # 0 and the condition # = 0 yields g = 1. Since h # 0 via
the affine transformation

x1=x+d/h, y1 =hy+c—2d/h
we may assume d = f =0, h = 1 and systems (118) become as systems

d d
d—at::a+ca:+x2+a:y, d—?i:b—kex—kyz (132)

for which we calculate
N=9?% pB1=2, p3=—e/4, 7 =9c’/16.

Since N34 # 0 following DIAGRAM 2 (see Theorem 3) for the existence of an invariant hyperbola
the conditions 1 = 9 = 3 = 0 are necessary. Therefore we have e = 0 and this implies v; = v =0
and

g = 42(9a — 18b — 2¢2)%.
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So setting for simplicity ¢ = 3¢; and a = 2a; the condition vg = 0 yields b = a; — ¢} and keeping the
notation for the parameters ¢ and a we arrive at the 2-parameter family of systems
dx dy

ar 2 @y _ 2 2
p 2a + 3cx + x* + zy, 7 = c+y (133)

These systems possess the following invariant hyperbola and two invariant lines:
P(x,y)=a+cx+azy=0, Lio=yxtvVcZ—a=0 (134)

and singular points M;(x;,y;) (i=1,2,3,4) with the coordinates

T2 =—ctVc—a, yi2==EV—a,
r34=—2(cEVc? —a), ysa=+£Vc?—a

The singularities M o (x172, y172) are located at the intersection points of the hyperbola with invariant
lines, whereas the singularities M3 4 are located only on the invariant lines. More precisely, the
singular point Mj (respectively, My) is located on the same invariant line as the singularity M,

(respectively, Ms). Since XEZ) = (¢ — a)/4 we deduce that all these finite singular points as well

as the invariant lines L > are complex if XEZ) < 0 and real if XEZ) > 0. In the case XEZ) = 0 (then
a = ¢® # 0) we obtain that the singular point M (respectively, M3) coincides with My (respectively,
My) and moreover, in this case invariant lines coincide, too. So we consider three possibilities:

XEZ) <0, XEZ) > 0 and xf) =0.

4.1.2.1.1 The possibility XEZ) < 0. Then ¢ —a < 0 (this implies @ > 0) and all the singu-
larities and the invariant lines are complex. As a result we arrive at the unique configuration given
by Config. H.18.

4.1.2.1.2 The possibility XEZ) > 0. Inthis case the finite singularities M7 # My and M3 # My
are real and we observe that the singular points M3 4 of systems (133) generically are located outside
the hyperbola. We calculate

(2, Y)l{ar=ws.4, y=ys.a} = 30 +4c(—c £ 2V c? —a) = Q3 4(a,c), Q324 = a(9a — 8c?).

On the other hand by Theorem 3 (see DIAGRAM 2) the hyperbola (134) is simple if 6, = 3(9a—8c?) #
0 and it is double if 4 = 0. So we conclude that at least one of the singularities M3 4 belongs to the
hyperbola if and only if the hyperbola is double (i.e. when 4 = 0). So we consider two cases: 04 # 0
and 94 = 0.

1) The case 64 # 0. Then all four finite singularities are real and distinct. In this case in order to
detect the different configurations we need to distinguish the position of the branches of the hyperbola
(which depends on the sign of the parameter a) as well as the position of the singular point M3 on
the line y = v/c2 — a with respect to M; and the position of My on the line y = —+/c2 — a with
respect to M. So considering the coordinates of the finite singularities we calculate

Ty =a, (x1—x3)(x2 —24) = 9a — 8%, Ry = —3a/4, Xg) = 9a — 82
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So the singularities M7 and M are located on the same branch of the hyperbola if R7 < 0 and on
different branches if R7 > 0. To determine exactly the position of My and Mz as well as of My and
M, we observe, that due to the rescaling (z,y,t) — (—z, —y, —t) we may assume that the parameter

¢ > 0. This means that 71 — 23 = ¢+ 3V/c2 —a > 0 (due to ¢ > 0 and ¢? — a > 0) and hence the sign

of x9 — x4 is governed by the invariant polynomial Xg)-

Thus in the case Xg) > 0 and 04 # 0 (then Xg) # 0) we arrive at the following conditions and

configurations:
e R7 <0 and xg) <0 = Conﬁg.ﬁ[.22;
e R7 <0 and xg) >0 = Conﬁg.ﬁ[.20;
e Ry >0 = C(Config. H.21.
2) The case 4 = 0. Then a = 8¢%/9 # 0 and by Theorem 3 (see DIAGRAM 2) the hyperbola (134)

is double. Moreover in this case the singular point M, coincides with Ms, located on the hyperbola.
Since ¢ # 0 (i.e. no other singularities could coincide) we get the unique configuration Config. H.33.

4.1.2.1.3 The possibility XEZ) = 0. Then a = ¢ # 0 and this implies the coalescense of the
singularity My with M7 and of My with M;z. Clearly in this case we get the double invariant line
y = 0 and since ¢ # 0 we obtain Config. H.23.

4.1.2.2 The subcase py=0. Then the condition § = pg = 0 gives h = 0 and for systems (118)
in this case we calculate

N=9g—-1D)(1+g)2®, y=m9=0»=0 B =dg—1)(1+g)/4

We next consider two possibilities: V # 0 and N = 0.

4.1.2.2.1 The possibility N # 0. In this case by Theorem 3 (see DIAGRAM 2) for the exis-
tence of at least one hyperbola the condition (€;) are necessary and sufficient, where

(€1): (B =0,B11R11 #0) N ((Brz2 # 0,715 = 0) U (B12 = 7116 = 0)).
So the condition 35 = 0 is necessary. Since N # 0 we get d = 0 and moreover as g — 1 # 0, due a

translation, we may assume e = f = 0. Therefore we arrive at the family of systems

d—x—a—i-cx—i- z? @
dt I

for which following DIAGRAM 2 we calculate:

B =429 — 1)2?, Ry = —-3b(g — 1)%a*, Bz = (3¢ — 1)z,
Y15 = 4(g — 1)2(39 -1) [a(3g — 1)2 + 62(1 — 29)]335.

So according to Theorem 3 the condition $11R11 # 0 is necessary for the existence of a hyperbola
and considering DIAGRAM 2 we have to consider the two cases: S12 # 0 and B2 = 0.
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1) The case 12 # 0. By Theorem 3 in this case there exists one hyperbola if and only if 15 = 0.
We observe that due to b # 0 (since R1; # 0) we may assume b = 1 due to the rescaling (x,y,t) —
(bz,y,t/b). Since 3g — 1 # 0, setting ¢ = (3g — 1)c; the condition 15 = 0 yields a = c?(2g — 1) and
renaming the parameter ¢; as ¢ again we arrive at the 2-parameter family of systems

Cé—f:(c—l—x)[c@g—l)—l—g:ﬂ], %zlﬂg—l)wy (135)

for which the condition N f311812R11 implies

(g—1D(g+1)(29 —1)(3g — 1) #0. (136)

These systems possesses the following invariant hyperbola and invariant lines:

O(x,y) = +ey+ay=0, Li=gr+c2g—1)=0, Ly=x+c=0. (137)

2g — 1

On the other hand for systems (135) we calculate
po=p1 =0, pa=cglg—1)*(29— 1)z, v =c(g— 1)*(1 —3g)2”/2 (138)

and by Lemma 1 in the case po # 0 these systems possess finite singular points of total multiplicity
two. Other two points have gone to infinity and coalesced with the singularity [0, 1, 0]. So we consider
two cases: g # 0 and ug = 0.

a) The subcase iz # 0. Then ¢ # 0 and due to the rescaling (z,y,t) — (cz,y/c,t/c) we may
assume ¢ = 1. In this case the 1-parameter family of systems (135) possess the finite singular points
M;(z;,y;) (i=1,2) with the coordinates

(1—2g) g 1

T = , = ——————, Tp=-1, yp=——.
g (g—1)(29 - 1) g—1

We detect that the singular point M; is located at the intersection point of the hyperbola with
invariant line L1 = 0 (see (137)) whereas My is located on the line Ly = 0 outside the hyperbola.

On the other hand taking into account (138) for systems (135) with ¢ = 1 we have 16 # 0 (due to
(136)) and hence by Theorem 3 (see DIAGRAM 2) the hyperbola (137) is a simple one. So considering
the condition (136) and looking at all the intervals given by this condition we arrive at the unique
configuration presented by Config. H.19.

b) The subcase pz = 0. Then considering (138) and condition (136) we get cg = 0 and we consider
two possibilities: y16 # 0 and 16 = 0.

b1) The possibility y16 # 0. Then ¢ # 0 (and we may assume ¢ = 1) and this implies g = 0. So we
arrive at the system with constant coefficients

dx

d
E:—(l—kx), —yzl—azy

dt

possessing one finite singular point M;(—1, —1), the invariant hyperbola zy +y — 1 = 0 and the
invariant line z + 1 = 0. On the other hand following Lemma 3 we detect that the line at infinity
Z = 0 is double for these systems because Z is a common factor of degree one of the polynomials
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E1(X,Y,Z) and &(X, Y, Z). Moreover, since pig = p1 = pz = 0 and pg = —2%y, according to Lemma
1 we deduce that another finite singular point has gone to infinity and coalesced with [1,0,0]. We

observe that M belongs to the invariant line and it is outside the hyperbola, i.e. we get Config. H.24.
by) The subcase 16 = 0. In this case ¢ = 0 and we get the systems

dz o dy
o =9 =149y,
for which g # 0 (otherwise we obtain a degenerate system). For these systems we calculate

fo =1 = po = pz =16 =0, ps=gz*, = (g—1)(4g—1)(z?)/2

and by Lemma 1 we deduce that all four finite singular points have gone to infinity and coalesced
with [0, 1,0]. Moreover, for the above systems we calculate

&e(X) = g2® (1 + g — 2y + gzy)

and by Lemma 6 the invariant line = 0 is a triple one.

According to D1AGRAM 77 the hyperbola is simple if dg # 0 (i.e. 49 — 1 # 0) and it is double if
d¢ = 0 (i.e. 49 — 1 =0). So we arrive at Config. H.25 if §g # 0 and at Config. H.34 if dg = 0.

2) The case Bia = 0. Then g = 1/3 and we calculate 16 = —2cx®/9. Since by Theorem 3 in
the case under consideration the condition 714 = 0 is necessary for the existence of an invariant
hyperbola, we obtain ¢ = 0 and we arrive at the 1-parameter family of systems

dz 9
E—CL"‘Z’ /3,

dy _

1 — 22y/3.
= zy/3

For these systems we calculate 17 = 32az2/9 and following Theorem 3 we conclude that for 17 < 0
or v17 > 0 or y17 = 0 we obtain three different configurations due to the number and types of
hyperbolas. Since sign (a) = sign (vy17) setting a new parameter k as follows: a = sign (a)k?/3 after
the rescaling (z,y,t) — (kx,3y/k,3t/k) (in the case k # 0) or the rescaling x — 3x if a = 0, the
above systems become

Z—fzf—i—&?, %:1—29@, (139)
where € = sign (y17) if y17 #0 and e =0 if y37 =0, i.e. ¢ € {—1,0,1}.

These systems possess the following invariant hyperbolas and invariant lines:
Qio(x,y) =3xV—ey—a2y=0, Lig=x++—e=0. (140)

We detect that these systems possess the finite singularities M; o (4 /2,3 +1/(2y/€)) (if € # 0) and
each one of the lines intersect only one of the hyperbolas.

On the other hand for systems (139) we calculate
po=p1 =0, pp=4dea®, p3=0, pg=2a"(z+2ey)’.

Therefore by Lemma 1 we conclude that in the case € # 0 only two finite singularities of these
systems have gone to infinity and coalesced with [0,1,0] and we get Config. H.27 if v17 < 0 and
Config. H.28 if v17 > 0.
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Assume now 717 = 0 (i.e. ¢ = 0). Then p; = 0 for i = 0,1,2,3 and py = 2* and by Lemma 1 all
the finite singularities of this system have gone to infinity and coalesced with [0, 1, 0].

We observe that the two lines coincide and we get the invariant multiple line = 0. Considering
Lemma 6 for systems (139) with ¢ = 0 we calculate

Ep(X) = 223(2 — 3zy)

and by this lemma in the case under consideration the invariant line z = 0 is a triple one. Since by
Theorem 3 (see DIAGRAM 2) the hyperbola (140) in the case 17 = 0 (i.e. ¢ = 0) is double, we arrive

at the same configuration given by Config. H.34.

4.1.2.2.2 The possibility N = 0. Then (g —1)(g+ 1) = 0 and as B3 = (g — 1)%22%/4 we
consider two cases: 813 # 0 and B3 = 0.

1) The case P13 # 0. Therefore the condition N = 0 gives g = —1 and we can assume e = f =0
due to a translation. So we get the systems

d
—x:a+cx—|—dy—x2,

dy
—_— = — 2
dt b= 2wy,

dt

which by Theorem 3 (see DIAGRAM 2) possess an invariant hyperbola if and only if y19 = y17 = 0
and R11 # 0. Calculations yield

Y10 = 14d* =0, 17 = —8(16a + 3¢*)x? + 4dy(14cx + 9dy) = 0,
R = —62(2bx> — cdxy® — d*y) # 0

and therefore we obtain d = 0, a = —3¢?/16 and b # 0 and we may assume b = 1 due to the rescaling
y — by. So we arrive at the 1-parameter systems

d d
d_f = —3¢2/16 4 cx — 22, d_i =1-2zy
possessing the invariant hyperbola and the invariant lines
O(x,y) =4+4+3cy — 122y =0, L1 =4x—c=0, Ly=4x—3c=0. (141)

We observe that for ¢ = 0 the lines coincide and this phenomenon is governed by the invariant
polynomial v = —2cx?®. So we consider two subcases: vi6 # 0 and ;6 = 0.

a) The subcase 16 # 0. Then ¢ # 0 and we may assume ¢ = 4 due to the rescaling (z,y,t) —
(cx/4,4y/c,4t/c). So we obtain the system

dr dy
i (x —=1)(3 —x), i 1 —2zy (142)

which possesses the following invariant hyperbola and invariant lines:
O(z,y) =1/3+y—ay=0, Li=2x—-1=0, Ly=x-3=0 (143)

and two finite singularities: Mj(1,1/2) and M(3,1/6). Since py = p; = 0 and pp = 1222 by
Lemma 1 we conclude that two finite singularities of this system have gone to infinity and coalesced
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with [0, 1, 0]. So considering the position of the hyperbola, invariant lines and of the finite singularities
we arrive at Config. H.19.

b) The subcase y16 = 0. Then ¢ = 0 and we get the system

dx 5 dy
o 22 Yoq o
a Ut N

for which
po=pun =pa=p3 =0, pg=ax".
So by Lemma 1 all the finite singularities of this system have gone to infinity and coalesced with
[0,1,0].
On the other hand we observe that the invariant line = 0 is a multiple one. For the above system
we calculate &,(X) = 2x%y and by Lemma 6 we deduce that the invariant line z = 0 has multiplicity

four. So considering the invariant hyperbola (143) (for ¢ = 0)we arrive at the configuration given by
Config. H.26.

2) The case 13 = 0. Then we have g = 1 and we can assume ¢ = 0 due to a translation. So we

get the systems
d d
d_? =a+dy + 2%, d_zt/ =b+ex+ fy,
and by Theorem 3 (see DIAGRAM 2) these systems possess an invariant hyperbola if and only if

Y9 = Y18 = Y19 = 0. Calculations yield

Yo =—6d% =0, Az =28z%(ex? —2dy*) =0, Hi9=4(4a+ f*)z +4dfy =0

and evidently this implies d = e = 0 and a = —f?/4 which leads to the 2-parameter family of
systems

dx 9 5 dy

= =4+ — =b+ fy.

dt EREE dt Ty

For these systems we calculate pg = 1 = 0, pp = f?2? and we consider two subcases: uy # 0 and
M2 = 0.

a) The subcase pz # 0. Then f # 0 and we may assume f = 1 and b = 0 due to the transformation
(z,y,t) — (fx,y —b/f,t/f). So we obtain the system

dr dy
i 2z —1)(2x + 1) /4, 7 =Y

which possesses the 1-parameter family of hyperbola:

(144)

®(z,y) =—q/2+qu+y—+22y=0, ¢geC\{0}

as for ¢ = 0 we get a reducible conic.

On the other hand system (144) possesses the following invariant lines and finite singularities:
Li=2x—-1=0, Ls=2x+1=0, L3=y=0, M172(:|:1/2,0).
Following Lemmas 3 and 6 for this system we calculate

ged (E1(X,Y,2),6(X,Y, 2)) =Y Z(2X — 222X + Z), &(X) = (1 — 22)>(1 + 22)y/4
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and we deduce that the invariant lines Ly = 0 and L3 = 0 are simple, whereas the line L; = 0 as
well as the infinite line Z = 0 are double ones.

So considering the fact that other two finite singular points have gone to infinity and coalesced
with [1,0,0] we arrive at Config. H.35.

b) The subcase py = 0. In this case we have f = 0 and as b # 0 (otherwise we get degenerate
system) we may assume b = 1 due to the change y — by and we get the system

dz o dy

which possesses the 1-parameter family of hyperbola:
O(z,y)=14+rz+zy=0, reC
and has no finite singularities. Calculations yield
po=pn=pr=p3 =0, ps=2a", ged(&(X,Y,2),6(X,)Y,2)) =X2%, &(X)=2X°

and considering Lemma 1 we conclude that all the finite singularities of these systems have gone to
infinity and coalesced with [0,1,0]. Moreover by Lemmas 3 and 6 the invariant line z = 0 as well
as the infinite line Z = 0 are of multiplicity 3. As a result we arrive at the configuration given by
Config. H .36.

4.2 The possibility M(a,x,y) = 0= Csy(a,z,y)

In this section we consider the configurations of invariant hyperbolas and invariant lines of quadratic
systems with Cy = 0, taking into account Theorem 3 (see DIAGRAM 2). Then the line at infinity is
filled up with singularities and according to [28] in this case via an affine transformation and time
rescaling quadratic systems could be brought to the following systems

t=k+cx+dy+2> y=I1+uzy. (146)

Following [28] we consider the stratification of the parameter space of the above systems given by
invariant polynomials Hg — Hj in [28, Table 1 on page 754] according to possible configurations of
invariant lines. So for systems (146) we calculate Hig = 36d? and we consider two cases: Hig # 0
and H10 =0.

4.2.1 The case Hig #0

Then d # 0 and as it was shown in [28, pages 748,749], in this case via some parametrization and
using an additional affine transformation and time rescaling we arrive at the following 2-parameter
family of systems

i=a+y+(z+c)? y=uay. (147)

for which we calculate
N7 = 16¢(9a + ¢*), Hy = 2304a(a + c*)?
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and by Theorem 3 (see DIAGRAM 2) for the existence of invariant hyperbola the condition Ny = 0
is necessary and sufficient. So we have either ¢ = 0 or 9a + ¢ = 0. However in the second case the
condition @ < 0 must hold and in the case a = 0 we get again ¢ = 0. In the case a < 0 we may
assume a = —1 and ¢ > 0 due to the rescaling (z,y,t) — (sign (¢)v/—az, —ay,t/(sign (c)v/—a)),
therefore we set ¢ = 3. Moreover the transformation

(z,y,t) — (2(x — 1), 4(y —z — 1), t/2).

sends the system (147) for a = —1, ¢ = 3 to the system (147) with a = —1 and ¢ = 0. Thus we
assume ¢ = 0 and we get the systems

t=a+y+az> y=uay (148)
which possess the following 1-parameter family of hyperbolas
O(s,z,y) =a+2y+a> —m?y* =0 (149)
as well as the following invariant lines and finite singularities:
Li=y=0, Lyg=az’+(a+y)*=0; M(0,—a), Ms(+v—a,0).

We observe that the two lines Lg 3 = 0 as well as the singular points M 3 are real if a < 0; they are
complex if a > 0 and they coincide if a = 0. Moreover these three possibilities are distinguished by
the invariant polynomial Hy = 2304a>.

So, considering that all the hyperbolas from the family (149) intersect the invariant line y = 0

at the singular points My 3 we arrive at the configuration C’onﬁg.ﬁl.39 if Hy < 0; Config. HAL if
Hy > 0 and Config. H.43 if Hg = 0.

4.2.2 The case Hig=0

In this case we have d = 0 and we distinguish two subcases: k # 0 and k = 0. Since for systems
(146) with d = 0 we have Hjs = —8k?2? it is clear that this invariant polynomial governs these two
subcases.

4.2.2.1 The subcase His # 0. Then k # 0 and as it was shown in [28, page 750] in this case
via an affine transformation and time rescaling after some additional parametrization we arrive at
the following 2-parameter family of systems

t=a+ (z+c)? §=umy. (150)

For these systems the condition His = —8(a + ¢?)22? # 0 must hold and according to DIAGRAM 2
the condition N7 = 16¢(9a + ¢?) = 0 must be satisfied for the existence of invariant hyperbolas. On
the other hand for these systems we have Hy = 8cz? and we consider two possibilities: Hy = 0 and

Hy #0.
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4.2.2.1.1 The possibility Hy # 0. Then ¢ # 0 and in this case we get 9a + ¢ = 0, i.e.
a = —c*/9 # 0. Therefore due to the rescaling (x,y,t) — (2cz,y,t/(2¢)) systems (150) could be
brought to the system

&= (1+32)(2+32)/9, 3=ay. (151)

This system possesses the 1-parameter family of the hyperbolas and three invariant lines
O(z,y) =4+122 + 922 + my +3may =0; y=0, 32+1=0, 3z+2=0, (152)

as well as the singularities M;(—1/3,0) and M»(—2/3,0). It is not too difficult to convince ourselves
that in this case we get the configuration given by Config. H.37.

4.2.2.1.2 The possibility Ho = 0. Then ¢ =0 and we get the systems
t=a+x% y=uxy, a#0, (153)
which possess the following family of conics and the invariant lines:
O(z,y) =a+2®—m*?=0;, Li=y=0, Lyz=2>+a=0 (154)

as well as two finite singularities: M; 2(£v/—a, y).

On the other hand we calculate Hy; = —192az* and therefore sign (a) = —sign (Hy1). So conside-
ring the position of the invariant lines and of the hyperbolas given in (154) we obtain the configuration
Config. H.40 if Hy; < 0 and Config. H.38 if Hy; > 0.

4.2.2.2 The subcase Hi3 = 0. Then k£ = 0 and we arrive at the family of systems (146) with
d = k = 0 for which we have N; = —16¢® and by Theorem 3 (see DIAGRAM 2) we have to force the
condition ¢ = 0. Since [ # 0 (otherwise we get a degenerate system) due to the change y — ly we
may assume [ = 1 and we arrive at the system

=2 y=1+uay, (155)

which possesses the following family of hyperbolas
®(z,y) =1 +ma?+2zy =0

and the invariant line x = 0. We remark that by Lemma 6 this line is triple since for this system we
have &1(X) = X®. So considering the absence of finite singularities of system (155) we obtain the
configuration given by Config. H.42.

This completes the proof of statement (B) of Main Theorem.

5 Concluding comments

Details about the configurations and their realizability.

DIAGRAMS 10 and 11 give an algorithm to compute the configuration of a system with an invariant
hyperbola for any system presented in any normal form and they are also the bifurcation diagrams
of the configurations of such systems, done in the 12-parameter space of the coefficients of these
systems.
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5.1

Concluding comments for n > 0

In this section we consider the class of all non-degenerate systems in QSH,~). According to

Theorem 5, this class yields 162 distinct configurations which can be split according the following

geometric classification.

(A1)

(A2)

There are exactly 3 configurations of systems possessing an infinite number of hyperbolas,
namely Config. H.160, Config. H.161 and Config. H.162, which are distinguished by the number
and multiplicity of the invariant straight lines of such systems.

The remaining 159 configurations could have up to a maximum of 3 distinct invariant hyper-
bolas, real or complex, and up to 4 distinct invariant straight lines, real or complex, including
the line at infinity.

Assuming we have m invariant hyperbolas H;: fi(z,y) = 0 and m/ invariant lines L;: g;(x,y) =
0, the geometry of the configurations is in part captured by the following invariants:

(a) the type of the main divisor Y n(H;)H; + > n(L;)L; on the plane P>(R), where n(H;),
n(L;) indicate the multiplicity of the respective invariant curve;

(b) the type of the zero-cycle MSoc = > ;U; + > mjs; on the plane P>(R), where [;, m;
indicate the multiplicity on the real projective plane, of the real singularities at infinity
U; and in the finite plane s; of a system (3), located on the invariant lines and invariant
hyperbolas;

(c¢) the number of the singular points of the systems which are smooth points of the curve:
T(X,Y,Z)=]]F(X.,Y,Z)- 1] G;(X,Y,Z)-Z = 0 where F;, G;’s are the homogenizations
of fi’s, g;’s respectively, where f; = 0 are the invariant hyperbolas and g; = 0 are the in-
variant straight lines, and by their positions on T'(X,Y, Z) = 0. This position is expressed
in the proximity divisor PD on the Poincaré disk of a system, defined in Section 2.

— We have exactly 120 distinct configurations of systems with exactly one hyperbola
which is simple:

(i) 40 of them with no invariant line other than the line at infinity: 36 of them having only
a simple line at infinity, 2 of them having a double line at infinity, and 2 of them having
a triple line at infinity;

(ii) 46 of them with only one invariant line other than the line at infinity: 39 of them having
only simple lines, 3 of them with a double finite line, and 4 of them with the line at infinity
being double;

(iii) 23 of them with two distinct simple affine invariant lines (real or complex) and a simple
line at infinity;

(iv) 6 of them with three simple invariant straight lines other than the line at infinity;

(v) 2 of them with two simple lines and one double line: 1 of them with a double finite line
and 1 of them with a double line at infinity;

(vi) 3 of them with four simple invariant straight lines other than the line at infinity.
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— We have exactly 35 distinct configurations with hyperbolas of total multiplicity two:

(vii) 11 of them with no invariant straight line other than the line at infinity;
(viii) 5 of them with only one simple invariant straight line other than a simple line at infinity;

(ix) 11 of them with exactly two invariant lines which are simple other than the line at infinity,
which 2 of them with a double hyperbola;

(x) 3 of them with exactly one double line either in the finite plane or at infinity;

(xi) 5 of them with three simple invariant straight lines other than the line at infinity.
— We have exactly 4 distinct configurations with three distinct hyperbolas:

(xii) 2 of them with only one invariant straight line other than the line at infinity;

(xiii) 2 of them with exactly two invariant lines which are simple other than the line at infinity.

5.2 Concluding comments for n =0

In this section we consider the class QSH ,—o) of all non-degenerate quadratic differential systems
(3) possessing an invariant hyperbola and either exactly two distinct real singularities at infinity or
the line at infinity filled up with singularities. According to Theorem 6, this class yields 43 distinct
configurations which can be split according the following geometric classification.

(A1) There are exactly 9 configurations with an infinity of invariant hyperbolas. These configurations
could have up to 3 distinct affine invariant lines which could have multiplicities up to at most
3. The configurations are split as follows:

(a) 2 of them with exactly two infinite singularities (Config. H .35 and Config. H .36) distin-
guished by the type of the invariant lines divisor ILD (as defined in Section 2);

(b) 7 of them with the line at infinity filled up with singularities (Config. H.i, with 37 <i <
43). The type of the ILD splits these configurations in three groups:

Group 1: Config. ﬁ.z’, with 37 < i < 39, first distinguished by the number of finite
singularities (3 for Config. H.39 and 2 for Config. ﬁ.z’, i € {37,38}). The last two configu-
rations are distinguished by the number of finite singularities not located on the invariant
hyperbolas (1 for i = 37, 0 for i = 38);

Group 2: Config. H.i, with i € {40,41}; and

Group 3: Config. H .4, with i € {42,43}. The configurations in these groups are
distinguished by the type of the zero-cycle M Syc;

(A2) The remaining 34 configurations could have up to a maximum of 2 distinct invariant hyperbolas,
real or complex, and up to 3 distinct invariant straight lines, real or complex, including the
line at infinity.

— We have exactly 11 distinct configurations of systems with exactly one hyperbola
which is simple, and no invariant affine lines. These are classified by the total multiplicity of
the real singularities of the systems located on the algebraic solutions (7'M S) as follows:
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(a) only one configuration (Config. H 1) with TMS = 3;
(b) 5 configurations with 7'M S = 5 grouped as follows by the number of their singularities
and their multiplicities:
— one with only two singularities, both multiple and both at infinity (Config. H 2);
— two with an additional finite singularity (Config. H .3, Config. H .4) but with distinct
multiplicities;
— two with two additional finite simple singularities (Config. H .5, Config. H .6) distin-
guished using the proximity divisor PD defined in Section 2;

(¢) 4 with TMS = 6: one with only one finite singularity (Conﬁg.]fl .7); 3 with two finite
singularities with the same multiplicities, distinguished by the invariant O defined in
Section 2 (Config. H.i, with 8 <1i < 10);

(d) 1 with TMS =7 (Config. H.11).
— We have exactly 6 distinct configurations with a unique simple invariant hyperbola
and a unique simple invariant line:

(e) one with no finite singularity (Config. H.12);

(f) one with only one finite singularity located on the hyperbola (Config. H.13);

(g) two with three finite singularities (Config. H.13, Config. H .15), distinguished by the num-
ber of finite singularities located on the invariant line;

(h) two with four simple finite singularities (Conﬁg.ﬁ .16, C’onﬁg.ﬁ .17), which are distin-
guished by the proximity divisor PD (see Section 2);

— We have exactly 9 distinct configurations with a simple invariant hyperbola and in-
variant lines, including the line at infinity, of total multiplicity 3 <TML < 5:

(i) 5 configurations have exactly three distinct simple invariant lines (Config. H 4, 18 <0 <
22) distinguished by the types of IC' D, M Soc and the proximity divisor PD;
(j) 4 configurations with exactly two invariant lines, one of them being multiple (Config. H A7,

23 < i < 26). They are distinguished by the multiplicities of the two invariant lines.

— We have exactly 8 distinct configurations with invariant hyperbolas of total multiplicity
2:

(k) two with two distinct hyperbolas, one with real hyperbolas (Config. H.27) and one with
complex (non-real) hyperbolas (Config. H.28),

(1) six of them with a double hyperbola, one with 4 finite singularities (Config. H.32), one with
3 finite singularities (Config. H .33), one with 2 finite singularities ( Config. H .30), and three
without any finite singularity (Config. ﬁ.29, Config. ﬁ.?:l, Config. ﬁ.34), distinguished by
the presence and multiplicity of the finite invariant line;
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