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ABSTRACT

DE LIMA, C. A. B. R. Invariant curves on differential systems defined in R", n > 2. 2018.
179 p. Tese (Doutorado em Ciéncias — Matematica) — Instituto de Ci€ncias Matematicas e de
Computagdo, Universidade de Sao Paulo, Sao Carlos — SP, 2018.

Differential systems appear modelling many natural phenomena in different branches of science,
in biological and physical applications among other areas. Differential systems usually have
invariant curves and we can obtain a better description of the qualitative behaviour of their
solutions using them. Such invariant curves can be algebraic or not and, in the case where they
are closed and isolated, they are called limit cycles. There is a very famous problem, proposed
by David Hilbert in 1900 what ask about the maximum number of limit cycle that a polynomial
differential system could present. In this thesis we investigate the existence of some invariant
curves in quadratic polynomial differential systems and in discontinuous piecewise differential

systems (they are known as Filippov’s systems).

Even after hundreds of studies on the topology of real planar quadratic vector fields the complete
characterization of their phase portraits is a quite complex task, they depends on twelve param-
eters, after affine transformations and time rescaling, we have families with five parameters,
which is still a large number. So many subclasses have been considered instead of the complete
system. In this thesis we investigate conditions under the parameters of the system for a planar
quadratic differential system present invariant algebraic curve of degree 3 (a cubic curve) and a

Darboux invariant and obtain the topological classification of these systems.

The increasing interest in the theory of non—smooth vector fields has been mainly motivated by
its strong relation with physics, engineering, biology, economy, and other branches of science.
In the study of the Filippov’s systems, we investigate the number of periodic orbits that they can
present. In this study we apply the averaging theory. Such theory is used to study some classical
models and we also present generalization of such technique for a class of non—smooth systems.
In addition, we also show how the Lyapunov—Schmidt reduction can be used to consider cases

where the averaging theory is not sufficient to study periodic solutions.

Keywords: Algebraic invariant curve, Darboux invariant, Averaging method, Filippov’s systems,

Lyapunov-Schmidt reduction.






RESUMO

DE LIMA, C. A. B. R. Curvas invariantes em sistemas diferenciais definidos em R", n > 2.
2018. 179 p. Tese (Doutorado em Ciéncias — Matemadtica) — Instituto de Ciéncias Matemdticas e
de Computacdo, Universidade de Sdo Paulo, Sdo Carlos — SP, 2018.

Sistemas diferenciais aparecem na modelagem de muitos fenomenos naturais em diferentes ramos
da ciéncia, em aplicagdes bioldgicas e fisicas, entre outras dreas. Sistemas diferenciais geralmente
possuem curvas invariantes e podemos obter uma melhor descri¢ao do comportamento qualitativo
de suas solugdes utilizando-as. Tais curvas invariantes podem ser algébricas ou nio e, no caso
de serem fechadas e isoladas, sdo chamadas de ciclos limites. H4 um problema muito famoso,
proposto por David Hilbert em 1900, que questiona o nimero méaximo de ciclos limites que
um sistema polinomial diferencial poderia apresentar. Nesta tese investigamos a existéncia de
algumas curvas invariantes em sistemas diferenciais polinomiais quadriticos e em sistemas

diferenciais continuos por partes (eles sdo conhecidos como sistemas de Filippov).

Mesmo apds centenas de estudos sobre a topologia dos campos vetoriais reais planares e
quadraticos, a caracterizacao completa de seus retratos de fase é uma tarefa bastante complexa.
Eles dependem de doze parametros e apds transformagdes afins e reescalonamento de tempo,
temos familias com cinco parametros, o que ainda € um grande ndmero. Assim muitas subclasses
tem sido consideradas em vez do sistema completo. Nesta tese investigamos condi¢des sob
os parametros do sistema para que um sistema diferencial planar quadratico apresente uma
curva algébrica invariante de grau 3 (curva cubica) e um invariante de Darboux e obtemos a

classificagdo topoldgica destes sistemas.

O crescente interesse na teoria dos campos de vetores suaves por partes tem sido motivado,
principalmente, por sua forte relagdo com a fisica, engenharia, biologia, economia e outros ramos
da ciéncia. No estudo dos sistemas de Filippov, investigamos o nimero de Orbitas periddicas que
eles podem apresentar. Para este estudo, aplicamos a teoria do averaging. Tal teoria € usada para
estudar alguns modelos cldssicos e também apresentamos a generalizacdo de tal técnica para
uma classe de sistemas suaves por partes. Além disso, mostramos também como a reducgdo de
Lyapunov - Schmidt pode ser usada para considerar casos em que a teoria do averaging sozinha

ndo € suficiente para estudar solug¢des periddicas.

Palavras-chave: Curva algébrica invariante, Invariante de Darboux, Método do averaging,

Sistemas de Filippov, Reducdo de Lyapunov-Schmidt.






Figure 1 —
Figure 2 —

Figure 3 —
Figure 4 —
Figure 5 —
Figure 6 —

Figure 7 —

Figure 8 —
Figure 9 —

Figure 10 —

LIST OF FIGURES

Phase portrait of system (2.16). . . . . . ... ... .. o oo
Phase portraits of systems of type (E) and (H) when they have a Darboux
mvariant. . . . . ... e e e e e e e
Phase portraits of systems of type (P) when they have a Darboux invariant. .
Phase portraits of systems of type (P) when they have a Darboux invariant. .
Phase portraits of systems of type (LV) when they have a Darboux invariant.
Phase portraits of systems of type (RPL) and (DL) when they have a Darboux
mvariant. . . . . ... Lo e e e e
Phase portraits of systems of type (CPL) and (p) when they have a Darboux
mvariant. . . . . ... e e e e e
Possible phase portraits of sytem (2.37) when ), ¢ {0,1}. . . . . .. .. ..
The possible combination of signs of /; and /[, describe the cases to be
considered for system (H.3) whenc=0. . . . . ... ... ... ......
On the left the local phase portrait after blow up. Here they are indexed
according to the signs of /; and /». On the right the local behavior at origin

after the Blow down for system (H.3). . . . . ... ... .. ........

36

47
48
49

56

Figure 11 — The possible combinations of signs of /1, /, and I3 for system (H.3) when ¢ #0. 57

Figure 12 —

Figure 13 —
Figure 14 —
Figure 15 —

Figure 16 —

Figure 17 —

Figure 18 —

The local phase portrait of system (2.44) when /, = 0. On the left the local

phase portrait after blow up. On the right the local behavior at the origin after

blowdown. . ... ...
Phase portraits of system (P.1) when y» = 1 and 3 — 40, >0. . . ... ..
Phase portraits of system (P.1) when 15 = 1 and 5 — 40, >0. . . ... ..
The straight line joining the finite singular point z3 to the infinity singular

point u; in phase portrait 1 of Figure 13. . . . . . .. ... ... ... ...
The straight line joining the middle point between the infinity singular points

up and u, and the middle point between the finite singular points z3 and z4 in

phase portrait 7 of Figure 13. . . . . . . .. .. ... ..o L.
The straight line x = z} = —(B2 — /B3 —40)/2 in phase portrait 32 of

Figure 14. . . . . . . o e
Phase portraits 41 — 50 corresponds to phase portraits of system (P.1) when

v =1and 7 — 40 > 0;

Phase portraits 51 — 60 corresponds to phase portraits of system (P.1) when

p=land BF—400=0. . . .. .. ..



Figure 19 — The straight line connecting the origin of the local chart Uz with the singular

poin uy of the local chart U in phase portrait 53 of Figure 18. . . . . . . . . 67
Figure 20 — The straight line connecting the origin of the local chart Uz with the singular

poin u; = uy of the local chart U; in phase portrait 56 of Figure 18. . . . . . 68
Figure 21 — The straight line passing through the points z; and z3 in phase portrait 58 of

Figure 18. . . . . . . . L 68
Figure 22 — Phase portraits 61 — 63 corresponds to phase portraits of system (P.1) when

¥ = 1and 7 — 40 = 0;

Phase portraits 64 — 72 corresponds to phase portraits of system (P.1) when

p=land B7—400<0. . ... 69
Figure 23 — The straight line connecting the origin of the local chart Uz with the singular

poin u; = uy in the local chart Uy in phase portrait 66 of Figure 22. . . . . . 69
Figure 24 — Blow down of system (P.1) when , =0. . . . . ... ... ... .. .... 71
Figure 25 — Local phase portraits . . . . . . . . . . . . .. . . 73
Figure 26 — The graphic of the function K(r). . . . . . . . . .. ... ... ... .... 106
Figure 27 — Graphic of @;j3(@), forieven . . . . . . . . . ... ... ... 169

Figure 28 — Local phase portrait of system (A.9) for € = 1/100 in a neighborhood of
the origin. The red lines are three concentric limity cycles that are solutions
of the system passing through the points (—2,0),(—1.5,0) and (1,0). The
dashed line is the line of discontinuity of the system. . . . . . ... .. ... 172



LIST OF TABLES

Table 1 — Table of relations among all the possible phase portraits of system (P.1) when
cFO0. 65
Table 2 — Table of values for the parameters of system (P.1). . . ... ... ... ... 72
Table 3 — Table of values for the parameters of system (LV.2) whenc=—1. . . . . .. 78
Table 4 — Table of values for the parameters of system (RPL). . . . . . .. .. ... .. 81






CONTENTS

2.1
2.1.1
2.1.2
2.2
2.3
2.3.1
2.3.2
2.4
2.4.1
2.4.2
2.5
2.5.1
2.5.2

3.1
3.2
3.2.1
3.2.2

4.1
4.2
4.3
4.4
4.4.1

5.1

INTRODUCTION . . . . . . e e e e e e e et e e 21
QUADRATIC SYSTEMS WITH CUBIC INVARIANT . . ... ... 27
Basic concepts . . . . . . .. ... e 27
Invariants . . . . . . . ... ... 28
Darboux invariants . . . . . . . ... .. ... .. .. .. ... 29
Poincaré compactification . . . .. ... ... .. ... ... .. 31
Invariant algebraic curves of degree 3 . . . . .. . ... ... ..... 32
Irreducible invariant cubics . . . . . . . ... ... ... ......... 32
Reducible invariant cubics . . . . . ... ... ... ........... 33

Classification of quadratic systems having irreducible invariant cubics 35
Normal forms . . . . . . . . . . . . . . . .. .. 35
Darboux invariants and phase portrait on the Poincaré disc . . . . . 36

Classification of quadratic systems having reducible invariant cubics 37

Normal forms. . . . . . . . . . . . .. ... ... 37
Darboux invariants and phase portrait on the Poincaré disc . . . . . 45
AVERAGING THEORY FOR NONSMOOTH SYSTEMS . ... .. 87
Piecewise smooth differential systems . . . . . . ... ... ... .. 87
The averaging theory of firstorder . . . . . . . ... ... ... .... 88
The Michelson differential system . . . . .. ... ........... 90
Limit cycles of control piecewise linear differential systems . . . . . 99

AN EXTENSION OF THE AVERAGING THEORY FOR NONS-

MOOTH SYSTEMS . . . . . . . . . e e e e e e e e e e e 113
Background on the averaging theory . . . . . . . ... ... ... .. 113
Standard form . . . . ... ... L 114
The averaged functions . . . . . . ... ... ... . ... ........ 115
Statement and Proof of the MainResult . . . . ... ... ...... 119
Three applications for Theorem 4.4.1 . . . . . . ... ... ...... 127

AVERAGING THEORY AND LYAPUNOV-SCHMIDT REDUCTION
FOR NONSMOOTH SYSTEMS . . . .. ... ... .. ... ..., 135
Lyapunov-Schmidt reduction . . . ... ... ... .. ... . ..., 136



5.2 The averaging theory . . . . . . . ... .. .. ... ... ... ..... 137
5.3 Standard form . . . . ... ... 139
54 An algorithm for the bifurcation functions . . . ... ... ... ... 140
5.4.1 Averaged Functions . . . . . . . . . ... ... ... ... .. ... ... 141
5.4.2 Bifurcation Functions . . . . . . . . ... ... ... . .......... 142
5.5 The main theorem and its proof . . . . ... ... ........... 143
5.6 Examples . . . . . . . .. 146
6 FINAL CONSIDERATIONS . . . . . . . . . . . i et 157
APPENDIX A NONSMOOTH KUKLES SYSTEMS . . . . ... ... 159
Al Statement of the mainresults . . . ... ... . ............ 160
A.l1.1 Proof of item (i)(case l=1). . . ... ... ... ... .. ....... 163
A.1.2 Proof of item (ii)(case [ =2). . . . . . . ... ... ... ... ... .. 165
A.1.3 Proof of item (iii)(case [ =3).. . . . . . .. ... ... . ... . ... . 167
A.2 Examples . . . . . . . .. 171

BIBLIOGRAPHY . . . . . e e e e e e e 175



21

CHAPTER

INTRODUCTION

The first ordinary differential equation (ODE) appeared in the works of Leibniz (1646—
1716) and Newton (1642-1727) and since that it was used in the modelling of many natural
phenomena and their laws, Astronomy, Mechanics, Physics, Chemistry, Engineering, Economicy,

Ecology, Epidemiology, Neuroscience, among others. An ODE is an equation of the form

%zx:f(t,x), (1.1)
where f: D x R — R", D is a subset of R” and the dot denotes the differentiation with respect to
the independent variable ¢. A solution of (1.1)isacurvex:I C R — D C R", where [ is an interval,
that satisfy the equation. Given the knowledge of other types of equations, the first plausible
attempt would be to develop a method to obtain the solution of an ODE. However, if the function
involved is a little more complicated, finding the solution curve in fact becomes a problem that
can not be solved analytically. Indeed J. Liouville (1809-1882) proved that not all equations
admit solutions that can be expressed terms of elementary functions (sinx, cosx, e*,...). So at
the end of 19th century, Poincaré inaugurates a new direction in the study and understanding
of ODEs. Thanks to Poincaré perspective, the solutions began to be considered as geometric
elements (orbits). Instead of finding the explicit solution of (1.1), qualitative theory studies the

behavior of its solutions.

In other words, this new approach studies the dynamics of an ODE without to find an
explicit expression of their solutions. The qualitative theory of differential equations leads to
the description of the phase portraits of families of ODEs, introducing an equivalence relation
between and the ODEs and their phase portraits. The analyze of the ODEs is done considering
the description of the changes in these phase portraits which occur when there are changes in
the parameters of the ODE. The phase portrait of an ODE is the union of all its orbits. Usually
only a finite number of orbits of an ODE is enough to determine its phase portrait, these orbits
are the singular points and some non—singular solutions. If and ODE does not depend explicitly

of the parameter ¢ it is known as autonomous ODE. In this case the invariant solutions are
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homeomorphic either to the straight line R or to the circle S'.

The local phase portrait a singular points can be described by important results from qual-
itative theory of differential equations, for instance Hartman—Grobman Theorem (HARTMAN,
1964) for hyperbolic singular points. But the complete description of global phase portraits of an
ODE, even in the plane, is not a easy task. In order to solve such challenge many research have

been developed recently.

Concerning about the investigation of algebraic invariant curves of ODEs in the plane we
can mentioned the works (LLIBRE; MESSIAS; REINOL, 2014; LLIBRE; OLIVEIRA, 2015)
and (LLIBRE; OLIVEIRA, 2018) where the authors classify planar polynomial differential

systems having algebraic invariant curves of degree 2 and a Darboux invariant.

Another subject of great interesting related with invariant curves is the existence of
isolated and closed solutions, known as limit cycles. In 1900, during a congress in Paris, the
mathematician David Hilbert (HILBERT, 1900; HILBERT, 2000) proposed a list with 23
problems, which would guide the mathematics of the twentieth century. Among them, we
highlight the sixteenth, which is divided in two parts: the first of them of interest of the algebraic
geometry and the second one concerns about to determine the maximum number of limit
cycles that a planar polynomial differential system of degree n can have and what the relative
position between these cycles. Until recently this problem was open. Ecalle (ECALLE, 1992) e
I’ Yashenko (YASHENKO, 1991) showed that this number, denoted by H (n) is finite, but proof
of the result is not accessible, even for renowned mathematicians. In (LLIBRE; PEDREGAL,
2015), Llibre and Pedregal work to give an estimate for the Hilbert number H(n). Such work
has been improved over the lasy years. The averaging method has been used to provide lower
bounds for the Hilbert number H (n) see, for instance, (LLIBRE; MEREU; TEIXEIRA, 2010).

The interest on this topic extends to what we call discontinuous piecewise vector fields.
The increasing interest in the theory of nonsmooth vector fields has been mainly motivated by
its strong relation with Physics, Engineering, Biology, Economy, and other branches of science.
In fact, their associated differential systems are very useful to model phenomena presenting
abrupt switches such as electronic relays, mechanical impact, and neuronal networks, see for
instance (BERNARDO et al., 2008; VARIUS, 2012). The extension of the averaging theory to
discontinuous piecewise vector field has been the central subject of investigation of the following
works (ITIKAWA; LLIBRE; NOVAES, 2017; LLIBRE; MEREU; NOVAES, 2015; LLIBRE
JAUME NOVAES, 2015; LLIBRE; NOVAES; TEIXEIRA, 2015).

The main objective of this thesis is to contribute to the investigation of the planar
differential systems having algebraic invariant curves of degree 3 (from now on we only say
invariant cubic) and the existence of limit cycles for some families of continuous and non—smooth

piecewise differential systems defined in R",n > 2.

The chapters of this thesis are organized as follows. In chapter 2 we classify the planar



23

polynomial differential systems of degree 2 having an invariant cubic. We present their normal
forms and draw the phase portrait in the Poincaré disc of such systems which has a Darboux

invariant. The next result summarizes the investigation done in this chapter

Theorem 1.0.1. There exists 110 distinct and realizable phase portraits for planar polynomial
differential systems of degree 2 having invariant cubic and a Darboux invariant. Such phase

portraits are presented in Figures 1-7.

This is the main result of the preprint

J. LLIBRE, R. D. S. OLIVEIRA, C. A. B. RODRIGUES, Quadratic systems with an invariant

algebraic curve of degree 3 and a Darboux invariant, Preprint 2018.

In chapter 3 using the classic averaging theory of first order for non—smooth differential
systems, two classes of systems are investigated. The first class studied is the Michelson sys-
tem. Such study has two parts, the investigation about the existence of periodic orbits for the

continuous Michelson system
X=y,
y=2z, (1.2)
i=—y+e(2d’—|x),
and the existence of periodic orbits in the discontinuous piecewise Michelson system
X=Y,
y=z, (1.3)
: = —y+£(2d* — |x| — signx).
The following results are proved

Theorem 1.0.2. For all d > 0 and € = £(d) > 0 sufficiently small the Michelson continuous

piecewise linear differential system (1.2) has a periodic solution of the form
x(t)=—nd* +0(e), y(t)=mnd*sint+0(€), z(t)=nd*cost+O(¢).
Moreover this periodic solution is linearly stable.

Theorem 1.0.3. For € > 0 sufficiently small the Michelson discontinuous piecewise linear

differential system (1.3) satisfies the following statements.

(a) If (—1+2d%)m < 0 then system (1.3) has two periodic solutions (x(¢,€),7(t,€),0(t,€))
of the form
(x(t,€),y(t,€),z(t,€)) = (xq, rosint,rocost) + O(¢€), (1.4)

where

2V 1 —a?
ro = )
av' 1 —a?+arcsina

xo = —ro(l+a),
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and a takes the value of the two unique zeros of the function

2a* — 2+ mav/1 — a2d? + arcsin a (ﬂdz +arcsina —av'1— a2>
a) = ,
s(a) av'l —a? + arcsin a

in the interval (—1,1).

(b) If (—1+ 2d2)7t > 0, then system (1.3) has a periodic solution of the form (1.4) given by
the unique zero of the function g(a) in the interval (—1,1).

These results are published in

J. LLIBRE, R. D. S. OLIVEIRA, C. A. B. RODRIGUES, On the periodic solutions of the
Michelson continuous and discontinuous piecewise linear differential system, Computational
and Applied Mathematics, 37 (2018): pp 1550-1561.

The second class studied using the classic averaging theory is
X:A0x+€(Ax+ (p(xl)b), (1.5)

where |€| # 0 a sufficiently small real parameter, A is the 2n x 2n matrix having on its principal

diagonal the following 2 x 2 matrices

0 —(2k—1)
fork=1,...,n,

2k—1 0

and zeros in the complement, A is an arbitrary 2n x 2n matrix and b € R?*\ {0} and ¢ : R — R

is the continuous piecewise linear function

—1 ifx; € (—o0,—1),
o(x1)=1qx ifx e[-1,1], (1.6)
1 ifxle(l,oo),

where x = (x1,...,x,)". Note that for € = 0 system (1.5) becomes
X1 =—x2, Xp=x1, ... Xm-1=—02n—1)x2, Xon=2n—1)xp,_1. (1.7)
For such family we obtain the next result.

Theorem 1.0.4. For || > 0 sufficiently small and if the conditions for applying the averaging
theory of first order hold, then at most one limit cycle ¥, of the continuous piecewise linear
differential system (1.5) bifurcates from the periodic orbits of system (1.7), i.e. % tends to a
periodic solution of system (1.7) when € — 0. Moreover there are systems (1.5) with |g| > 0
sufficiently small having a such limit cycle.
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In a similar way we consider the discontinuous piecewise linear differential systems
X =Aox+€(Ax+y(x1)b), (1.8)

where

—1 ifx; € (—00,0),
y(x)) = ' (1.9)
1 if x; € (0,00).

So for system (1.8) we have the following result

Theorem 1.0.5. For || > 0 sufficiently small and if the conditions for applying the averaging
theory of first order hold, then at most one limit cycle 7, of the discontinuous piecewise linear
differential system (1.8) bifurcates from the periodic orbits of system (1.7). Moreover there are

systems (1.8) with |g| > 0 sufficiently small having a such limit cycle.

Theorems 1.0.4 and 1.0.5 are the main results of the following preprint

J. LLIBRE, R. D. S. OLIVEIRA, C. A. B. RODRIGUES, Limit cycles for two classes of control
piecewise linear differential, arXiv:1804.08179.

Chapter 4 is dedicated to extend the averaging theory presented in chapter 3. We present
the high order averaging for continuous systems and show that this tool can also be used to
estimate the number of limit cycles in a big class of nonsmooth systems. Indeed the main
result of the chapter concern about the existence of isolated periodic solutions of the following

discontinuous nonautonomous 27-periodic piecewise smooth differential equation

k
r(0)=Y e'F(0,r)+e"R(0,1e), (1.10)
i=0
where
Fi(8,) =} Xja; 1,0)(8)F (6.7), i=0,1,...k, and
= (1.11)
R(67r78> = Z%[(Xj_l (Xj]<6)Rj(97r78)'
j=1

In this case the set of discontinuity is given by X = ({0 =0=2n}U{0 = }U---U{60 =
®,_1}) NS! x D. Considering the averaged functions

_yl(Zﬂ'-?p)

filp) ==, (1.12)

where y; : Rx D — R fori=1,2,...,k, are defined recurrently by the following integral equations
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0
0(0.0)= [ (Fi(0.0(0.9))+9Fs(9.0(0.0))11(0.))do.

w0.0)= 1t [ (Fi(6.0(9.p) +ZZb,b2,2,b2 . (113)

!
IF1(6,9(9.0)) [ 3(9.9))do, for i=2,.... k.
j=1
and the hypothesis
(H1) For each p € D the solution ¢ (8, p) is defined for every 8 € S!, it reaches X only at crossing

points, and it is 27-periodic.
In such context we prove the following

Theorem 1.0.6. Assume that (H1) holds and that for some / € {1,2,...,k} the functions defined
in (1.12) satisfy fy=0fors=1,2,...,/—1and f; # 0. If there exists p* € D such that f;(p*) =0
and f;(p*) # 0, then for |€| # O sufficiently small there exists a 27-periodic solution (6, €) of
system (1.10) such that r(0,&) — p* when € — 0.

This result is in the following paper

J. LLIBRE, D. D. NOVAES, C. A. B. RODRIGUES, Averaging theory of any order for com-
puting limit cycles of discontinuous piecewise differential systems with many zones, Physica D:
Nonlinear Phenomena, 353/354 (2017): pp 1-10.

In chapter 5 we use the Lyapunov-Schmidt Reduction together with the averaging theory
for estimate the number of limit cycles in a class of nonsmooth systems which can not be studied
only using the tool developed in chapter 4. In short we define the bifurcation funcions that are
given in terms of the averaged functions and we prove that their simple zeros control the number
of limit cycles of system (1.10) when the hyphotesis (H1) is not valid. The main result of such
study is Theorem 4.4.1 of chapter 5 and can be found in the preprint:

J. LLIBRE, D.D. NOVAES, C. A. B. RODRIGUES, Branching of limit cyles from families of

periodic solutions in piecewise differential systems, arXiv:1804.08175.
Finally, in appendix A, we present the final version of the paper

A. C. MEREU, R. D. S. OLIVEIRA, C. A. B. RODRIGUES, Limit cycles for a class of
discontinuous piecewise generalized Kukles differential systems, Nonlinear Dynamics, (2018):
pp 1-12.

This work studies a particular discontinuous differential system, which we call the
generalized Kukles polynomial differential system. The investigation of such family of systems
started during my master degree (RODRIGUES, 2015) and it was improved after that. Here we
present the final version.
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CHAPTER

QUADRATIC SYSTEMS HAVING INVARIANT
ALGEBRAIC CURVE OF DEGREE 3 AND
DARBOUX INVARIANTS

Even after hundreds of studies on the topology of real planar quadratic vector fields the
complete characterization of their phase portraits is a quite complex task. This family of systems
depends on twelve parameters but, after affine transformations and time rescaling, we arrive
at families with five parameters, which is still a big number of parameters. Many subclasses
have been considered in order to reach such characterization. The main objetives of this chapter
are to present a classification of the quadratic differential systems having invariant algebraic
curves of degree 3 (invariant cubics) and to present the global phase portraits of such systems
with a Darboux invariant. More precisely, using the normal forms of the quadratic system
having invariant cubics we investigate which ones that admit a Darboux invariant of the form
e’ fl‘ f2’12 f;L3 if the cubic is the product of three straight lines f; = 0 for i = 1,2, 3, of the form
e’ ffl ! fz’12 if the cubic is the product of one straight line f; = 0 and an irreducible conic f, =0,

and of the form e f])L Vif fi = 0is an irreducible cubic.

2.1 Basic concepts

Definition 2.1.1. A C* vector field (k > 0 or k = o) is a C*-map F : U — R”", where U C R"*!

is an open subset of R"*1.

To the field F is associated the ordinary differential equation (ODE)
x=F(t,x). (2.1)

, where dot denotes derivative with respect to the fime t. If F = F(x) (it does not depends on ¢)

system (2.1) is called an autonomous system.
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A function x : I C R — U satisfying

d
d—);(t) — F(t,x(t)) forallt€l,
is called a solution of the ODE (2.1). The largest interval I such that a solution is defined is

called maximal solution.

The existence and uniqueness of a solution are determined by conditions imposed on the

function F (the Existence and Uniqueness Theorem).

Definition 2.1.2. Let x : Iy, — U be a maximal solution of the initial value problem

x=F(t,x), 2.2)

x(t9) = xo.

The image of the curve ¥, = {x(¢); t € I,} C U with the induced orientation by x is called of

orbit.

Definition 2.1.3. The phase portrait of the vector field F : U — R? is the set of oriented orbits.
It consists of singular points and regular orbits, oriented according to the maximal solutions that

described the system.

Let be
i=P(xy),  =0(xy). 2.3)

an autonomous system where P and Q are polynomials on the real variables x and y. We define
m = max{deg P,deg O} as the degree of the system. Moreover when m = 2 we say that system
(2.3) 1s a quadratic polynomial differential system or simply a quadratic system.The quadratic
systems appear in the modeling of many natural phenomena described in different branches of
science, in biological and physical applications. Besides the applications the quadratic systems

became a matter of interest for the mathematicians.

In this thesis we assume that the polynomials P and Q are coprime, otherwise system

(2.3) can be reduced to a linear or constant system doing a rescaling of the time variable.

2.1.1 Invariants

A nonconstant C! function H : U — R, defined in the open and dense set U C R2is a
first integral of system (2.3) on U if H(x(t),y(¢)) is constant for all of the values of # for which
(x(¢),y()) is a solution of system (2.3) contained in U. In other words H is a first integral of

system (2.3) if and only if
JH oH
—_— — =0 2.4
5 T Iy ; (2.4)

for all (x,y) € U
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An invariant of system (2.3) on the open subset U of R? is a nonconstant C' function /
in the variables x,y and ¢ such that I(x(z),y(t),t) is constant on all solution curves (x(z),y(¢)) of

system (1) contained in U, i.e.

—P+—0+—= =0, (2.5)
X y
for all (x,y) € U. In short, [ is a first integral of system (2.3) depending on the time .

On the other hand given f € C[x,y| we say that the curve f(x,y) = 0 is an invariant
algebraic curve of system (2.3) if there exists K € C[x,y| such that
Pa—f—i—Q% =Kf. (2.6)
dx dy
The polynomial K is called the cofactor of the invariant algebraic curve f = 0. When K =0, f
is a polynomial first integral. Note that if a real polynomial differential system has a complex
invariant algebraic curve then it has also its conjugate. It is important to consider the complex
invariant algebraic curves of the real systems because sometimes these force the real integrability
of the system. More details can be found in the subsection 2.1.2 or in Chapter 8 of (DUMORTIER;
LLIBRE; ARTES, 2006).

Remark 2.1.4. Note that if f is an algebraic invariant curve and (xp,yo) is a point on the
curve f =0 so P% + Q%(xo7yo) =0, i.e, if F = (P,Q) then (F,Vf)(xp,y0) = 0 and hence
F (x0,y0) LV f(x0,y0). Therefore if the orbit of (xg,yp) intersects the curve f = 0 then it is

contained on the curve. This justify the name “invariant”.

Let f,g € C|x,y| and assume that f and g are relatively prime in the ring Clx, y], or that
g = 1. Then the function exp(f/g) is called a exponential factor of system (2.3) if for some

polynomial L € Clx,y] of degree at most m — 1 we have

P d
P exg(xf /8) g exg(yf 8) _ Lexp(f/g). @.7)

As previously we say that L is the cofactor of the exponential factor exp(f/g). We
observe that in the definition of exponential factor exp(f/g) if f,g € C|x,y] then the exponential
factor is a complex function. Again when we look for a complex exponential factor of a real

polynomial system we are thinking the real polynomial system as a complex polynomial system.

2.1.2 Darboux invariants

An invariant / is called a Darboux invariant if it can be written into the form
A A u
I(x,p,t) = f{" - f  FI - Fyle (2.8)

where f; = 0 are invariant algebraic curves of system (2.3) for i = 1,... p, and F; are exponential
factors of system (2.3) for j=1,...,¢, 4;,4; € Cand s € R\ {0}.
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Observe that if among the invariant algebraic curves a complex conjugate pair f =
Re(f)+1Im(f)i =0and f = Re(f) —Im(f)i = 0 occurs, then the Darboux invariant has a factor

of the form f* f Z, which is the real multi-valued function
((Re(£)? + (im(£))?) Re()  2im()arctan(Im( ) /Re( )

So if system (2.3) is real then the Darboux invariant is also real, independently of the fact of

having complex invariant curves or complex exponential factors.

The next result is proved in Proposition 8.4 of (DUMORTIER; LLIBRE; ARTES, 2006).

Proposition 2.1.5. Suppose that f € C[x,y] and let f = f" ... f be its factorization into
irreducible factors over C[x,y]. Then for a polynomial differential system (2.3), f =0 is an
invariant algebraic curve with cofactor ky if and only if f; = 0 is an invariant algebraic curve for

eachi=1,...,r with cofactor k.. Moreover ky = nikg, +...+nky,.

The next result, proved in (CHRISTOPHER; LLIBRE, 2000), explain how to obtain a

Darboux invariant using the algebraic invariant curves of a polynomial differential system.

Proposition 2.1.6. Suppose that a polynomial system (2.3) of degree m admits p invariant
algebraic curves f; = 0 with cofactors k; for i = 1, ..., p, ¢ exponential factors exp(g;/h;) with

cofactors L; for j =1,...,¢, then, if there exist A; and u; € C not all zero such that
p q
Z Aik; + Z ‘LLJ'LJ' = -, (2.9)

for some s € R\{0}, then substituting fl.)“" by | fi|* if A; € R, the real (multi-valued) function

H Hq
1’1‘ ...f;” (exp (i—i)) (exp (i—;’)) eV

is a Darboux invariant of system (2.3).

The search of first integrals is a classic tool in order to describe the phase portraits of a
2—dimensional differential system. As usual the phase portrait of a system is the decomposition

of the domain of definition of this system as union of all its orbits.

It is well known that the existence of a first integral or an a invariant for a planar
differential system allow to draw its phase portrait. Here we investigate the existence of invariants
of the form f(x,y)e", called Darboux invariants, see section 2.1.2 for details. Such invariants

describe the asymptotic behavior of the solutions of the system.

Indeed let ¢, (¢) be the solution of system (2.3) passing through the point p € R?, defined
on its maximal interval (@, @) such that ¢,(0) = p. If @, = o we define the w-limit set of p as

o(p) = {g € R?: 3{t,} with 1, = co and ¢,(t,) = ¢ when n = o}.
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In the same way, if &, = —o we define the o-limit set of p as

a(p) = {qg € R? : 3{t,} with £, = —co and ¢,(t,) = ¢ when n = oo}.

For more details on the w— and a-limit sets see for instance section 1.4 of (DU-
MORTIER; LLIBRE; ARTES, 2006).

The existence of a Darboux invariant of system (2.3) provides information about the
o— and a—limit sets of all orbits of system (2.3). More precisely, we have the following result,
where the definition of Poincaré compactification and Poincaré disc is given in subsection 2.2.
Its proof can be found in (LLIBRE; OLIVEIRA, 2015).

Proposition 2.1.7. Let I(x,y,t) = f(x,y)e* be a Darboux invariant of system (2.3). Let p € R?
and ¢, (¢) the solution of system (2.3) with maximal interval (¢,, ®,) such that ¢,(0) = p.

1. If @, = o then ®(p)C {f(x,y) =0} US!,

2. If oy = —oo then a(p)C {f(x,y) =0} USL.

Here S! denotes the infinity of the Poincaré disc.

2.2 Poincaré compactification

Let 2" = P(x,y) % + QO(x, y)a% be the planar polynomial vector field of degree m associ-
ated to the polynomial differential system (2.3). The Poincaré compactified vector field 7(2")
corresponding to 2~ is an analytic vector field induced on S? as follows (for more details, see
(DUMORTIER; LLIBRE; ARTES, 2006)).

Let S* = {y = (y1,y2,y3) € R%; y? +y3 +y3 = 1} and T, S? be the tangent plane to S? at
point y. We identify R? with T (0,0, 1)82 and we consider the central projection f : T(07071)SZ =2
The map f defines two copies of 2~ on S?, one in the southern hemisphere and the other in
the northern hemisphere. Denote by .2 the vector field D(f o .2") defined on S?\ S!, where
St = {y € §%; y3 = 0} is identified with the infinity of R?.

For extending .2’ to a vector field on S?, including S!, 2 must satisfy convenient
conditions. Since the degree of 2" is m, w(Z") is the unique analytic extension of yg"*l 2 to S2.
On S?\ S! there is two symmetric copies of 2", and once we know the behavior of 7(.2") near
S', we know the behavior of .2 in a neighborhood of the infinity. The Poincaré compactification
has the property that S' is invariant under the flow of 7(.2"). The projection of the closed
northern hemisphere of S? on y3 = 0 under (yy,y2,y3) — (y1,y2) is called the Poincaré disc, and
its boundary is S'.

Two polynomial vector fields .2~ and % on R? are topologically equivalent if there exists
a homeomorphism on S? preserving the infinity S! carrying orbits of the flow induced by n(Z)

into orbits of the flow induced by 7 (%) preserving or not the orientation of all the orbits.
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As §? is a differentiable manifold, in order to compute the explicit expression of 7(.2"),
we consider six local charts U; = {y € S?; y; >0} and V; = {y € §?; y; < 0}, where i = 1,2,3,
and the diffeomorphisms F; : U; = R2 and G; : V, = R2, for i = 1,2,3, which are the inverses
of the central projections from the tangent planes at the points (1,0,0), (—1,0,0), (0,1,0),
(0,—1,0), (0,0,1) and (0,0,—1), respectively. We denote by z = (u,v) the value of F;(y) and
Gi(y), for any i = 1,2,3, therefore z means different things depending on the local charts where

we are working. So after some computations 7(.2") is given by:

VIA(Z) (Q (% %) —uP (% %) VP G %)) in Uy, (2.10)
VIA(Z) (P (%%) —u0 (%%) 0 (%%)) inUs, 2.11)

A(Z)(P(u,v),Q(u,v)) in Us, (2.12)

where A(z) = (u? +1v? 4 1)~ ("=1/2_The expressions for V;’s are the same as that for U;’s but
multiplied by the factor (—1)”~!. In these coordinates v = 0 always denotes the points of the
infinity S'.

2.3 Invariant algebraic curves of degree 3

As mentioned in the introduction, one of the objective of this thesis is to study vector
fields having invariant algebraic curves of degree 3. So it is necessary to classify all the cubics
f :R* = R. If f(x,y) is a polynomial function of degree 3 it can be irreducible on the ring
R[x,y] or it can be reducible and consequently written either as f = f} f>, with f] an irreducible

conic and f> a polynomial of degree one, or as f = fi f>f3, with f; has degree one, i = 1,2, 3.

Since the cubic curves can be classified as reducible and irreducible curves (according to
the polynomial defining the curve admits factorization or not), we split the obtained results in
two subsections. In the first one we consider planar quadratic systems having irreducible cubics

and in the second one, the reducible ones.

2.3.1 Irreducible invariant cubics

According to (BIX, 2006) we can classify an irreducible cubic using its flex points. Let p
be a nonsingular point of the algebraic curve f = 0 and / the tangent straight line of f =0 at
p. The point p is called a flex point or inflexion of f if the contact between f =0 and [ at p is

greater or equal to 3. For example the curve y = x> has a flex point at the origin.

The next results characterize all irreducible cubics, their proofs can be found in (BIX,
20006).
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Proposition 2.3.1. A cubic is non—singular and irreducible and has a flex point if and only if it

can be transformed with affine transformations into either
v =x(x—1)(x—r) with r > 1,

or

Y =x(x+sx+1)  with —2<s<2.

Proposition 2.3.2. A cubic is singular and irreducible if and only if it can be transformed with

affine transformations into one of the forms
Y=x,  YP=xX(x+1), Y =x(x-1)

Moreover in (BIX, 2006) it is proved that every non-singular and irreducible curve has a

flex point. So we have the complete characterization of the irreducible cubics.

2.3.2 Reducible invariant cubics

Proposition 2.3.3. A real quadratic system having an invariant conic after an affine change of

coordinates can be written in one of the following forms

(real ellipse) &= (A/2)(x* +y* — 1) +2y(p+qx+ry),

y=(B/2)(x*+y* —1) = 2x(p+qx+ry),

(complex ellipse) &= (A/2)(x* +y* +1)+2y(p+qx+ry),

= (B/2)(x* +y* +1)—2x(p+qgx+ry),

(hyperbola) i = (4/2)(x* —y* — 1) =2y(p+qx+ry),
y=—(B/2)(x =y — 1) = 2x(p+qx+ry),

(parabola) x=A(y—x?)—(p+qx+ry),
y=B(y—x") = 2x(p+qx-try),
(Lotka-Volterra) x=x(p;+q1x+ry)

(two parallel real lines) x=x"—1

y=0(x.y),
(double line) %= x*
y=0(x,y),
(two parallel complex lines) x = X +1
y=0(x,y),

(two non-parallel complex lines) % = (A/2)(x*> +y*) + (C/2)x+2y(p+gx+ry),
y = (B/2)(x* +5%) +(C/2)y = 2x(p + qx+ry).

Here Q(x,y) denotes an arbitrary polynomial of degree 2.
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The proof of the previous result can be found in (CAIRO; LLIBRE, 2002), except
to the normal form of the system with a parabola that is proved in (LLIBRE; MESSIAS;
REINOL, 2014). The next result is due to Christopher, Llibre, Pantazi, Zhang and Zholadek, see
(CHRISTOPHER, 1994; CHRISTOPHER et al., 2002; ZOLADEK, 1995). An algebraic proof
of it also can be found in (CHRISTOPHER et al., 2002).

Theorem 2.3.4. Let f; =0 for i = 1,...,q be g irreducible algebraic curves in C?, and let
q

k= Z degf;. We assume
=1

1

(1) there are no points at which f; and its first derivatives all vanish,
(i1) the highest order terms of f; have no repeated factors,

(iii)) no more than two curves meet at any point in the finite plane and are not tangent at these

points,

(iv) no two curves have a common factor in their highest order terms, then any polynomial

vector field X of degree m tangent to all f; = 0 is of the form describe bellow.

(a) If m > k—1 then
q q q
x=y([[f)+X fi | X, (2.13)
i=1 i=1 \j=1,j#i

where Xy, = (—d f;/dy,d fi/dx) is a Hamiltonian vector field, the /; are polynomials
of degree < m —k+1 and Y is a polynomial vector field of degree < m — k.

(b) If m =k —1 then
q q
X:Za,-( I1 f]->Xf,., (2.14)
' J=1 i

where o; € C. In this case a Darboux first integral exists.

(c) fm<k—1then X =0.

Theorem 2.3.5. [Lemma 7 of (CHRISTOPHER et al., 2002)] Assume that f =0 and g =0 are
different irreducible invariant algebraic curves of system (2.3) of degree m, and that they satisfy
conditions (i) and (iii) of Theorem 2.3.4. If gcd(fy, fy) = 1 and ged(gx,8y) = 1, then system
(2.3) has the normal form

x=Afg—hfy,g—hafgy y=Bfg+hifig+hyfgx, (2.15)

where A, B and h; are polynomials, for i = 1,2.
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2.4 Classification of quadratic systems having irreducible

invariant cubics

2.4.1 Normal forms

The objective of this subsection is to describe the differential systems as in Proposition
2.3.3 and Theorems 2.3.4, 2.3.5, in terms of normal forms. In this sense we present the first result
of this thesis

Theorem 2.4.1. Each quadratic system admitting an irreducible invariant cubic after an affine
change of coordinates and a rescaling of the time variable can be written as one of the following

systems.

(i) % =2(ax+by+dxy+cx?),
3(ay + bx® + cxy +dy?),
2(ax+ by + (3b —2¢)xy + ax?),

y
X

y = 2bx+ 2ay + 2cx® + 3axy + (9b — 6¢)y?,
(i) x=2(ax—by+ (3b+2c)xy —ax?),
y = 2bx + 2ay + 2cx* — 3axy + (9b + 6¢)y?,
(iv) x=2y(a+bx),
y=ar—2(ar+a+br)x+ (3a+br+b)x2 +3by?,
(v) *=2y(b+cx),
y=b+2(br—c)x+ (3b—cr)x* +3cy”.

Proof. First of all we write
P(x,y) = ao + a1y + aoay® + aiox + a1 xy + axnx’,

O(x,y) = boo + bo1y + boay* + brox + by1xy + byox>.

If a quadratic system (2.3) has a singular irreducible invariant cubic f(x,y) = 0 by Proposition
2.3.2 the function f can be written as f(x,y) = y> —x3 or f(x,y) =y> —x>(x+1) or f(x,y) =
y? —x*(x—1). The curve f(x,y) = y*> —x> = 0 is an invariant cubic for system (2.3) if and only if
equation (2.6) is satisfied. The solution of this equation in terms of the parameters of the system

1S
aopo = ap2 = boo =b10=0, b1 =3a10/2, bo =3a11/2, b1 =3ax/2, b =3ao/2.

So the cofactor of f is K = 3(ajg + azox + a11y). Doing ajo = a, axo = b, ap; = ¢, a;; =d and
a rescaling of the time we obtain system (i) of Theorem 2.4.1.

When f(x,y) = y> — x*(x £ 1) we obtain the normal forms given in (ii) and (iii) of the

theorem following similar steps.
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Now if a quadratic system (2.3) has an invariant non—singular irreducible cubic f(x,y) =
0 then by Proposition 2.3.1 we can write f(x,y) = y*> —x(x — 1)(x —r) with r > 1 or f(x,y) =
y? —x(x2 +sx+ 1) with —2 < s < 2. In the first case solving equation (2.6) we obtain three
solution but fixing r > 1 only one solution can hold agg = ag, = a0 = axo = bo1 = b11 =0, bgg =
ao1r/2, bop = 3ai1/2, bio = —ap1(r+1) —anr, bao = (3ap1 +arr+air)/2. It corresponds
to system (iv) of Theorem 2.4.1.

For f(x,y) = y*> — x(x*> +sx+ 1) we obtain only one solution corresponding to system
(v) of the theorem. O

2.4.2 Darboux invariants and phase portrait on the Poincaré disc

Using the normal forms described in Theorem 2.4.1 we investigate when these systems

admit a Darboux invariant of the form I(x,y,t) = e* f(x,y).

Theorem 2.4.2. Each quadratic system admitting an irreducible invariant cubic having a Darboux
invariant can be written after an affine change of coordinates and a rescaling of the time variable

as

3
X=x4y, y:5y+x2. (2.16)

In this case y*> = x> is the invariant algebraic curve and the Darboux invariant is given by

I1(x,y,t) = e~ (y> —x%). The global phase portrait of such system is given in Figure 1.

Figure 1 — Phase portrait of system (2.16).

Proof. First of all is easy to see that the cofactor K of f in systems (ii) — (v) of Theorem 2.4.1
has no constant terms. Then equation (2.9) becomes AK + s = 0 which never holds if s € R\ {0}
and A € C\ {0}. Therefore we conclude that systems (i) — (v) do not admit a Darboux invariant

of such form.

Now considering system (i) of Theorem 2.4.1 we have f(x,y) = y* —x> = 0 as invariant
curve with cofactor K = 6(a+ cx+dy). In this case the solution of equation (2.9) is given by
{c=0,d =0, s=—6al}. Taking AL = —s/(6a) we obtain the system

x =2(ax+by), y =3(ay+bx?),

with Darboux invariant I (x, y,t) = e~ (y? —x3).
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The normal form described in Theorem 2.4.2 is obtained doing the following change of
2a2X B 2a3Y . 1 T
320 T3 T 2

Now it remains to study the phase portrait of system (2.16). This system has two singular

coordinates and rescaling of the time x =

points, namely z; = (0,0) yperbolic unstable node, and z; = (3/2,—3/2) a hyperbolic saddle.
Applying the Poincaré compactification in the local chart U; and on the line v = 0 the compacti-
fied system has no singular points. However in the local chart U, the origin (0,0) is a nilpotent
singularity. With the notation of Theorem 3.5 of (DUMORTIER; LLIBRE; ARTES, 2006) the
compactified system has F(u) = —u® — (3/2)u® and G(u) = —4u® — (7/2)u?. Hence the origin
of U, is a nilpotent stable node. By the previous statements it follows that the phase portrait of

system (2.16) is the one described in Figure 1. ]

2.5 Classification of quadratic systems having reducible

invariant cubics

2.5.1 Normal forms

Each reducible cubic can be written as the product of two polynomials one of degree
two and the other of degree one (i.e, a conic and a straight line respectively). The conics can be
classified in ellipses (E), complex ellipses (CE), hyperbolas (H), parabolas (P), two real straight
lines intersecting in a point , two real parallel straight lines (PL), one double invariant real
straight line (DL), two complex straight lines intersecting in a real point (p), and two complex
parallel straight lines (CL). So the normal forms of the reducible cubics, except to an affine

transformation, are

(E) (x> +y*—1)(ax+by+c)=0,
(CE) (x> +y*+1)(ax+by+c)=0,
(H) (x> —y>—1)(ax+by+c) =0,
(P) (y—x*)(ax+by+c) =0,
(LV) xy(ax+by+c) =0,
(PL) (x> —1)(ax+by+c) =0,
(DL) x*(ax+by+c) =0,
(CL) (x4 1)(ax+by+c) =0,

(P) (> +y?)(ax+by+c)=0.
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We shall say that a quadratic system is of type (E) if it has a real ellipse and a straight line
as invariant irreducible algebraic curves; of type (CE) if it has a complex ellipse and a straight
line as invariant irreducible algebraic curves, and respectively with all the nine types of conics

described above.

Again we first classify the systems with respect to their invariant cubics.

Theorem 2.5.1. If a quadratic system (2.3) has a reducible invariant cubic then it can be written,

after an affine change of coordinates, into one of the following forms

(CE) i=—(+y*+1)—20yy(y+ax+c),
y=a(x*+y>+1)+20 x(y+ax+c),

(E1) i=—(2+y"—1)—20uy(y+ax+c),
y=a(*+y*—1)+20x(y+ax+c),

(E2) x=(B1/2)(x*+y" —1)=y(By— oax+chr),

y=(+o)(ny+phex+a), with ap(c+1) =0,
(H1) = (B1/2)(¥* =y = 1)+ Bay(y+o),
y=PBy(y+o),
(H2) x=(x+c)(mx+ny+om),
y=—n/2) > =y =) +x(px+ay+cp), with ap(c+1) =0,

i=(A)2)( —y* = 1) —y(at — B +x(B — car) + y(y— cav)),
y=(4/2)(F* =y = 1) —x(at —cB +Bx+y(y—ca)) +caly’ +1), with c(y+p) =0,
i=(A/2)(F —y* = 1) +y(ac — BVd+x(aP — av/d)+ By),
y = (—Aa/2)(x* —y> — 1)+ x(aa — BVd +afx+ By) —avVd(y* + 1), withd = a* — 1,
(H5) d=—(x"—y" —1)+200y(y+ax+c),
y=a(x*—y*—1)+20yx(y+ax+c), with ¢? # a® — 1,
(P1) x=x(ap+Bx+7ry),
¥=ai(y—x*) +200x" +2y(Box + 1Y),
(P2) i=—PBi(y—x")+y(B2+12x) + (0 + 1rc)x +cfa,

(H.4)

y=2(y+c)(on+ Bx+py), with cap =0,
(P3) i=—(y—x>)—a(y+ax+c),

y':a(y—xz)—2ocx(y+ax+c), withc;éaz/4,
(Lv.1) xi=x(a+ry+px),

(
y=y(a+(r—q+B)y+qx),
(LV.2) x=x(p+qx+ry),
(

y=y(y+c), with c(c+1) =0,
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(LV.3) x=—-x(y+a(y+ax+c)),
y=ylax+B(y+ax+c)), withac # 0,

(RPL) x=x*—1,
y=y(a+Bx+yy),

(DL) x=x?,
y=y(a+Bx+7yy),

(CPL) x=x*+1,
y=y(a+Bx+7vy),

(p1) &= (B/2)(x*+y") = B3y* +x(03+13),
y=y(as+Bx+mny),

(p2) d=—(+y)+(Bx—ay)(y+ax+to),
)'):a(x2+y2)+(ﬁy+ocx)(y+ax+c),withc7£O,

where a,c,A, p,q,r,a, B, 01,00, B1, B2, 71 and 9, are the parameters of the system.

Proof. The proof is done according to the conic that appears in the expression of the reducible

cubic.

Systems of type (E)

If system (2.3) has an invariant cubic of the form f(x,y) = fi(x,y)f2(x,y) with f; =
x> +y?>—1and f» = ax+ by +c, then applying a rotation we can assume b = 1. Therefore it
follows from Proposition 2.1.5 that f; is an invariant curve with cofactor k; = o¢; + B;x + ¥,

Jj=1,2. Consider two cases: a =0 and a # 0.
If a = 0 then using equation (2.6) we have Q = kp f> and P = (k1 fi —2yka f>)/(2x). As
P is a polynomial the parameters of the system must satisfy on the of following conditions
si={c=-101=0,7 =20, 1 =0},
so={c=1,00=0,71=-20, 1 =—0},
s3={on=0,71 =0, =0}

Moreover the solutions 51 and s, provide equivalent systems, and we can summarize the solutions

s1 and s3 writing the system

i= (B1/2)(P+y*—1) —y(Bry— crx+cp),
2.17)

y= (y+c)(ay+pcx+m),

with 0 (¢ + 1) = 0. This is exactly system (E.1) of Theorem 2.5.1.
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When a # 0 we check when the hypotheses of Theorem 2.3.4 are satisfied. Clearly f;
and f> satisfies (i), (ii) and (iv). Condition (iii) is not satisfied when ¢? = a” 4 1 because the
line f, = 0 is tangent to the real ellipse f; = 0. Indeed if the straight line f, = y+ax+c=0
is tangent to the real ellipse f; = x> +y> — 1 = 0 at the point (xo,y), then their gradients are
parallel in such point, what means that xo — ayy = 0. Replacing yy = xp/a in the ellipse we
conclude that xo = +a/ Va2 +1. From f>=0we getc = :F\/m . Therefore the condition for
the tangency is ¢ = a” + 1. In this case applying a rotation we can get f> =y — 1. Again we are
in system (2.17) with ¢ = —1.

Now assuming ¢ # a” + 1 it follows from Theorem 2.3.4 that our system is given by
x=—o(x>+y*—1)—20y(y+ax+c), y=ao(x*+y*—1)+20x(y+ax+c), (2.18)

where o1, o € C and a, ¢ € R. As we are looking for a real system, then ¢;, & € R, and doing
a rescaling of the time we can assume o, = 1. Note that system (2.18) is exactly system (E.2)
of Theorem 2.5.1.

Systems of type (CE)

In this case we can follow the same steps applied previously. If system (2.3) has an
invariant cubic of the form f = fi f» with fi = x> +y?>+ 1 and f> = ax+ by + ¢ we suppose,
without loss of generality, b = 1. Since the coefficients a,b and c are real numbers the straight

line f, = 0 cannot be tangent to the complex ellipse f; = 0. So we get
x=—0(x>+y*+1) =201 y(y+ax+c), y=aom®+y*+1)+20x(y+ax+c), (2.19)

where a1, o € C and a, ¢ € R. Applying a rescaling we have o = 1 in (2.19), and we get the
normal form for the systems of type (CE).

Systems of type (H)

Let fi = x> —y*>— 1 and f> = ax+ by + ¢ be two real algebraic invariant curves of system
(2.3), s0 a® + b? # 0. Proceeding as before if a = 0 then we can assume b = 1 and the system

can be written in the form

1= B/ =y = 1)+ By(y+e), ¥y=By(y+e), (2.20)
with B1 > # 0. This is system (H.1) of Theorem 2.5.1.

If a # 0 and b = 0 we take a = 1 and system (2.3) satisfies P = kp f> and 2yQ =
2xP — k1 f1, where k; = o+ Bjx+ ¥y, for j =1,2. Since Q is a polynomial in the parameters
of the system it must satisfy one of the following conditions

si={c=—-1,00=0,B1 =2, pp =},
s2={c=1,00=0,01 =2, fr=—m},
s3={a1 =0,=0, 51 =0, B, =0}.
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Applying the change of coordinates x = —X,y =Y we conclude that case s; and s, provide

equivalent systems. Moreover we can summarize solutions s; and s3 in the unique system
i=(to)(xtnyto), y=-(n/2 -y - +x(pxt+ayten), 221

with a(c+ 1) = 0. System (2.21) corresponds to system (H.2) of Theorem 2.5.1.

If ab # 0 we assume b = 1 and consider three cases, according to the conditions of
Theorem 2.3.4. Note that condition (i) of Theorem 2.3.4 holds because Vfi(x,y) = (2x, —2y)
and Vf(x,y) = (a,1), where V indicates the gradient. Condition (if) also holds. However
condition (iv) is not verified when a®> — 1 = 0. Indeed in this case f; = (x +y)(x —y) — 1
and f> = (y4x) + c. Condition (iii) does not hold when ¢ = a*> — 1 since the straight line
f>» =y+ax+c =0 is tangent to the hyperbola. The proof of this last statement can be done
analogously as for the systems of type (E). Hence when a> — 1 = 0 or ¢> = a> — 1 Theorem 2.3.4
does not hold and we split the study of systems of type (H) for ab # 0 in three cases: a> — 1 =0,
c?=a*>—1and (a*>—1)(c* —a®+1) #0.

For the first two cases we apply Propositions 2.1.5 and 2.3.3 to conclude that f is an

algebraic invariant curve of a quadratic system (2.3) and it can be written as

i=(A/2)(F =y = 1)=29(p+qx+ry), y=—(B/2)(x =y —1)=2x(p+gx+ry),
(2.22)
where A, B, p,q,r € R. Fixing the cofactor of f, =0ask; =a+ Bx+7yy, where a,f,y€R
and using system (2.22) we solve (2.6). First considering a = —1 (the case a = 1 is analogous

except by a reflection) equation (2.6) has two possible solutions

si={B=—-A,c=0,p=0a/2,g=B/2,r=17y/2},
s2={B=—A+2ca,p=(ac—B)/2,q=(B—ca)/2,r=—(B+ca)/2,y=—B}.

Using the two above solutions we get the system

x= (A2)(P—y*—1)—y(ot—cB+x(B —ca)+y(y—ca)),
y= (A/2)(*—y*—1) —x(a—cB+Bx+y(y—ca)) +ca(y*+1),

with ¢(y+ B) = 0. This is system (H.3) of Theorem 2.5.1.

Now considering c¢? = a®> — 1 we investigate the conditions that must be satisfied by the
parameters of system (2.22) in order that f> = y +ax & v/a% — 1 be an invariant curve. Without

loss of generality we can assume ¢ = v/a% — 1. Equation (2.6) has one solution, namely

B=aA—20\d,p=(BVd—aa)/2,r=—B/2,q=(avd—aP)/2,y=aP — a\/d,
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where d = a® — 1. Replacing it in (2.22) we get

i= (A/2)(® =y — 1) +y(ac — Bv/d + x(af — a/d) + By),
(2.23)

y= (—Aa/2)(x* —y* — 1) +x(aq — Bv/d +aPx+ Py) — aVd(y* +1),

where d = a® — 1, and this systems corresponds to system (H.4) of Theorem 2.5.1.

Finally if (a> — 1)(c* —a? 4 1) # 0 applying Theorem 2.3.4 we obtain the system

X = —Otz(x2 —y? - 1)+ 2a1y(y+ax+c),
(2.24)

y= aop(x* —y*—1)+2ax(y+ax+c),

which is system (H.5) of Theorem 2.5.1.

Systems of type (P)

Let f = (y —x?)(ax+ by + ) = 0 be an invariant cubic of system (2.3). When b = 0
we can assume f = x(y —x?). Indeed if b = 0 we take a = 1 and do the change of coordinates
x=X—c,y=Y —2cX +c%. Using that f, = x = 0 is an invariant straight line we have P = k» f>
with ko = ap + B> x+ )y, and a quadratic system (2.3) can be written as

i=x(0+Box+py), y=ou(y—x*)+20x> +2y(fx+py). (2.25)

If b # 0 and @ = 0 we can take b = 1 and proceed as in systems of type (H) and (E), then we
get the system

i=—Biy—x)+y(Ba+px)+ (@ +pe)x+ch, y=20+c)(0a+Bx+py), (2.26)

with ¢ ap = 0. Observe that when ¢ = 0 the invariant line is y = 0 and when ap =0 itis y+c¢=0.

If ab # 0 and f» = y + ax+ a? /4, f» =0 is tangent to the parabola. In this case we can
assume f> = y+ax+a® /4 (the other case is a reflection). Applying the change of coordinates x =
—X —a/2andy =Y +aX +a® /4 the cubic f = (y —x?)(y+ax+a?/4) becomes f = (Y —X?)Y,
which already has been studied above. Indeed it corresponds to system (2.25) with ¢ = 0.

Otherwise there is no tangency between the straight line and the parabola, and we apply

Theorem 2.3.4 to get the differential system
i=—(y—x)—a(y+ax+c), y=aly—x*)—2ax(y+ax+c). (2.27)

Systems (2.25), (2.26) and (2.27) correspond to systems (P.1), (P.2) and (P.3) of Theorem 2.5.1,

respectively.
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Systems of type (LV)

In this case f = xy(ax+by+c) = 0 is the invariant curve and except by a rotation we
can assume b = 1. We consider different cases according to ac = 0 or ac # 0. Note that if c =0

hypothesis (iii) of Theorem 2.3.4 is not valid, whereas a = 0 breaks the hypothesis (iv).

When ¢ = 0 and a # 0, doing the change of coordinates x = —{;/LT, y = v/aX the cubic
a
becomes F = XY (Y — X). So using Proposition 2.3.3 the differential system can be written as

X=x(p1+qix+ry) y=y(p2+qx+ny). (2.28)

If (2.28) has f3 = y —x as an invariant curve with cofactor k = a + 3 x+ vy, then equation (2.6)

must be satisfied. Solving it we get

S1 :{PZZ(X”"Z:B_QZ‘H%QI :ﬁapl :OC,Y:B_%‘{"’I}-
Replacing in (2.28) and writing ¢ = ¢, r = r; we obtain system (LV.1) of Theorem 2.5.1.

Now if c =a =0 then f, =y =0 is a double line, and it is not difficult to see that we
can write the system as
x=x(p+qx+ry), y=y. (2.29)

Finally, when a = 0 and ¢ # 0, doing the change of coordinates x = X /¢?,y = c¥Y — ¢
the cubic f = 0 becomes F = XY (Y — 1). So without loss of generality we can work with
f3 =y— 1. Again the idea is to write the system as in (2.28), and see what are the conditions in
order that f3 = 0 to be an invariant curve for such system. Solving equation (2.6) and replacing

the solutions in (2.28) we get

x=x(pt+qx+ry), y=yy—1). (2.30)
Systems (2.29) and (2.30) can be summarized as

x=x(ptqx+ry), y=y+o),

with ¢ = 0 or ¢ = —1. This is exactly system (LV.2) of Theorem 2.5.1.

In the last case, ac # 0 the invariant cubic is f =xy (y+ax+c) = 0 and by the geometry
to the curves we can assume a < 0 and ¢ < 0. Applying Theorem 2.3.4 we get the system

x=—-mx(y+ax+c)—o3xy, y=ary(y+ax+c)+aozxy.

Note that we can take o3 = 1. Doing ot = o, B = o we obtain system (LV.3) of Theorem 2.5.1.

Systems of type (RPL)

Here the invariant cubic is f = fifof3 =0 where fi =x+1, , =x—1 and f3 =
ax+by+c. When b = 0 we apply Proposition 2.3.3 (case (RPL)), then it is easy to see that the
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corresponding normal form has one additional invariant curve f3 = 0 as invariant straight line if
and only if it is a multiple of f; or f,. However we cannot consider any of these cases because if
the system has f> as an invariant double straight line for example, then there would be a change

of coordinates so that the system would be written as

i=(-D+1)?% y=0(xy),
then having degree 3 instead of 2.

When b # 0 we can fix b = 1. In this case the cubic f = (x> — 1)(y4+ax+c) =0 can
be reduced to F = y(x> — 1) by change of coordinates x = X,y =Y —aX — c. If the quadratic
differential system (2.3) has the invariant curve f = y(x> — 1) =0, then f; =0 and f> = 0 are

invariant curves and by Proposition 2.3.3 such system can be written as

i=x"—1, y=0(xy), (2.31)

where Q(x,y) is an arbitrary polynomial of degree 2. Imposing that f3 =y = 0 is an additional
invariant curve with cofactor k3 = o + B x + Yy, the above system must satisfy Q(x,y) = y(a +
B x+7vy). This expression justify the normal form given in (RPL) of Theorem 2.5.1.

Systems of type (DL)

These systems have a double straight line as invariant curve which can be taken as f; = x.
We write f, = ax-+ by c and use the normal form of a system having f = f;f>» =0 as an
invariant cubic. For such normal form, if » = 0 then f> = 0 is an invariant straight line if and

only if ¢ = 0 but in this case the system cannot have a triple invariant straight line.

If b # 0 we can take b = 1 and f = x?(y+ax+c). Doing the change x =X,y =Y —aX —c
the function f can be written as F = X?Y. Hence it is enough to consider f> = y. By Proposition

2.3.3 a quadratic system (2.3) can be written as

i=2% y=0(xy),
where Q(x,y) is an arbitrary polynomial of degree 2. Imposing that f, = 0 is an additional
invariant curve with cofactor k, = ot + Bx+ vy, we conclude that Q(x,y) = y(oc+ Bx+7vy).

This expression justify the normal form given in (DL) of Theorem 2.5.1.

Systems of type (CPL)

The proof for this case is analogous to the case (DL) so we will omit some details. In
short the cubic is given by f = f1 fof3 =0 where fi =x+1i, f =x—iand f3 =ax+by+c.In
order to f3 = 0 to be an invariant curve with b = 0 it is necessary that ¢ = +i. So b # 0 and we
assume b = 1. This reduce f to the cubic F = y(x> + 1) and then we get the normal form (CPL)
described in Theorem 2.5.1.
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Systems of type (p)

In this case the cubic is given by f = (x* +y?)(ax+by+c) = 0 and except by a rotation
we can assume b = 1. When ¢ = 0 the three curves intersect at the same point and the conditions

of Theorem 2.3.4 are not satisfied. But if ¢ = 0 doing the change of coordinates

X aY aX Y
X = — —|— —

@iy Y@ip Y@ e a@re

the cubic f = (x*> +y?)(y +ax) = 0 is reduced to f = Y (X2 +Y?). Now using that system (2.3)
has f3 =y =0 as a third invariant curve it follows that Q(x,y) = k3 f3 where k3 = a3 + B3 x+ 13y

is the cofactor of f3. Moreover fif» = 0 is also an invariant curve then we must have

2xP(x,y) +2y0(x,y) = k(x,y) (x> +y?),

with k(x,y) = o+ B x+ vy being the sum of the cofactors of f; and f,. So a quadratic system

(2.3) can be written as

i=(B/2)(P+y") — By  +x(oz+ 1Y), y=y(og+Bsx+ny),

which is exactly system (p.1) of Theorem 2.5.1.

When ¢ # 0 we apply Theorem 2.3.4 and conclude that a quadratic system (2.3) can be

written as

i=—oa(x* +y?) — (g + o)y —i(ap — og)x)(y+ax+c),
(2.32)

y=ao3(x*+y*)+ (o +ar)x—i(op — on)y) (y+ax+c),

with o, 0 and o3 € C. Writing o = m; +in; with mj,n; € R and using that such system have
real parameters we conclude that my = m;, n, = —n; and n3 = 0. Replacing this conditions in

(2.32) we get the system

= —m3(x®* +y}) F2(mx—my)(y+ax+c), y=amz(x*+y*)+2(mx+ny)(y+ax+c).
(2.33)

Note that if m3 = 0 then the system has a common factor, so we can take m3 = 2. Applying a

rescaling of the time and writing @ = m, B = n| we obtain system (p.2) of Theorem 2.5.1.

It follows from the previous study the proof of Theorem 2.5.1 U

2.5.2 Darboux invariants and phase portrait on the Poincaré disc

Using the normal forms described in Theorem 2.5.1 we can make a topological classfica-
tion of the systems, that is, to draw its phase portraits on the Poincaré disc when the system has a

Darboux invariant.
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Theorem 2.5.2. The global phase portrait in the Poincaré disc of each quadratic differential
system admitting a reducible invariant cubic f(x,y) = 0 and having a Darboux invariant of the
form I(x,y,t) = e * f(x,y) is topologically equivalent to one of the phase portraits presented in
Figures 2-7. Their normal forms according to Theorem 2.5.1 is labelled in the corresponding
figure.

The proof of Theorem 2.5.2 will be done using nine Propositions (2.5.3-2.5.12).

HL.2.3

HL.3.4

HL.3.8 HL.3.9

Figure 2 — Phase portraits of systems of type (E) and (H) when they have a Darboux invariant.

Proposition 2.5.3 (E). Each real planar quadratic differential system with a real ellipse and a
straight line having a Darboux invariant can be written, after an affine change of coordinates, as
system (E.2) with ¢ = —1, ap # 0. Moreover, such system has the Darboux invariant

1

hxyn)=e ' (y=1V22 4y —1) 2,

and, these systems have only 2 non—equivalent phase portraits, see phase portraits EL.2.1 and
EL.2.2 of Figure 2.

Proof. If follows from the reducible cubic classification that we can fix fj =x*>+y>—1=0
as the real ellipse and by Theorem 2.5.1 there are only two families of systems having f; =0

and a straight line as invariant curves (E.1) and (E.2). We shall prove later that (E.1) does not
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Figure 3 — Phase portraits of systems of type (P) when they have a Darboux invariant.



48 Chapter 2. Quadratic systems with cubic invariant
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Figure 4 — Phase portraits of systems of type (P) when they have a Darboux invariant.

admit a Darboux invariant. Now we study system (E.2). By Proposition 2.1.6 system (E.2) has
a Darboux invariant if there exist A;,A, € R not both equal to zero such that (2.9) holds with
s € R\ {0} and k;,k; being the cofactors of f; =0 and f, = y+ ¢ = 0, respectively. But for
system (E.2) we must have @y = 0 or ¢ = — 1. If ap = 0 the cofactors are k; = Bjx and k, = B x
and the equation A;k; + A,k + s = 0 has no solution for s # 0. Hence if a; = 0 system (E.2)

has no Darboux invariant.

If ap # 0 and ¢ = —1 then the cofactors are ky = Bix+ 2 yandkry =+ Box+ iy
and the unique solution of (2.9), with s # 0 is

Bi=2B, s =—0Ay, Aj = —2A2/2. (2.34)
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Figure 5 — Phase portraits of systems of type (LV) when they have a Darboux invariant.
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RPL.1 RPL.2 RPL.3 RPL.4
RPLS5 RPL.6 RPL.7T RPL.8
RPL.9 RPL.10 RPL.11 RPL.12

RPL.17 DL.1 DL.2 DL.3

Figure 6 — Phase portraits of systems of type (RPL) and (DL) when they have a Darboux invariant.

Taking A; = 1/ and replacing (2.34) in system (E.2) we obtain the system

i=B(y—1)+x(fx+oy), y=-—1)(+phx+any), (2.35)

which has the Darboux invariant

1

12(x7y7t) = eit(y_ 1)1/062(x2 +y2 - 1)_%'

In order to study the global phase portrait of system (E.2) we start considering its
finite singularities. Note that (2.35) has at most three finite singularities, namely z; = (0, 1),
22=(—1/B, 1) and z3 = (—éfjﬁl, gg:) The eigenvalues associated to z; are 2 and 1, if
B> # 0, the eigenvalues associated to z; are —1 and 1 and the eigenvalues of z3 are —1 and —2.
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p.1.2 p-1.3 p.2.1 p-2.2

Figure 7 — Phase portraits of systems of type (CPL) and (p) when they have a Darboux invariant.

So for 3, # 0 z1, 22 and z3 are an unstable node, a saddle and a stable node, respectively. When

B> = 0 we have only z; and z3 as finite singularities.

In the local chart U; the compactified system is
= —v(B+ Bou? — Pouv+v), v=—v(B+ Pouv+u— Pov?), (2.36)

so v =0 is a common factor, this means that v = 0 is a line of singular points. Eliminating the
common factor v, system (2.36) has no singular points if f; # 0. Otherwise u; = (0,0) is a
singular point with eigenvalues —1 and 1 which implies that the origin is a hyperbolic saddle

besides the line of singular points.

In the local chart U, the compactified system is written as
i =v(Ba+ B’ +uv—PBov), v=v(v—1)(Bou+v+1).

Eliminating the common factor v the origin is not a singular point of the compactified system.

Note that if B, = 0 there are an additional invariant straight line given by y+ 1 = 0. From
the study of the finite and infinite behavior of system (E.2) we conclude that such system has
two non—equivalent phase portraits when ¢ = —1: phase portrait EL.2.1, if 3, # 0 and phase
portrait EL.2.2, if B, = 0. See Figure 2. O

Proposition 2.5.4 (H). Each real planar quadratic differential system with a hyperbola and a
straight line having a Darboux invariant can be written, after an affine change of coordinates, as
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(i) system (H.2) with o # 0 and ¢ = —1. Its Darboux invariant is

I3(X,y,f) = e—oczt(x2 _y2 - 1)_1/2()6— 1)
ii) system (H.3) with Aot # 0, ¢ = 0 and 8 = —7. Its Darboux invariant is
I(x,y,1) = e A4 (x> —y> = 1)T(y —x)*.

(iii) system (H.3) with & # 0 and 8 = y = 0. Its Darboux invariant is

15(x7y7t> = eat(y_x—i—c)il'

(iv) system (H.4) with oo # 0 and A = 23. Its Darboux invariant is
Is(x,y,t) = e " —y* = 1) P(y+ax—Va> - 1).

Moreover the are 12 non—equivalent phase portrait in the Poincaré disc of these systems. They
are in Figure 2 HL.2.1-HL.2.3, HL.3.1-HL.3.9.

Proof. Fixing f; = x> —y> — 1 = 0, Proposition 2.1.6 says that system (H.2) has a Darboux
invariant if equation (2.9) holds for A;,A, not both zero, where s € R\ {0}, and ki,k; are
cofactors of fj =0 and f, =x+c =0, respectively. Moreover ¢ = —1 or op = 0 in system (H.2).
For oy = 0 we have k; = 71y and k, = 95y and the equation A,k 4+ A2k, +s = 0 has no solution
with s # 0. So in this case system (H.2) has no Darboux invariant. If o # 0 and ¢ = —1 then
ki =200x+ 7y yand kp = 0 + 0p x+ %y and (2.9) has a unique solution

s=—0A, 1 =27, A = —1/2.

The proof of (i) follows taking A, = 1 and replacing y; = 27 in system (H.2), from that we have

the system
i=x—D(m+mx+py), y=—p*—y—1)+x(—p+px+oy), (2.37)
having the Darboux invariant
Bx,y,t)=e 2 (2 =y —1)" 2 (x—1).
To prove (ii) and (iii) we study system (H.3) where we consider two cases: ¢ = 0 and

B = —7. Itis easy to see that if c = 0 (H.3) has a Darboux invariant when & # 0 and 8 = —¥.

In this case we have the differential system
= A/ =y = 1) —yla—yx+yy), ¥=(A/2)( =y —1) —x(ot—yx+7yy), (238)
having the Darboux invariant

I4(x,y,t) = e*AOtt(xz _y2 - l)y(y_x)A'
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If B = —y system (H.3) has a Darboux invariant only when ¥ =0 and o # 0. In this case the

system is

i=(A/2) (P =y =) —ay(l-cx—cy), y=(A/2)(x* =y —1)—ax(l—cy)+ca(y*+1),
(2.39)
and it has the Darboux invariant

Is(x,y,t) =e"(y—x+c) .

The study of (iv) follows from system (H.4) where the invariant line is f, = y+ax—
va? —1=0. In this case the unique solution of equation (2.9) is

s=—0l, A=2B, A =—1/2. (2.40)
So taking A, = 1 we obtain the Darboux invariant

Ig(x,y,t) = e_at(xz—yz— 1)_1/2(y+ax— a*—1).

We start the study of the phase portraits of system (2.37). Since o, # 0 we can take
0 = 1 and the transformation x = X,y = —Y takes the system with parameter J» to the system

with parameter —7>. So we may also assume p» > 0.

Considering the finite singularities, if 5 ¢ {0, 1} system (2.37) has three finite singulari-
tieS, I’lamely 71 = (07 1)’ = (17 —1/'}/2) and 73 = <722+1 27/2

——). The eigenvalues associated
to z; are 2 and 1, if B, # 0, the eigenvalues associated to z; are —1 and 1 and the eigenvalues of

Bn-1 p-1
z3 are —1 and —2. So for y» € {0,1} z;, 22 and z3 are respectively, an unstable node, a saddle
and a stable node. When f3; = 0 we have only z; and z3 as finite singularities.

In the local chart U; the compactified system is
. 2 -
u=v(—p+pu +u+nv), v=viv—1)(putv+1), (2.41)

so v 1s a common factor, this means that v = 0 is a line of singular points. Eliminating the
common factor v, system (2.41) has no singular points if 95 # 1. Otherwise u; = (—1,0) is a
singular point with eigenvalues —2 and —1, which implies that &; is a hyperbolic stable node.

Moreover if p» = 0 there an additional invariant straight line given by x4+ 1 = 0.

In the local chart U, the compactified system is written as
i=—v(p—put+puw+v), v=—v(p+pv:—puv+tu).

So after eliminating the common factor v the origin is a singular point of the compactified system

if and only if %5 = 0. In this case (0,0) is a hyperbolic saddle.

It is easy to see that if 95 € (0, 1) the singulatities z; and z3 are in distinct branches of the
hyperbola, and if p» € (1,-+e0) they are in the same branch as shows Figure 8.
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Figure 8 — Possible phase portraits of sytem (2.37) when p ¢ {0,1}.

From Theorem 1.43 of (DUMORTIER; LLIBRE; ARTES, 2006) (Markus-Neumann-
Peixoto Theorem) we conclude that these two phase portraits are topologically equivalent. By
continuity and the study done previously we conclude that system of type (H.2) having a
Darboux invariant can have three non—equivalent phase portrait. The case 9 # 0, 1 corresponds
to HL.2.1 in Figure 2 and when 9 = 1 or J» = 0 we have the phase portraits HL.2.2 and HL.2.3
of Figure 2, respectivelly.

Now we study the global phase portrait of system (H.3). Remember that the parameters
of (H.3) must satisfies c(y+ ) = 0. We start considering ¢ = 0, then the differential system is

= (A2)(F =y = 1) —y(a—yx+), y=A/2)F =y —1)—x(@—yx+), (242)

that has f{ = x> —y>—1=0and f, = y —x = 0 as invariant algebraic curves. Since & # 0 we

can take oo = 1 and the transformation x = —X,y = —Y allows to assume A > 0.

If y#0thenz; = (—A/2,—A/2) and 2, = ((* +1)/(27),(¥* — 1)/(2y)) are the two

finite singular points. If Y = 0 exists only one finite singular point.

The eigenvalues associated to z; are —1 and 1 so z; is a saddle. The eigenvalues associated
to zp are A/y and —1, so z; is a stable node if ¥ < 0, and a saddle if y > 0. Moreover z; is on the
straight line and z; is on the hyperbola.

In the local chart U, we have the system

= (1/2)(u—1)(Av* — (A +27)u? +2uv +2v + A +27),

v =(1/2)v(Av* — (A +27)u® +2yu +2uv +A),

and the origin is a singular point only when A 42y = 0 but in this case the line v = 0 is filled up

of singular points.

In the local chart U; we have system

= (1/2)(u—1)((A+27)u* +Av? +2uv+2v — A —2y),

v=(1/2)v((A+2y)u® +Av? + 2uy — 2yu — A),
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which has the infinity filled up by singularities when A 4+ 2y = 0, otherwise, there are two
singularities u; = (—1,0) and up = (1,0).

Assuming A + 2y # 0. The point u; has eigenvalues 2y and 2(A + 27), and u; is linearly
zero because the Jacobian matrix of the linear part of the system evaluated in u is null. To decide

the local behavior of u, we must do blow up. From now on we fix [} =y, [, = A+ 2Y.

After translate the singular point u; to the origin, making the change of coordinates

u = U,v=UW and rescaling the common factor U we get the differential system
U= (1/2)UAUW? 4+ (A+2Y)U +2UW +4W +2A +4y), W =—-W(W +7).

Note that such system have two singularities when /{1, # 0, namely, U; = (0,0) and U, = (0, —7);
one singular point when [; = 0 and I, # 0, namely U; = U,. The eigenvalues of U; are —y and
A+ 27, whereas the eigenvalues of U, are A and }. From the combination of the signs of /; and

I, as described in Figure 9, we get the possible local behavior of U; and U,.
(1.1) 1oy >0

(1) 1 >0 (2) h<0 P s0 B h=0

2>l <0
Figure 9 — The possible combination of signs of /; and I/, describe the cases to be considered for system
(H.3) when ¢ = 0.

(3.1)

lo >0

Applying the blow down we get all possible phase portraits for system (H.3) when
¢ = 0. Note that each one is realizable, indeed, the phase portrait HL.3.2 corresponds to subcase
(1.1) which is realizable with A = 4 and y = —1; HL.3.3 corresponds to subcase (1.2) which
is realizable with A = 1 and y = —1. Notice that if y # O there is a third invariant straight line,
given by f3 = y(x—y) — 1 = 0 so HL.3.3 is the only possible phase portrait for subcase (1.2).
The phase portraits HL..3.4 and HL.3.5 correspond, respectively, to subcases (2.1) and (3.1).
The phase portrait HL.3.4 is realizable with A = 1 and y =1, and HL.3.5 is realizable with A =1
and y=0.

It remains to consider the case [, = 0. With this condition the infinity is filled up of
singular points. After eliminating the common factor v we have only one singular point at the
local chart U;. The eigenvalues associated to this point are 2 and 1, so this is a unstable node. By
continuity the only possible phase portrait in this case is HL.3.1 of Figure 2, which is realizable
withA=2and y=—1.

Now considering system (H.3) with 8 4+ 7 = 0 we have seen above that the system has a

Darboux invariant when B = ¥ = 0 and o # 0. Under these conditions the differential system is

x=(A/2)(2 =y = 1) = ay(l —ex—cy),
(2.43)

y=(A/2)(x* =y* = 1) +ca(y?+1) —ax(1 —cy).
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Figure 10 — On the left the local phase portrait after blow up. Here they are indexed according to the signs

of [; and [». On the right the local behavior at origin after the Blow down for system (H.3).

Such system has fj =x>—y>—1=0and f» = y—x+ ¢ = 0 as algebraic invariant curves. If
¢ = 0 then we get system (2.42) when y = 0, so we can take ¢ # 0 here. Moreover, doing the

transformation x = —X, y = —Y in the algebraic cubic we can assume ¢ > 0. Finally, since « is

different from zero we can take ot = 1 in (2.43).

System (2.43) has two finite singular points, namely z; = ((2c —A)/2, —A/2) and

2= ((c2+1)/(2¢),(1—c?)/(2¢)). Defining [y = ¢ ~Ac— 1,1l =A —cand 3 = A — 2¢, we
have z; coalesces with z; if and only if /; = 0. Moreover the eigenvalues associated to z; are [y

and 1, and the eigenvalues associated to z are —/; and 1. So we conclude that z; is a unstable

node and 7 is a saddle if /1 > 0; z; is a saddle and z,, an unstable node, if /; < 0 and, if /; =0,

71 = 2o 18 a saddle-node.
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In the local chart U; the system becomes

= (1/2)((A—2¢)u® — Au® 4+ Auv? — Au— Av? 4+ 2cu+2cv? + 2u?v — 2v + A),
(2.44)

v=(1/2)v((A —2c)u® + Av> — 2cu+2uv — A),

which has three singularities u; = (—1,0) and uy = (1,0) and u3 = (A_LZC,O), if A # 2¢. Note
that when /3 = 0 the point u3 does not exist and #; = u3z when /, = 0. The eigenvalues associated
to u; are 2, and 0, the point u; has both eigenvalues equal to —2c¢, and u3 has eigenvalues 0 and
2cly /15. Tt is not difficult to see that when I # 0, u; and u3 are saddle—nodes. In the local chart
U, the origin (0,0) is a singular point if and only if /3 = 0.

Assuming [1/; # 0 and considering all possible combinations of the sign of [,/ and
I3 we observe that there are some impossible combinations, for instance when /, < 0 we have

I3 < 0. In Figure 11 we describe the possible combinations and introduce a label for each one.

W) h>0 g <co—M o0 (2) h<o

(2.2.1)

l2<0 l3<0

Figure 11 — The possible combinations of signs of /1,/, and I3 for system (H.3) when ¢ # 0.

The case (2.2.1) presents a unique phase portrait, HL.3.6 of Figure 2 and it is realizable
withA=1/2and c=1.

In case (2.1.1) we have three possibilities for the finite saddle separatrix o-limit set:
we can have a connection of separatrix as in HL.3.7; the separatrix can go to the stable node,
generating a phase portrait equivalent to HL.3.6, or the separatrix can go to the parabolic sector
of the saddle node u3 which corresponds to HL.3.8. Moreover HL.3.8 is realizable with A = 2
and ¢ = 1/2, and as we see above, HL.3.6 is realizable with A = 1/2 and ¢ = 1. Since HL.3.6
and HL.3.8 are realizable then by continuity of the parameters we conclude that HL.3.7 is also

realizable.

The analysis of case (2.1.2) can be done as the case (2.1.1) and it has the phase portraits
equivalent to them.

The possible phase portraits of (2.1.3) are also equivalent to the phase portraits of (2.1.1).
Also the case (1.1.1) has a phase portrait equivalent to (2.2.1).

When /; = 0 it follows that /1, /3 < 0 and in the local chart U the singular point u; = u3 is

non—elementary. After translate this singular point to the origin, making the change of coordinates
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u=U,v=UW and rescaling the common factor U we get
U= (U/2)(AUW? — AU +2UW —4W +24), W =W (W —A).

This system has two singularities U; = (0,0) and U, = (0,A) being both saddles. Figure 12
shows the blow down.

w 14

//“ \\¥ // \\
— < ———<—
> y C Multiplying by U > C blow down L
, — — — U

I N o

\

Figure 12 — The local phase portrait of system (2.44) when /; = 0. On the left the local phase portrait after
blow up. On the right the local behavior at the origin after blow down.

To obtain the phase portrait for system (2.43) with [, = 0 we note that there is more two
invariant straight lines, given by f3 =x+y=0and f; = Ax+ Ay — 1. The finite saddle z; is on
f3 = 0 and the finite node is on the intersection of f, = 0 and f; = 0 so by continuity there is
only one phase portrait, which is topologically equivalent to HL.3.3.

Finally it remains to study the case /1 = 0. Here [ < 0 and /3 < 0 so the only possibility
is the phase portrait HL..3.9 of Figure 2, which is realizable withA =0 and ¢ = 1.

To conclude the proof of Proposition 2.5.4 it remains to study the global phase portrait
of system (H.4) when A =23 and a # 0. In this case we assume & = 1, so (H.4) is written as

X =Bx*>+ (aB — Va2 — Dy + (a—Va> —1B)y— B,
= (0B~ VT + Py + e~V TP+ (aB — V),

Denoting 8 = af —va?—1 and 1 = a— v/a? — 1B there are at most three finite singularities
2= (=8/1,B/1), 22= (51— B)/(B>—5%), (30 —B)/(B>—5%)) and 73 = ((B+8m) /(B> -
8%),—(B+6n)/(B?— 8%)). We observe that such singular points never coalesce but if n =0, z
does not exist and if B2 — 8> = 0 the same happens with z> or z3. With respect to the localization
of these points, z3 is the intersection of the hyperbola and the straight line, z; is on the straight
line and z, is on the hyperbola. Moreover is not difficult to check that z1,z> and z3 are hyperbolic

points, being z; a saddle, z; a stable node and z3 an unstable node.
Concerning to the behavior at infinity, in the local chart U; the compactified system is
given by
i=v(n —nu?+Puv+8v), v=—v(B—PpV?+nuv+du),
so v is a common factor what means that v = 0 is a line of singular points. Eliminating this

common line it remains singularities if and only if n = 0 or 8% — §%> = 0. When 1) = 0 the point
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u; = (—a,0) is a saddle. When 6 = f the point up = (—1,0) is a node with eigenvalues 1 and
21n. Finally if § = —f then the point u3 = (1,0) has eigenvalues —1 and —21) so it is a node.

In the local chart U, the system becomes
i =—v(—n+Bv+nu+Sw), v=v(8+Pu+nu+87?).
So eliminating the common factor v the origin is not a singular point.

By the previous study and continuity of the solutions we conclude that there exist three
possible phase portraits and they are topologically equivalent to the ones obtained from system
(H.2) and described in Figure 2. Indeed when 17, B2 — 8% # 0 we have the phase portrait HL.2.1,
when 32 — 82 = 0 we have HL.2.2, and the case 1 = 0 corresponds to phase portrait HL.2.3. [

Before to study the systems of type (P), we present two lemmas that will help to show

the realization or not of the phase portraits that follow.

Lemma 2.5.5. On any straight line which is not composed of orbits the total number of contact
points is at most two for any quadratic system. If there are two such points p; and p,, then the
orbits intersecting the segment cop; cross in the same sense as the orbits intersecting ppoo, and
the opposite sense to the path intersecting p p».

Lemma 2.5.6. The straight line connecting one finite singular point and a pair of infinite singular
points in a quadratic system is either formed by trajectories or a line with exactly one contact
point. If this contact point is the finite singular point, the flow goes in different directions on

each half straight line.

The proof of Lemma A.1.2 can be founded in (COPPEL, 1966). Lemma 2.5.6 in the case
that the pair of infinite singular points are saddles was proved in (SOTOMAYOR; PATERLINI,
1983). When such a pair are saddle-nodes, the proof appeared in (ARTES, 1990).

Proposition 2.5.7 (P). Each real planar quadratic differential system with a parabola and a

straight line having a Darboux invariant can be written, after an affine change of coordinates, as

(i) (P.1) with oj — 2 # 0 and Darboux invariant
L(x,y,1) = (M 720) (y _ x2)=1,2,
(ii) (P.2) with oz(B; — B2) # 0, ¢ = 0 and Darboux invariant
Iy(x,y,1) = 20 PrPlt (y 2Py~ Pr,
(iii) (P.2) with ¢ # 0, B1 = B2, @ = 0 and Darboux invariant
I(x,y,t) = e >P (y —2%) (y+¢) 7,

Moreover there are 41 non—equivalent phase portrait in the Poincaré disc for these systems.

They are in Figures 3 and 4.
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Proof. We fix the invariant parabola as f; = y —x*> = 0. Here we describe in details the proof
of the existence of a Darboux invariant for system (P.2), the other cases are analogous. System
(P.2) is given by

i==Bi(y =) +y(B+1x) + (2 + pe)x+cha, ¥=2(y+c)(0n+Pox+py),

where c oo = 0. If ¢ = 0 then the additional invariant line is written as f>» =y =0 and if o, = 0,

such lineis fo, =y+c=0.

System (P.2) has a Darboux invariant if there exist A1, A, not all zero satisfying equation
(2.9) with s € R\ {0}, and &, k, being the cofactors of f; =0 and f» = 0, respectively. For ¢ =0,
ki =2(op+ Bix+yy) and kp = 2(0p + Box+ 1 y). Equation (2.9), with s # 0 has the solution

s =—20(M +12), po = —P1Ai /A2, 12 =0, (2.45)
Taking A; = B, and A, = —f3; the solution can be rewritten as
s==20(B—P1), =P, la=—P1,n=0, (2.46)
and the Darboux invariant is
Iy (x,y,1) = PPl (y 2Py =P,

In this case we assume 3, — B # 0 otherwise system (P.2) has a common factor. Moreover if

0p = ¢ =0 (P.2) does not admit a Darboux invariant.

When ap = 0 then f>, = y+ ¢ and the cofactors of f; =0 and f, = 0 are, respectively,
ki =2(cyr + Bix+ py) and ky = 2(Brx+ ). In this case equation (2.9) has only one solution

s = —20’)/2&1, ﬁz = B], 7Lz = —ll.
So taking A; = 1 we get the Darboux invariant
B(xy,t) = e 2P (y—x*)(v+e) .

From now on we study the possible global phase portraits for systems (P) when they
have a Darboux invariant. We start studying system (P.1). Remember that such system is given
by

x=x(op+Pox+1Yy), y=oy(y—x3)+20x> +2y(Brx+ 1 y).

We consider two cases: 7> # 0 and 7, = 0. If 15 # 0 we assume > = 1. In this last case system

(P.1) have at most four singular points, given by

112(070)7 Z2:(07—O£1/2),

3= (—(Ba+ /B3 —402) /2, (B} — 202+ Bo [ B} —42) 2)
u= (—(ﬁz —\/B: —4)/2, (B — 200 — By / B3 —4062)/2) :
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Observe that unless of the change x = —X, y =Y we can assume 3, > 0. Let [} = a;, L = ap,
Iz = [322 —40p — Boy //322 —4m and Iy = oy — 2 be. It follows from Proposition 2.5.7 (i) Iy # 0.
Moreover

e 71 has eigenvalues /| and /y;

e 75 has eigenvalues —/1 and —Iy;

e 73 has eigenvalues Iy and (B7 —40n + Bay /B3 —401)/2;

e 7z, has eigenvalues /3 and Iy,

SO 112 + l% = 0 and the topological type of the finite singular points can be studied using the
Hartman-Grobman Theorem and Theorem 2.19 of (DUMORTIER; LLIBRE; ARTES, 2006).

With respect to the position of the finite singularities, z; is on the intersection of the

parabola and the straight line, z; is on the straight line, and z3, z4 are on the parabola.

In the local chart U; system (P.1) is written as
i = u? + Bou+ (0 — 0)uv+ 20 — o, v=—v(v+u+ ),
which has at most two singular points when v = 0, namely

ur = (—B2— /B3 +4(01 —202)/2.0),  ur=(—Pa+ /B3 +4(0n —2e1)/2,0).
The eigenvalues associated to u; are —y/ 37 + 414 and — (B, — 1/ B7 +414)/2 while the eigenval-

ues associated to uy are 4 /B22 +4lyand — (B + \/ﬁzz +4l4)/2.

Since we are assuming 3, > 0 it follows that when [322 + 414 > 0 the point u; 1s a saddle

and it is not difficult to see that if [4 > 0, then u; is a saddle, and if 4 < 0, u; is a stable node.
When [322 +4l4 = 0 u; and u; coalesce and we conclude that this point is a saddle-node, using
Theorem 2.19 (DUMORTIER; LLIBRE; ARTES, 2006). When 37 + 414 < 0 there is no infinite

points in the local chart Uj.
In the local chart U, the origin (0,0) is a stable node.

Observe that [1,1,13,14, [)’22 —4a0p and B22 + 41,4 are bifurcation surfaces, i.e. where topo-
logical changes in the global phase portrait of (P.1) can happen. To draw all non—equivalent
phase portraits of system (P.1) we split the study in three cases: B22 —40n >0, B22 —40p =0and
B? -4 <O0.

Choosing a representative of each region defined by such surfaces we have a configuration
of finite and infinite points. Considering the behavior of the separatrices of these systems we
obtain all possible phase portraits when [322 —40n > 0, thus we obtain the 40 phase portraits
described in Figures 13 and 14 and the phase portraits 41 — 50 of Figure 18. We study all these
cases bellow.
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Figure 13 — Phase portraits of system (P.1) when %, = 1 and [32 —40 > 0.
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Figure 14 — Phase portraits of system (P.1) when % = 1 and 7 — 40 > 0.
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Among the phase portraits 1 — 18 of Figure 13, we claim that 1 and 3, as well as 7 to
18, are not realizable. Indeed these 18 phase portraits, 1 — 3 present the possible combinations
when the singular points in the local chart U; are both saddles. In the finite part we have z; and
z3 unstable nodes, z; is a stable node and z4 is a saddle. So we have [;,/,l4 > 0 and /3 < 0. In
phase portrait 1 of Figure 13, consider the straight line joining the finite singular point z3 to the
infinity singular point u; as shows Figure 15. We can see that near the singular point z3 but on
opposite sides, the vector field has the same direction, which contradicts Lemma 2.5.6. So the
phase portrait 1 of Figure 13 is not realizable. With the same argument the portrait 3 of Figure
13 is also not realizable. So phase portrait 2 of Figure 13 is the only realizable and corresponds

to phase portrait PL.1.1 of Figure 3.

Figure 15 — The straight line joining the finite singular point z3 to the infinity singular point #; in phase
portrait 1 of Figure 13.

Considering the phase portraits 4 — 18 of Figure 13 we shall prove that 7 — 18 are not
realizable. First consider the phase portrait 7 and the straight line joining the middle point
between the infinity singular points #; and u, and the middle point between the finite singular
points z3 and z4 as shows Figure 16. By Lemma A.1.2 this line should have at most two points
of contact with the vector field, which does not occur. In Figure 16 we can see at least four
contact points, represented by the smaller points that are not singularities of the system. This
fact guarantees that the w—limit set of u; is the finite point z4 on the parabola. So phase portraits
7 — 18 are not realizable using similar arguments. So among the phase portraits 4 — 18 only 4,5
and 6 are realizable, which correspond, respectively to phase portraits PL.1.2, PL.1.3 and PL.1.4

of Figure 3. The values of the parameters that realize these systems can be found in Table 2.

Figure 16 — The straight line joining the middle point between the infinity singular points #; and u; and
the middle point between the finite singular points z3 and z4 in phase portrait 7 of Figure 13.

The phase portraits 19 — 20 in Figure 13 and 21 — 26 in Figure 14 are topologically
equivalent to one of the phase portraits 1 — 18 in Figure 13 so they can be realizable or not,
depends on their configuration. In Table 1 we present the relation among the equivalent phase

portraits of system (P.1) when ¢ # 0. In the case where they are topologically equivalent to a



2.5. Classification of quadratic systems having reducible invariant cubics 65

realizable phase portrait, we need not consider the study again. However if they are topologically

equivalent to a phase portrait which was not realizable, we need to study it.

Considering the same straight line used to prove the non-realization of phase portraits
7 — 18 of Figure 13 we apply Lemma A.1.2 to conclude that 21,22,25 and 26 of Figure 14 are

not realizable.

The phase portraits 27 — 31 in Figure 14 present all the possibilities when there are four
finite singular points and one infinite singular point on the local chart U;. Phase portraits 27, 28
and 29 are realizable and correspond to phase portraits PL.1.5, PL.1.6 and PL.1.7 of Figure 3.
The values of the parameters that realize these systems can be found in Table 2. Moreover 30

and 31 are topologically equivalent to one of these three phase portraits.

Phase portrait | Topologicaly equivalent to
19 2
20 6
21 12
22 9
23 2
24 6
25 12
26 9
30 29
31 29
35 34
36 34
60 50

Table 1 — Table of relations among all the possible phase portraits of system (P.1) when ¢ # 0.

Finally if there are four finite singular points and the local chart U; has no singular point

we get the phase portraits 32 — 36 in Figure 14. For phase portraits 32 and 33 of Figure 14 we
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consider the straight line x = zi where the finite singualarity z4 is z4 = (z}‘, Zﬁ), and apply Lemma

2.5.6 to see that they are not realizable (see Figure 17).

Figure 17 — The straight line x = z} = — (B> — \/B? — 4012) /2 in phase portrait 32 of Figure 14.

Moreover the phase portraits 35 and 36 are topologically equivalent to the phase portrait
34 which is the only realizable phase portrait for this case and it is represented by PL.1.8 in
Figure 3. The values of the parameters that realize this system can be found in Table 2.

For [322 — 40 > 0 we consider the cases with three finite singular points. When z; = 2
the origin is a saddle-node and there are ten possible phase portraits, namely 37 — 40 in Figure
14 and 41 — 46 in Figure 18. But since the nodal sector of the saddle node must have its orbits
tangent to its separatrix, the phase portraits 37 and 38 in Figure 14 are not realizable. In other
words the separatrices of the saddle-node z; must be on the invariant parabola. With the same
argument the phase portraits 41,42,45 and 46 of Figure 18 also are not realizable. So when
71 = 2o the realizable phase portraits are 39,40, 43 and 44 of Figure 18, corresponding to PL.1.9,
PL.1.10, PL.1.11 and PL.1.12, in Figure 3, respectively. The values of the parameters that realize
these systems can be found in Table 2.

When there are three finite singularities with z; = z4 then by continuity we have the
phase portraits 47,48,49 and 50 of Figure 18. All these for phase portraits are realizable and
correspond, to PL.1.13, PL.1.14, PL.1.15 and PL.1.16 in Figure 3, respectively. The values of

the parameters that realize these systems can be found in Table 2

For ﬁzz — 40 = 0 there is another case with three finite singularities that correspond
to the case z3 = z4. Here we can have ten phase portraits, given by 51 — 60 in Figure 18. The
phase portraits 51,52 and 55 are realizable and corresponds, respectively, to PL.1.17, PL.1.18
and PL.1.19 in Figure 3. The values of the parameters that realize these systems can be found in
Table 2. The phase portraits 53 and 54 are not realizable. The ideia again is to use Lemma 2.5.6
with the straight line joining the origin of the local chart U3 to the singular point u; of the local

chart Uy. By Figure 19 and this lemma the phase portraits 53 and 54 are not realizable.

Considering the phase portraits 56 and 57 we will show that they are not realizable. Take
the straight line passing through the origin of the local chart U; and the infinite singular point
u1 = up (see Figure 20). The contact points on this straight line contradicts Lemma 2.5.6 so the
phase portraits 56 and 57 are not realizable. About the phase portraits 58 and 59, considering the
straight line passing through the points z; and z3 we have Figure 21 that is a contradiction with
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Figure 18 — Phase portralts 41 —-50 corresponds to phase portralts of system ) when y» = 1 and
Phase portraits 51 — 60 corresponds to phase portraits of system (P.1) when p» = 1 and

Figure 19 — The straight line connecting the origin of the local chart Uz with the singular poin u; of the
local chart U; in phase portrait 53 of Figure 18.



68 Chapter 2. Quadratic systems with cubic invariant

Lemma A.1.2. So they are not realizable. The phase portrait 60 is topologically equivalent to 50
of Figure 18.

Figure 20 — The straight line connecting the origin of the local chart Uz with the singular poin u; = u; of
the local chart Uy in phase portrait 56 of Figure 18.

Figure 21 — The straight line passing through the points z; and z3 in phase portrait 58 of Figure 18.

If z3 = z4 and z; = 7o we have the phase portraits 61,62 and 63 of Figure 22. But using
the straight line joining z; and z3 as done in Figure 21 and applying Lemma A.1.2 we see that
61 and 62 are not realizable. The phase portrait 63 is realizable and corresponds to PL.1.20 in

Figure 3. The values of the parameters that realize this system can be found in Table 2.

For [322 —40p < 0 the points z3 and z4 are complex. The possible phase portraits are
described by 64 — 72 of Figure 22. The phase portraits 64,65,68 and 71 are realizable and
corresponds, respectively, to PL.1.21, PL.1.22, PL.1.23 and PL.1.24 of Figure 3. The values
of the parameters that realize these systems can be found in Table 2. To prove that the phase
portraits 66,67,69 and 70 are not realizable, it is enough to consider the straight line passing
through the origin of the local chart U3 and the infinity singularity u; = u, of the local chart
U, (see Figure 23). This straight line generates a contradition with Lemma 2.5.6 so the phase

portraits 66,67,69 and 70 are not realizable.

To end the case » = 1 we consider the case where there is only one finite singular point.
Using Theorem 2.19 of (DUMORTIER; LLIBRE; ARTES, 2006) we can see that the point is
a saddle, which generates phase portrait 72 of Figure 22 which corresponds to phase portrait
PL.1.25 of Figure 4. The values of the parameters that realize this system can be found in Table
2.

Now we consider the case 75 = 0. The system is
it=x(op+prx),  ¥=ou(y—x")+2x(ox+Bry). (2.47)

When o = 0 such system has a common factor so assume ¢ = 1. By the change x = — X,y =Y

it is enough to consider the case 3, > 0.
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Figure 22 — Phase portralts 61 — 63 corresponds to phase portralts of system ( Pl when p» =1 and

Phase portralts 64 — 72 corresponds to phase portraits of system (P.1) when 9, = 1 and
,322 —4mp <O0.

Figure 23 — The straight line connecting the origin of the local chart U; with the singular poin u#; = u; in
the local chart U, in phase portrait 66 of Figure 22.

Assuming f; > 0. In the finite part the points z; = (0,0) and 7z, = (—Ocz/ﬁz, (062/[32)2)
are the singular points and the system has an additional invariant straight line, given by f3 =
x+ /B2 = 0. Defining I} = o and I, = 1 — 20, the eigenvalues associated to z; are 1 and [},
while the eigenvalues associated to z; are —[; and ;. We assume I, # 0 (otherwise such system

has a common factor and it is equivalent to a linear system).

In the local chart U, the unique singular point is u; = (I /B, 0) and it is a saddle. In the
local chart U, the compactified system is

i=u((1=2m)u*+(—1)v—PBu),  v=v((1-200)u>—2Bu—v).

The origin (0,0) is a linearly zero singularity. Doing the blow up u = UV, v = V and rescaling
by V we get the system

U=U(+pU), V=V((1-20U%)=28U-1).
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When V = 0 the singularities are #; = (0,0) and #, = (— a2/ B2,0). The eigenvalues associated to
uy are —1 e /1 while the eigenvalues of %, are —I; e —I,. The blowing down process is described

in Figure 24 (1)-(4) according to the signs of /; and /5.

When 3, = 0 the point z; is the unique finite singular point, being a saddle or an unstable
node depending on the sign of /;. In the local chart U; there is no singular point and the origin
(0,0) of U, is linearly zero. To study such point we apply blow ups, in Figure 24 is described the
blowing down (5) and (6).

Summarizing the study done previously we get the local behaviour at origin of Us:
1. B> > 0,1 > 0and I, > 0: the origin of U, has two elliptic sectors;
2. B, > 0,1} > 0and I, < 0: the origin of U, has two hyperbolic sectors;

3. B> > 0,1} <0and I, > 0: the origin of U; has two elliptic sectors;

N

. B2 >0,1; =0and I, > 0: the origin of U, has two elliptic sectors.
5. B, =0,1; > 0: the origin of U, has two hyperbolic sectors;

6. B> =0,/; < 0: the origin of U, has two elliptic sectors;

By continuity and the above analysis we conclude that the case (3) is topologically
equivalent to case (1) and the cases (1),(2),(4),(5) and (6) correspond, respectively, to the
phase portraits PL.1.26, PL.1.27, PL.1.28, PL.1.29 e PL.1.30 of Figure 4. Table 4 has the values

of the parameters that realizes the phase portraits of system (P.1)

System (P.2) with ¢ # 0 has a Darboux invariant if 95 # 0, and it can be written as
i=Pi (o) pxyte),  y=200+)(Bix+ 1))

Note that if f; = 0 such system has a common factor so we can assume 3; = 1. Applying

the change of coordinates x = —X,y =Y and rescaling the time we can assume > > 0.

If ¢ < 0 the system has three finite singular points z; = (—1/7,1/13), 22 = (—v/—¢, —¢)
and z3 = (y/—c,—c). Otherwise, only z;.

Defining /i =c#0andl, = 1+c¢ }/22 the eigenvalues associated to z; are 29/; and I /9>,
the eigenvalues associated to zp are —2+1/—c and —2(9» ¢ + v/—c); the eigenvalues associated to
z3 are 24/—c and —2(1» ¢ — v/—c). So when ¢ < 0 the point z3 exists and it is an unstable node.

In the local chart U; we have two singular points u; = (0,0) being a hyperbolic saddle
and up = (—1/7»,0) being a saddle-node. In the local chart U, the origin is a stable node.

When [, = 0 then z; = z3 is a semi-hyperbolic node and the infinity part does not change.

Note that z; is a saddle-node in this case. So by continuity and the reasoning above, if ¢ > 0
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v B| x 091
PL.1.1 | 1 1] 1/8 1
PL.1.2 | 1 1| 1/16 | 1/16
PL.1.3 by continuity
PL.14 |1 1| 1/16 | 1/150
PL15 |1 | 172 |3/64 | 1/32
PL.1.6 by continuity
PL.1.7 | 1 1] -3/8 -1
PL.1.8 | 1 1]3/16 | 1/16
PL.1.9 | 1 1] 1/16 0
PL.1.10 | 1 1] -1 0
PL.1.11 | 1 1| 1/18 0
PL.1.12 | 1 1] 3/16 0
PL.1.13 | 1 110 1
PL.1.14 | 1 110 -1/8
PL.1.15 | 1 10 -1/4
PL.1.16 | 1 10 -1
PL.1.17 | 1 1| 1/4 1
PL.1.18 | 1 1| 1/4 3/8
PL.1.19 | 1 1| 1/4 1/4
PL.1.20 | 1 1| 1/4 0
PL.1.21 | 1 1]2 5
PL.1.22 | 1 314 6
PL.1.23 | 1 1]9/8 2
PL.1.24 | 1 1|2 13/4
PL.1.25 | 1 1]2 0
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Figure 25 — Local phase portraits

we have phase portrait PL.2.1 of Figure 4 which is realizable with ¢ = 9» = 1. When ¢ < 0 and
I, # 0 the system has two possible phase portraits, also described in Figure 4: PL.2.2 (realizable
with ¢ = —1/2 and 9» = 1) and PL.2.3 (realizable with c = —2 and p» = 1).

Finally if ¢ < 0 and /; = 0, we see that the line y+ ¢ = 0 is one of the separatix of the
saddle-node. So the only possible phase picture is PL.2.4 (realizable with c = —1 and p» = 1).

Now we study the global phase portraits of systems (P.2) when ¢ = 0 and they have a
Darboux invariant. The differential system is

i=—Bi(y—x*)+fy+ ax, y=2y(Box+ ).

Since o # 0 we take ap; = 1. Moreover doing the change of coordinates x = —X,y =Y we
can assume f3; > 0. The system has at most three finite singular points, namely, z; = (0,0)
and z, = (—1/p,0) and z3 = (—1/B2,1/B3). The point z; has eigenvalues 2 and 1, so it is an
unstable node. On the other hand the topological type of z; and zz depends on the numbers
Iy = By and I, = By — B, # 0. Indeed the point z; has eigenvalues —1 and 21, /I; and z3 has the

eigenvalues —1 and —21,/1;.

In the local chart U, the system has u; = (0,0) as a singularity with eigenvalues —I; and
—13, where l3 = ﬁl — 2[32.

In the local chart U, the compactified system has the origin as a nilpotent singularity. This
mean that the linear part of the system, evaluated in (0,0), is not null but their eigenvalues are
both equal to zero. To classify this type of singular point we use Theorem 3.5 of (DUMORTIER;
LLIBRE; ARTES, 2006). This result use two functions, F(u) = ayu™ + o(u) and G(u) =
byu" 4 o(u"), defined from the differential system. In short the caracterization is done using

ay, by and the natural numbers M, N.

For the compactified system in the local chart U, these functions are

2(B, — I 28,1 212
G(u) _ (ﬁZ 3132) "+ 5—3M2, F(u) _ 132 3 l/t3 —31/l4
I 13 13 5

So when I3 > 0 the origin (0,0) is a saddle as in (b) of Figure 25. If I3 < 0 the origins consists
of one hyperbolic and one elliptic sector as in (a) of Figure 25. By continuity, when /; > 0 and
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I3 > 0 we have the phase portrait PL.2.5 of Figure 4 (realizable with B =4 and B, =1).If 3 <0
we have the phase portraits PL.2.6 (realizable with f; = 3/2 and 3, = 1) and PL.2.7 (realizable
with B; = 1/2 and 3, = 1) of Figure 4. Now if /; < 0 the only possibility is /3 < 0 and we have
the phase portrait PL.2.8 (realizable with §; = —1 and 8, = 1) of Figure 4.

If /1 = 0 the point z; goes to the infinity and collide with u#; becoming a saddle-node.
Moreover /; = 0 implies /3 < 0, so the origin of U, has a hyperbolic and one elliptic sector. This

case corresponds to phase portrait PL.2.9 of Figure 4, realizable with B; =0 and 3, = 1.

If B, = 0 the point z3 goes to the infinity and collide with the origin of U, becoming
(0,0) a nilpotente saddle-node as (c) or (d) in Figure 25. Moreover the only possible phase
portrait is given by PL.2.10 of Figure 4, realizable with f; = 1 and 3, = 0).

Finally when /3 = O then the infinity if filled of singular points, without special singu-
larities and the corresponding phase portrait is PL.2.11 of Figure 4 (realizable with 3; = 2 and

B=1). O

Proposition 2.5.8 (LV). Each real polynomial differential system having two real lines that
intersect at a single point and a third straight line having a Darboux invariant can be written,

after an affine change of coordinates, as

(i) (LV.1) with a(q — B) # and Darboux invariant
Lio(x,y,1) = e®a=P)1\B \Batr(y, _ x)=(B+7),
(ii) (LV.2) with ¢ = g =0, p # 0 and Darboux invariant
Ly (x,y,t) =e Pxy™",
(iii) (LV.2) with ¢ = —1 and Darboux invariant
Io(x,y,t) =€ y(y—1)7",
(iv) (LV.3) with o« = —(B+1), ¢ B # 0 and Darboux invariant

Ii3(x, 1) = e Ply(y+ax+e)™".
Moreover there are 27 non—equivalent phase portraits in the Poincaré disc. They are in Figure 5.

Proof of Proposition 2.5.8 (LV). Let fi =x =0, f =y =0 be the two real straight lines in-
tersecting in a point. Considering system (LV.1) the third line is f3 = y —x and the cofactors
associated to f1, f> and f3 are, respectivelly, k; = o +ry+ Bx, ko = o+ y(B —qg+r) +gx and
k3 = a+y(B — g+ r) + Bx. One solution for equation A k; + Arkp +s =0 is

e PPy _(BEDM o alg=Plh
B—q+r B—qg+r’ B—g+r’
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Taking A; = 8 — ¢+ r we obtain the Darboux invariant
Ilo(x7y7t) == ea(q_ﬁ)tyﬁ xﬁ_Q‘H'(y —x)_(ﬁ'i'r)'

Now we analize system (LV.2) that has f3 =y + ¢ as the third invariant straigh line(remember
that ¢ = 0 or ¢ = —1). Here the cofactors are k;y = p+gx+ry,kp =y+candkz =y. If c=0
then equation (2.9) has only one the solution

q:0, },3 = —I’)Ll —)LQ,S = —pll.

Taking A; = 1 we get the Darboux invariant

Otherwise if ¢ = —1 then the more general solution is
M=0,4=—-A,s=A.
Taking A, = 1 we obtain the Darboux invariant
Tia(x, 1) = y(y—1)"".

The last case to be considered is system (LV.3) that has f3 = y+ax+ ¢ = 0 as the third straight
line. The cofactors are k; = —at(y+ax+c¢)—y, kp =B(y+ax+c)+axand ks =By—aax.

Solving equation (2.9) we get the solution
o=—PB+1),=—-A—-L,s=——ch+B(A+12)).
Taking A; = 0 and A, = 1 then we obtain the Darboux invariant
I3(x,y,0) = e Ply(y+ax+c)™".

We begin the study of the global phase portraits with systems (LV.1) when they have a Darboux
invariant. Remember that if system (LV.1) has a Darboux invariant then f — g # 0 and o # 0 so

we can take ov = 1 getting
x=x(1+PBx+ry), y=y(l+qx+(B—q+r)y). (2.48)

Definely =(B—q)/(B—q+r),b=(B—q)/Band 3 = (B —¢q)/(B+r). The finite part presents
at most four singularities

e z; = (0,0) with eigenvalues both equal to 1;
o 20 =(0,—1/(B —g+r)) with eigenvalues —1 and /;;

e z3 = (—1/pB,0) with eigenvalues —1 and /;
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o zy=(—1/(B+r),—1/(B +r)) with eigenvalues —1 and —I3.

In the local chart U; the compactified system has two singular points, being u; = (0,0)
with eigenvalues —f8 and —(f — ¢) and u, = (1,0) with eigenvalues § — ¢ and —(f + r).
Moreover in the local chart U, the origin (0,0) is a singular point with eigenvalues —(f8 —¢) and
—(B — g+ r). Thus when one of the finite singularities goes to infinity, it collides with u,uy, or

the origin of the local chart U,.

When [1,/, and /3 are non-zero, the combinations between their signs generate the
possible phase portraits of system (2.48). There are exactally three possible phase portraits, all
of them described in Figure 5: LVL.1.1, realizable for B = 1,q = r = 0; LVL.1.2, realizable for
B =1,g=r=—-2;LVL.1.3, realizable for B = 1,q = —r =3/4.

Now we consider the case B = —r # 0. Here only the point z4 goes to the infinity and
collides with u> making it a semi hyperbolic saddle-node. There are two possible phase portraits,
given by LVL.1.4 of Figure 5 (realizable with B = 1, = r = —1) and LVL.1.5 of Figure 5
(realizable with B =2,g = 1,r = —2). The cases where z; or z3 goes to the infinity generate

phase portraits equivalent to the previous ones.

Finally when two finite singular points go to the infinity (for example when f§ = —r
and g = 0), then there is only one phase portrait, given by LVL.1.6 of Figure 5. This last phase

portrait is realizable for § = 1,g=0and r = —1.

Now consider the systems (LV.2) when they have a Darboux invariant we split in two

cases. First we consider the case ¢ = —1, when the system is given by

i=x(pt+qx+ry), y=y@H—-1).

If g # 0 unless of the change x = X /g we can assume ¢ = 1. Considering ¢ = 1 and defining

Iy =p,[b=—(p+r)and I3 = r — 1 the system has at most four finite singular points, namely

e z; = (0,0) with eigenvalues —1 and /;;
e 7, = (0,1) with eigenvalues 1 and —Iy;
e 73 = (—p,0) with eigenvalues —1 and —/;;

e 74 = (—p—r,1) with eigenvalues 1 and /,.

In the local chart U, the origin (0,0) is a singularity with eigenvalues —1 and /3. In the local
chart U; the sytem has two singularities if /3 # 0: u; = (0,0) being a hyperbolic unstable node
and up = (1/13,0) with eigenvalues 1 and 1//3. Hence if /3 = O the point u; collides with the
origin of U, making it a semi-hyperbolic singularity of type saddle node. By continuity and

using all the possible combinations of the signs of [,/ and /3 when ¢ = 1 and /3 # 0 we obtain
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the phase portraits LVL.2.1- LVL.2.7 of Figure 5. When /3 =0, i.e., r = 1 has three possible
phase portraits: LVL.2.8, LVL.2.9 and LVL.2.10 of Figure 5. The values of the parameters that
realize these systems can be found in Table 3. Now it remains to study the case ¢ = 0. Note that
since the system cannot have commom factors it follows that /; and /; are different from zero.
When g = 0 both the finite part and the analyzes in the local chart U, remain almost the same.
The only difference in the finite part is that the singularities z3 and z4 go to infinity. However in

the local chart U; the compactified system is
u=—u((r—Du+(p+1)v), v=—v(pv+ru).

So the origin is a linearly zero singular point if /3 # 0 and we apply the blow up doing the change

of coordinates u = U,v = UW. The new system is
U=-U¥(p+O)W+r—1), W=UWW-1).

After eliminating the common factor U it remains two singular points on U = 0: 7 = (0,0) with
eigenvalues —1 and —/3, and u; = (0, 1) with eigenvalues 1 and /. Hence they are hyperbolic

points and doing the blow down the origin of U; has (for I3 # 0)

e two elliptic sectors if u] is a saddle and %; is a unstable node. This case corresponds to
phase portrait LVL.2.11 of Figure 5;

e two elliptic sectors if uy is a stable node and u; is a saddle. This case corresponds to phase
portrait LVL.2.12 of Figure 5;

e two parabolic sectors if u#y and u, are both saddles and there is a saddle and a node as

singular finite points. This case corresponds to phase portrait LVL.2.13 of Figure 5;

e two parabolic sectors if u; and u; are both saddles and there are two nodes as singular

finite points. This case corresponds to phase portrait LVL.2.14 of Figure 5;

e six parabolic sectors if 7] and u; are both saddles and there are two nodes as singular finite

points. This case corresponds to phase portrait LVL.2.15 of Figure 5.

The last possibility when ¢ = —1 is ¢ = 0 and /3 = 0. But when this happens the system has
the infinity line v = O filled up of singular points. After eliminating the common factor v, in the
local chart U, the point u; = (0,0) is a singular point, with eigenvalues —/; and /,. In the local
chart U, After eliminating the common factor v, the origin is a singularity. By continuity the
possible phase portraits are LVL.16 and LVL.2.17 of Figure 5. In Table 3 we put the values of

the parameters that realizes each one of the phase portraits described in Figure 5.
Finally when ¢ = 0 we get the differential system

X = x>, y=y(p+rx), (2.49)
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q|r p
LVL21 [1|-1 | 112
LVL22 |1 |2 1
LVL23 |1 -1 2
LVL24 |1 -1 1
LVL25 |12 2
LVL26 |[1|172]|-112
LVL27 |10 0
LVL2.8 |11 1
LVL29 |11 |-12
LVL2.10 | 1|1 -1
LVL2.11 |0 | -2 1
LVL.2.12 |0 | 2 1
LVL.2.13 |0 | 0 1
LVL.2.14 | 0 | 2 -1
LVL.2.15 | 0 | 3/4 | -1/4
LVL.2.16 | 0 | 1 1
LVL2.17 |0 |1 |-12

Table 3 — Table of values for the parameters of system (LV.2) when ¢ = —1.
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with p # 0. So we can take p = 1 and the system becomes a particular case of system (DL) of
Theorem 2.5.1. The global phase portraits of this system will be done in the proof of Proposition
2.5.10 and the correponding phase portraits of system (2.49) are described by DL.1, DL.2 and
DL.3 of Figure 6.

To end the proof of Proposition 2.5.8 we study the glogal phase portraits of systems
(LV.3). When (LV.3) has a Darboux invariant the parameter & must be equal to —(f8 4 1) so the

differential system is
t=x(ax+B(y+ax+c)+c),  y=ylax+B(y+ax+c)).

In the finite part there are three singular points, namely z; = (0,0),z; = (0,—c) and z3 =
(—c/a,0) (remember that ac # 0). Defining [} = cf # 0 and I = ¢(B + 1) # 0, then the
eigenvalues of the z; are /1 and lp; the eigenvalues of z; are ¢ and —I[, and the eigenvalues

associated to zz are —c and —/5.

In the local chart U; the compactified system becomes
u=—cuv, v=—v(cv+B(u+cv+a)+a).

Hence the line v = 0 is filled of singular points after eliminating the common factor v there are
no singular points. The same happens in the local chart U,. So by continuity the only possible

phase portrait is LVL.3.1 of Figure 5, which is realizable for f =1 anda =c = —1. 0

Proposition 2.5.9 (RPL). Each real planar quadratic differential system with two parallel real
straight lines and a third straight line having a Darboux invariant can be written, after an affine

change of coordinates, as system (RPL) and it has the Darboux invariant
114<X,y,t) = eZt(x+ 1)<X— 1)_1‘

Moreover there are 17 non—equivalent phase portraits in the Poincaré disc for this system. They
are described by RPL.1-RPL.17 in Figure 6.

Proof. Let fi=x+1=0, f, =x—1=0and f3 =y =0 be the three invariant straight lines.
The cofactors of f1, f> and f3 are, respectivelly, ky =x— 1,ky =x+ 1,k3 = ot + B x+ yy. With

these cofactors equation (2.9) with s € R\ {0} has two solutions, namely
s1={y=0,s=2A41+(B—0)A3, L, = —(41 +BA3)}

522{82211,122—11,13:0}.

Since the second solution s, is more general we conclude that every quadratic system that has
two real parallel straight lines and a third real straight line as invariant straight lines also has a

Darboux invariant. Taking A; = 1 we get the invariant

La(x,y,t) =X (x+1)(x—1)"1.
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To draw the possible global phase portraits, remember that the system is
i=2—1,  y=y(a+Bxtyy).

When y # 0 we can take ¥ = 1 (indeed, just do the change x = X,y =Y /7). So the system can
present at most four finite singularities, namely, z; = (—1,0), zo = (=1, — @), z3 = (1,0) and
z4=(1,—B — ). Define [} = o — 8 and I, = o + 3. The eigenvalues associated to z; are —2
and /; while the eigenvalues associated to z; are —2 and —/;. Moreover z; = 2 when [} = 0.
Analogously the eigenvalues of z3 are 2 and /,, while the eigenvalues associated to z4 are 2
and —/p, with z3 = z4 when /5 = 0. So in the finite part the system can have two, three or four

singulaties, depending on the values of /1 and /5.

In the local chart U; the compactified system has at most two singularities on the infinity
line: u; = (0,0) and up = (1 — f3,0). Defining I3 = B — 1 we see that u; = up when /3 =0 and
the topological type of these singularities depends on the sign of /3. Indeed the eigenvalues

associated to u; are —1 and /3 while the associated to u, are —1 and —/3.

In the local chart U, we just need to check if the origin (0,0) is a singularity, which is

true. It is a node, with the two eigenvalues equal to —1.

So considering ¥y # 0 and combining all the possibilities of the signs of /,/; and I3
we obtain the phase portraits RPL.1-RPL.10 of Figure 6. In Table 3 we put the values of the

parameters that realizes each one of the phase portraits described in Figure 6.

If y =0 then z, and z4 goes to the infinity and the compactified system in the local chart
U, becomes
i = (1—B)u? — auv—?, v=—v(Bu+ o).

Note that when /3 = 0(8 = 1) the line v = 0 is filled up of singular points, and when /3 # 0 the
origin (0,0) is a linearly zero singularity. Considering this case first and applying the blow up
u=U,v=UW and dividing by U we get the system

U=-UB+W>+aw—1), W=WW-1)(W+1). (2.50)
When U = 0 the singularities of (2.50) are u#; = (0, —1) with eigenvalues 2 and [, u; = (0,0)
with eigenvalues —1 and —/3, and 3 = (0, 1) with eigenvalues 2 and —/,.

After blow-down we get the local phase portraits of the origin of U, which depend on

the signs of /1,/; and /3. Doing all the combinations the origin of U, consists of:

e two elliptic sectors and parabolic sectors, see phase portraits RPL.11 and RPL.12 of Figure
6;

e two hyperbolic sectors and parabolic sectors, see phase portraits RPL.13 and RPL.14 of
Figure 6;

e six hyperbolic sectors, see phase portrait RPL.15 of Figure 6.
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RPL.1 | -5/4 | 1/4 |1

RPL.2 | 0 -1 1
RPL.3 | -3 201
RPL.4 | -2 11
RPL.5S | 0 1)1

RPL6 | -172 | 1/2 |1

RPL.7 | 172 | -1/2 | 1

RPL.8 | -2 21

RPL.9 | -1 1]1
RPL.10 | O 0]1
RPL.11 | -3 210
RPL.12 | O -110
RPL.13 | -1 00
RPL.14 | -1 210

RPL.15 | -1/4 | 3/4 |0

RPL.16 | -2 10

RPL.17 | O 10

Table 4 — Table of values for the parameters of system (RPL).

Finally if we consider B = 1 and after eliminating the common factor v the origin of the local
chart U, is either a hyperbolic node or a hyperbolic saddle, described respectively by the phase
portraits RPL.16 and RPL.17 of Figure 6. The Table 4 has the values of the parameters that
realizes the phase portraits of Figure 6. [

Proposition 2.5.10 (DL). Each real planar quadratic differential system with a double real
straight line and a third straight line having a Darboux invariant can be written, after an affine
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change of coordinates, as system (DL), with y =0 and a # 0, and the Darboux invariant is

115(x7y7t) = e_atyx_ﬁ'

Moreover there are 3 non—equivalent phase portraits in the Poincaré disc for this systems. They
are described by DL.1-DL.3 in Figure 6.

Proof. Let fi = x = 0 be the double real invariant straight line. By the proof of Proposition 2.3.3
we know that the second invariant straight line is f> =y = 0. The cofactors of f; and f, are,
respectivelly, k; = x,k, = o+ Bx+ yy. Equation (2.9) with s € R\ {0} has only one solution
Y= 0, s = —OC)LQ, 7(«1 = —ﬁﬂ,z.

Taking A, = 1 and using this solution we get

x=x* y=y(a+px),

with Darboux invariant /5 (x,y,t) = e %yx P,

In order to study the global phase portraits of systems (DL), since & # 0 we can take
a = 1. The origin of the system is the only finite singularity, which is a saddle-node. For the
infinity singularities we assume first that B — 1 7 0. In the local chart U; the origin is a saddle if
B —1 >0, and a stable node if f — 1 < 0. In the chart U, the system becomes

u=—u((f—1u+v), v—v(Bu+v),

and the origin is a linearly zero singularity. Applying the blow up u = U, v =UW we get the
system

U=-U*B-1+W), W=-UW,
which after eliminating the common factor U has the origin as only singular point. If  —1 > 0

the origin is a hyperbolic stable node and if f — 1 < 0 the origin is a saddle.

After blow down we get the local phase portraits of the origin of U, which depend on f3.
When 8 — 1 > 0 the origin has two elliptic sectors and parabolic sectors, see phase portrait DL.1
of Figure 6. If B — 1 < 0 then there are two hyperbolic sectors and parabolic ones, see phase
portrait DL.2 of Figure 6.

When 8 = 1 the infinity is filled up of singular points and the origin in the local chart U,
is a hyperbolic stable node. The phase portrait of this case can be found and it is described by
DL.3 of Figure 6. L

Proposition 2.5.11 (CPL). Each real planar quadratic differential system with two parallel
complex straight line and a third straight line having a Darboux invariant can be written, after an

affine change of coordinates, as system (CPL). A Darboux invariant is given by

Ilﬁ(x,y,l) _ etearctan(l/x)

Moreover there are 7 non—equivalent phase portraits in the Poincaré disc for this system. They
are described by CPL.1-CPL.7 in Figure 7.
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Proof. Let fi =x+i=0, f, =x—i =0 be the two complex parallel straight lines. By the proof
of Proposition 2.3.3 we know that the third invariant straight line is f3 =y = 0. The cofactors of
f1, /> and f3 are, respectivelly, k; = x —i,ky = x+1i,k3 = o+ Bx+ yy. The equation (2.9) with
s € R\ {0} has two solutions, namely

s1={y=0,s=iA + (B +ia)A3), Ay = —BA3 — A}
Sy = {S = 2l7Ll, 7(.2 = —),1, 2,3 = 0}.

Using s, (which is more general) we conclude that all systems with two parallel complex straight
lines and a real straight line as invariants curves have a Darboux invariant. Moreover taking
AL = —i/2 we get

Lg(x,y,1) = € (x— i) (x+1) /2.

Using the polar form of the complex numbers it follows that (x — i)¥/2 (x4 i) #/% = e&an(1/%) 5o

the Darboux invariant is /;6(x, y, 1) = e2ctan(l/x)+,

In (GASULL; LI-REN; LLIBRE, 1986) the authors already study the quadratic systems

with f = x?+ 1 = 0 as invariant curve, given by

=241, y=0xy),

with Q an arbitrary polynomial of degree 2. In this paper we have Q(x,y) = y(ot+ B x+ 7y). So
the system studied here is a subcase of systems (V) of the article (GASULL; LI-REN; LLIBRE,
1986). In that article the study of those systems is divided in six cases and since we have the
invariant straigh line y = O there are seven possible phase portraits. The case (V1I.1) provides the
phase portraits 1 and 2 of (GASULL; LI-REN; LLIBRE, 1986)(Fig. 1), i.e. the phase portraits
CPL.1 and CPL.2 of Figure 7; the case (V1.2) gives the phase portrait 6 of (GASULL; LI-REN;
LLIBRE, 1986)(Fig. 1), i.e. the phase portrait CPL.3 of Figure 7; the case (V1.4) generates
the phase portraits 16 and 17 of (GASULL; LI-REN; LLIBRE, 1986)(Fig. 1), i.e. the phase
portraits CPL.4 and CPL.5 of Figure 7; the case (V1.5) gives the phase portrait 20 of (GASULL;
LI-REN; LLIBRE, 1986)(Fig. 1), i.e. the phase portrait CPL.6 of Figure 7. Finally the case
(V1.6) provides the phase portrait 21 of (GASULL; LI-REN; LLIBRE, 1986)(Fig. 1), i.e. the
phase portrait CPL.7 of Figure 7. 0

Proposition 2.5.12 (p). Each real planar quadratic differential system with two complex straight
lines that intersects in a real point and a third straight line having a Darboux can be written, after

an affine change of coordinates, as

(i) (p.1) with a3(B —2f3) # 0 and Darboux invariant

L7 (x,y,t) = e (B—2B3)t ,~2ysarctan(y/x) (xz i y2)33 y,ﬁ .
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(ii) (p.2) with ¢ # 0, @ = —1 and Darboux invariant

Iis (x,y, t) _ e—arctan(y/x)—ct

Moreover there are 5 non—equivalent phase portraits in the Poincaré disc for this system. They
are described by p.1.1-p.1.3 and p.2.1, p.2.2 in Figure 7.

Proof. Let fi =x+1iy=0and f>, =x—iy =0 be the two complex straight lines that intersect at
a real point. We have two systems, (p.1), with f3 =y, and (p.2) with f3 = y+ax+ c. We shall

do the calculations for (p.1), and for system (p.2) the computations are analogous.

Consider system (p.1) the cofactors of fi, f> and f3 are, respecively,

ky = (1/2)(Bx+2y3y+203 —i(B —2[3)y),
k= (1/2)(Bx+2py+203+i(B—2pB3)y), (2.51)

ks = oz +Psx+ny.
Solving equation (2.9) the most general solution is

M=PB+ip, h=p—in Mh=-B, s=a(f—-2B).
Hence assuming o3 (f8 —23) # 0 system (p.1) of Theorem 2.5.1 has the Darboux invariant

Iy (x,y,1) = e P2y P (e — iy ) Pomis (i) P, (2.52)

Using the polar form of the complex numbers it follows that (x — i)%/2(x — iy)B = (x +
iy)Patits = e~ 2parctan(y/x) (42 L \2)Bs and we get the Darboux invariant

]17(x7y,t) — 60‘3(/3*2[33)167273arctan(y/x) (x2 +y2)/33 y,ﬁ

For system (p.2) the third invariant straight line is f3 = y+ax+ ¢ with ¢ # 0. In this
case the system has a Darboux invariant if and only if @ = —1, and with the same reasoning

applied above we get the invariant

Iis (x,y, t) — e arctan(y/x)fct.

We start the study of the global phase portraits with systems (p.1). Since a3 # 0 we
can take a3 = 1. Systems (p.1) have at most two finite singularities, namely z; = (0,0) and
72 =(—2/B,0). When B = 0 the point z, goes to infinity. The point z; is an unstable node and
the eigenvalues associated to z; are —1 and (8 —23)/B. So the point z; is either a stable node
or a saddle.
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In the local chart U, the origin is not a singularity for the compactfied system. In the local

chart U the system compactified has only one infinity singularity «; = (0,0) with eigenvalues
—B/2and —(B —2p3)/2.

Then if B(B —2B3) > 0, z» is a saddle and u is a stable node and the only phase portrait
is p.1.1 of Figure 7, realizable for B = 1,93 =1 and B3 = —1/2. If B(B —2f3) <0, z; is a stable
node and u; is a saddle and the corresponding phase portrait of this case is p.1.2 of Figure 7,
realizable for B = 1, 3 = 1 and B3 = 3/2. Finally if B = 0 then z, goes to the infinity and u,
becomes a semi hyperbolic saddle-node generating the phase portrait p.1.3 of Figure 7, which is
realizable for § =0, 73 =1 and B3 = 2.

In order to study the global phase portraits of systems (p.2) we start with the infinity
singular points. In the local chart U; system (p.2) becomes

i =—cv(u? +1), v=—v(aB +au+cuv+Bcv+Pu—1).

So the line v = 0 is filled up of singular points. The same happens in the local chart U;. In the
finite part the point (0,0) is the only singularity, with complex eigenvalues. So the origin can be
a node or a center. Both cases are described, respectively, by the phase portraits p.2.1 ,realizable
witha = =1 and ¢ = 2, and p.2.2, realizable witha =1, B =0 and ¢ = 2, of Figure 7. [

To end this first chapter we study the systems that do not a Darboux invariant.

Theorem 2.5.13. Systems of type (CE),(E.1),(H.1),(H.5),(P.3) do not admit Darboux invari-
ants of the form e~* f(x,y).

Proof. First we consider systems of type (CE), i.e, the ones which has an invariant cubic of
the form f = fif» = 0 where fi =x>+y*>+1 and f>» = ax+ by +c. By Theorem 2.5.1 these

systems can be written as
i=—(+y*+1) =20 y(y+ax+c), y=a(x*+y*+1)+20yx(y+ax+c),

with fi =x*>+y?+ 1 and f> = y+ax+ c. The cofactors of f; and f> are k;(x,y) = 2(ay+x) and
ka(x,y) = —2a; (ay — x), respectively. So the cofactors have no constant terms, i.e, k;(0,0) =
k2(0,0) = 0. The consequence of this is that equation (2.9) has no solution considering s # 0.

Hence these systems do not have a Darboux invariant of the form e*’ fl’l ! lez.

The proofs for other systems are very similar. In fact it suffices to observe that the

cofactors of the invariant curves never have a constant term. ]
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CHAPTER

AVERAGING THEORY FOR NONSMOOTH
SYSTEMS

The purpose of this chapter is to present applications of the classic averaging theory
of first order to nonsmooth differential systems. Averaging theory is a very useful technique
to investigate the existence of periodic orbits in differential systems. We start this chapter

introducing the nonsmooth differential systems and the classic averaging theory of first order.

3.1 Piecewise smooth differential systems

Definition 3.1.1. A piecewise smooth vector field defined on an open bounded set U C R" is
a function F : U — R" which is continuous except on a set ¥ of measure 0, called the set of

discontinuity of the vector field F.

Here we assume that U \ L is a finite collection of disjoint open sets U;, i = 1,2,...,m,
such that the restriction F; = F ‘ U is continuously extendable to the compact set U;. The local
trajectory of F at a point p € U; is given by the usual notion. However the local trajectory of F
at a point p € X needs to be given with some care. In (FILIPPOV, 1988), taking advantage of
the theory of differential inclusion (see (AUBIN; CELLINA, 1984)), Filippov established some
conventions for what would be a local trajectory at points of discontinuity where the set X is
locally a codimension one embedded submanifold of R”. For a such point p € ¥, we consider a
sufficiently small neighborhood U, of p such that X splits U, \ X in two disjoint open sets U ;“
and U, and denote F *(p)=F| Ui (p). In short, if the vectors F=(p) point at the same direction
then the local trajectory of F at p is given as the concatenation of the local trajectories of F* at
p- In this case we say that the trajectory crosses the set of discontinuity and that p is a crossing
point. If the vectors F~(p) point in opposite directions then the local trajectory of F at p slides
on X. In this case we say that p is a sliding point. For more details on the Filippov conventions
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see (FILIPPOV, 1988; GUARDIA; SEARA; TEIXEIRA, 2011).

The first objective is to estabilish conditions for the existence of crossing limit cycles for
a class of discontinuous piecewise smooth vector fields, that is limit cycles which only cross the

set of discontinuity X.

Remark 3.1.2. If ¥ is locally described as 4~!(0), being 4 : U — R a smooth function and 0
a regular value, then (Vi(p),F*(p))(Vh(p),F~(p)) > 0 is the condition in order that p is a
crossing point. For nonautonomous system the same definition can be applied considering the
extended phase space where the system becomes autonomous by taking the time as a new space

variable with constant velocity equal 1.

3.2 The averaging theory of first order

The averaging theory is one of the best tools to provide sufficient conditions for the
existence of isolated periodic solutions of a differential system. In chapter 4 we shall present
a background on this theory and the new results obtained. But in this chapter we deal with the

averaging theory of first order.

The thecnique is applied in systems on the form

k
i(t) =Y e'F(t,x)+ R (t,x,¢), (3.1)
i=0

The form presented above is related to an expansion that is made around € = 0 and when k =1

we call first order averaging. So considering k = 1 and a continuous piecewise differential system
we have the result(Theorem B of (LLIBRE; NOVAES; TEIXEIRA, 2014b))

Theorem 3.2.1. Consider the following system
X(t) = Fy(t,x) + €F; (t,x) + €2R(t,x, €), (3.2)

where D C R” is an open subset, € is a small parameter, the functions F; : R x D — R" fori =0, 1
and R: R x D x (—&y, &) — R" are T—periodic in the variable #, and for each # € R the functions
Fy(t,.) € Cl, Fi(t,.) € C°, D,Fy and R € C? are locally Lipschitz in the second variable. We
denote by x(t,z,€) the solution of system (3.2) such that x(0,z,€) = z. Assume that there exists
an open and bounded subset V of D with its closure V C D such that for each z € V, the solution
x(t,z,0) is T- periodic. We denote by M.(¢) the fundamental matrix solution of the variational
equation hgh
%(t) = DoFo(1,x(1,,0)),

associated to the periodic solution x(z,z,0) such that M,(0) is the identity.

If a €V is a zero of the map f : V — R” defined by

T
F(2) = /O MV (1)Fy (1,28, 2))dr (3.3)
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and det(D_f (a)) # 0, then for € > 0 sufficiently small, system (3.2) has a T—periodic solution
x(t,ae, €) such that ag — a as € — 0. Moreover the linear stability type of the periodic solution
x(t,a¢,€) is given by the eigenvalues of the matrix D, f(a).

Now considering the averaging of first order (k = 1) and a special case of discontinuous
piecewise differential system there is also a result, similar to Theorem 3.2.1. Let D C R" be
an open subset and /2 : R x D — R a C! function having 0 as regular value. Consider F' F? :

R x D — R”" continuous functions and £ = 4~ !(0) and the Filippov’s system

Fl(t,x) if (r,x) eXt,

X(t)=F(t,x) = {Fz(t’x) if (1) € 5. (3.4)

where T = {(t,x) eRx D : h(t,x) >0} and £~ = {(t,x) e R x D : h(t,x) < 0}.
Consider the differential system associated to system (3.4)
%(t) =F(t,x) =y (t,x)F (t,x) + x_ (t,x)F?(t,x), (3.5)
where y., x— are the characteristic functions defined as

Lif h(t,x) > 0,

X+(t7x> =
0if h(r,x) < 0.

and
0if A(t,x) > 0,

1if h(z,x) < 0.

X*(tvx> =

Systems (3.4) and (3.5) do not coincide in ¥, but applying the Filippov’s convention
for the solutions of systems (3.4) and (3.5) (see (FILIPPOV, 1988)) passing through a point
(t,x) € X we have that these solutions do not depend on the value of F(z,x), so the solutions are

the same.

Let & be the space formed by the periodic solutions of (3.5). If dim & = dim D = d then
the following result follows directly from Theorem B of (LLIBRE JAUME NOVAES, 2015).

Theorem 3.2.2. Consider the differential system
&(t) = Fo(t,x) + €Fy (t,x) + €2R(t, x, €). (3.6)

where

Fi(t,x) = x+F!(t,x)+ x-F?(t,x), fori=0,1, and

R(t,x) = x+R'(t,x)+ x_R?(t,x),
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with Fl-1 e C!, fori =0,1 and R!, R? are continuous functions which are Lipschitz in the second

variable, and all these functions are 7-periodic functions in the variable ¢ € R.

For z € D and € > 0 sufficiently small denote by x(z,z,€) the solution of system (3.6)
such that x(0,z,€) = z.

Define the averaged function

T
f(Z)Z/O M(s,2) " F(s,x(s,2,0))ds (3.7)

where x(s,7,0) is a periodic solution of (3.6) with € = 0 such that x(0,z,0) = z, and M(s,z)
is the fundamental matrix of the variational system y = D,Fy(z,x(z,z,0))y associated to the
unperturbed system evaluated on the periodic solution x(s, z,0) such that M(0,z) = Id. Moreover

we assume the following hypotheses.

(H-) There exists an open bounded subset C C D such that, for € sufficiently small, every orbit

starting in C reaches the set of discontinuity only at its crossing region.

(H;) For a € C with f(a) = 0 there exists a neighborhood U C C of a such that f(z) # 0, for
all z € U\{a} and det(D,f(a)) # 0.

Then for € > 0 sufficiently small there exists a T—periodic solution x(z,a, €) of (3.6) such that
ag — a as € — 0. Moreover the linear stability of the periodic solution x(z,€) is given by the

eigenvalues of the matrix D, f(a).

Remark 3.2.3. If f(x) is a C' function such that f(a) = 0 and f’(a) # O there exist a neigh-
borhood U C C of a such that f(z) # 0 for all z € U\{a} and dp(f,U,0) # 0. For more details
about the Brouwer degree see for instance (BROWDER, 1983).

Using the results above we put two applications. The first one is published in Compu-
tational & Applied Mathematics (see (LLIBRE; OLIVEIRA; RODRIGUES, 2018)) and the
second is a preprint (see (LLIBRE; OLIVEIRA; RODRIGUES, 2018)).

3.2.1 The Michelson differential system

The Michelson differential system is given by

X=y,

y=z, (3.8)
2

.2 _x_

i=Cc =)y R

with (x,y,z) € R and the parameter ¢ > 0. The dot denotes derivative with respect to an
independent variable ¢, usually called the time. This system is due to Michelson (MICHELSON,

1986) for studying the traveling solutions of the Kuramoto-Sivashinsky equation.
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This system has been largely investigated from the dynamical point of view. Michelson
in (MICHELSON, 1986) proved that if ¢ > 0 is sufficiently large, then system (3.8) has a unique
bounded solution which is a transversal heteroclinic orbit connecting the two finite singular-
ities (—v/2¢,0,0) and (v/2¢,0,0). When ¢ decreases there will appear a cocoon bifurcation
(see (KOKUBU; WILCZAK; ZGLICZYNSKI, 2007; LAU, 1992; MICHELSON, 1986)). In
(LLIBRE; ZHANG, 2011) there is an analytical proof of the existence of a zero-Hopf bifurcation
for system (3.8).

In (CARMONA; FERNANDEZ-SANCHEZ; TERUEL, 2008; CARMONA et al., 2010)
the authors consider a continuous piecewise linear version of Michelson differential system
changing the non linear function x? in (3.8) by the piecewise linear function |x|. For such system
they proved that some dynamical aspects of the Michelson system remains as the existence of a

reversible T—point heteroclinic cycle.

Doing the change of variable (x,y,z,c) — (2€X,2¢Y,2€Z,2¢ed) withd > 0 and € > 0
sufficiently small to the Michelson differential system (3.8), followed by the change of the
function X2 — |X|, and denoting again X, Y, Z by x, y, z, we obtain the system

X=Yy,
y=z, (3.9)
z=—y+e(2d* —|x]),

that we call the Michelson continuous piecewise linear differential system . We note that

this system is reversible because it is invariant under the change of variables (x,y,z,t) —
(—x;)% —Z, _t)'
If in the continuous Michelson differential system (3.8) we change the continuous

function |x| by the discontinuous one |x| + sign(x), where

—1 ifx<O,
signx=14q0 ifx=0,
1 if x > 0.

we obtain the Michelson discontinuous piecewise linear differential system given by

=y,
y=2z, (3.10)
;= —y+€&(2d* — |x| —signx).

The first objective is studying analytically the periodic solutions of the Michelson
continuous and discontinuous piecewise linear differential systems. The result is presented

bellow.
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Theorem 3.2.4. For all d > 0 and € = €(d) > 0 sufficiently small the Michelson continuous

piecewise linear differential system (3.9) has a periodic solution of the form
x(t)=—nd* +0(e), y(t)=mnd*sint+0(e), z(t)=nd*cost+O(¢).
Moreover this periodic solution is linearly stable.

Proof. Doing to the Michelson continuous piecewise linear differential system (3.9) the change

to cylindrical coordinates x = x, y = rsin 0 and z = rcos 0, the system becomes

X=rsin0,
7= €(2d” — [x]) cos 6, 3.11)
6= 1—%(2d2—|x|)sin9.

Taking 6 as the new independent variable we can write the previous differential system as

d
X ¥ =rsin® +(2d? — |x|)sin® 0 + O(€%),

do (3.12)

d
é = = £(2d* — |x|)cos O + O(2).

The unperturbed system is

x =rsiné,

(3.13)
¥ =0.

For each (xg, ro) the solution (x(6,xq,79),r(6,x0,70)) such that (x(0,x9,r),r(0,x0,70)) = (x0,70)
is

(x(0,x0,70),7(0,x0,70)) = (x0+ro(1 —cos 0),rp),
which is 2—periodic for all (xq, 7o) # (0,0). When rp = 0 we have a straight line of equilibrium
points. Now note that the function Fy(8, (x,7)) = (rsin8,0) is C* and in particular C', and that

the function
Fi(6,(x,r)) = (2d* — |x|)(sin* 0, cos 6)

is CY, and both are Lipschitz. So the differential system (3.11) satisfies the assumptions of
Theorem 3.2.1. Then, by Theorem 3.2.1, we need to calculate the averaged function
27 |
f(X(),r()) = 0 M(G)_ Fl(97x(9a (x07r0)))d67

where
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is the fundamental matrix of the variational differential system associated to system (3.13)
evaluated on the periodic solution (xo 4 ro(1 —cos 6),rp) such that M(0) is the identity matrix.

Therefore we have

o 1 cosB—1 sin’ 0
f(xo,ro):/ (2d% — |xo + ro(1 — cos 8)|) do
0
0 1 cos 6
o 1—cosB
:/ (2d% — |xo+ ro(1 — cos 6))) a0
0
cos 0

- /Omg(e)de.

Note that g(6) = g(—0) and g(0) is 2m-periodic. So

/Omg(O)dO = /jrg(G)dO = 2/0”g(9)d9'

To calculate this integral we need to study the zeros of the function G(8) = xo + ro(1 — cos 0).

+ro

1o
real values when x € [—1, 1] we have to consider the following three cases.

As G(0) = 0 if and only if 6 = +arccos (XO ) and the function arccos(x) takes

X0+ ro

Case 1: x9 < —2r¢ or equivalently < —1. Then ry+xp — rocos 0 < 0 in [0, 7).

ro
X0+ ro
ro

Case 2: xo € (—2rp,0) or equivalently < 1. Then

(1) ro+xo—rocosf <0if 6 € (OvarCCOS (ro+x0)),
ro

(i) ro+xg—rgcosO >0if 0 € (arccos (r0+x0> ,717).
1o

X0+ ro

Case 3: xo > 0 or equivalently > 1. Then ry+x9 — rocos 0 > 0 in [0, 7|

ro
T
In the computation of the integral / 2(0)d6 we distinguish the previous three cases.
0

Case 1. In this case the averaged function is

o 1 —cos@
f(xo,ro):2/ (2d2—|x0—|—r0(1—0089)|) do
0

cos O

= 271(4d* + 3ry + 2x0, —10),
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whose unique zero is (xo,79) = (—2d?,0). Since this initial condition corresponds to an equilib-

rium point of the unperturbed system (3.13), the averaging theory in this case does not provide

periodic solutions.

Case 3. Analogously to Case 1 we have

27 1—cosB
F(x0,70) = 2/ (242 — xo + ro(1 —cos 8)|) 40
0

cos 0
= 27T(4d2 — 31‘0 — 2XO,7‘0),

whose unique zero is (xo, 79) = (2d%,0). The conclusion follows as in Case 1.

Case 2. Here

arccos(rorox()) 1 —cos6
f(x0,70) 22/ (2d* + (xo+ ro(1 —cos 9))) de
0

cos O
- 1—cosB
+2 2d* — (xo+ro(1 —cos O do
aI‘CCOS(rO;ZXO>( ( O O( )))
cos 0

RRL (%0, 70)
f2(x0,70)
where
fixo,ro) = 4md” — —Xo(r20ro %) (6ro +2x0) —2(3rg + 2x¢) arcsin (ro :;)x()) 7
f2(x0,70) = 2(ro+x0) _XO(rz()r0+XO) + 2rparcsin <?oxo> :

In order to solve the system fj(xo,70) = f2(x0,70) = 0 we do the change of variables
X0+ ro

xg — X where xg = —rg — Xrgp with —1 < X < 1, recall that < 1. Then the system

ro
becomes

2md? + (X —2)V1— X2+ (1 —2X)arcsinX ) rg = 0,

o (X\/l —X2—|—arcsinX) =0.
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Since ro must be positive, from the second equation it follows that X = 0, and from the first that
ro = md?®. So we have the solution (xo,70) = (—nd?, nd?).

The Jacobian of the map (f1, f>) evaluated at (xo, ro) = (—7d?, wd?) is 4. It follows from
Theorem 3.2.1 and for any d > 0 and € = €(d) > 0 sufficiently small that system (3.12) has
a periodic solution ¢(8,¢) = (x(0,€),r(0,€)) = (—d*n+ O(¢e),d*m + O(€)). Moreover the
eigenvalues of the Jacobian matrix of the map (f1, f>) at the solution (—d?7,d?x) are £2i, so

the periodic solution is linearly stable.

Now we must identify the periodic solution of system (3.9) which corresponds to the
periodic solution found. Going back to system (3.11) with the independent variable ¢ we obtain

the periodic solution
(x(1,€),r(t,€),0(t,€)) = (—d*m,d*m,t(mod 27)) + O ().
Finally coming back to system (3.9) we find the periodic solution
(x(r,€),y(t,€),2(t,€)) = (—d*m, d*msint , d*wcost) + O ().
This concludes the proof of Theorem 3.2.4. [

Remark 3.2.5. 1. A periodic solution is asymptotically stable if all the eigenvalues corre-
sponding to the fixed point of the Poincaré map associated to this solution have negative
real part, then this periodic solution is locally asymptotically stable. If one of the eigenval-
ues has positive real part the periodic solution is unstable. If all the eigenvalues have zero
real parts, then we say that the periodic solution is linearly stable, in this case the linear
stability does not provide any information on the kind of stability that the periodic solution

has when we take into account the nonlinear terms.

2. The stability of the periodic solutions of system (3.2) when it is applied to the Michelson
continuous piecewise linear differential system can be obtained from the stability of a
differential system associated to it. In fact given the continuous system (3.8) consider
a band of amplitude € > 0 around the plane x = 0 and a differentiable extension of the
continuous system (3.8) to this band. Studying the limit of this extended differentiable
system when € — 0 we conclude that the linear stability of system (A.2) is given by the

eigenvalues of D,.% (a).

Remark 3.2.6. The periodic orbit obtained in Theorem 3.2.4 is not reversible because their
dominant terms (—d?m, d*msint, d>;cost) are not invariant under the change of variables
(x,v,z,t) — (—x,y,—z,—t). So this periodic orbit has no relation with the periodic orbit of the
noose bifurcation studied by the Michelson continuous piecewise linear differential system (1.2)
of (CARMONA et al., 2015) which is reversible. We also note that our Michelson continuous
piecewise linear differential system (3.9) and system (1.2) of (CARMONA et al., 2015) do not

coincide.
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With respect to the number of periodic solutions of system (3.10) we have the following

result

Theorem 3.2.7. For € > 0 sufficiently small the Michelson discontinuous piecewise linear

differential system (3.10) satisfies the following statements.

(a) If (—1+2d*)x < 0 then system (3.10) has two periodic solutions (x(¢,€),7(¢,€),0(t,€))

of the form
(x(t,€),y(t,€),z(t,€)) = (xq,rosint,rocost) + O(¢€), (3.14)
where
2V 1 —a?

xo=—ro(l+a),

ro = s
av/'1 —a?+ arcsin a
and a takes the value of the two unique zeros of the function
2a*> — 2+ ma\/1 — a*d* +arcsin a (ndz +arcsina —av'1— a2)
g\a) = A )
(@) av'1—a?+arcsina

in the interval (—1,1).

(b) If (—1+ 2d2)7r > 0, then system (3.10) has a periodic solution of the form (3.14) given
by the unique zero of the function g(a) in the interval (—1,1).

Proof. Doing the change to cylindrical coordinates x = x, y = rsin 8 and z = rcos 6 the Michel-

son discontinuous piecewise linear differential system becomes

X=rsin0,
i = €(2d* — |x| — signx) cos 6, (3.15)
6=1- E(2d2 — |x| — signx)sin 6.

r

Now taking as new independent variable the angle 0 we get the system

X' = rsin@ + €(2d* — |x| — signx)sin® 6 + O(&?),

(3.16)
¥ = &(2d* — |x| — signx) cos 6 + O(€?),

where the prime denotes the derivative with respect to 0. This differential system satisfies the
assumptions of Theorem 3.2.2, so we shall apply it for finding some of its periodic solutions.

Using the notation of Theorem 3.2.2 we have that

sin” 0
Fi(0,x,r) = (2d* — |x| — signx)

cos O
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As in Theorem 3.2.4 the unperturbed system is given by (3.13) and the fundamental

I 1—cos6
matrix is M(0) = . Then by Theorem 3.2.2 we need to calculate

0 1

2r ] 2
f(xo,ro):/o M(0)” Fl(Q,x(97(xo,ro)),r(e,(xo,ro)))de:/0 2(0)do.
1 —cosO
where g(0) = (2d* — |xo + ro(1 — cos 8)| — sign(xo + ro(1 — cos 6)))
cos @

Since g(0) is 2w—periodic and g(0) = g(—6) then
2n T
/ 2(0)d6 = 2/ 2(6)do.
0 0

As in the study of the continuous differential system, we separate the calculation of the
averaged function corresponding to the discontinuous system (3.16) in the same three cases that

appear in the proof of Theorem 3.2.4.

Case 1. In this subcase rg +xg — rocos 0 < 0 in [0, ]. Then the averaged function is
f(x0,70) = 7(2+4d* + 3o+ 2x0, 7).

This function has no zeros with rg > 0, so the averaging theory in this case does not detect any

periodic solution.
Case 2. Now we have

f(x0,70) = (=2 +4d> — 3rg — 2x0,10)-
The conclusion follows as in Case 1.

+ X0
ro

Case 3. Here ro +x9 — rgcos @ < 0 when 0 € <O, arccos )) ,and ro+x9—rgcos 6 > 0,

ro + X
when 0 € (arccos ( 0 0) ,n), SO
ro

fi1(xo,70)
f(xo0,r0) = 7

f2(x07r0)
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with

2ro+ T
fi(x0,70) = —XO(FO—ZXO)(.% +x0+2)+ 5 (4% =3 —2x+2)

o

+(3rg +2x0 +2) arccos <r0 +xo> :

1o
Tro ro +Xo x0(2ro +x0)
f2(x0,10) = — —arccos - ro+(ro+xo+2), [————5—.
0 S

Again for solving the system fi(xo,70) = f2(x0,70) = 0 we do the change of variables
xo — X where
X0 — —r()—Xr(), (317)

with —1 < X < 1. Then the system becomes
271d? +V/1 —X2((X —2)rg —2) + (2—2Xry +rg)arcsin X = 0,

V1—X2(2—Xry) —roarcsin X = 0.

From the second equation we get

21— X2
ro = )
XV 1—X?+arcsin X

Substituting ry in the first equation we obtain g(X) = 0, where g(X) is

(3.18)

2X?% — 2+ 7tX\/1 —X2d? + arcsin X (nd2+arcsinX —XV1 —X2)
XV 1—X2+arcsin X '

It is easy to compute that

limys, 1 g(X) = (—1+42d°)m,
th/‘Og(X) = +o0,
limx~ 0 g(X) = —oo,

So, by continuity of the function g(X) in the intervals (—eoo,0) and (0, o), it follows that g(X)
has one zero in the interval (—oo,0) if (—1+2d?)7 < 0, and that g(X) always has one zero in
the interval (0,0). Moreover, since the derivative g'(X) > 0 in those two intervals, such zeros

are the unique zeros of the function g(X).
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Since for each zero of g(X) we have a unique zero (xp,rg) of system
f1(x0,r0) = f2(x0,70) = 0 (see (3.18) and (3.17)), we obtain two solutions of the system
f1(x0,70) = fo(x0,70) = 0 if (—1+2d?)m < 0, and only one if (—1+2d?)x > 0. Computing
the Jacobian of the map (f}(xo,70), f2(x0,70)) at (3.18) and (3.17) we get

X*—5X24+6XV1—X2arcsin X + (4X2— 1) (arcsin X)) 44 -
e Z%

if X € (—1,1). Therefore, by Theorem 3.2.2 we obtain two periodic solutions of the differential
system (3.16) if (—1 +2d?)7m < 0, and one periodic solution if (—14-2d?)7 > 0. Such periodic

solutions are of the form
(x(6,€),r(0,€)) = (xo+ O(€),r0+ O()),

where xg and ry are given by (3.18) and (3.17) when X is a zero of g(X).

Going back to system (3.15) with the independent variable ¢ we obtain the periodic
solution
(x(t,€),r(t,€),0(t,€)) = (x0,r0,t(mod2m)) + O(€).

Finally coming back to system (3.9) we find the periodic solution
(x(t,€),y(t,€),z(t,€)) = (x0,rosint, rocost) + O(€).

This concludes the proof of Theorem 3.2.7 [

3.2.2 Limit cycles of control piecewise linear differential systems

In control theory are relevant the continuous piecewise linear differential systems of the
form
x=Ax+ @(x1)b, (3.19)

with A a m x m matrix, x,b € R™, ¢ : R — R is the continuous piecewise linear function

—1 ifx € (—00,—1),
Q(x1)=1qx ifx; e[—1,1], (3.20)
1 ifx; € (1,00),

where x = (x1,...,%,)7, and the dot denotes the derivative with respect to the independent

variable ¢, the time.

Also in control theory are important the discontinuous piecewise linear differential
systems of the form (3.19) where instead of the function ¢ we have the discontinuous piecewise

linear function

—1 ifx; € (—o0,0),
y(x) = ( ) (3.21)
1 if x| € (0,00).
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For more details on these continuous and discontinuous piecewise linear differential systems see
for instance the books (AIZERMAN, 1963) and (BARNETT; CAMERON, 1985).

The goal of this subsection is to study analytically the existence of limit cycles for a class

of continuous and a class of discontinuous piecewise linear differential of the form (3.19).

More precisely, first we consider the class of continuous piecewise linear differential

systems

X =Aox+€(Ax+ @(x1)b), (3.22)

with |g| # 0 a sufficiently small real parameter, where A is the 2n x 2n matrix having on its

principal diagonal the following 2 x 2 matrices

0 —(2k—1)
fork=1,...,n,

2k—1 0

and zeros in the complement, A is an arbitrary 2 x 2n matrix and b € R?"\ {0}. Note that for

€ = 0 system (3.22) becomes
X1 =—X3, Xp=X1, ... sXo—1=—02n—1)x2,, Xon=2n—1)xp,_1. (3.23)

Moreover, the origin of (3.23) is a global isochronous center in R?", i.e. all its orbits different

from the origin are periodic with period 27.

In a similar way we consider the discontinuous piecewise linear differential systems

X =Aox+e(Ax+y(x)b). (3.24)

The main results on the limit cycles of the continuous and discontinuous piecewise linear

differential systems (3.22) are described below.

Theorem 3.2.8. For |¢| > 0 sufficiently small and if the conditions for applying the averaging
theory of first order hold, then at most one limit cycle }; of the continuous piecewise linear
differential system (3.22) bifurcates from the periodic orbits of system (3.23), i.e. ¥ tends to a
periodic solution of system (3.23) when € — 0. Moreover there are systems (3.22) with |g| > 0
sufficiently small having a such limit cycle.

The main tool for proving Theorem 3.2.8 is the averaging theory of first order for
continuous differential systems presented in Theorem 3.2.1. In order to use this theorem we need
to write the differential system (3.22) in the normal form (3.1), and for obtaining this we need to

some changes of variables.
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Lemma 3.2.9. Doing the change of variables (x,x2,...,x2,) — (0,r,01,r1,...,60,_1,r,—1) de-
fined by
X1 =rcosé,
Xy =rsin0,
xpj_1=rj—1cos((2j—1)0+06;_1),
xpj=rj_1sin((2j—1)0+6;_1),

for j =2,...,n system (3.22) is transformed into the system
dr ’
%: 8H1(9,}’,91,1‘1,...,9,,,1,}””,1)—l—ﬁ(E ),
Vit _ ey (0,7,01,71,...,00_1,7n_1) + O(€2) (3.25)
40 2(j—D)\Y H VLT ey Un—15Tn—1 )
do;_
dJQ - 8H2j71<97r7917r17"'76n717rn*1)+ﬁ(gz)a
where
n
H| = Z”l—l (FucosG%—Fz,l sin6> + @(rcos0)(bycosO +bysin6),
=1
and for j =2,3,...,n we have

Hz(j 1) ZI’[ 1<F21 llCOS((Zj—1)9+9j_1)+F2j718in((2j—1)9+9j_1))
=1

+¢(rcos0)[byj_1cos((2j—1)0+0;_1) +byjsin((2j —1)0 +6;_1)],

r, . .
sz_l: Z = 1 (FZJZCOS((2]—1)9—|-9] 1) F2j17151n((2]—1)9—|—9j_1))
1=1"Tj-

n
(2j—1) Z (F”smG Fzzcose)

b _
—l—qo(rcose)(icos((zl_1)9+91 1) — . 1sin((2j—1)9-|—9j1))
Fj-1 j—1

b b
—(2j—1)¢p(rcos0) (—zcose - —lsin9>,
r r
with
Fiy=F(r,0,0-1) = aj1)cos((2l —1)0 + 6,_1) +a;oy sin((21 — 1) + 6, ).

We take g sufficiently small, m arbitrarily large and

1 1 n—1
Dm:{<r7617r17"'76nlurnl)e (_,m) X |:Sl>< (—,m)} }
m m
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Then the vector field of system (3.25) is well defined and continuous on S! x D,, x (—€0,€0).
Moreover the system is 27-periodic with respect to variable 6 and locally Lipschitz with respect

to variables (r,01,r1,...,60,—1,rn—1)-

Proof. In the variables (0,r,0y,r1,...,0,_1,r,—1) the differential system (3.22) becomes

0= 1+§ {in_l <F2,1c0s9 —F17lsin6) + ¢(rcosB)(bycos® —bysinb) |,
=1
= €H(0,r,0,r,...,0,_1,rn-1),
Fiog = 8H2(j_1)(6,r,91,r1,...,On_l,rn_l),
éj_l = €Hy;1(0,1,01,r1,...,0,—1,1n—1),

for j =2,3,...,n. Note that for € = 0, (¢) > 0 and hence for || # 0 sufficiently small this
property remains valid for each t when (0,7,0;,71,...,68,_1,7,_1) € S' x D,,. Now we take 0
as the new independent variable. The right-hand side of the new system is well defined and
continuous in S! x D, x (—&y, &) and it is 27-periodic with respect to the new variable 8 and
locally Lipschitz with respect to (r, 01,r1,...,60,_1,r,—1). Now system (3.25) can be obtained

doing a Taylor series expansion in the parameter € around € = 0. L

The next step is to find the corresponding average function (3.3) of system (3.25) that
we denoted by f = (f1, f2,. .- 7f2(n71)7f2n71) : D, — R" 1 and it is defined by

2r
fi= filn6,r1,....0,_1,rp—1) = ; H\(r,01,r1,...,6,1,1,—1)d0,

2
Hij—y= fo—n(n01,r1,. 01, 11) = A Hy(j_1y(r,01,71,...,6,-1,7-1)d0,

2
fj-1= f2j-1(n01,r,..., 01,1 1) = A Hyj 1(r,01,r1,...,6,-1,1-1)d0,

for j =1,2,...,n. To calculate these integrals we will use the following equalities

2
/ cos((2j—1)0+0;_1)sin((2l—1)0 +6,_1)d6 =0 for all integers [, j > 1,
0

o n ifl=j,
/ cos((2j—1)0+0;_1)cos((2l —1)0+6,_1)d6 =
0 0 ifl#}j,

r ifl=],

2r
/ sin((2j —1)0 +8;_1)sin((2/ — 1)6 + 6,_1)d6 =
0 0 ifl£],
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and the next lemma.

Forr>0and j=1,2,...,n we denote

2

Ii(r) = A @(rcos@)cos((2j—1)0)do,

2n
Ji(r) = / ¢(rcos 8) sin((2j — 1)8)d6,
0
where @ is the piecewise linear function (3.20).

Lemma 3.2.10. The integrals /; and J;(r) satisfy

(
nr if j=land0<r <1,

0 if j>land0<r <1,
K(r) ifj=1landr>1,

\Lj(r) ifj>1landr>1;
Ji(r)= 0 forall j=1,2,...,nand r > 0.

where

Li(r)= #2 ((Zj —1)vr2—1cos((2j—1)arctan\/r2 —1)

J(2j-1)

—sin((2j — 1) arctan\/r? — 1)>,

2
K(r)= nr+=vr?>—1-—2rarctan(/r>—1).
r

Proof. We consider two cases: 0 <r<landr>1.

Case 1: 0 < r < 1 In this case |[rcos 0| < 1 and hence ¢(rcos0) = rcos 0 for all 6 € [0,27].
Thenif j=1

2n 2n
@(rcos0)cos0do = r/ cos® 0dO = r,
0 0
and
2n 2r
@(rcos0)sin0d6 = r/ cos Bsin 6d6 = 0.
0 0
And if j > 1 then
2n 2
@(rcosB)cos((2j—1)0)do6 = r/ cosBcos((2j—1)0)d6 =0,
0 0

21 21
/ ¢(rcos 0)sin((2j— 1)8)d0 — r/ cos Osin((2j— 1)8)d6 = 0.
0 0
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Case 2: r > 1 In this case choose 6, € (0,7/2) such that cos 6, = 1/r. If j = 1 we have

0. T—0, n+6, 2m—0, 21
Li(r)= / cosGd6+r/ cos? 0d6 — cosGd9+r/ cos® 0dO + cos 0d0
0 6, n—6, n+6, 21—6,

2
= mr+=vr>—1-2rarctan(\/r2—1).
r

The same reasoning can be applied to see that J;(r) = 0. If j > 1 then

0. T—0, 46,
Li(r) = / cos((2)j — 1)9)d6+r/ cos B cos((2j — 1)8)d0 — cos((2j—1)8)d6
0 0. n—6,
2m—6, 2
—|—r/ cochos((Zj—l)G)dG—i—/ cos((2j—1)0)do
m+6, 2m—6,
2
T ((2]’ — 1)V r?—1cos((2j—1)arctan/r> — 1) —sin((2j — 1) arctan \/r? — 1)) :
j—
and J;(r) = 0. O

With the results presented previously we are able to prove Theorem 3.2.8. Since we can
choose m sufficiently large to find the zeroes of the average function f in D,, it is sufficient to
look for them in (0,00) x [S! x (0,0)]"~!. To calculate the expression of the average function

we consider again two cases.

Case 1: 0 < r < 1. In this case the system whose zeros can provide limit cycles of system (3.22)

1S
fi= (a1 +axn+b))rr,
fr= (azz+ass)mr,

3= (a3 —aza+3(ap—ax — b)),
(3.26)

L1y = (a@n-1)@n—1) +a@2n)(2n))) TTn—1,

Jan1=" (a@n)2n—1) = A2n—1)(2n) + (20— 1)(@12 — az1 — b2) .

Note that the variables 0y, 0,, ..., 6,1 does not appear explicitly into system (3.26). Hence, if
this system has zeros, it has a continuum of zeros. Therefore the assumption det(D_f(a)) # 0
of the averaging theory, presented in Theorem 3.2.1, is not satisfied and this theorem does not

provide any information about the limit cycles of system (3.25).
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Case 2: r > 1. Now the system whose zeros can provide limit cycles of system (3.25) is

fi= (6111 +a22)7tr+b1K(r),

fa= (az3+ass)mwr)+ (b3cos 01 +bysinr)Ly(r),

_ 3byr1K(r) — r(bgcos @) — b3 sin 0;)Ly(r)
fi= (a3 —az+3(aip—ax))n = ,

(3.27)

fZ(n—l) = (a(Zn—l)(Zn—l) + a(Zn)(Zn))n-rn—l + (b2n—1 08 6,1 + by sin en—l)Ln(r)a

Joanm1 = (a@n)2n-1) — @n-1)(2n) + (2n— 1)(a12 —az1))w—

(2n — l)bzrn_lK(r) — I’(bzn COS 9,,_1 — b2n—1 sin Qn_l)Ln(r>

Y

rrp—1

For each j € {2,3,...,n} we will study the zeros of the system

fi= (an+axn)nr+b1K(r),
fi—y = (a@j-nej-1) tapjej)®rj-1+ (b2j-1c0s0;_1 +byjsin6;_1)L;(r),
fj—1=(apjej-1) —a@ej-1e)+2i—1(an—a))n—

(2j— 1)[)27‘]‘,1[((1”) — I”(szCOS Oj,1 —sz,1 sin Gj,I)Lj(I”)

)

rrj_l

Note that the function K : (1,00) — (7,4) is a diffeomorphism. Indeed note that K is
twice differentiable with

7]
K'(ry=mn-2 r —2arctan/r? —1,

1’2
and
K'(r)=—— 2 <0
3V —1

which implies that K’ is a strictly decreasing function. Moreover lim,_,. K’(r) = 0 what means
that K’(r) has a horizontal asymptote given by the axis r and then K’(r) > 0. Suppose that
there exists an ry € (1,0) such that K'(rg) = 0. Then for all r > ry we have K'(r) < K'(rg) =0,
contradiction. Therefore it follows that K'(r) # 0 for all r € (1,) and the Inverse Function
Theorem guarantees that K is a local diffeomorphism and since that K is a injective function we

obtain the global diffeomorphism, ending the proof of this claim.
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First we note that in order that the equation f; = 0 has solutions with r > 1 it is necessary
that by (a1 +az) < 0. Moreover K”(r) < 0 implies that the graph of K is convex. In the plane
of the graph of K(r) the graph of (a;| + ay)7r is a straight line passing through the origin and

then both graphs can intersect at most in two points.

4+

Figure 26 — The graphic of the function K(r).

But if some straight line intercept the graph of K(r) in two points then it cannot pass
through the origin, as we can see in Figure 26. Then the equation f; = 0 has at most one solution
if > 1, and since that K(r) is a diffeomorphism we can choose the coefficients aj;,az; and b;
so that this solution exists. We denote this solution by ry and we substitute it into the equations
fa(j—1)=0and f;-1 = 0. Defining

Aj= (apj-nej-1taeje))®  Bj=bj1Lij(r0),  Cj=byLj(ro),
. L.

D= (apj2j-1)—a@j-1)2j) t(2j—1)(ar2—a2))7 - r—0(2J —1)b2K (o),

uj= cosb; i, vj=sinb;_q,

the system f>(;_1) = f2j—1 = 0 1s equivalent to the system

Ajri1+Bjuj+Cjvj= 0,
Djrj—1+Cjuj—Bjyj= 0,
u? + v? —-1= 0.
Using the two first equations we obtain

(AjB;+CiDj)rj-1 (BjD; —AjCj)rj-1

2 .2 ; Vi= 2 . 2
B} +C3 B +(?

uj:—
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Substituting these two expressions in the third equation we get

(A3+D})r; | —B;—C; =0.
Therefore at most there is one solution r;_; > 0, which provide a unique u; and v;. Since we
fixed an arbitrarily j to solve this system, the same reasoning can be applied to each pair of
equations fp(;_1) =0 and f;—; = 0, concluding that system (3.27) has at most one solution.
Moreover taking conveniently the parameters of the initial system (3.22) this solution exists and
its Jacobian is not zero. Hence at most one limit cycle can bifurcate from the periodic orbits of
the center of system (3.23) when we perturbe it as in system (3.22), and there are systems for

which a such limit cycles exist. This completes the proof of Theorem 3.2.8.

Replacing the function ¢ by y we get the discontinuous differential system (3.24) and

the next result.

Theorem 3.2.11. For |¢| > 0 sufficiently small and if the conditions for applying the averaging
theory of first order hold, then at most one limit cycle 7, of the discontinuous piecewise linear
differential system (3.24) bifurcates from the periodic orbits of system (3.23). Moreover there

are systems (3.24) with |g| > 0 sufficiently small having a such limit cycle.

Proof. According to Theorem 3.2.2 the same kind of arguments used for proving Theorem

3.2.8 can be applied to the discontinuous system (3.24), obtaining that the average function
f=1, 2 fan—t)s fan—1) : Dy — R""! defined in (3.7) is

fi= (an+an)wr+bi,
Hi—y = (a@j-nej-1) tanj)ej)®rj-1+ (b2j-1c080;_1 +byj Sin9j—1)7j,
(3.28)
Lj-1=(apjej-1) —apj-1)@2)+ 2i—1)(a2—an))n—

(2j— 1)b2rj—171 — r(szCOS 0j—1—Dbyj_1sin 9j_1)7j

Y

rrj_l
for j =2,3,...,n, where
4 £
— if jis even
i_ ) ejon TR
Ij= 4 -
- if j is odd.
(2j-1)

In fact if we define

. 21 21
1,:/0 w(rcos8)cos((2j— 1)6)d6, J,:/O w(rcos8)sin((2j—1)0)d6,
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where Y is the piecewise linear function given by (3.21). Then we have that

2

I = y(rcosO)cos((2j—1)0)do
0

= /Oﬂ/zcos((Zj—1)9)d6—/3ﬂ/2cos((2]—1) d9+/ cos((2j—1)6)d6

/2

4 .
= _<2_]_ 1) COS(]TL.);

and

2n
y(rcos0)sin((2j—1)0)do
0

/2 3m/2

I
S~

/2

= (2] my sin(2jr)cos(jm) = 0.

sin((2j—1)6)d6 — sin((2j—1)6 d9+/ sin((2j—1)0)d6

Note that TJ is a constant real number different from zero, and hence f] is a straight line,

and then system (3.28) has at most one positive zero. Moreover if we choose conveniently the

coefficients b; aj; and az; we can find a simple positive zero of system (3.28). This completes

the proof of Theorem 3.2.11.

]

Now we present an explicit example of a continuous piecewise linear differential system

(3.22) in R*, and repeating for it the proof of Theorem 3.2.8 we will show it has one limit cycle.

Example 3.2.12. Consider the following differential system

X =Apx+ €(Ax+ @(x1)b),

where
0 -1 0 0 21 0 0
1 0 0 0 02 0 0
Ay = A=
0 0 0 -3 00 -2 -1
00 3 0 00 o 187-V3

(3.29)
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Doing the change or variables x; = rcos 6, x; =rsin 0, x3 =r; cos(30 + 0y ), x4 = r; sin(30 + 6;)

and taking 0 as the new independent variable we obtain the system

dr

I’/(e): %ZSHl(G,V,Gl,I’l)—f—ﬁ(Sz),

/ dr] 2

7"](0): E:8H2(977’,91,r1)+6)(8 )7

do
01(6) = d—el=8H3(97r,91,r1)+ﬁ(82),
24
H\(6,r,01,r1) = 2r+ @(rcos)sin6 + cos 6 (rsin@ - %)
1

H>(6,r,01,r) = 8% (1871:(p(rcos 0)sin(30 + 6;) +97r; sin(2(360 + 6y))

+V3r1 +817(2v/37 — 3)@(rcos 0) cos(36 + 6 ) —

(v/3—367)ri cos(2(36 + 91))) :

in(2(360+ 6
H3(0,r,01,r1) = sin2(39+91)—|—2sin(2(39+91))—sm( 6(\/§+ 1>)4—3sin29
T

72np(rcos0)sin®  @(rcos@)cos(30+6;) 3¢(rcosf)cosb
3\/§r+27rr r r

+97r\/§(p(rcos 6)sin(36 +61) 27¢(rcos6)sin(36 +6,)
r 27‘1 ’

(3.30)

After some computations the average function f = (f1, f2, f3) is

247 2Vr2 -1 >

r,01,r))= 4nr— ——— | Tr+ ——— —2rarctan(v/r2 —1) |,

fi(r,01,11) 3\/§+27r( - ( )
fa(r,61,11) = ?Sin91+;(2\/§ﬂ—3)\/§c0591—gm,

2r r 3r 2

94/3sin 0 97rsin 0 3cosO 3 27
f3(r79177'1): \/_ L 1+\/_ : <\/§+?)+47L’

In order to solve the system f; = f> = f3 = 0 we can use the same reasoning applied in the
proof of Theorem 3.2.8 obtaining that (r*, 6;,r]) = (2,7/2,3) is a zero of the average function.
Moreover if J = J(r, 0;,r;) is the Jacobian matrix of A, then detJ(2,7/2,3) # 0 which implies
that we have a simple zero. By Theorem 3.2.2 system (3.30) and consequently system (3.29) has

one limit cycle for |e| > 0 sufficiently small.

If instead of the matrix Ag we consider the matrix A; where A is the 2n X 2n matrix
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having on its principal diagonal the following 2 x 2 matrices

0 —k
fork=1,...,n,

kK 0O

and zeros in the complement, then the averaging theory of first order does not provide any

information about the limit cycles of the systems. Indeed we have the following results.

Proposition 3.2.13. Assume that the conditions for applying the averaging theory of first order
hold. Then this theory does not provide any information about the limit cycles of the continuous

piecewise linear differential system

x=Ax+e(Ax+@(x1)b). (3.31)

Proof. Doing the change of coordinates
X; =rcos@, Xy =rsiné,
xpj—1 =rj_1cos(jO+6;_1), xj=rj_18in(jO+0;_1) je{2,3,...,n},

for j =2,3,...,n, to the continuous piecewise linear differential system (3.31), and working as
in the proof of Theorem 3.2.8 we obtain that the average function f = (f1, f2,. .., fan—1) NOW is

given by
fi= (ai+an)rr+biI(r),

f2(j—1) — (a(Zj—l)(Zj—l) +a(2j)(2j))7t’”j—l + (b2j—1 CcoS Gj_1 —l—sz sin Gj_l)lj(r),
(3.32)
Lj-1=(a@jej-1) —a@j-1)@2) +ilaz—a))n—

jbzrj_lll (I’) — r(sz CcoSs Gj_l — b2j—1 sin 9]'_1)]]'(7‘)

)
rrj_l

where
27

Ii(r) = @(rcos8)cos(j6)d6.
0
Using exactly the same arguments than in the proof of Lemma 3.2.10 is possible to prove that
nr if j=land0<r <1,
Li(r)= 40 if jisevenand 0 <r <1,
Li(r) ifjisoddandr > 1,

_—(j\/rz—lcos(jarctan( r2 —1)) — sin(jarctan( rz—l))).
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The simple zeros of system (3.32) provide the existence of limit cycles for system (3.31)
but since /;(r) = 0 if j is even and r > 1, the variables 0;_;, for j = 2,4,6,... do not appear in
the system f| = fo = ... = fp,_1 = 0, so either this system has no zeros, or if it has zeros, then
it has a continuum of zeros, and consequently the averaging theory cannot say anything about
the limit cycles of system (3.31). The same occurs for the case 0 < r < 1. So we conclude that,
using the averaging theory of first order, we can say nothing about the number of the limit cycles
of system (3.31). ]

Proposition 3.2.14. Assume that the conditions for applying the averaging theory of first
order hold. Then this theory does not provide any information about the limit cycles of the

discontinuous piecewise linear differential system

x=Ax+e(Ax+y(x))b). (3.33)

Proof. Now if we consider the discontinuous piecewise linear differential system (3.33), then its

average function f = (f1, f2,..., fan—1) is
fi= (an+an)ar+bi,

Hij—1y = (a@j-nej-1) tanj)ej)®rj-1+ (b2j-1c080;_1 +byj sin@;_1)I;,
(3.34)
frj-1=(a@j)ej-1) —apj-1e) +Jj(a2 —a))r—

jbzrj_lil — r(sz COS Qj_l — b2j—1 sin 9j_1)7j

)
rrj_l

where
27

I = y(rcosB)cos(j0)d6.
0
Again we have that
0 if j is even,

. 27
I = / y(rcos0)cos(j0)dO =
0 +

4

- if j is odd,
(2j-1)
and we can see that again either no zeros of the function f, or a continuum of zeros, concluding
that the averaging theory of first order given by Theorem 3.2.2 does not say anything about the

limit cycles of system (3.33). 0

Remark 3.2.15. Note the difference between the matrices Ay and A, in the matrix Ay the
non-zero entries are only the odd numbers 1,3,...,2n — 1, while in the matrix A; the non-zero
entries are the numbers 1,2, ..., n. This difference provides that the continuous and discontinuous
piecewise linear differential systems (3.22) and (3.24) can have limit cycles detected by the
averaging theory, while for the continuous and discontinuous piecewise linear differential systems

(3.31) and (3.33) the averaging theory cannot detect limit cycles.
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CHAPTER

AN EXTENSION OF THE AVERAGING
THEORY FOR NONSMOOTH SYSTEMS

The main goal of this chapter is present an extension of the high order averaging to
nonsmooth differential systems defined in R", n > 2. The first sections of this chapter are
dedicated to described the previous results about high order averaging and the class of systems
where the theory shall be developed. After that the averaged functions for nonsmooth differential
systems are defined and the main result is presented. It is worth to mentioned that the averaged
functions defined in this chapter can be implemented in algebraic manipulators as Mathematica

and Maple. To finish this chapter, the proof of the main result is given as well applications.

4.1 Background on the averaging theory

Let D be an open bounded subset of R, and denote S' = R/(27Z). Consider C**!
functions F; : S! x D — R for i = 0,1,2,...,k, and R : S! x D x (—&y,&) — R. Note that
6 ¢ S! = R/(27Z) means that the above functions are 27-periodic in the variable 6. Now

consider the following differential equation
k
r(0)=Y €F(6,r)+€7R(0,r¢), (4.1)
i=0

and assume that the solution ¢(0,p) of the unperturbed system r/(6) = Fy(6,r), such that

¢©(0,p) = p, is 2m-periodic for every p € D. Here the prime denotes the derivative in the variable
0.

A central question in the study of system (4.1) is to understand which periodic orbits of
the unperturbed system r'(60) = Fy(0, r) persists for |€| # 0 sufficiently small. In others words
to provide sufficient conditions for the persistence of isolated periodic solutions. The averaging
theory is one of the best tools to track this problem. Summarizing, it consists in defining a

collection of functions f; : D — R, fori =1,2,...,k, called averaged functions, such that their
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simple zeros provide the existence of isolated periodic solutions of the differential equation (4.1).
In (LLIBRE; NOVAES; TEIXEIRA, 2014b; LLIBRE; NOVAES; TEIXEIRA, 2014a) it was

proved that these averaged functions are

yi(zﬂ‘-vp)

filp) = I 4.2)

where y; : Rx D — Rfori=1,2,...,k, are defined recurrently by the following integral equations

]
y1<97p): /(; (Fl (¢,(P((P,p))—l—aFo((P,(P(¢,P))y1(¢,p))d¢,

yi(0,p) = i'/( (9,0(9,p) +Zzbvb2v2vbz STID (4.3)

l
ILE (6, 0(0,p) H >dq), fori=2,....k.

Here d“G(¢,p) denotes the derivative order L of a function G with respect to the variable p, and
S is the set of all I-tuples of non-negative integers (by,by,...,b;) satisfying by +2by+---+1b; =
l,andL=by+by+---+by.

When we consider the above problem in the world of discontinuous piecewise smooth
differential systems it is not always true that the higher averaged functions (4.2) allow to study the
persistence of isolated periodic solutions. In (LLIBRE; NOVAES; TEIXEIRA, 2015; LLIBRE;
MEREU; NOVAES, 2015) this problem was considered for general Filippov systems when
Fy(0,r) =0 and it was proved that the averaged function of first order can provide information
on the existence of crossing isolated periodic solutions. Furthermore the authors have found
conditions on those systems in order to assure that the averaged function of second order also
provides information on the existence of crossing isolated periodic solutions. When Fy(0,r) # 0
but the solutions of the unperturbed system 7 = Fy(0, r) are 27-periodic the authors in (LLIBRE
JAUME NOVAES, 2015) have found conditions on those systems in order to assure that the
averaged function of first order provides information on the existence of crossing isolated periodic

solutions.

4.2 Standard form

In what follows we introduce a class of discontinuous nonautonomous piecewise smooth
differential equations for which the averaged functions (4.2) at any order provide informations

on the existence of isolated periodic solutions.
Let n > 1 be a positive integer, g =0, &, =27 and &€ = (iy,..., 0, 1) €T La(n—1)-

tuple of angles suchthat 0 =g < oy < < --- < 1 < 0y =2m. For i =0,1,...,k and
j=1,2,...,n,1et F/ : S' x D — Rand R/ : S' x D x (—¢&, &) — R be C*! functions, where
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D is an open bounded interval of R, and S' = R/(277Z). Denote

n .
Z Xy 1.0 (0)F (6,7),i=0,1,...k, and
= (4.4)

n

R(0,r,€) Z Ko 1,0 (0 )R/ (0,r1,¢€),

where x4(0) denotes the characteristic function of an interval A:

1 if@ea,
xa(0) = ,
0 if6&A.

We note that @ € S! = R/(27Z) means that the above functions are 27-periodic in the variable
0.

The main result of this chapter concern about the existence of isolated periodic solu-
tions of the following discontinuous nonautonomous 27-periodic piecewise smooth differential

equation

k
=Y €'F(6,r)+€"'R(0,18). (4.5)

In this case the set of discontinuity is given by X = ({6 =0=2n}U{0 = }U---U{0 =
®,—1}) NS x D. In short, we shall provide sufficient conditions in order to show that, for €| # 0
sufficiently small, the averaged functions (4.2) at any order can be used to ensure the existence of
crossing limit cycles. It is worth to mention that the L derivative of the discontinuous function
F; with respect to the second variable, d-F;(8, r), which appears in the averaged functions (4.2),

is given by

o"Fi(6,r) Zx[a, Ly (0)ONF/(0,r), i=0,1,....k.

Denote by ¢(8,p) the solution of the system r/(0) = Fy(6,r) such that ¢(0,p) = p.
From now on this last system will be called unperturbed system. We assume the following
hypothesis:

(H1) For each p € D the solution ¢(8,p) is defined for every 6 € S, it reaches X only at

crossing points, and it is 27-periodic.

4.3 The averaged functions

In this section we develop a recurrence to compute the averaged function (4.2) in

the particular case of the discontinuous differential equation (4.5). So consider the functions
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z{ s (aj—1,aj] x D — R defined recurrently fori = 1,2,... ,kand j =1,2,...,n, as:

1 _ O (1 1 1
0.0)= [ (F(0,000.0))+9F(0.0(9.p))21(6,p) ) o,

0= 1t [ (F0.060.0)
1

’ !
L 1
L bibyai e 0 Fi(9:90(9,P) H )d¢, (4.6)

=15, N72va e =1

. . 0
40.0)= (@ 1p)+it

Qj—1

(F,-f<<z>,<p<¢,p>>

i 1 .
+l Z]b]'bz‘z'bZ bl!l!bl a F;—l(q)’(p((p?p))

:N

za<¢4nbm)d¢.

I
—_

m

Thus we have the next result.

Proposition 4.3.1. Fori=1,2,... k, the averaged function (4.2) of order i, is

M2,
filp) = H2TP), @.7)
Proof. Foreachi=1,2,--- k, define
P)=Y X, 1.0(0)7](6,p). (4.8)
j=1

Given 0 € [0,27] there exists a positive integer k such that 6 € (a;_,, 0] and, therefore
zi(0,p) = z;‘ (8, p). Moreover using the expressions (4.17) and (4.8) we can write (4.6) into the
form

do.p)= [ (F1<¢>,<p<¢,p>>+aFo<¢,<p<¢,p>>a<¢,p>)d¢,

21(6,p) =

f\@

! i
+Zzb ‘bz'Z'bz b,vzvbz Fi-1(¢.9(¢.p) H )dcb, (4.9)

=15 : m=1

- - 0
Ho.p) = AN ogp) it [

O

(Fi<¢>,¢<¢,p>>

; l
+Z;bl,b2‘2'bz i ® Fiei(6:9(0.p)) 1;[ ) 0.

=15,
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In the above equality we are denoting

n

Fi_ l((p (P Z (x] l,aj aLF;J_l«pa(p((P?p))

Proceeding recursively on k we obtain

0
20.0)= [ (Rlo.9(0.0)+2R(0,0(0.9))1(0.p) ) o,

~1 rap i
i _ P
zi(0,p) = Z/ (Fi (9, 0(¢ "'Z;blybz»z;bz b1

=18,

l

9LFP (9.0(9,p) H m>d¢>+

m:

0

(ﬂ"‘<¢,<p<¢»,p>>

(074
- (4.10)
[

l_c
+Zzb1!b2!2|bz bl!l!bl ¢ ?(9,p) | m¢,p ) do

- /( (9.0(9.p) +Zzb'b2'2'b2 TG

l
F(¢,0(0 U b'”)d(/).

Computing the derivative in the variable 0 of the expressions (4.10) and (4.3) fori =1 we
see that the functions z; (6, p) and y; (6, p) satisfy the same differential equation. Moreover for
eachi=2,.-- k, the integral equations (4.3) and (4.10) which provides respectively y; and z; are
defined by the same recurrence. Therefore we conclude that y; and z; satisfy the same differential
equations for i = 1,2,--- , k, which are linear with variable coefficients (that is the Existence
and Uniqueness Theorem holds). Now, it only remains to prove that their initial conditions
coincide. Let i € {1,2,...,k}, since y;(0,p) = 0 and, by (4.9), z;(0,p) = 0, it follows that the
initial conditions are the same. Hence y;(0,p) = z;(0, p), which concludes the Proposition. [

Note that when Fy # 0 the recurrence defined in (4.6) is actually an integral equation.
Moreover in order to implement an algorithm to compute the averaged function, it may be easier
to write each z{ in terms of the partial Bell polynomials, which are already implemented in
algebraic manipulators as Mathematica and Maple. For each pair of nonnegative integers (p,q),

the partial Bell polynomial is defined as

! Pafl /b
Bpalstoiasee Spmget) = L g ) ]1—11 (F> ’ R
Spvq =

where S, . 18 the set of all (p — g+ 1)-tuple of nonnegative integers (b1, bz, ...,b,—4+1) satisfying
bi+2by+---+(p—q+1)bp_yr1 =p,and by +br+---+b,_,11 = q. In the next proposition,
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following (NOVAES, 2017), we solve the integral equation (4.6) to provide the explicit recurrence

formula for zlj in terms of the Bell polynomials.

Proposition 4.3.2. For each j =1,2,...,nlet n;(0,p) be defined as

0 .
n(0.0)= | 3K{(9.0(0.p))do.

a1

Then fori=1,2,...,kand j = 1,2,...,n the recurrence (4.6) can be written as follows

21(8,p) = e’“”"’)/ee MOPIE (0, 0(9,p))d9.
0

z{<9,p>=e"-f<9*’>(z{‘1(a,-l,p)+ e‘”-f<¢7P>F{'<¢,<p(¢,p>>d¢), forj=2,...

a1

d0.0)= @9 [0 [R) 6.010.9)

0
i—1
+ZZI le‘amFl (6 (p(e p))Blm(Zluzza 7Zl m+1)

+ Y 1 0.000.p)Binel ol )]0, fori=2.
m=2""

. . 0 .
Z(8,p) = eMi(®P) (z{‘l(a,-_l,p) +i!/ ¢~ (9:P) [F,-’(¢,<p(¢,p))
(04

-1
i-1
+Y Z lv&’"F] (6,0(0,0))Bim(z},2}s- -2 1)

I=1m=1

+ 2258mF({(9,¢(9,p))Bi7m(z{,zé,. 7 mH)]dqb) fori,j=2,....

Proof. We shall prove this proposition for i = 1,2,...,k, and j = 1. The other cases will follow

in a similar way.

For i = j = 1, the integral equation (4.6) is equivalent to the following Cauchy problem:

8z1

¢ (0:P) =F (8,9(8,p)) +9F; (6,0(6,p))z1 with 21(0,p) =

Solving the above linear differential equation we get

0
21(0.p) = @0) [T OO . g(9.p)do.
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Now fori=2,..., j

k and j =1 the recurrence (4.6) can be written in terms of the partial
Bell polynomials as (for more details, see (NOVAES, 2017))

2/(6.0) = i!/oe (ﬂl<¢,<p<¢,p>>

4.12)
+ Z Zl l,a'"F‘ (9,90(9,P)Bim(21 22,12 mm)chp
=lm
We note that the function z; appears in the right hand side of (4.12) only if / =i and m =1
In this case B;1(z},2},. ..

,zl) = z; for every i > 1. So we can rewrite (4.12) as the following
integral equation

1 0 1
7 (0,p) = i!/O (E- (9.0(¢,p))
i—1 1 1
Z, Z 770 O"FL1(0,90(0.0))Bm(z1:225 - +%—mi1)
1
Z _' mFO ¢ (2 ¢7 )) lm(Z}7Zéy -«,Z,'I,erl)

+ 3 OF0.0(0.p)Bia (1) )0

which is equivalent to the following Cauchy problem

dz) . 1
S (0:p) = i|F(0,0(6,p))+-0F; (8,0(6,p))
i—1 1
Z Z mFl 9 (p(e p))Blm(ZbZZa 7le m+1)
+ Z FamFO (6,(P(9,P))Bim(2i,2%, "7Zil—m+l) )
m=2""
5 (0.p)= 0.

Solving the above linear differential equation we obtain the expressions of z; (0,p), for i =
2,...,k, given in the statement of the proposition

0
4.4 Statement and Proof of the Main Result

Considering the study presented above we present the next theorem. In short, it says that
the averaged functions still controlling the number of 27-periodic solution r(6,€) of system
4.5).
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Theorem 4.4.1. Assume that (H1) holds and that for some [ € {1,2,...,k} the functions defined
in (4.2) satisfy fy =0fors=1,2,...,]—1and f; # 0. If there exists p* € D such that f;(p*) =0
and f/(p*) # 0, then for || # 0 sufficiently small there exists a 27-periodic solution (6, €) of
system (4.5) such that r(0,&) — p* when € — 0.

Remark 4.4.2. The assumption D C R} is not restrictive. In fact, if one consider D as being an
open subset of R” the conclusion of Theorem 4.4.1 still holds by assuming that the Jacobian
matrix Jf;(p*) is nonsingular, that is det(Jf;(p*)) # 0. In this case the derivative d*G(¢, p) is
a symmetric L-multilinear map which is applied to a “product” of L vectors of R", denoted as
]—If:] y; € R" (see (LLIBRE; NOVAES; TEIXEIRA, 2014b)).

For the particular class of systems (4.5) Theorem 4.4.1 generalizes the main results of
(LLIBRE; MEREU; NOVAES, 2015; LLIBRE JAUME NOVAES, 2015; LLIBRE; NOVAES;
TEIXEIRA, 2015), increasing the order of the averaging theory. It also generalizes the main
results of (ITIKAWA; LLIBRE; NOVAES, 2017; WEI; ZHANG, 2018) dealing now with
nonvanishing unperturbed systems and allowing more zones of continuity. For piecewise smooth
systems (4.5), the first return map is given, necessarily, by a composition of several maps.
When one consider only two zones of continuity, the displacement function can be studied
straightforwardly and then used, instead of the first return map, to obtain the averaged functions
(4.2). In this case, dealing with composition of maps can be avoided. However when one consider

more zones of continuity, as we shall see, it is inevitable.

Before to prove Theorem 4.4.1 we introduce a class of autonomous piecewise smooth
differential system that can be studied via it. More specifically, we shall see that this class of
autonomous systems can be transformed into the standard form (4.5). The construction performed
in the sequel has been done in (LLIBRE; MEREU; NOVAES, 2015) for a particular class of

systems.

Let n > 1 be a positive integer, 9 = 0, &, = 27 and @ = (Qq,...,0,_1) € T 1 a
(n—1)-tuple of angles such that 0 =g < ot} < 0p < -+ < 01 < &, =27. Let 27 (x,y;€) =
(X1,X2,...,X,) be a n-tuple of smooth vector fields defined on an open bounded neighborhood

U C R? of the origin and depending on a small parameter € in the following way

k ,
Xj(x,y;e) =Y €X/(x,y) for j=1,2,....n. (4.13)
i=0
For j=1,...,nlet L; be the intersection between the domain U with the ray starting at the

origin and passing through the point (cos ¢, sin;), and take X = (J}_; L;. We note that X splits
the set U\X C RR? in n disjoint open sectors. We denote the sector delimited by L jand Lj 1, in
counterclockwise sense, by C;, for j =1,2,...,n— 1, and by C, the sector delimited by L, and
L.

Now let Zy o : U — R? be a discontinuous piecewise smooth vector field defined as

Zy o(x,y;€) = X;(x,y;€) when (x,y) € C;, and consider the following planar discontinuous
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piecewise smooth differential system

9" =Zy alx,y;€). (4.14)

The above notation means that at each sector C; we are considering the smooth differential

system
(59)" =X;(x,y;€). (4.15)

As our main hypothesis we shall assume that there exists a period annulus .27 surround-

ing the origin, fulfilled by crossing periodic solutions of the unperturbed system (x,y)? =
Z%,Ot(xay;o)'

Theorem 4.4.1 deals with periodic nonautonomous differential systems in the standard
form (4.1). Therefore in order to use the averaging theory for studying system (4.14) it has
to be written in the standard form. A possible approach for doing this is to consider the polar
change of variables x = r cos 6 and y = r sin 8. However the appropriate change of variables may
depend on the initial system (4.14). In general, for each j = 1,2,...,n, after a suitable change of
variables system (4.15) reads

r(0) = LG Zk:eiF.f(e r)+eRI(0,r€). (4.16)
i=0

Now 6 € [oj_1,a], F/ : S'x D — R and R/ : S' x D x (—gy,&) — R are C**! functions
depending on the vector fields Xij , and they are 27-periodic in the first variable, being D an open
bounded interval of R and S' = R/(27Z). Therefore denoting

Fi(6,r) = Z Xie 17% Fj(Q,r), i=0,1,....k, and
= (4.17)

n

9 }"8 Z Ot] 1705/] .(97"58)7
j=1

system (4.14) reads like (4.5).

Proof of Theorem 4.4.1

The proof of Theorem 4.4.1 is based on a preliminary result (see Lemma 4.4.3) which

expands the solutions of the discontinuous differential equation (4.5) in powers of €.
From hypothesis (H1) the solution ¢ (6, p) of the unperturbed system reads

(
e1(0,p) if0=0p<0 <0y,

@(6,p) =14 9;(0,p) ifaj1 <6<a,

\(Pn(95p> if 01 < 0 < ay, :27757
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such that, for each j =1,2,...,n, @; is the solution of the unperturbed system with the initial
condition @;(0tj—1,p) = Qj-1(&j-1,p)-

Now for j=1,2,...,nlet §;(0, 6y, po, €) be the solution of the discontinuous differential
equation (4.16) such that & (60, 60, P0,€) = po. We then define the recurrence

ri(8,p,) =&;(0,a;1,rj1(aj-1,p,€),€), j=2,...,n,
with initial condition r{(0,p,€) = &£;(6,0,p,€). From hypothesis (H1) it is easy to see that
each r;(0,p, ) is defined for every 6 € [otj_1, ¢t;]. Therefore r(-,p,€) : [0,27] — R defined as

;

ri(0,p,e) if0=0p<6<aq,

r2(97p7£) ifal§9§a27

r(6,p,€) =
ri(0,p,e) ifaj_1 <6 <a,

m(0,p,e) ifo,—1 <60 <aq,=2n,

is the solution of the differential equation (4.5) such that r(0,p, &) = p. Moreover the equalities
hold

r1(0,p,€) =pandrj(aj_1,p,€) =rj—1(j—1,p,€), (4.18)
for j=1,2,...,n. Clearly r;(6,p,0) = ¢;(0,p) forall j=1,2,...,n

Lemma 4.4.3. For j € {1,2,...,n} and 9,{ > aj, let rj(-,p,€): [(xj_h@g) be the solution of

(4.16). Then
k l

ri(0,p,€) = 0;(6,p) Z—‘ (0,p) + O,

where z{(@,p) is defined in (4.6).

Proof. Fix j € {1,2,...,n}, from the continuity of the solution r;(6,p,€) and by the compact-

ness of the set [a;_, ;] x D x [—&y, &) it is easy to obtain that
0 .
R(9,ri(9,p.€),€)dp = O(¢), 6 € laj 1,0y

a1

Thus integrating the differential equation (4.16) from o¢;_; to 6, we get

ri(8.p.€) = ri(0j_1.p. +Z / F(9,ri(0.p.€))d0 + O().  (4.19)

Note that in the above expression the value of the initial condition r;(¢tj—1, p, €) is not substituted

yet.
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In the sequel we shall expand the right hand side of the above equality in Taylor series in
€ around € = 0. To do that we first recall the Fad di Bruno’s Formula about the /-th derivative of

a composite function. Let g and & be sufficiently smooth functions then

d’ I o L\
2ar M) = X g e [T (1)

J=1

where S is the set of all /-tuples of non-negative integers (by,bs,- - - ,b;) satisfying by + 2by +
««+1b;=1,and L = by + by + - -+ + b;. So expanding Ej(¢,rj(¢7p,£)) in Taylor series in €
around € = 0 we obtain

F/(¢,rj(9.p.€)) = F/(9,rj(,p,0))

» 1 (4.20)
J k—i+1
+E 5 (gar 0rtopen )| o,
From the Fad di Bruno’s Formula we compute
al !
3117 (0:75(6:p. 8))‘8:0 - Zbllbz!Z!bZ---bl!l!bl
Si (4.21)
!
OLF (9, 0(¢ H
where "
J
wh(0.p) = 5ri(0.pee)| .
Substituting (4.21) in (4.20) we have
F(9,rj(9.p.€)) = F(9.9;(9.p))
k—i el !
+Zzb1'bz'2'b2 b,!l!bz F(6.9(0:p) HLI
(4.22)
fori=0,1,...,k— 1. Moreover for i = k we have that
F(9.r(9.p.€) = F/(9.9;(9.p)) +O/e). (4.23)
Substituting (4.22) and (4.23) in (4.19) we get
6 ko
rj(G,p,s): rj(aj—17p78)+ o ZSIF;J<¢7(PJ<¢7P))d¢
=1\ i=0
k—1k—i Iai 1 494
+IZ%”ZS Zb1!b2!2!b2---bl!l!bl @2

l

9F/ (9, 9(¢ H >d¢+ﬁ< eth).

m:
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Denote
YYey 1 ﬁ
Qj((Papag) = et (P 0; (]), m
i—0i=1 5 blfb2!2!”2---bl!l!b 11

After some transformations of the indexes i and [ we obtain
[

Cil9.p.2) = ; Z’g'bl'bz'Z'b2 bl!l!bl ~1(9,0(0 H (9.p). (4.25)

m=1

Therefore from (4.24) and (4.25) we have

koo
ri(0,p.€) =ri(atj_1,p,€)+ Y €L (0,p)+ O(e"), (4.26)
i=0

where fori =0,...,kand j=1,2,...,n we are taking

. 6 .
15(8,p) = ; F(9,9;(¢,p))de, j=12,...
i—1
j © (i i ! 4.27)
I'(0,p)= F. ; .
fon= [ (# <¢,<p,<¢,p>>+lzlszlb1!bz!2,bz...b,!“b,
l
'aLF] (p (P] (P? H )d(P; l;]:1727
Note that fori = 1,...,kand j = 2,...,n the following recurrence holds

wi(0.p)= ==ri(6.p.8)|

i

= @rj—l(aj—l,p,e)]gzo+i!1{(e,p) (4.28)

= W{_l (OCj—l,P> +Z'Ilj(97p)7

with the initial condition

i i

d'r k
! -7 — a7
wi(0.p) =55 (0.p.8)| == <p+q);oe 1q<e,p>>

Putting (4.28) and (4.29) together we obtain

=il (0,p). (4.29)
e=0

wl(0,0) =it (I} (a1, p) + (0t p) 4+ 1y 1,0) +1](8,p))
fori=1,2,....,kand j=1,2,...,n

Claim 1. For j =1,2,...,n we have

kogi
ri(6,p.€) = ;(8,p) + Y. S wl(6,p) + O(eH).
i=1"
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This claim will be proved by induction on j. Let j = 1. Since ¢; is the solution of (4.16)
for € = 0 and j = 1 with the initial condition ¢;(0,p) = p we get

0
<p1<e,p):p+/0 FL(6,91(0.p))d9.

Hence from (4.26), (4.18) and (4.29) it follows that

k
ri(6,p,e)=p+Y €1 (0,p)+ 0

i=0
0 1 kgl 1 k-1
=p+/ Fo<e,<pl<¢,p>>d¢+zgw,-<e,p>+ﬁ<e )

l

k
k+1

Therefore the claim is proved for j = 1.
Now using induction we shall prove the claim for j = jy assuming that it holds for
Jj=Jjo— 1, thatis

k el
rjO—l(eapv‘g) gD]O 1 9 p Z JO : 9 p +ﬁ( k_H) (430)

Since @j, is the solution of (4.16) for € = 0 and j = jo with the initial condition

Pjo(jo—1,P) = @jo—1(®jy—1,p) We get

0 .
(p]0(97p) = (Pjo—l (ajo—17p) + FOI(ea ¢1(¢7P)>d¢ = (Pjo—l ((on—l,P) +160(9,p) (431)

(on_l

From (4.26), (4.18) and (4.28) we have

k .
rjo(97P78):rj071(06j071,p,8)—|—Zg’[iJO(g’p)_Fﬁ(ng)
i=0
‘ ko wl(e,p) = wl (e,
:rJO*l(O‘joflapyg)+Iéo(9,p)-|—Zg’ i (6:p) i; (o lp)-f-ﬁ(gkﬂ).
i=1 !

Finally using (4.30) and (4.31) the above expression becomes
; kgl o1
rio(0,0,8) = @j—1(j,—1,p) +15°(0,p) + Zl,W,O (Ajp—1,p)
i=1"
X jo—1 k+1
X G 00,0) ™ o 1,00) + 0
8 .
- <Pjo(67p>+Zi—,Wi°(0,p)+ﬁ(8k+l)-
i=1"

This proves Claim 1.

The proof of Lemma 4.4.3 ends by proving the following claim.



126 Chapter 4. An extension of the averaging theory for nonsmooth systems

Claim 2. The equality wlj :z{ holds fori=1,2,...,kand j=1,2,...,n.

Computing the derivative in the variable 6 of the expressions (4.6) and (4.29), for i =
j =1, we see, respectively, that the functions z}(6,p) and w} (0, p) satisfy the same differential
equation. Moreover for each i = 1,2,...,k the integral equations (4.6) and (4.28) (and the
equivalent differential equations), which provides respectively zlj and w{ , are defined by the
same recurrence for j = 2,...,n. Therefore we conclude that the functions zlj (6,p) and wlj (6,p)

satisfy the same differential equations fori =1,2,...,kand j=1,2,...,n.

It remains to prove that their initial conditions coincide. Leti € {1,2,...,k}. For j =1
we have from (4.29) and (4.6) that w! (0,p) =0 =z!(0,p). For j =2,...,n the initial conditions
are defined by the recurrence zlj (aj—1,p) = zlj -1 (ctj—1,p) (see (4.6)), which is the same recur-

rence for the initial conditions of w{ (¢tj—1,p). Indeed from (4.28) and (4.27) we see that for

j‘: 2,...,nwe have w{(aj,l,p) = w{_l(aj,l,p) +i!Iij(ocj,1,p) = wj_l(aj,l,p). Therefore

l
z(aj_1,p) =w!(atj_1,p) forevery i=1,2,....kand j=1,2,...,n.

Hence Claim 2 follows from the uniqueness property of the solutions of the differential

equations. O]
Using the results above the proof of Theorem 4.4.1 follows easily:

Proof of Theorem 4.4.1. Since ¢(6,p) is 2zm-periodic, using Lemma 4.4.3 we have

i

k
£
(27, p.€) = u(2m.p) + Y 2 (27, p) + Okt
i=1 b

=p+ i tj—:z?(27t,p) + O(eFth).
i=1"
Therefore from (4.7) the following equality holds
ra(27,p,€) = p+efi(p) + € fa(p) + -+ fi(p) + O (). (4.32)
Consider the displacement function

f(p.&)=r(2m,p,&) —p =ra(27,p,€) — p.

Clearly for some € = € € (—¢&, &) discontinuous differential equation (4.5) admits a periodic
solution passing through p € D if and only if f(p,€) = 0. From (4.32) we have that

k
flp.e)=Y efi(p)+ 0.
i=1

By hypotheses f;(p*) =0 and f/(p*) # 0. Using the Implicit Function Theorem for the
function .7 (p, &) = f(p,€)/€! we guarantee the existence of a differentiable function p (&) such
that p(0) = p* and f(p(€),€) = O for every |€| # O sufficiently small. This completes the proof
of Theorem 4.4.1. [
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4.4.1 Three applications for Theorem 4.4.1

In this subsection we present three applications of Theorem 4.4.1). In the first two
examples we use the averaged functions (4.7) up to order 7 to provide lower bounds for the
maximum number of limit cycles admitted by some piecewise linear systems with four zones.
The first system is a piecewise linear perturbation of the linear center (%,y) = (—y,x), and the
second one is a piecewise linear perturbation of a discontinuous piecewise constant center. As
usual, the expressions of the higher order averaged functions are extensive (see (ITIKAWA;
LLIBRE; NOVAES, 2017; LLIBRE; NOVAES; TEIXEIRA, 2014b)), so we shall omit them
here. We emphasize that our goal in these first two examples, by taking particular classes of
perturbations, is to illustrate the using of the higher order averaged functions.

In the third example we study the quadratic isochronous center (x,y) = (—y +x2,x + xy)
perturbed inside a particular family of piecewise quadratic system with n zones. Using the first
order averaged function (4.7) we provide lower bounds, depending on n, for the maximum
number of limit cycles admitted by this system. We emphasize that our goal in this last example,
again by taking a particular class of perturbation, is to illustrate the using of Theorem 4.4.1 to

study discontinuous piecewise smooth nonlinear system with many zones.

The next proposition, proved in (COLL; GASULL; PROHENS, 2005), is needed to deal

with our examples.

Proposition 4.4.4. Consider n linearly independent functions /; : I -+ R,i=1,2,... n.

(i) Given n — 1 arbitraries values of a; € I, i = 1,2,...,n— 1 there exist n constants [,
i=1,2,...,nsuch that

n
h(x) = Y, Behi(x), (4.33)
k=1
is not the zero function and i(q;) =0 fori=1,2,...,n— 1.

(ii) Furthermore, if all /; are analytical functions on / and there exists j € {1,2,...,n} such
that /;|; has constant sign, it is possible to get an / given by (4.33), such that it has at least

n— 1 simple zeroes in /.

Example 4.4.5 (Nonsmooth perturbation of the linear center). The bifurcation of limit cycles
from smooth and nonsmooth perturbations of the linear center (x,y) = (—y,x) is a fairly studied
problem in the literature, see for instance (BUZZI; PESSOA; TORREGROSA, 2013; CARDIN;
TORREGROSA, 2016). Here we apply Theorem 4.4.1 to study these limit cycles when the linear
center is perturbed inside a particular of piecewise linear system with 4 zones. Following the
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notation introduced in (4.13) we take

X({(x,y) = (—y,x), forj=1,...,n, and
(4.34)

Xl-j(x,y) = (ajjx+b;,0), for j=1,...,n,andi=1,... k.

with a;;,b;; € R for all i, j. We consider the discontinuous piecewise smooth differential
system (£,5)" = Zg o(x,y;€) (see (4.14)) where 2" = (Xi,...,Xs) (see (4.13)) and o =
(00,01, 00,03) = (0,7/2,7,37/2).

First of all, in order to apply Theorem 4.4.1 to study the limit cycles of (x,y)" =
Z a(x,y;€), we shall write it into the standard form (4.5). To do that we consider the polar
coordinates x = rcos 6, y = rsin 0. So the set of discontinuity becomes £ = {6 =0} U{6 =
o1} U{0 = o} U{6 = a3} and in each sector C; (see (4.15)), j = 1,2,3,4, the differential
system (&,9)7 = Z g o(x,y;€) reads

7
i)=Y €'(ajjrcos® 6 +b;jcos ),

. 1 &
0(t)= 1—- Z €'(ajjrcos@sin@ +b;;sin0).
=
Note that 8(¢) # O for || sufficiently small, thus we can take 6 as the new independent time
variable by doing r/(6) = 7(¢)/0(t). Then

;
/(6 :(_tt Z +eRI(0,re), for j=1,2,34, (4.35)

where Fl-j is the coefficient of &' in the Taylor series in € of /-(¢)/6(t) around & = 0.

From here we shall use the averaged functions (4.7) up to order 7 to study the isolated
periodic solutions of the piecewise smooth differential equation defined by (4.35) or, equivalently,
the limit cycles of the piecewise smooth differential system (x,5)” = Zy o(x,y; €) defined by
(4.34). As we have said before, due to the complexity of the expressions of the higher order
averaged functions we shall not provided them explicitly. So we first describe the methodology
to obtain lower bounds for the number of their zeros, and consequently for the number of limit
cycles of (4.34).

Assume that one have computed the list of averaged functions f;, i = 1,...,k, and
that they are polynomials. The first step is to established a lower bound for the number of
zeros that f; can have. To do that, one can build a vector M| where each entry s of M is
given by the coefficient of r* of the function fj. Clearly M; is a function on the parameter
variable vi = {a;: j=1,...,4}U{byj: j=1,...,4}, M; = M;(v1). Let v} be an election of
the parameters such that M (v]) vanishes. So taking the derivative D, M;(v}), a lower bound
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for the number of zeros of f; will be given by the rank of the matrix D, M| (v}) decreased by 1.
For this case, v} can be taken as being the null vector. In our first example system (4.35), the

averaged function f; reads

Ed T 3n 2
Ailr) = /ZFII(Q,r)dG—k/ Ff(e,r)d9+/2 F13(6,r)d9+/3 F4(0,r)d0
0 % T 771:

T
= Zr(all +ap+aiz+aia)+bi1 —bip—bi3+bua.

Clearly fi has at most one positive root and there exist parameters a;;’s and by ;’s for which this
zero exists. The analysis of the rank of the matrix D,, M;(v}) is not needed here. However, since
it is not the case for averaged functions of higher order, we shall performed this analysis here.

Accordingly

1
M(v) = (bn —b1a—b13+bia, Zﬂ(an +a12+a13+a14)>,

0 0 O

)

I -1 -1 1
D, M, =

T
4

NN

T T

4 4

We note that the matrix D, M has maximum rank 2. Expanding f; around v; = v}, we see that
/1 1s written as a combination of two linear independent functions plus higher order terms in

vi —v] Applying Theorem 4.4.1 for [ = 1 we obtain at least one limit cycle for the differential
system (4.34).

The next step is to choose parameters to assure that f(r) = 0. In our example a;; =
—(aip+ a3 +as) and byy = byp + by3 — by4. To continue the analysis we repeat the above
procedure: build a vector M> where each entry s of M, is given by the coefficient of r° of the
function f>; define the parameter vector vo = {a;: i=1,2, j=1,...,4}U{b1;:i=1,2, j =
1,...,4} such that M, = M, (v,); let v5 be an election of the parameters such that M, (v3) vanishes;
and take the derivative D,,M,(v5). Again a lower bound for the number of zeros of f, will be

given by the rank of the matrix D,,M,(v3) decreased by 1. In our example

fo(r) = r*[m(aa +axn +axp +axu) +2(a1n +a3) (a3 +aig))]
+r(w(ai2 +a13)(b13 — b1a) —4(a1sbiz + (a12 +aia)b13
+a13(b12+2b13 — b14) — aab14 — bay + b+ byz — byg)]

+4(b12+b13)(b13 — b14),
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The function f> is a polynomial of degree 2 in r. It is easy to see that we can choose v; such
that the matrix D,,M>(v5) has maximum rank again, that is 3. Expanding f, around v, = v}, we
see that f, is written as a combination of three linear independent functions plus higher order
terms in v, — v5. Applying Theorem 4.4.1 for [ = 2 we obtain at least two limit cycles for the
differential system (4.34).

In general, after estimating a lower bound for the number of zeros of f;_; we chose
parameters to assure that f;_;(r) = 0. Then we follow the above steps: build a vector M; where
each entry s of M; is given by the coefficient of * of the function f;; define the parameter vector
vi={a;:i=1,...1,j=1,...,4}U{b;;: i=1,...1,j=1,...,4} such that M; = M;(v;); let v}
be an election of the parameters such that M;(v;) vanishes; and take the derivative D, M;(v}).
As above a lower bound for the number of zeros of f; will be given by the rank of the matrix
D,,M;(v;) decreased by 1.

In what follows, using the procedure described above, we provide a table showing the

lower bound N(1),l=1,...,7, for the maximum number of limit cycles of the piecewise smooth

differential system (x,y)7 = Zy o(x,y; €), defined by (4.34), obtained by studying the averaged

function of order /.

NO|1]212]3[33]3

Example 4.4.6 (Nonsmooth perturbation of a piecewise constant center). Consider the discon-

tinuous piecewise constant differential system

)
Xi(x,y) ifx>0andy>0,
Xo(x, ifx<Oandy>0,
(69)" =X (x,y) = 29) g (4.36)
X3(x,y) ifx<Oandy <0,
kX4(xa)’) ifx>0andy <0,
where
14Y7  Elanx+bi), 14Y7  l(anx+bn),
Xl(-x,y) _ Zl—l ( il l]) Xz(x,y) _ Zl—l ( 2 12)
1, L
1+Y7 . ei(apx+b3), 14+ ei(ax+bu),
) = § | PRSI gy R e

with a;;,b;j € Rforalli € {1,2,...,7} and j € {1,2,3,4}.
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First of all, in order to apply Theorem 4.4.1 to study the limit cycles of the differential
system (4.36), we shall write it into the standard form (4.5). Again, to do that we consider polar
coordinates x = rcos 8, y = rsin 0. So the set of discontinuity becomes £ = {6 =0} U{6 =
o }U{0 =0} U{6 =03}, with g = 0,0y = /2,00 = w,03 =37 /2, and o4 = 27, and for
each j = 1,2,3,4 the differential system (x,y) = X;(x,y) reads

7

1) =gj(0)+ ) €'(a;jrcos®* 0 +b;jcos6),
i=1

0(t) = % <§j(9) — isi(aijrcosesine +b;jsin 9)) ,
=
where
21(0) =sin6 —cos 6 21(0) =sin6 +cos 6,
22(0) = —(sinO +cos H) 22(0) =sin6 —cos O,
23(0) = —sinB +cos 0 23(0) = —(sin6 +cos 6),
g4(0) =sin6 +cos 6 24(0) = —sin6 +cos 6.

Note that for each j =1,2,3,4 and &tj_1 < 6 < o}, we have that 0(t) # 0 for |¢| sufficiently
small, thus we can take 6 as the new independent time variable by doing r/(6) = #(t)/6(t). Then

: 7
t . ;
r(0) = ) _ e'F/(0,r)+ e RI(0,1,8), (4.37)
=0

o) |

where Fij is the coefficient related to €' in Taylor series in € of #(t)/0(t) around € = 0.

From here we shall use the averaged functions (4.7) up to order 7 to study the isolated
periodic solutions of the piecewise smooth differential equation defined by (4.37) or, equiva-
lently, the limit cycles of the piecewise smooth differential system (4.36). Following the same
methodology described in Example 4.4.5, we provide a table showing the lower bound N (1),
[=1,...,7, for the maximum number of limit cycles of (4.36) obtained by studying the averaged

function of order /.

Nk [1]2]2]2]2]|2]2

Example 4.4.7 (Nonsmooth perturbation of an isochronous quadratic center). In this section we

consider the quadratic isochronous center (x,y) = (—y+x?,x + xy) perturbed inside a class of
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piecewise quadratic system with n zones. For this system we take

X({(x,y) = (—y+x*,x+xy), for j=1,...,n, and
Xl-j(x,y) = (ajx2+bjx+cj,0), forj=1,...,n,

where a,b; and c¢; are real numbers for all j € {1,2,...,n}. We consider the discontinuous piece-
wise smooth differential system (x,9)T = Zxﬂ(x,y;e) (see (4.14)) where 2" = (Xi,...,X,)
(see (4.13)) and o = ((x])J Zo=(2jm/n);_

As before, in order to apply Theorem 4.4.1 to study the limit cycles of (x,y)7 =
Zy o(x,y;€), we shall write it into the standard form (4.5). To do that we consider a first change
of coordinates x = —u/(v—1),y = —v/(v—1) (see (CHAVARRIGA; SABATINI, 1999)). Note
that this change keeps fixed all straight lines passing through the origin and therefore does
not change the set of discontinuity. In each sector C; (see (4.15)), j = 1,2,3,4, the differential
system (£,5)7 = Z g o(x,y;€) reads

n= —v+8<u(_,- Vcijlu)+cj(1—v)),
(4.38)

Now, as a second change of variables, we consider the polar coordinates u = rcos0 and v =
rsin @. Taking 6 as the new independent time variable by doing /(8) = i(t)/0(t), system (4.38)

becomes

r(6) = 8Fj(9,r) +ﬁ(82),

i(9,r) = o —ejsi 4 ayreosB.
F'(0,r) cos9<c]—|—r( c]s1n9+cose<b]+l_rsin6 .

forj=1,....,n

where

In this new coordinates the piecewise smooth differential system (x,y)7 = Z - 4(x,y;€)

reads

r'(0) =¢eF(0,r)+ O(&?), (4.39)

where

F(0,r) = Z e 2z (O)F(8,7).

Computing the first order averaged function f; of (4.39) we obtain
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+r<i(4§+sm<% _Si( En >)bj
oo <COS( (j— _ DL > cos 42” )
L= (;4@1‘1(1"’”( o) )

j=1

Since sin (2(j ;1) ) =0 for j =1, and sin (2/ ”) = 0 for j = n, the above expression simplifies

as

fi(r) = %[(}Zlmjﬂj)(sm(zn”) sm<@)>>
aj—c) ( (M) ~cos (4]_”)) )

- m( 5229

Note that f; is written as a linear combination of n+ 1 functions of the family

F = {l,r,hj(r) = @m (l—rsin (W)) : j:2,3,...,n}.

It is easy to see that this combination is linearly independent.

Regarding the functions ;s we have the following properties
(1) Let j€{2,3,...,n}. Then hj(r) =0if and only if nis even and j = 1 +n/2.

(2) Let ji,j2 €4{2,3,...,n}. Then hj, (r) = hj,(r) if and only if n is even and (j; + jo —2) €
{n/2,3n/2}.
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From the above properties we first conclude that if n is odd then the function f; is a
linearly independent combination of n + 1 linearly independent functions. From Proposition

4.4.4 we can find parameters such that f has n simple zeros.

If n =2 then fi(r) = m(b1 + b2)r/2 which has no simple positive zeros. From now on
we assume that 7 is even and greater than 2. From property (1) we already know that 2, = 0
for jo = 14 n/2. From property (2) it remains to analyze how many pairs of integers (i, j2),

2 < ji < ja < n, satisfy the equations 2(j; + j» —2) =n and 2(j; + j» —2) = 3n.

Let 71 be a positive integer. If n = 47 then both equations 2(j; + j» —2) = n and 2(j; +
J2—2) =3n have n/4 — 1 solutions. If n = 47+ 2 then both equations 2(j; + j» —2) = n and
2(j1+ j2 —2) = 3n have (n—2)/4 solutions. Therefore we conclude that:

° Ifn:4ﬁthen#ﬁ:g—|—2;
. 1fn:4ﬁ+2then#,9?:g+1;

Denote by N the maximum number of limit cycles of (£,5)" = Z4 o(x,y;€). Applying
Proposition 4.4.4 and Theorem 4.4.1 we conclude that:

(1) If nis odd then N > n;
(i1) If n =2 then N > 0 (no information!);

(i) If n = 4k then N > g+1;

(v) If n =4k +2then N >

NS
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CHAPTER

AVERAGING THEORY AND
LYAPUNOV-SCHMIDT REDUCTION FOR
NONSMOOTH SYSTEMS

In chapter 4 we presented the theory for study the periodic solutions of the systems on

the form
k
X =Ft,x)+ Y €F(t,x)+ eFIR (1, x,€),
i=1

where F;: S' x D =+ R™and R: S! x D x (—&, &) — R™ are piecewise C**! functions and 7-
periodic in the variable 7 and we assume that the solutions of the unperturbed system x’ = Fy(z, x)
were all T—periodic. In other words the unperturbed system has a d-dimensional submanifold
of periodic solutions with d = m. However when d < m the averaging theory is not enough to
study the persistence of periodic solutions when || # 0 is small. Now, in this chapter we present
the theory for the case d < m using the Lyapunov-Schmidt reduction method and the averaging

theory.

Consider the unperturbed system x' = Fy(¢,x) and its set of initial conditions whose
orbits are periodic denoted here by 2. Assume that the set 2 is a d-dimensional submanifold
of R™ such that dim(.2”) = d < m. In this case only the averaging theory is not enough to study
the number of limit cycles of the systems and other techniques need to be employed together, as
the Lyapunov-Schmidt reduction method. In the case that F; are smooth functions we have the
works (BUICA; FRANCOISE; LLIBRE, 2007; CANDIDO; LLIBRE; NOVAES, 2017; GINE et
al., 2016). If the functions F; are not smooth or even continuous we have the works (LLIBRE;
NOVAES, 2015; LLIBRE JAUME NOVAES, 2015), where the authors studied some classes of
these systems.

In what follows we describe how to use the averaging theory and Lyapunov-Schmidt

reduction method for computing isolated periodic solutions of the piecewise smooth differential
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systems. Then, we set the class of non-autonomous discontinuous piecewise smooth differential

equations that we are interested as well as our main result (Theorem 5.5.1).

5.1 Lyapunov-Schmidt reduction

Consider the function

k
=Y egi(x)+ 0", (5.1
i=0

where g; : D — R™ is a C¥*! function, k > 1, for i = 0,1,...,k, in which D an open bounded
subset of R”. For d < m, let V be an open bounded subset of R? and  : V — R”~¢ a Ck+!

function such that

Z ={zo=(a,f(t)): ¢ €V} CD. (5.2)

The main hypothesis is
(Hg) the function go vanishes on the d-dimensional submanifold 2 of D.

In (CANDIDO; LLIBRE; NOVAES, 2017) the authors used the Lyapunov-Schmidt
reduction method to develop the bifurcation functions of order i, for i = 0,1,... k, which for
|e| # 0 sufficiently small control the existence of branches of zeros z(€) of system (5.1) that
bifurcate from z(0) € 2. In this subsection we present the results developed in that work and

those that we shall need later on.

First we present some notation. Consider the projections onto the first d coordinates and
onto the last m — d coordinates denoted by 7 : R? x R4 - R¢ and 't : RY x R4 — R4,

respectively. Also, for a point z € 2 we write z = (a,b) € R? x R" 4,

Let L be a positive integer, let x = (x1,X2,...,%,) €D,t € Randy; = (yj1,...,¥jm) €R"
for j=1,...,L. Given G : R x D — R™ a sufficiently smooth function, for each (¢,x) € R x D
we denote by 0°G(t,x) a symmetric L-multilinear map which is applied to a “product” of L

vectors of R, which we denote as @?:1 yj € R The definition of this L-multilinear map is

L n L X
8LG(t,x)@yj: Z 97G(1,x)

=1 oo =

3. 5. Yl ---YLip-
| 9%, ... 0,

We define 9° as the identity functional.

The bifurcation functions f; : V — R? of order i are defined for i =0, 1,...,k as

1
CI'C2'2‘02 Cl‘l‘cl

fi(a —77:81 Zow +ZZ

=15,

Iy mgi—1(2a @Yj (5.3)
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where the %, : V — R”¢ fori=1,2,...,k, are defined recursively as

n(a) = —A;'n"gi(ze) and
1
s —  _ Al
)= itk (§c1!czl2!“2...c 1(i— 1)t 18b7r 80(za le (5.4

+chlvczvzvcz Clmc; /za QYJ )

We denote by S the set of all I-tuples of non-negative integers (ci,cy,...,c;) such that ¢; +
2¢c04...+lc;=1,L=ci+ca+...+c;, and by S’ the set of all (i — 1)-tuples of non-negative

integers (c1,¢2,...,¢i—1) suchthatc; +2c+...+(i—1)ciy =i, ' =c1+c2+...+¢;—1 and

ont
Aa = abgo (za).

About the zeros of the function (5.1) the authors proved in (CANDIDO; LLIBRE;
NOVAES, 2017) the following result.

Theorem 5.1.1. Let Ay denote the lower right corner (m — d) x (m — d) matrix of the Jacobian

matrix Dgo(zq ). Additionally to hypothesis (Hy) we assume that

(i) for each or € V, detAy # 0; and

(1) f1=fa=...= fr—1 =0and f; is not identically zero.

If there exists a* € V such that f;(a*) = 0 and det(Df;(a*)) # 0, then there exists a branch of
zeros z(€) with g(z(g),€) =0 and |z(€) — zg+| = O(€).

5.2 The averaging theory

In section 4.1 of Chapter 4 we present the averaged functions for systems defined in
S!' x D with D an open subset of R. Now we deal with systems where D is an open subset of R”",
so we present the again the averaged functions but for higher dimension. They have basically the

same expression, the difference is that now we use the “product” of L vectors of R™, denoted by
®§:1 yJ S RmL'
In (CANDIDO; LLIBRE; NOVAES, 2017), using Theorem 5.1.1, the authors studied high

order bifurcation of periodic solutions of the following T-periodic C¥*! with k > 1 differential

system
k

X =F(t,x€)=Ftx)+ Y eF{tx)+ 0, (t,2)€S'xD, (5.5)
i=1

where the prime denotes the derivative with respect to the independent variable ¢, usually called
the time. In their work they assumed that the manifold 2, defined in (5.2), is such that all
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solutions of the unperturbed system
X = Fy(t,x),

starting at points of 2 are T-periodic and dim 2 < m.

Consider the variational equation

/ aO
= ox

where x(z,z,0) denotes the solution of system (5.5) when € = 0, and we denote a fundamental

—- (t,x(2,2,0))y, (5.6)

matrix of system (5.6) by Y (¢,z). The averaged function of order i of system (5.5) is defined as

i(T,
s =7 (1,907, 6)
where
t
yi(t,z) = Y(t,z)/o Y(s,2) " F (5,x(5,2,0)) ds,
t
(e, = 1 (e.2) [ Y527 (Fls.x(6.2,0)
0
1 . (5.8)
r . b
+§b1!b2!2!b2...bi1!(i—1)!bi18 FO(S’X(SvZ’O))gyJ(S’Z) /

L
JFZ’Z’bl'bz'Z‘b2 bz!l!l’la Fi-i(5,x(s,2,0)) QYJSZ )ds

j=1

Using the functions g; stated in (5.7) are defined the functions f; and 7; given by (5.3)
and (5.4), respectively. Under some assumptions and with Theorem 5.1.1 it was proved that
the simple zeros of the functions f; provide the existence of isolated periodic solutions of the
differential system (5.5). By a simple zero of a function f we mean a point a such that f(a) =0
and det(Df(a)) # 0, where Df(a) denotes the Jacobian matrix of f at the point a.

Remark 5.2.1. The functions y;(z,z) could be defined recurrently by an integral equation as done
in other works (see (ITIKAWA; LLIBRE; NOVAES, 2017; LLIBRE; NOVAES; TEIXEIRA,
2014b; LLIBRE; NOVAES; TEIXEIRA, 2014a)). Indeed, we define

(t,2) = /0 [ (Fi (s.3(5.2.0)) + 2Fofs.x(5,2.0))1 (5.2) ) ds,

1

t i
i(t,2) = i!/(stszO + 5.9
yi(t,z) A I_lezlble2|2lb2 b1 (5.9)

[
'aLF;'fl (S,X(S,Z,O)) @yj(svz)bj)ds7 for i = 27 s ;k7
j=1

and it is not difficult to see that solving this integral equations we obtain the formulae (5.8).
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5.3 Standard form

Let n > 1 be a positive integer. For i =0, 1,...,kand j=1,2,....nlet F/ :S' x D - R”
and R/ : S x D x (—&y,&) — R be functions C**! where D is an open subset of R” and
S' =R/(TZ). We define

Fi(t,) =Y Xy 1) OF (6,%), i=0,1,...k, and R(t,x,€) =Y 2, ) (O (t,x,€).
j=1 j=1

Consider the discontinuous and 7'-periodic differential system
k .
X =F(t,x,€) = ZSZF}(I,X)+8k+1R(t,x,£), (5.10)
i=0

and the submanifold 2 of periodic solutions of the unperturbed system
X = Fy(t,x). (5.11)
The set X of discontinuity of system (5.10) is given by
Y={r=0=T}u{r=n}U...U{r=1,1})NS' x D,

where 0 <1 <t <...<t,_1 <T.

Foreach j=1,2,...,nand r € [tj_1,t;] we have the differential system

/

X =Y &F/ (t,x) + R (t,x,¢). (5.12)

-

0

To continue we need to give some definition about system (5.10). For each z € D and €
sufficiently small we denote by x(-,z,€) : [0,#(,¢)) — R™ the solution of system (5.10) such that
x(0,z,€) =z, where [0, ¢)) is the interval of definition for the solution x(z,z,€).

Consider the submanifold 2 = {z4 = (o, fo()) : @ € V'}, where V is an open bounded
subset of R™, and By : V — R4 is a CK function with k > 1. Notice that for each z4 €
Z, (ti,x(ti,z0,0) € X°), for i € {0,1,...,k}. Indeed, for each j = 1,2,...,n, the set of dis-
continuity can be locally described by h;l(O), where f:S! x D — R is hj(t,x) =t —t.
It is known that to show that we are in the crossing region it is sufficient to prove that
(Vhj(t,x),F/(t,x))(Vh;(t,x), /T (t,x)) > 0, where Vh(t,x) denotes the gradient vector of the
function (¢, x). Here, Vh;(t,x) = (1,0) and (Vh;(t,x),F/(t,x))(Vh;(t,x), F/ T (t,x)) = 1 > 0.

In Chapter 4 the averaging theory was developed assuming dim( %) = m. Here, we are
interested in the case dim(.2”) < m. Accordingly, we shall extend the averaged functions (5.7)
and the bifurcation functions (5.3) obtained in (CANDIDO; LLIBRE; NOVAES, 2017) to this
class of discontinuous differential system, providing then sufficient conditions in order to control

which periodic solutions of 2, with dim .2 = d < m, persists to € # 0 sufficiently small.
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For system (5.11) we consider the fundamental matrix Y (z,z) of the variational system

0
"= —Fy(t,x(t,z,0 5.13
y ax O( 7'x( 7Z7 ))y7 ( )
where Y is an m x m matrix. Notice that, for each j = 1,2,...,n, if x;(t,z,€) denotes the

solution of (5.12) for t;_; <t <t;, the function 7 — (dx;/dz)(t,z,0) is a solution of (5.13) for
tj—1 <t <t;. Recall that the right product of a solution of the variational equation (5.13) by

constant matrix is still a solution of (5.13). Therefore, the solution Y (z,z) can be built as follows:

(
Yi(t,2) if0=1<t<t,

Yo(t,z) ifyy <t <,
v(t.) = 209

kYn<t>Z) ifl‘n—l <t<tp,=T,

where

ox1
dz

ox; ox; -1 _
Yi(t,z) = a—zj(t,z,O)(a—Zj(tj_l,z,O)) Yi_(tj-1,z), forj=23,....n

Yi(t,z) = ——(t,z,0), and

(5.14)

The derivatives d/F(s,z), which appears in (5.3), are computed as follows:

afF u (')JF’
Z X l,t] 8 i ——(s,2).

]:

The main result of this chapter says that the simple zeros of the bifurcation functions
(5.3) also controls the branching of isolated periodic solutions of the nonsmooth system (5.10).

Before we enunciate it we provide an alorithm for the bifurcation functions.

5.4 An algorithm for the bifurcation functions

In this section we will provide an algorithm for computing the averaged functions,
defined in (5.9), for the nonsmooth case. Their expressions are defined recurrently and using
Bell polynomials, which can be implemented more easily and were previously defined in (4.11).
Using them it follows that if g and £ are sufficiently smooth functions, then we have that

l l
80 = LB (9, K0,
x :

where B; ,, is the partial Bell polynomial.
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5.4.1 Averaged Functions

In this section we develop a recurrence to compute the averaged function in the particular
case of the discontinuous differential equation (5.10). So, consider the functions w s (¢ j—1,t j]

D — R™ defined recurrently fori =1,2,...,kand j=1,2,...,n, as

il = [ (FlGr(6,2.0)+ 2R (u1(5.20)wh5.2) ) s

t i 1 l
1 . 1 L1 1 b
w; (t,z) = l!/ <F~ s,x(s,2,0)) + -0"F._ (s,x(s,z,0 w,.. (8,2 ’”)ds,
. . t .
wl(t,z) = w{l(tjhz)—f-i!/ (FiJ(S,X(S,Z,O))‘f’
ti—1
i 1 l
5LFJ (s5,x(s,2,0)) )
1; 5 b1!by12102 . b0 C?
(5.15)

Since Fy # 0 the recurrence defined in (5.15) is an integral equation and the next lemma solves it

using Bell polynomials.

Lemma 5.4.1. For i =1,2,...,k and j = 1,2,...,n the recurrence (5.15) can be written as

follows

t
wh(.2) = ¥1(0,2) [ V7 2R (5,5(6.2,0))ds,

t

w](1,2) = Y;(t,2) (Y;lajl,z)w{‘l(rjl,z) + Y;l<s,z>F{<s,x<s,z,o>>ds),

ti—1

t i
w02 = 1(02) [ 171 6.2) (R (5.3(5:2.0)+ Y 9" (5(5.2.0)) Binwhc ool ),
m=2

l .

i
+lzi 21 1‘8’"F1 (5,x(5,2,0)).By (Wi, .. w}_mH))ds,
m=

t

wl(t,2) = Y02 [ o wd  ena) + [ ¥ s 2 (106 (5,2(5,2,0))

l‘]1

Y B (55.20) B8l L)

m=2
—I—Z‘i Zl l‘amFJ (s,x(s, z,O)).BLm(w{,...,wLmH))dsl

Proof. The idea of the proof is to relate the integral equations (5.15) to the Cauchy problem

and then solve it. For example, if i = j = 1 the integral equation is equivalent to the following
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Cauchy problem

1
ow,

— H1.2) = Fl (t,x(t,2,0)) + dF, (t,x(t,2,0))w} with w}(0,z) =0,

and solving this linear differential equation we get the expression of w% (t,7) described in the

statement of the lemma. For more details see Proposition 4.3.2 of Chapter 4. ]

Now, we provide a formula for the averaged functions (5.7) for the class of discontinuous

differential systems studied in this chapter.

Proposition 5.4.2. Fori=1,2,... k, the averaged function (5.7) of order i is

(T z)

gi(2) =¥, 1 (T.0) ™!
Proof. Foreachi=1,2,...,k we define

! Z) = Z %[tj—lvtj] (l’)W{(l‘,Z)
=1

Given t € [0,T] there exists a positive integer k such that 7 € (t;_,,#;] and, therefore, w;(t,z) =
w{-‘(t,z). By the proof of Proposition 4.3.1 we obtain

wi(t,z) = /Ot (F1 (s,x(s,2,0)) —|—8F0(s,x(s,z,0))w1(s,z))ds,

1 l

0 i
wi(t,2) l'/o (F 5,x(s5,2,0)) + Zzbl'bz'Z‘bz TG -d E—l(syx(saao))mC)Wm(S»Z)

=18 =1
(5.16)
Since by Remark 5.2.1 we can consider the functions (5.8) given implicitly, we compute
the derivatives in the variable ¢ of the functions (5.16) and (5.9) for i = 1, and we see that
the functions wy(z,z) and y;(z,z) satisfy the same differential equation. Moreover, for each
i=2,...,k, the integral equations (5.9) and (5.16), which provide respectively y; and w;, are
defined by the same recurrence. Then the functions y; and w; satisfy the same differential

equations for i = 1,2,...,k, and their initial conditions coincide. Indeed, let i € {1,2,... k},

since y;(0,z) = 0 and, by (5.16), w;(0,z) = 0, it follows that the initial conditions are the same.

Applying the Existence and Uniqueness Theorem on the solutions of the differential system we
get yi(t,z) = wi(t,z), foralli € {1,2,... k}. O

5.4.2 Bifurcation Functions

In this section we shall write the bifurcation functions (5.3) and the functions ¥;(a) given

by (5.4) in terms of Bell polynomials.

)as.
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Claim 3. The bifurcation function (5.3) is given by

i 1 1
fl(a) = ﬂgi(Za) + Z Z ﬁaénﬂgi—l(za)Bl,m(YI(a)v coy Yi—m+ (OC)),
I=1lm=1""

where

7(a)= —Ag'mtgi(z¢) and
| i—1 Hi ! .
v(o)= —A, (Zﬁ Y. o' gii(za)Bim(1 (), .. Yiems1 ()
[=0"" m=1

- i BZ'nLgo(Za)Bi,m(Yl(O‘)""’y"_’"“(a))).
m=2

Proof. The expressions (5.3) was obtained in (CANDIDO:; LLIBRE; NOVAES, 2017) using the
Fad di Bruno’s formula for the L-th derivative of a composite function. This claim follows just

by applying the version of the Fad di Bruno’s formula in terms of the Bell polynomials. 0

5.5 The main theorem and its proof

The main theorem of this chapter says that the simple zeroes of the bifurcation functions
(5.3) controls the number of limit cycles of system (5.10).

Theorem 5.5.1. Let A, denote the lower right corner (m —d) x (m — d) matrix of the matrix
Id —Y (T, z). We assume that the functions defined by (5.3) and (5.7) satisfy fj = fo = ... =
fr—1 = 0 and that for each @ € V, det(Ay) # 0. If there exists o* € V such that f;(a*) =0,
and that det(Df (o)) # 0, then there exists a T-periodic solution ¢(z,€) of (5.10) such that

|9(0,€) = zo:[ = O (e).

For j=1,2,...,nlet& (2,10, 20, €) be the solution of the discontinuous differential system
(5.12) such that §;(to, 1,20, €) = zo. Then, we define the recurrence

x1(t,z,€) = &1(¢,0,z,€)

xj(t,z,€) =&j(t,tj—1,xj-1(tj-1,2,€),€), j=2,...,n.
Since we are working in the cross region it is easy to see that, for |€| # O sufficiently small, each
xj(t,z,€) is defined for every ¢ € [t;j_1,t;]. Therefore x(-,z,€) : [0,T] — R is defined as
(xl(t,z,s) if0=1<t<t,
x(t,z,€) ift <t <ty,

x(t,z,€) =
Y xj(t,z,€) iftjy <t <t

\xn(t,z,e) ift,_ 1<t<t,=T.
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Notice that x(z,z,€) is the solution of the differential equation (5.11) such that x(0,z,€) = z.
Moreover, the following equality hold

.Xj(tj_l,Z,S) :xj—l(tj—laZ78)7

for j=1,2,....,n

The next lemma expands the solution x;(-,z, €) around € = 0.

Lemma 5.5.2. For j € {1,2,...,n} and tzj > tj, letx;(-,z,€) : [tj—1,t;) be the solution of (5.12).

Then
k i

8 .
xj(t,2,€) = x(1,2,0)+ ) i—'w{(t,z) + O(eF).
i=1 b

Proof. First, fixed j € {1,2,...,n}, we use the continuity of the solution x;(¢,z,€) and the
compactness of the set [t;_1,1;] X D x [—&y, &) to get that

t .
/ Ri(s,xj(s,2,€),€)ds = O(e), 1€ [t;1.1]].
t

j—1

Thus, integrating the differential equation (5.12) from ¢; | to 7, we get

xi(t2,€) =xi(tj 1,2,€ +Z / F/(s,x;(s,2,€))ds + ("), and
i1 (5.17)
t .
xj(t,2,0) =x;(tj-1,2,0)+ [ FJ(s,xj(s,2,0))ds.
ti—1
By the differentiable dependence of the solutions of a differential system on its parameters
the function € — x;(t,z,€) is a C*1 map. Then, the next step is to compute the Taylor expansion
of Fij (t,x(t,z,€)) around € = 0 and for this we use the Faa di Bruno’s Formula about the /-th
derivative of a composite function, which guarantees that if g and & are sufficiently smooth
functions then
GO pp— (@) O (1)
dal® T bbb )

j=1

where S is the set of all [-tuples of non-negative integers (by,b,...,b;) satisfying by + 2b; +
.+lbj=lLandL=b;+by+...+b.

Foreachi=0,1,....k— 1, expanding Fij(s,xj(s,z,s)) around € = 0 we get

F(s,:xj(s5,2,€)) = F (s,%,(5,2,0))+

. l (5.18)

E
Z’b1!b2!2!”2...bl!l!b

I
OLF! (s,x1(5,2,0)) () i (s, 2)",
= m=1
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where

. om
I",jn(S,Z) = wxj(sazag) 8207
and fori =k
F!(s,x;(s,z,€)) = F/(s,x(s,2,0)) + O'(€). (5.19)

Substituting (5.18) and (5.19) in (5.17) we get

t kK
xj(t,z,€) =x(tj—1,2,€)+ <Z£’Fij(s,xj(s,z,0))ds

Ti-1 \ i=0
NN 1 L l k1
gt LILF( 0)) ds+ O(e).
+§0121 §b1!b2!2!b2...bl!l!bl (s,%j(8:2 m@l s+0e)

Then, the proof of the lemma ends using the next two claims.

Claim 4. For j =1,2,...,n we have
k l . 1
xj(t,z,€) = xj(t,2,0) + z —”Jtz)—l—ﬁ( e th.

Claim 5. The equality #/ = w/ holds fori = 1,2,...,kand j=1,2,....n

The proof of Claims 4 and 5 can be done following the steps described in the proof of
Claims 1 and 2, in Chapter 4, respectively. 0

Proof of Theorem 5.5.1. Consider the displacement function
h(z,e) =x(T,z,€) —z=x,(T,z,€) — 2 (5.20)
It is easy to see that x(-,Z,€) is a T-periodic solution if and only if 4(Z,€) = 0. Moreover,
to study the zeros of (5.20) is equivalent to study the zeros of

g(z.€) =Y, (T,2)h(z,€). (5.21)
From Lemma 5.5.2 we have that

x0(T,2,€) = x,(T,2,0) + Z—‘ (T,z) + O(eT1), (5.22)

for all (¢,z) € S! x D. Replacing (5.22) in (5.21) it follows that
l
g(Z78) = Ynfl(T,Z) (xn T Z, O —' T z +ﬁ( k+l))

= Y, (T,2)(x(T,z,0 O(ekt) (5.23)

L
e ik

= igi(Z)Jr o),
i=0
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where go(z) =Y, (T, 2) (xa(T,2,0) —2).

From hypothesis (H) the function go(z) vanishes on the submanifold 2, therefore
hypothesis (Hy) holds for the function (5.23). In order to take the derivative of go(z) with respect

to the variable z we have the next claim.

Claim 6. Forevery j € {1,2,...,n}

ox;
Yj(t),2) = a—zj(l‘j,Z,O).
The proof will be done by induction on j. For j = 1 the claim is exactly the definition.
Suppose that the claim is valid for j = jo — 1 and we shall prove it for j = jo. Since x;(tj_1,z,€) =
xj—1(tj—1,z,€) forall j=1,2,...,n we have

Hence if z € & then

@(Z) = Y YT,2) <§—§(T7z,0) —Ia’)

= Y N T,2)(Y(T,z)—1d)
= 1d—Y Y(T,2),

which has by assumption its lower right corner (m —d) x (m — d) matrix Ay nonsingular. From

here, the result follows from Proposition 5.4.2 and Theorem 5.1.1. L]

5.6 Examples

This section is devoted to present some applications of Theorem 5.5.1. The first one is as
3D piecewise smooth system for which the plane y = 0 is the discontinuous manifold and admits
a surface z = f(x,y) foliated by periodic solutions. The second one is a 3D piecewise smooth
system for which the algebraic variety xy = 0 is the discontinuous set and the plane z =0 has a
piecewise constant center. For these systems, we compute some of the bifurcations functions in

order to study the persistence of periodic solutions.
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Nonsmooth perturbation of a 3D system

Let f:R? — R and g : R?> — R be differential functions such that g(x,y) = f(x,y) +
x9dyf(x,y) — yoxf(x,y). Consider the nonsmooth vector field

XS (x,3,2), y>0
Xe(x,y,2) = (5.24)

Xe (x,y,2), y<O

where

X (x,y,2) = (—y+8(ao+a1z) + €% (ay +a32), x, —z+g(x,y)), and
Xg_(x,y,z) = (_ya x+8b1Z+82(b2+b3)Z7 _Z+g(x7y)) )

with ag, ai, az, b1, by, b3 € R. Denote the discontinuous se by £ = {(x,y,z) € R*: y = 0}.

Notice that the surface z = g(x,y) is an invariant set of the unperturbed vector field Xj.

Indeed, considering the function f(x,y,z) =z — f(x,y), we get

<Vf(xay71>7X0(x7y,Z)>‘Z:f( =0.

x,)

Moreover, since Xo(x,y, f(x,y)) = (—y,x,x9,f (x,y) — yox f(x,y)) we conclude that the invariant
set z = f(x,y) is foliate by periodic solutions.

Next result gives suficient conditions in order to guarantee the persistence of some
periodic solution. Consider the function

21

filr) =a; /Onf(rcos¢,rsin¢)cos¢d¢—|—b1/ f(rcos¢,rsing)singdo. (5.25)

T

Theorem 5.6.1. Consider the piecewise vector field (5.24). Then, for each r* > 0, such that
fi(r*) =0 and f{(r*) # 0, there exists a crossing limit cycle ¢(t,€) of X of period T; =
21w+ O(¢g) such that ¢(r,€) = (x*,y*, f(x*,y*)) + O(¢g) with |(x*,z*)| = r*.

In order to apply Theorem 5.5.1 for proving Theorem 5.6.1 we need to write system
(5.24) in the standard form. Considering cylindrical coordinates x = rcos 0, y =rsin, z = z,
the set of discontinuity becomes ¥ = {0 =0} U{0 =1,} with o = 0,f; = w and 1, = 2. The

differential system (x,y,z) = X; (x,y,z) in cylindrical coordinates writes

(1) = €(ag+a1z) cos 0 + €2(ay + azz) cos 6,
7(t) = g(rcosO,rsinf) —z,
0'(1) = 1_8(a0+a1z)sm9 2 (az +asz) smG’

r r
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and the differential system (x,y,z) = X, (x,y,z) becomes

r'(t) = eb1zsin @ + €*(by + b3z) sin 6,

7 (t) = g(rcos8,rsinf) —z, 526
QI(Z) _ 1—|—8b1ZCOSO —|—82 (Cl2 +a3Z>COSQ.
r r

Notice that, for each j = 1,2 and #;_; < 6 <t;, we have 0(t) # 0 for || # 0 sufficiently
small. Thus, in a sufficiently small neighborhood of the origin we can take 0 as the new

independent time variable. Accordingly, system (5.26) becomes

r(t
f’(e) 6/((t)) = F()l(G,I’,Z) +8F11(9,7‘,Z) +82F2(9,I’,Z) + O (83),

/
t
2/((t)) Fpo(8,1,2) + €F12(0,1,2)) + €°F2(0,1,2) + Oa(€7).

Considering the notation of Theorem 5.5.1 we have F;(0,r,z) = (F;1(0,r,2),F(0,r,z)) for
each i € {1,2}. Moreover, for each i € {1,2} the function F;(0,r,z) is written in the form

E(G,V,Z) = Z?:lX[tj,l,tj}(e)ﬁj(earaz)'
Defining f(0,r) = f(rcos8,rsin0) and §(8,r) = g(rcos @,rsin @) we write explicitly
the expressions of Fo,Flj and sz for j € {1,2},

FO(97F7Z) = (07 g(e,r)—z),

Fll(e,r,z) = ((ao+a1z) cos 0, (a0+alz) Sine(gf(e,r) —Z)) ,
F}(0,r,z) = (blzsine, —blchose(g(e,r) —Z)) ;
Fl(0,r7) = ((az+a3z) cos 0 + (a0+a1z)2rsin9cose, Sirze ((ao+aiz)?sin®
(@ +ax2)r) (3(6,r)=2) ).
F2(0,1,2) = <(b2 ¢ byo)sin® b3z Sinre cos67 C‘;;@ (b3zcos 0 — (by +b3z)r) (8(0,r) —z)) :

The unperturbed systems is smooth and its solution (r(0,ro,20),z(6,70,2z0)) with initial

condition (rg,zp) is given by

0
r(8) =7(8,r0,20) = r0, 2(8) =2(8,70,20) = e ° (zo-i-/o esg(s,ro)ds> . (5.27)
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Consequently, a fundamental matrix solution of (5.13) is given by

d(r,z
Y(97r07Z0):a(££ i()))(67r07z()): >

G(6,rp) e 0

where G(0,ry) is the derivative of Z(0, o, z9) with respect to the variable r(. Notice that, from
(5.27), G(8,ry) does not depend on z.

Let & > 0 be a real positive number and consider the set 2 C R? such that & =
{(r,£(0,r)) : r> &}. Notice that for (ry,z0) = (r, £(0,70)) € Z wehave z(0,ry,z0) = f(0,r9) =
f(rocos0,rgsin0). Indeed, let w(0) = f(rpcos 0,rpsin6). So

w(0) =df(rocosB,rosin®)(—rosin®) + 9, f(rocos 8, rysinB)(rocos0)
= g(rocos0,rgsin@) — f(rocosB,rysinb)
=g(rocos0,rpsin0) —w(0)

=g(8,r0) —w(0).

The second equality holds because g(x,y) = f(x,y) +xd, f(x,y) —yd. f(x,y). Hence, for (ro,z0) €
Z the solution z(6,rg,z0) is 27-periodic. Moreover,

Id—Y'2n,rz) =

*x 1—¢e™"
Consequently, Ay = 1 — €™ # 0. Accordingly, all the hypotheses of Theorem 5.5.1 are satisfied.

Proof of Theorem 5.6.1. Denote by (r,z,) a point in 2, that is z, = f(0,r). Notice that the

bifurcation function of first order is fi(r) = mg;(r,z,), where g is defined in (5.7). Indeed, from
on

definition fi(r) = 7g1(1,2,) + 5% (r.z,) (r). But

go(r.z) =Y~ (2m,1,2)((r,2(2m,1,2))) — (r,2(0,7,2))) = (0,%),

and then mgo = 0. Moreover,

0

wi(0,r,2) = (aosin9+a1/oez(¢)cos¢d¢, G(0,r) (aosin9+a1/0 z(¢)c0s¢d¢> —

€¢ 0 r) — a a
ee/e (6¢G(¢vr)(ao+a1Z(¢))COS¢+Sin¢ (8(9,r)—z(¢))(ao+ 1Z(¢))) d(p),
’ r



150 Chapter 5. Averaging theory and Lyapunov—Schmidt reduction for nonsmooth systems

wi(0,r,z) =Y (0,r,2) [Y‘l(n,r,z)w%(n,r,z)—l—/: Y_l(q),r,z)Flz((p,r((])),z(d)))dq)]

=Y (0,r,7) (al/onz((l))cosq)d(]) +b1/ez(¢)sin¢d¢,

/nr e?((ag+aiz(¢))(sing(g(rcos ¢, rsing) —z(¢)) — rcos ¢ G(¢,r)) o
0 r
. /9_b1e¢z<¢><cos¢<g<rcos¢,rsif¢>—z(¢>)+rsin¢c<¢,r>>d¢>.

Since g1(r,z) =Y 1 (27, r,z)w3 (27, 1,z) and fi(r) = g1 (r,z,) it follows that

filr)=a; /Onf(rcos¢),rsin¢)cos 0d¢ + by :ﬂf(rcosq),rsin(j))sin(])d(]). (5.28)

So, from Theorem 5.5.1, each positive simple zero of (5.25) provides an isolated periodic solution
of system (5.24). This concludes this proof. [

The next result is an application of Theorem 5.6.1. We shall use in its statement the
concept of Bessel functions, which are defined as the canonical solutions y(x) of Bessel’s

differential equation

d? d
xzﬁ—kxd—z—k(xz—az)y:& ocC.

This equation has two linearly independent solutions. Using Frobenius’ method we obtain one of
these solutions, which is called a Bessel function of the first kind, and is denoted by J(x). More
details about this function can be found in (WATSON, 1995).

Corollary 5.6.2. Consider the piecewise vector field (5.24).

(a) If f(x,y) = cosx, then the piecewise smooth vector field X admits a sequence of limit cycles
@i(t,€) of X of period T such that T, =2m+ O(€), @,(t,€) = (x},y5,cos(x})) + O(¢),
and |(x;, ;)| = n1/2.

(b) If f(x,y) = sinx, then the piecewise smooth vector field X admits a sequence of limit cycles
@i(t,€) of X of period T, such that Ty =2+ O(¢g), @;(t,€) = (x,y5,sin(x})) + O(¢),

and |(x},z)| = r;;, where each r, is a zero of the Bessel Function of First Kind, J; (r).

Proof. For f(x,y) = cosx, the bifurcation function (5.28) reads f;(r) = —(2b;sinr)/r, and for
f(x,y) = cos(x), the bifurcation function (5.28) reads fi(r) = a;nJ;(r). Therefore the result
follows directly from Theorem 5.6.1. [
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Notice that Theorem 5.6.1 cannot be applied when f; is identically zero, which is the

case when f(x,y) = 2x* — y? for instance. For these cases we define the function

Hlr) = /0 ’ (alcoss(cxs,r) /0 cos §(ap+ar f(9,r))d
‘e_s/ose*%ao+a1f<¢,r>><rcos¢c<¢,r>+<f<¢,r> — 2(0,7))d9

+ar+asf(9,r)+ Si—l:s(aoJralf(S»”))z))dS

e—27t(1 + eﬂ)

+ W(Clleﬂ—bl) [/Oﬂe¢G(q),r)cos¢(ao+a1f(¢,r))dq)

7 ¢? sin ~ ~
+ [T g f(9.0)(@(0.) ~ F9.r)do
wb1 [ G(0.0sing 9,10+ 2 [ e cos(a(0.0) - F(0.r)do)

2r ~
+/ ( —b}coss(f(s,r))? +sins(by + b3 f(s,r)))

+2b; sins(G(s,r) /Oﬂcosgb(ao—i-alf(q),r)) +b1G(s,r) /Ssind)f(q),r)dq)
e?sin ¢

+eS(/n—eq)cosd)G(¢,r)(a0+a1f(¢,r))+ (8(0,r)— f(¢,r))do
0

v [ (<22 o) - g~<¢,r>>—G<¢,r>sin¢)d¢)>)ds

T

Theorem 5.6.3. Consider the piecewise vector field (5.24). Assume that f; = 0. Then, for each
rx > 0, such that f>(r*) = 0 and f}(r*) # 0, there exists a crossing limit cycle ¢(t,€) of X of
period T¢ such that T, = 2w+ O'(€), o(t,€) = (x*,y", f(x*,y*)) + O(€), and |(x*,2")| = r*".

Proof. As we saw before wgy = 0. So, from (5.3), we compute the bifurcation function of order

2 as
1) = T2 e () 4w 2), (5:30
where 7, (r) = —lj—mnigl(r,zr) and
ﬂLgl(an) — /On e¢((a0 +alf(¢7r))<Sin¢(g(rCOS¢7:Sin¢> _f(¢7r)) —rcosq)G(q),r,z)) d(P
—bl/:ﬂ e"’f(cb,r)(coscb(g(rcosq),rsinf)—f(¢,r))+rsin¢G(¢,r,Z))d(p.

From Proposition 5.4.2, we have g2(r,z,) = Y~ '(27, ,z)w3(27,7,7) /2, where wlj(27r,r,z) is
given in Lemma 5.4.1. All these functions may be computed to get (5.30) as (5.29). Again, from
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Theorem 5.5.1, each positive simple zero of (5.29) provides an isolated periodic solution of

system (5.24). This concludes this proof. O]

The next result is an application of Theorem 5.6.3.

Corollary 5.6.4. Consider the piecewise vector field (5.24) and let f(x,y) = 2x*> — y*. Assuming
a2 +b? # 0 define

—80b,(1 —e€™)
Ao = 7 2 2 Ty (] 2y’
(1+em)4(15a1b1 — b2 — 14a%) — 571 — e™)(b! + 10a2) 53
A 40ap((1+e€™)(by —al) —alrm(l —e™)
’1 prm—

(1+em)4(15a1by — b2 — 14a?) — 5n(1 — e™) (bl +10a2)’

and D = —4A3 —27A3.

(i) If D > 0 then the piecewise smooth vector field admits at least one limit cycle. Moreover,
if A} <0 and Ag > 0, then the piecewise smooth vector field admits at least two limit

cycles;

(i) If D <0 and Ag < 0, then the piecewise smooth vector field admits at least one limit cycle.

Moreover, in both cases we have a limit cycle ¢ (¢, €) of X of period T such that T, = 2w+ O(¢€),
(t,€) = (x5, 2(6)> — ()%) + O'(€), and | (x5, 75)| = 7.

Proof. For f(x,y) = 2x*> — y? the bifurcation function (5.29) becomes

folr) = —2by + 20 ((e"(1—m)+ l:_ﬂl)al — (1 +€”)b1)r

, (£ (€7(56=50m) + 56+ 50m) a3 +60 (1-+ %) by — (¢(4 = 5m) +4-+ 57)3)
40 (e™ —1) '

(5.32)

Dividing f> by a3 + b7 # 0, we see that the equation f»(r) = 0 is equivalent to f(r) = Ag +
Ar+r3 =0, where Ag and A are given in (5.31).

Notice that f5(r) is a polynomial function of degree 3, so it has at least one real root and
can be written as f5(r) = 1> — (r{ +ra 4+ 13)r? 4 (rira +rir3 + rars)r — rirars, where r;,i = 1,2,3
are the zeros of the polynomial. Moreover, the sign of its discriminant D = —4A% — 27A% carries

information about its number of real roots.

If D > 0 the polynomial f>(r) has three simple real roots 1, and r3. Since the polyno-
mial has no quadratic term, it follows that r; 4+ r, +r3 = 0 and then at least one of these roots
must be positive. Moreover, if A; < 0 and Ag > 0 then there are two changes of sign between the

terms of the polynomial and then by Descartes Sign Theorem we get the two positive roots.
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If D < 0 then there is a pair of complex roots or a double real root. In both cases the

condition Ap < 0 implies that at least one root is positive.

Now, from Theorem 5.5.1, each positive simple zero of (5.32) provides an isolated
periodic solution of system (5.24). This concludes this proof. 0

Nonsmooth perturbation of a nonsmooth center

In this example we consider a discontinuous differential system in R? defined in 4 zones

(n = 4). Consider the nonsmooth vector field

)
X1 (u,v,w) ifu>0andv >0,
Xo(u,v,w) ifu<Oandv >0,

X(u,v,w) = (5.33)
X;3(u,v,w) ifu<0andv <D0,
\X4(u,v,w) ifu>0andv <0,

where

X1 (u,v,w) = (—1+€(aix+b1), 1, —w+e(c1x+dp)),
Xo(u,v,w) = (—1+€(ax+ba), —1, —w+e(crx+da)),
Xz(u,v,w) = (1+e€(azx+b3), —1, —w+€(c3x+ds)),
Xq(u,v,w) = (1+€(agx+by), 1, —w+€(cax+ds)),

withaj,bj,cj,d; € R forall j.

Writing in cylindrical coordinates u = rcos 8, v = rsin 8, w = w, the set of discontinuity is
Y= {9 :O}U{Q :tl}U{e :tz}U{Q :t3} with7g=0,t; = 71'/2,1‘2 =T, 3= 3775/2 and t4 = 27.
For each j = 1,2,3,4 the differential system (i, v,w) = X;(u,v,w) in cylindrical coordinates

writes

k
Y (t)=g;(0)+ Z €'(a;jrcos* @ +b;jcos 8),
i=1
k .
w(t)=—w+ Z €'(cijrcos O +d;jcos ),
i=1

1 ko
0'(t) = . (g,-(e) - Ze’(aijrcosesine +b;j sin0)> ,
i=1
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where

21(0) =sin6 —cos 0, 21(0) =sin6 +cosH,
22(0) = —(sinO +cosH), 22(0) =sin6 —cosH,
g3(0) = —sinB +cos 0, 23(0) = —(sinO +cos H),
g4(0) =sin6 +cos 6, 24(0) = —sin6 +cos 6.

Notice that, for each j =1,2,3,4 and t;_; < 6 <t;, 6(t) # 0 for |¢| sufficiently small. Thus,
in a sufficiently small neighborhood of the origin we can take 6 as the new independent time
variable by doing #/(8) = i(t)/0(t) and w'(8) = (t)/0(t). Taking 6 as the new independent
time variable we have

=~
'~
—~
D>
~—

|

Fi(0,2)+€F! (8,2) + 01 (€2),

; . ) (5.34)
F§,(0,z) + €F,(0,2) + O2(€7).

§\

—~
D

N—
I

Here, z = (r,w) and the prime denotes the derivative with respect to 6. The expressions of FOj1

and Foj2 for j = 1,2,3,4 are given by

. r(sinf—cosB) _,; —rw , r(sinf+cosf) , rw
L™ Gin@+cos@® 2 sin@+cos@ T cos@—sin@ P? " cos@—sinB’
;5 r(sin@—cosB) _; rw 4 r(sin@+cos@) _, —rw
o1 sin@+cos® 27 sin@+cos@’ N cos@—sin® 2 cosH —sin@°

The expressions of Flj1 and Flj2 for j =1,2,3,4 are also easily computed. Nevertheless, we shall

omit these expressions because of their size.

For each j € {1,2,3,4}, the differential system (5.34) is 27-periodic in the variable 6

and is written in the standard form with
F/(8,2) = (F{(8,2),F4(6.2)).

for i = 0,1. Now, for each j € {1,2,3,4} we compute the solution x;(6,z,0) of the unperturbed
system

H(8) =Fj(6,2), Ww(6)=F(6,2).
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and this solution is

rsin @

%1n9+c0s9’ §m6+cos9) ,

1(0,2,0) =

cos 9 s1n9 W

in6
6 Z, ( cosr(slfsine —Zr) ,

Gz,

rsin 6
" sinB+cos 0 —2r
sin 6+cos g:" )

rsin O
X4(9,Z,0) = (mﬂ/‘}e cosO—sin 6 r> .
We note that in each quadrant the denominators of these four solutions never vanish.

Let 0 < rp < r; be positive real numbers and consider the set 2 C R? such that
Z ={(a,0) : ro < ot < ry }. The solution x(6,z,0) of the unperturbed system x'(8) = Fy(6,z)
satisfies x(0,z,0) = x,(6,z,0), for 6 € [t;_1,t;], and x(27,z,0) — x(0,z,0) = (0,z(1 — e~*")).
Consequently, for each zo € %, the solution x(6,z,0) is 27-periodic and system (5.33) satisfies
hypothesis (H). Moreover, the fundamental matrix Y (6, z) is given by

Y1(6,z) if0=1<6<m/2,

»(0,z) ifn/2<0<m,
v =1 209 T

Y3(0,z) ifr<6<3m/2,

Y4(0,z) if3m/2<6<2nm,

1 0
84(8)
Y] (97Z) = in@ ’
rsin 1
e %409 sing ;%
s0)  ©
1 0
g3(8)
Y4(9,Z> - sin O
__rsin 74,-
e 830 w(sin+4gs(9)) g 4
_ e
23(8)
Hence,
0 0

YI(O,Z)_] —Y4(27I,Z)_1 = )

—4w 1—e*

and then det(Ay) = 1 —e* # 0 if z4 = (®,0) € 2. Thus, we can compute the bifurcation
functions (5.3) for system (5.33). For doing this we first obtain the functions (5.15) corresponding
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to this system,

g0(6,2) = (0,w(1—e")),

wi(2m,z) = <%r(r(a1 +ay+az+ag) +2(by — by — b3 +by)),
%6_4’(—r2w(6a1 +3ay +2a3) — 3r(w(4b) —2by — b3)
+e¥ (=¥ eyt ertesz)+er)+3(e" —1) (e (ca+da)

+€2r(C3 — d3) + €3r(d4 — C4) +c1+ dl))> ,
and
g1(2) = Y4(2m,z) " 'wi(2m, 2). (5.35)
So, the bifurcation function (5.3) corresponding to the function (5.35) becomes

1
fila) = 506(06(611 +ay+az+as)+2(by — by —b3+by)),

which has a simple zero a*. So, from Theorem 5.5.1, we get the existence of an isolated periodic

solution of system (5.34) for € sufficiently small.
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CHAPTER

FINAL CONSIDERATIONS

The object of study of this thesis was the invariant curves for some families of differential
systems. This study was done in two parts: invariant algebraic cubics for planar polynomial
systems and periodic solutions for non—smooth differential systems. In fact, considering the
planar differential system

x=P(x,y), y=0(x,y), (6.1)
where P and Q are polynomial in the variables x,y of degree two, first we investigated the
conditions under the parameters of P and Q in order that system (6.1) had an invariant cubic.
Secondly, under the conditions obtained, we drew the non—equivalent and realizable phase
portraits for systems that had a Darbouxian integral. To draw the phase phase portraits it was
used classical results on qualitative theory, as the theorems that classify semi—hyperbolic and
non—elementary singular points, founded in (DUMORTIER; LLIBRE; ARTES, 2006). The
greatest difficulty in this study was to work with the number of parameters that the systems
presented. We obtained systems with many parameters and in some cases we had to study their

singularities (and respective topological types) without being able to reduce this number.

In this line of research, future plans are to consider a system of type (6.1), but with P
and Q polynomials of degree n arbitrary. The objective is to study the conditions so that it has an
invariant cubic and a Darboux invariant. We expect to achieve a classification in terms of normal

forms for systems with such conditions.

The second part of this thesis was devoted to studying periodic orbits in systems on the

form )
x=Fy(t,x)+ Y F(t,x) + " R(t,x,€), (6.2)

i=1
where F;(t,x) are piecewise smooth functions defined in S' x D, fori =0,1,...,kand D C R"
was a bounded open subset of R". For k = 1 in (6.2) we presented the classical averaging theory
(averaging theory of first order) and we apply it in some systems defined in the plane, in R® and

to a center defined in R", with n even. For k arbitrary also presented the classical theorems but
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the main result was the extension of the averaging theory for a family of non—smooth differential
systems. The simple zeros of the called averaged functions controlled very well the number of
periodic solutions of system (6.2). To prove this, one of the hypothesis in this extension was that
the all solutuions of the unperturbed system x = Fy(z,x) was T—periodic for each p € D C R".
In other words the manifold % of periodic solutions of the unperturbed system had dimension

m=n.

When this hypothesis is not vallid, that is, the dimension of 2" is m < n then the averaing
theory is no sufficient for estimate the number of periodic solutions of system (6.2). So we aslo
used the Lyapunov—Schmidt Reduction to obtain the bifurcation functions, whose simple zeros

controls this number.

In both cases we give the reader examples and the explicit formulas for the calculation
and implementation of the averaged and bifurcation functions. For the examples we used the

software Mathematica.

In addition to demonstrating the extensions, calculating the functions and estimating
their number of zeros was one of the great difficulties in developing this part of the thesis. It
is important to note that many families of non—smooth systems can already be studied using
the theories developed in this thesis. We have made a significant contribution to the study of
periodic orbits in differential systems as in (6.2). We now expect to study other invariant sets for
discontinuous systems, developing new tools and seeking to contribute more and more to the

qualitative study of these systems.
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APPENDIX

NONSMOOTH DIFFERENTIAL SYSTEMS OF
KUKLES’ TYPE

During the master’s degree, we studied a particular discontinuous differential system,
which we call the generalized Kukles polynomial differential system. A first version of this work
can be found in (RODRIGUES, 2015). After improvements in the results, it was accepted for
publication in the year 2018. In this appendix we put the final version entitled “Limit cycles
for a class of discontinuous piecewise generalized Kukles” differential systems and published
in Nonlinear Dynamics. The objective is to give an estimative to the number of limit cycles
which bifurcate from the periodic orbits of the linear center X = y,y = —x by the averaging
method of first order when it is perturbed inside a class of discontinuous generalized Kukles
differential systems defined in 2/—zones, [ = 1,2,3, ..., in the plane. The classical Kukles system
was introduced by Kukles in (KUKLES, 1944) where necessary and sufficient conditions for the
system

X = )
y= Xx-+aopy+ aix* + axy + a3y2 +agx® + a5x2y —l—a6xy2 + a7y3,

to have a center at the origin are presented. The existence of a center or focus for such system
was considered by Sadovskii in (SADOVSKII, 2003) when aza; # 0. He also proved that such
system can have up till seven limit cycles. Zang et al. (ZANG et al., 2008) studied the number
and distribution of limit cycles for a class of reduced Kukles systems under cubic perturbation.
Chavarriga et al. (CHAVARRIGA et al., 2004) studied the maximum number of the small
amplitude limit cycles for Kukles system which can coexist with some invariant algebraic curves.
Llibre and Mereu (LLIBRE; MEREU, 2011) studied the maximum number of limit cycles which
can bifurcate from the periodic orbits of the linear center X = y,y = —x using averaging method

of first and second orders when the system is perturbed inside of the class of generalized Kukles
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polynomial differential systems

X =y,
(A.1)

yo=—x— Y eF(fE (x) +gh, (x)y+ A, ()Y +dy?),
k>1

where for every k the polynomials f,’,‘1 , g’,‘lz,h’,‘l3 have degree ny,n; and n3 respectively, d’g #0isa

real number and € is a small parameter.

Here our main objective is investigating an estimative to the number of limit cycles given
by the averaging method of first order which bifurcate from the periodic orbits of the linear
center X = y,y = —x when it is perturbed inside a class of discontinuous generalized Kukles

differential systems defined in 2/—zones, [ = 1,2,3, ..., in the plane.

We play with many straight lines of discontinuity passing through the origin and with two
different continuous Kukles system (of the form (A.1)) located alternatively in the zones defined
by such straight lines. These ideas appear in the study of two distinct classes of discontinuous
generalized Lienard polynomial differential equation, see (LLIBRE; MEREU et al., 2013)
and (LLIBRE; TEIXEIRA, 2015). In (LLIBRE; TEIXEIRA, 2015) the authors provide lower
bounds for the maximum number of limit cycles for the m-piecewise discontinuous polynomial

differential equations
x=y+sign(gm(x,y)F(x),  y=-x

where the zero set of the function sign(g,,(x,y)) with m =2.,4,6, ... is the product of m/2 straight
lines passing through the origin of coordinates and sign(z) denotes the sign function z. Note that
such lines divide the plane into zones of angle 27t /m. It is worth mentioning that the division of
the plane by straight lines passing through a vertex also appear in (AKHMET; ARUGASLAN,
2009) where the authors investigate non-smooth planar systems with discontinuous right-hand

sides.

A.1 Statement of the main results

Let [ be a natural number and /¢, the function kg : R? — R given by

-1
ho(x,y) = H (y—tan (OH— k7ﬂ> x) , (A.2)

k=0
T
for a fixed o € <—7, 7)
The set i1, ' (0) is the product of / straight lines passing through the origin of coordinates
dividing the plane in 2/— zones with angles 7 /1.
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Consider the discontinuous differential system

) Xi(x,y), if hg(x,y) >0,
X — 1( y) OC( y) (A.3)

XQ(X,y), 1fh0£<x7y) <07

where

y
Xj X, = i j . .
(x,y) (—x—E( r{I(x)+gé2(x)y+hﬁ3(x)y2—|—d(])y3)>

with f,{l (x), g,{z (x) and hﬁg (x) polynomials of degrees n;, np and n3 respectively, and dé isa

nonzero real number for j = 1,2.

System (A.3) also can be written as

X =G (x,y) +sign(hg(x,y))Ga(x,y),

where
1

Gl (x,y) = E (Xl (x,y) +X2(xay))

and
Galy) = 5 (X1 (63) ~ Xa(.0)

The main results are the following

Theorem A.1.1. Suppose j = 1,2, f,{l (x), g{;Z (x) and h{;3 (x) polynomials of degree n;,n; and
n3 (greater or equal to one) respectively, dé a nonzero constant and / € {1,2,3}. For |¢| > 0
sufficiently small the averaging theory of first order provides the existence of at most m(/) small

limit cycles of the discontinuous piecewise generalized Kukles differential system (A.3) where

i) m(l):max{2[%] ,n2+1,2{”3;2] ,3};
ii) m(2):max{{n12_1} , [%] , {”3;1} ,1};
iif) m(3):max{2[”21] 1, 2[”3;2] 3}—1.

For the smooth case the authors in (LLIBRE; MEREU, 2011) show that the averaging

theory of first order provides the existence of at most max{ [%} ) 1} small limit cycles to the

generalized Kukles polynomial differential systems.

The prove Theorem A.1.1 we use the averaging theory of first order, presented in Chapther

3. First we write

f,,1 Z aix’, gn2 Z bix', h Z cix',
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fn, de gn2 Zex h me

Doing the change of coordinates x = rcos 0, y = rsin 6 and taking 6 as the new independent
variable, system (A.3) takes the form

é — esinOP;(r,0) + O(2), (A4)

where

nl . . n2 . . n3 . .
P (r,0) = Z a;jr' cos' 0 + Z bir' ™ cos! Osin 6 + Z cir't?cos' O sin” 0 + dé Fsin’ 6,
i=0

and

i\ . . ! . . 13 . .
— Z d;r' cos' 0 + Z eirtlcos' Osin 0 + Z mir't2 cos' 6 sin” @ +d3r’sin’ 6.
j= j= i=0
Note that system (A.4) satisfies the hypothesis of Theorem 3.2.2 therefore we can

estimate the number of limit cycles of system (A.3) estimating the number of zeros of the

averaged function (3.7).

Denoting by
l a+(2k71>” ' - 1 a+2k7r ) '
- = ! mn’/ D — i s
Giji(a) =) s 1ye CO8 Osin’ 646 and P;(a) = Z/ (1) COS' O5in’ 66,
=1/ a+=5F k=17 0+

the averaged function (3.7) becomes

ny .
Z" |:az(lel o) +di@;y,( )]"‘ZVIH |:bi(pi2l(a)+ei¢i2l(a):|+

i=0 (A.5)

742 o0+ i ()] | dh (@) + a0
i=0
The next lemma yields some relations between the functions ¢;;; and @, ; forany i, j € N

when [ # 0.

Lemma A.1.2. For each i € N and / # 0 the following holds

a) Qi =—0;,
b) @iz = -0

c) If iis odd then @;p; = —@,y;.
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Proof. For each [ # 0 we have that

! o+22 ] o+2m .
(01 +9;;)(a) = Z /+2(k—1)7r cos' 0sin0d6O = ; cos' 0sin0d6 = 0.
k=17 0+ =7
Analogously,
I ro+2z . oa+2r
(@ +Piy) (@) = Y /+2<’<'>’f cos'0sin’ 04 = [ cos'sin’ 640 =0,
k=17 G+
oa+2rn

Moreover, (@ + @) (0) = / cos’ @sin” 0dH. Assuming i = 2m + 1 item c) fol-
lows directly from the formulae 2.51 l—g of (GRADSHTEYN; RYZHIK, 2014)

/ 2+l 96in® 046 = sin” 6 cos”™ 0 + iA- cos?™ 2 g (A.6)
COS = 2m+3 “ j,m ) .
where ) ( w )
2m(m—1)....(m—j+1
Ay i = . A7
T 2m+1)(2m—1)...2m—2j+3) A7)
H

Remark A.1.3. It follows from the previous lemma

1) ¢pi(a), @, (a) >0foralll #0and o € R when i is even.

2) Assin* 0 >0, @oa (), Py () > 0 for all a € R.

In order to establish the number of zeros of the averaged function it remains to study
some of the functions ¢;1;, ¢;3; and @;y; for some values of i € N and / 7 0. But to do it we must
to fix the number [ # 0.

A.1.1 Proof of item (i)(case [ =1).

Fix a € (—m,m) \ {+n/2}. The cases @ = £+ /2 will be considered separately. If [ = 1
then £ = h,'(0), where g (x,y) =y — (tan o)x.

The following lemmas are useful to give the maximum number of zeros of the averaged
function (A.5) in the case [ = 1.

Lemma A.1.4. ¢;;; =0 when i is odd. Otherwise ¢;;; does not vanish except to o0 = i%.

Proof. From the definition of the function ¢;1; we get

(_1)i+1 cost a — cosit! a 0 if i is odd,

o+r ; )
o (a) :/a cos'0sinBdO = — e — 2cosi+1 o

i+1

if i is even.

Then if i is even ¢;11 () vanishes if and only if & = £7/2. O



164 APPENDIX A. Nonsmooth Kukles systems

Lemma A.1.5. The functions ¢;>; do not vanish when i is odd and o # 0.

Proof. 1f i =1 then @ () = —% sin® &. So @121 = 0 if and only if o = 0.

If i > 1is odd we write i = 2m + 1 for some m € N\{0} and from (A.6) we get

2m+3

sin’ o0 (¢ 2m—2j 2m
Pomr1 (@) =2 Ap,jcos Ta+cos™ a ).
J=1

Then @(41)20() = 0 if and only if & = 0. ]

Lemma A.1.6. The function ¢;3; does not vanish for i even and o # :I:%. Moreover ¢;31 =0 if
i is odd.

Proof. We have

(—1)"3cos P a—cos3a (—1)i!cos*! a—cost o

P31 () = i3 pa|
0 if i is odd,
= i+1 g i+3 o
2 <cois+ T~ cois+ 3 ) #£0 ifiiseven.

So the function @;3;(¢t) vanishes if and only if i odd or @ = 7. O

Proof of Theorem A.1.1 (i). By the previous lemmas the averaged function is given by

f(r) = 2)Ai(a)<ai_di)ri+ i)Bi(Oc)(bi—i—ei)r"H

ieven ieven

ny . n3 .
+ Y Cla)(bi—e)r™ + Y. Di(@)(ci —m;)r'™?
i=1 i=0

ilgdd i even
H(E (@)} + EX(@)d3)r,

where the functions A;(a) and D;(a) do not vanish if & # +%, B;(a),E'(a),E*(a) > 0 and
Ci(a) #0if o # 0.

Then the averaged function is a polynomial function of degree m where m is given by

(i) m :max{Z{%l} 2{72} +1,2{"32+2] ,3}, if o0 = 0:

(i) m :max{Z{%l} o+ 1,2[”3;2} ,3}, if a ¢ {0,£2}.

(i) m=max{n+1,3},ifa € {-5,F
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Therefore, the maximum number of zeros of the averaged function is also m.

Moreover it is possible to choose the coefficients a;, b;, c;, d;, e;,m; and d(]) and o in the ex-

pression of the averaged function such that f(r) has exactly m(1) = max {2 5 ,ma+1,2 "3; 21 , 3}

simple positive roots. As the maximum number of zeros is reached we conclude from Theorem

3.7 that system (A.3) provides at most m(1) limit cycles, each one with period near to 2z. [

A.1.2 Proof of item (ii)(case | =2).
In this case £ = {(x,y) : (y — (tana)x)(y+tan(e + 5 )x) = 0}, with & € (—7/2,7/2).

Lemma A.1.7. ¢;1, =0if i is even. Otherwise ¢;1» do not vanish except for oc = j:%.

Proof. 1t is easy to see that
0 if i is even,
?i2(0) =19 cosit! o —sin't @
i+1
So ¢112(a) =0 if and only & = i%,i%ﬂ. For any other i odd, i + 1 = 2n for some n € N and

if i is odd.

cos o —sin>" o = ( Z cosk arsin/ o + sin?" 2 or + cos?" 2 OC> (cos? ot — sin” @t).
k+j=2(n—1)

Then the zeros of the function ¢;12( ) are =7 in the established interval. O

Lemma A.1.8. The function ¢, = 0 if i is odd.

Proof. 1f i =1 then @2 () =0.If i is odd, i > 1, applying (A.6) to get

. 3 T
sin (OC+§) ’ U i T
Pi(@) = Tome3 (cos m ((X—l—%) —l—jEZIAm,jcos m=a <Oc-|-§>
-3 3w
s (& + =5~
+—( 2) (

L : 3n
3 2m—2
3 coszm(a+—27t)~|—.2_ Ay, jcos™™ f<a+—2 ))

j=1

-3 m
sin” o .
2m 2m—2j
— cos™o+ ) A, icos o

2m+3 ( ]; ™ )

-3 m
Sin (06—1—717) Im—27
——mi3 (cosz’”(a—Hr) +];Am7jcos " f(oc+7r)> )

where A, ; is given in (A.7).

Using trigonometric relations we have

3 m -3 m
cos’ & [ . 5, . dm—2i sin” & 2m 2m—2j
(o) = sin“™ o+ Y A, isin Jo | — cosa+ Y A, icos JOC)

3 m .3 m

cos o [ . o5, . dm—2i sin” & 2 2m—2j

— sin“™ ¢ A,, isin T o cos™ o A,, icos Jo | =0.
2m+3( +,~§ " )+2m+3< +j_21 " )
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]

Lemma A.1.9. The function ¢;3; is identically null if i is even. Otherwise its zeros are ot = j:%.

Proof. From straightforward calculations we conclude that ;35 (o) = 0 for any even i. Otherwise

2 : .
o () = H__3(Sinz+3 o —cost 3 o) + —

(—sin' ™! ot +cos' ™!

o).

Besides oo = +7 are roots of the function ¢;3>(¢ct) when i is odd. To show that these are the

unique roots in the established interval we study the sign of its derivative
Pl (a) = —2(cos’ asin® a +cos® asin’ @).

Note that for o € (—%,0), ¢j3,(a) > 0 and hence @;3,(a) is strictly increasing. For o € (0,7%),
¢/, (a) < 0 and hence @;3;(ct) is strictly decreasing. So the unique roots of @;3;(ct) in the
established interval are o = £7. []

Proof of Theorem A.1.1 (ii). It follows from Lemmas A.1.7 — A.1.9 that the averaged function

is given by

ni . 2 _ .
flr) = ZAi((X)(ai—di)rl—F Z (Bi(a)bi—l—Bi(oc)ei)r’+1
{oda i'oven
n3 .
+ Y Gi(a)(e;—m)r'*? + (B (a)dy + E*(ar)dg)r,
i=1
i odd

where A;(a) and C;() are not zero except when o0 = £ and B;(a), Bi(t) are not zero for any
a.

Then the averaged function f(r) is a polynomial of degree m where m is given by

1) m:max{Z "17_1}4—1,2[”72] +1,2{n3;1}+173}’if0‘¢{_%,% :

2) m= max{2 ”72} +1,3} otherwise.

Moreover if a # +7 the averaged function is an odd function hence it has at most ’"T_l positive

roots. From the averaging theory it follows item (ii) of Theorem A.1.1.

Moreover it is not difficult to verify that the averaged function has independent coef-
ficients (the coefficients are polynomial functions in the coefficients of the perturbed system).

Therefore the upper bound provides in statement (ii) can be reached. ]
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A.1.3 Proof of item (iii)(case | =3).

In this case = {(x,y) : (y— tan(c)x)(y — tan(a + ?)x) (y—tan(a + 4?”))6) — 0}, with
ac(—rm/3,m/3).

Lemma A.1.10. Concerning function ¢;;3 we have

i) ¢/j3() <0in (0,%).
(ii) @;13(a) is an even function.
(iii) @;13(e) is 27 /3—periodic.

(iv) @3(a) #0,if a # £ and i # 0 is even.

Proof. From the definition we get that

(—=1fcost o +cosit o — (—1) " sin'* ! (o — )
i+1
sint! (@ — Z) + (= 1) sin™ (a + ) —sin" (a + £)
i+1 '

piz(a) =

Then the function @;;3(a) = 0 if i is odd. Otherwise,

2 , . .
oi3(a) = T (COS’Jrl o +sin' ! (o — g) —sin' ! (a + %)) .

Therefore if i = 0 then @g13(ct) = 0. If i # 0 is even we take the derivative of @;;3 with respect
to a. Using computational tools like Mathematica we get

@l ;3(0) = —2cos’asina+27/(v/3cosa +sina)(v/3sina — cos )’

+271(=/3cosa +sina)(v/3sin o + cos &)’
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If a € (0,5) we get cos’ arsinar > 0 and —v/3cos o +sino < 0 then

(v/3cosa +sina)(v/3sina — cos ) 4 (—v/3cos o + sin ) (v/3sina 4 cos ) =
V3cosa((v/3sina —cosa)’ — (v/3sina + cos & ))

+sina((v/3sino —cos ) + (v/3sina +cos a)’)

i1 | i i i
= —2V3cosa Z (v/3)*cos'* asin® o+ 2sin ot Z (v3)kcos'* asin* ot
Foda | & doen | &

< —2+/3cosa(v/3sina+cosa)’ +2sina(v/3sina 4 cos &)’
< 2(—=+v3cosa+sina)(yv/3sina+cosa)’ < 0.

Hence ¢]j;(a) < 0if a € (0,%), so ¢;13() is strictly decreasing in this interval and item (i) is

proved.

Moreover

2 . . .
oi3(—a) = T (cos’“(oc) —sin (o + )+ sin' ™! (o0 — %)) = @i3(a),

and we conclude item (ii), i.e., ¢;;3() is an even function.

Because

| 2m\ 2 it it T | ™Y o
013 (a—l— 3 ) = <cos (a) —sin (a+6)+sm (a 6)>_(p,13((x),

we get that ¢;13(a) is 2?’r-periodic.
1—i

i+1

Finally if i # 0 is even then ¢;13(0) = (21 —1) # 0. See the graphic of ¢;13(a), for

i even, i # 0 in Figure 27.
As @3 is strictly decreasing in (0,%) and ¢;13(%) = 0 it follows that % is the unique
root of ;13 in (0, §). Analogously ¢;3 is strictly increasing in (—%,0) and —Z is the unique

root in this interval. O

Lemma A.1.11. If i is odd and & ¢ {0,4-5} then the function @3 does not vanish.

Proof. Ifi=1 @io3(a) = 3sin(3a). If i > 1 we write i = 2m + 1 for some m € N\ {0} and use
(A.6) to get
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‘\1‘.5‘ o ‘72‘[,0‘ o ‘7/1‘).5‘ et ‘0‘.&‘ o ‘1‘,0‘ o ‘1.‘/‘/‘

Figure 27 — Graphic of ¢;3(a), for i even

i3 T m
sin’(a+ % N -
Pz () :2|:ﬁ(Coszm(a+%)+j;Am7jC082m 2J(a+§)>

sin’ (ot + 2F)

i ; 5w
5 2m—2
T3 (coszm(a—i— )+ .E_lAchos " (o + ))

F 3

-3 m
sin” (o + 7 o
+%<C°3M(“”)+ X A jeos™ 21(‘””))}’

where A, ; is defined in (A.7).

Now using the software Mathematica we can evaluate the expressions of @;3(o) with

i =2m+ 1, for some values of m. Below we give some of them (m =1,2,...,7),

(i) ¢323(a) = 1/8sin(3),

(ii) @sp3(x) = —61/1.120sin(3cx),

(ii))p723(ar) = —31/630sin(3c) + 1/384sin(9x),

(iv) o3 (o) = —26.123/887.040sin(3ar) +7/1.536sin(9¢x),

(V) @11 23() = (1/92.252.160)(—1.612.309sin(3¢r) 4 389.550sin(9¢x) ),

(vi) @13 23(¢) = (1/5.535.129.600)(—60.534.421 sin(3cx) +17.493.735sin(9¢) + 135.135sin(15)),

(Vi) @15.23(0t) = (1/376.388.812.800).(—2.715.648.724sin(3a) +811.055.280sin(9ax)
+29.864.835sin(15)).

From the expressions of @3 () fori=1,2,3, ... we conclude that @;p3(a) = a,, sin(3¢) +
b sin(9¢) + ¢y sin(15a) + ..., with ayy, by, ¢,y € R. Therefore the roots of these functions are
0,-%,%. O

Proceeding as in the case / = 2 we can state the following lemma

Lemma A.1.12. The function ¢;33 does not vanish for o # i% and i even. If i is odd we have
¢33 =0.
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Proof of Theorem A.1.1 (iii). From Lemmas A.1.10 — A.1.12 we conclude that, in the case [ = 3

the averaged function becomes

f(l”) = nzlz I’iA,'<OC)(a,'—di)+ nzz I’H_lCl'((X)(b,’—ei)

i=1
i

i even dd
ny . o ns3 .
+ Z I’l+1(biBi(O£) —f—eiBi(OC)) + Z I”l+2Dl'((X)(C,' — m,’)
il;gn ilgfgn

+(E'(@)dy +E*(t)dg)r,

where B;(ct),B;i(or) > 0 for all e, Ci(ax) does not vanish if o & {0,+%} and A;(o),Di(cx) are
different of zero if o # +¢.

Then f(r) is a polynomial function of degree m such that f(0) = 0 where

ni ny n3+2 . T
) om= 2|1l o122 42 3Lif { ,i—};
) m max{ {2] {2]%— [ 2 13}1 acs0 3

2) m=max{n+1,3} if o € {i%};

ny+2

3) m = max {2 {%] ,np+1,2 [T} ,3}, otherwise.

For |e| > 0 sufficiently small Theorem 3.2.2 provides that there exist at most m(3) limit

cycles of system (A.3) bifurcating from the linear center, where

2
m(3) :max{Z[n—zl} g+ 1,2{"3; }3} 1

Again it is possible to choose the coefficients of the perturbation such that the averaged function

f(r) has exactly m(3) positive roots. Then as discussed previously the proof of Theorem A.1.1

1s concluded. ]

The computations are becoming increasingly complicated as we increase the number of
lines. However we also can state a general result as the following.
Theorem A.1.13. Assume that the polynomials ] L(x),
gi;z (x) and hi;3 (x) have degree n; > 1, ny > 1 and n3 > 1 respectively, dé is a nonzero constant
and [ € N, for j = 1,2. For |g| > 0 sufficiently small the averaging theory of first order provides
the existence of at least m(l) small limit cycles of the discontinuous piecewise generalized
Kukles differential system (A.3) where

m(l) :max{[% ,1},ifl > 4.
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Remark A.1.14. In the previous result we obtain a lower bound for the number of limit cycles
of system (A.3) because we can not get the exact number of zeros of the averaged function (only

an estimative of them).

Using Lemma A.1.2 and Remark A.1.3 we present a general expression for the averaged

function (A.5) with many lines of discontinuity

f(r) =Y rllai—d)ou(a)]+ Z P bi ooy (@) +€ @y (@)
= —— ~—
teven >0 >0
+ Z [ )P +Zrl+2[ —mi) @iz ()] + 7 | dg Poas (@) +dg Py (@)
3
lOdd > >

(A.8)
Observe that the degree m of the averaged function (A.8) is m = max{n;,ny + 1,n3+2,3}.
Moreover, independently if there are or not positive numbers / or angles o such that the functions
@i;(e) and @3 () vanish it is possible to choose coefficients d;,m;,d;) and dg such that the
averaged function (A.8) has at least degree m = max{Z [%} + 1,3}. Since in this case the
averaged function f(r) is an odd polynomial function without constant term the maximum
number of positive roots of (A.8) is m(l) = max{ [%} ) 1}.

Proof of Theorem A.1.13 . Taking a; =d;, i=0,...,ny and c; =m;, j =0,...,n3 in (A.8) we get
that the number of positive roots of the averaged function depends only of n;. It is worth to
mention that dé # dg guarantee that the original system is discontinuous. Applying Theorem
3.2.2 we conclude the proof. 0

A.2 Examples

In this section we illustrate Theorem A.1.1 and Theorem A.1.13 studying the existence
of limit cycles for three discontinuous piecewise generalized Kukles polynomial differential

systems.

Example A.2.1 (One line of discontinuity). Consider / = 1, o = 0 and the functions

fl)= 1-x,  f2(x)=4+3x,
g ()= 2—x, g2 (x)=-3x+2—

hlL(x)= —1+42x,  hl(x)=1—4x

n3
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Take the constants dé =1 and dg = % — 1. Under this conditions we have n; = ny =n3 =1,

m(1) = 3 and the discontinuous piecewise system teste

Xi(x,y) ify>0,
Z(x,y) = | (A9)
X>(x,y) ify<0,

where X;(x,y) = ,i=1,2and
—x—SF}(X,y)

Fi(x,y)=2x— 1)y +(2-x)y—x+y +1,
and

Fr(x,y) =(3—40) Y+ (=3x+2 =2)y+3x+ (55— 1)y’ +4

Therefore the averaged function is f(r) = r> — 6r> 4 11r — 6, whose roots are r = 1,2, 3.
It follows from Theorem (A.1.1) that for |€| > O sufficiently small the discontinuous differential
system (A.9) has at least three limit cycles. In Figure 28 we can see a local phase portrait
of system (A.9) for € = 1/100 in a neighborhood of the origin. In this Figure the red lines
are three concentric limity cycles that are solutions of the system passing through the points
(—2,0),(—1.5,0) and (1,0). The dasched line is the line of discontinuity of the system.

_—— - N NN\ N\ \\ \\ \
/ ///( e :~‘\1‘\§:\\\«\\§« \ {x\, W
ESSRANN

NIRRT
MARRASY

N\ \

A} ‘\‘\\‘\ \‘ \\ \\\\‘

) rry

I
S i Y,
zZ i;/»//////, w7

- a ;//14/{/
L

A g

Figure 28 — Local phase portrait of systém (A.9) for € = 1/100 in a neighborhood of the origin. The red
lines are three concentric limity cycles that are solutions of the system passing through the
points (—2,0),(—1.5,0) and (1,0). The dashed line is the line of discontinuity of the system.
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Example A.2.2 (Two lines of discontinuity). Consider / =2, o = 0, and the functions
flx)= 4+2x=3x7 420,  f2(x)=T7+3x+9x%+2x,
g,ll2 (x) = 345z, g%z (x) = =3+ 2x,

h;113 (x)= 9+x, h,%3 (x) =5—x.

Taking the constants dé =1 and a’g = —1 we have n; = 3,n, =n3 = 1 and m(2) = 3. Therefore

the get the discontinuous system

X1 (x, if xy > 0,
Zny) = 1) T (A.10)
Xo(x,y) ifxy <O,

where X;(x,y) = ,i=1,2and
—X—SFZ'(X,y)

Fi(x,y) =44 2x =3 + 2 + 3+ 5x)y + (9 +x)y> +5°,
and
Fo(x,y) =74+ 3x+9x% + 2% + (=3 +2x)y + (5 —x)y* —°.

The averaged function of this system is f(r) = r* — r, whose roots are r = 0, 1, — 1. Tt follows
from Theorem A.1.1 that for |&| > 0 sufficiently small the discontinuous differential system

(A.10) has at least one limit cycle.

Example A.2.3 (Three lines of discontinuity). Consider [ =3, a = %, the functions

1 _ 2 2 _ 2
fnl('x)_ 3+2x+x ) fnl(x)__2+7x+x )
()= 2 g =-2+02-22V2x

hay(@) = 14324227, () = 1420+ (2+8V2)x%,

and the constants dé = dg = —%. In this case ny = n3 =2,np = 1, m(3) = 4 and the discontinuous
system is

Z(X y): Xl(xay) lfh(xay) >07 (All)
T | Xaley) ifh(ry) <0, '
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y
where /g (x,y) = (—x+Y) (2 +V3)x +3)((2 = V3)x+y), Xi(x,y) = e
—x—eF(x,y)
1,2 with
2 22 8.3
Fi(x,y) =34 2x+x"+2xy+ (1 +3x+2x%)y -2
and

12 8
Fo(x,y) = =2+ Tx+x* + (_F +(2=22V2)x)y + (1 +2x 4 (24 8V2)x?)y? — Ey3.

The averaged function is f(r) = r* —6r® 4+ 11r% — 6r, whose roots are r = 0, 1,2,3. Hence by
Theorem A.1.1 it follows that for || > 0 sufficiently small the discontinuous differential system

(A.11) has at least three limit cycles.

To illustrate Theorem A.1.13 we present the next example.

Example A.2.4. Consider the plane R? divided in 14 zones (I = 7), & = 0 and the functions
1 _ 2 3 2 _ 2 3
Jou,(X) = 6x+3x" —x°, Ji, (x) = 6x43x" —x°,
g, (X) = 343x+x7 420 +3x%, gﬁz(x):—%+3x—%x2—2x3—2x4,

h,113(x): 1 —x+2x%, h,%3(x):1—x+2x2.
Son; =3,np=4andn3 =2.If dé = —dg = 1 we get the discontinuous system

X, (x,y) if hg(x,y) >0,
Z(x,y) = 1) _ =) (A.12)
XZ(X,y) lfha(x»)’) > 07

where X;(x,y) = ,i=1,2and
—x—sFi(x,y)
Fi(x,y) = 6x+3x% — x> + 3+ 3x+ x> +20° + 3y + (1 +3x + 247)y* 4+,
and

5 7
Pr(x,y) = 6x+3x% — x> + (—§+3x— 5)62—2)63 — 2y 4+ (1 —x+2x2)y* =y .

The averaged function becomes f(r) = {¢ (r° —5r +4r),and their zeros are —2,—1,0,1,2.

Hence system (A.12) has two limit cycles, guaranteed by Theorem A.1.13.



175

BIBLIOGRAPHY

AIZERMAN, M. A. Theory of automatic control. [S.I.]: Pergamon Press, Oxford-New York-
Paris; Addison-Wesley Publishing Co., Inc., Reading, Mass.-London, 1963. (Translated by Ruth
Feinstein; English translation edited by E. A. Freeman). Citation on page 100.

AKHMET, M.; ARUGASLAN, D. Bifurcation of a non-smooth planar limit cycle from a vertex.
Nonlinear Analysis: Theory, Methods & Applications, v. 71, n. 12, p. €2723-e2733, 2009.
Citation on page 160.

ARTES, J. C. Sistemes diferencials quadratics. [S.1.]: ProQuest LLC, Ann Arbor, MI, 1990.
Thesis (Science.D.)-Universitat Autonoma de Barcelona (Spain). Citation on page 59.

AUBIN, J.-P.; CELLINA, A. Differential inclusions. [S.1.]: Springer-Verlag, Berlin, 1984.
(Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], v. 264). Set-valued maps and viability theory. Citation on page 87.

BARNETT, S.; CAMERON, R. G. Introduction to mathematical control theory. Second.
[S.1.]: The Clarendon Press, Oxford University Press, New York, 1985. (Oxford Applied Mathe-
matics and Computing Science Series). Citation on page 100.

BERNARDO, M.; BUDD, C.; CHAMPNEYS, A. R.; KOWALCZYK, P. Piecewise-smooth
dynamical systems: theory and applications. [S.1.]: Springer Science & Business Media, 2008.
Citation on page 22.

BIX, R. Conics and cubics. Second. [S.1.]: Springer, New York, 2006. viii+346 p. (Undergradu-
ate Texts in Mathematics). A concrete introduction to algebraic curves. Citations on pages 32
and 33.

BROWDER, F. E. Fixed point theory and nonlinear problems. Proc. Sym. Pure. Math, v. 39, p.
49-88, 1983. Citation on page 90.

BUICA, A.; FRANCOISE, J.-P.; LLIBRE, J. Periodic solutions of nonlinear periodic differential
systems with a small parameter. Communications on Pure and Applied Analysis, v. 6, n. 1,
p. 103, 2007. Citation on page 135.

BUZZI, C.; PESSOA, C.; TORREGROSA, J. Piecewise linear perturbations of a linear center.
Discrete Contin. Dyn. Syst., v. 33, n. 9, p. 3915-3936, 2013. Citation on page 127.

CAIRO, L.; LLIBRE, J. Darbouxian first integrals and invariants for real quadratic systems
having an invariant conic. Journal of Physics A: Mathematical and General, v. 35, n. 3, p. 589,
2002. Citation on page 34.

CANDIDO, M. R.; LLIBRE, J.: NOVAES, D. D. Persistence of periodic solutions for higher
order perturbed differential systems via lyapunov—schmidt reduction. Nonlinearity, v. 30, n. 9,
p. 3560, 2017. Citations on pages 135, 136, 137, 139, and 143.

CARDIN, P. T.; TORREGROSA, J. Limit cycles in planar piecewise linear differential systems
with nonregular separation line. Phys. D, v. 337, p. 67-82, 2016. Citation on page 127.



176 Bibliography

CARMONA, V.; FERNANDEZ-SANCHEZ, F.; MEDINA, E. Garci a; TERUEL, A. E. Existence
of homoclinic connections in continuous piecewise linear systems. Chaos, v. 20, n. 1, p. 013124,
8, 2010. Citation on page 91.

. Noose structure and bifurcations of periodic orbits in reversible three-dimensional piece-
wise linear differential systems. J. Nonlinear Sci., v. 25, n. 6, p. 1209-1224, 2015. Citation on
page 95.

CARMONA, V.; FERNANDEZ-SANCHEZ, F.; TERUEL, A. E. Existence of a reversible T-
point heteroclinic cycle in a piecewise linear version of the Michelson system. SIAM J. Appl.
Dyn. Syst., v. 7, n. 3, p. 1032-1048, 2008. Citation on page 91.

CHAVARRIGA, J.; SABATINI, M. A survey of isochronous centers. Qual. Theory Dyn. Syst.,
v. 1,n. 1, p. 1-70, 1999. Citation on page 132.

CHAVARRIGA, J.; SAEZ, E.; SZANTO, 1.; GRAU, M. Coexistence of limit cycles and invariant
algebraic curves for a kukles system. Nonlinear Analysis: Theory, Methods & Applications,
v. 59, n. 5, p. 673-693, 2004. Citation on page 159.

CHRISTOPHER, C. Invariant algebraic curves and conditions for a centre. Proceedings of
the Royal Society of Edinburgh Section A: Mathematics, v. 124, n. 6, p. 1209-1229, 1994.
Citation on page 34.

CHRISTOPHER, C.; LLIBRE, J. Integrability via invariant algebraic curves for planar polyno-
mial differential systems. Ann. Differential Equations, v. 16, n. 1, p. 5-19, 2000. Citation on
page 30.

CHRISTOPHER, C.; LLIBRE, J.; PANTAZI, C.; ZHANG, X. Darboux integrability and invariant
algebraic curves for planar polynomial systems. J. Phys. A, v. 35, n. 10, p. 2457-2476, 2002.
Citation on page 34.

COLL, B.; GASULL, A.; PROHENS, R. Bifurcation of limit cycles from two families of
centers. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal., v. 12, n. 2, p. 275-287, 2005.
Citation on page 127.

COPPEL, W. A survey of quadratic systems. Journal of Differential Equations, v. 2, n. 3, p.
293-304, 1966. Citation on page 59.

DUMORTIER, F.: LLIBRE, J.; ARTES, J. C. Qualitative theory of planar differential sys-
tems. [S.1.]: Springer, 2006. Citations on pages 29, 30, 31, 37, 54, 61, 68, 73, and 157.

ECALLE, J. Introduction aux fonctions analysables et preuve constructive de la conjec-
ture de Dulac. [S.I1.]: Hermann, Paris, 1992. ii+340 p. (Actualités Mathématiques. [Current
Mathematical Topics]). Citation on page 22.

FILIPPOV, A. F. Differential equations with discontinuous righthand sides. [S.1.]: Kluwer
Academic Publishers Group, Dordrecht, 1988. (Mathematics and its Applications (Soviet Series),
v. 18). Translated from the Russian. Citations on pages 87, 88, and 89.

GASULL, A.; LI-REN, S.; LLIBRE, J. Chordal quadratic systems. The Rocky Mountain
journal of mathematics, p. 751-782, 1986. Citation on page 83.



Bibliography 177

GINE, J.; LLIBRE, J.; WU, K.; ZHANG, X. Averaging methods of arbitrary order, periodic
solutions and integrability. Journal of Differential Equations, v. 260, n. 5, p. 4130-4156, 2016.
Citation on page 135.

GRADSHTEYN, 1. S.; RYZHIK, I. M. Table of integrals, series, and products. [S.I.]: Aca-
demic press, 2014. Citation on page 163.

GUARDIA, M.; SEARA, T. M.; TEIXEIRA, M. A. Generic bifurcations of low codimension of
planar Filippov systems. J. Differential Equations, v. 250, n. 4, p. 1967-2023, 2011. Citation
on page 88.

HARTMAN, P. Ordinary differential equations. [S.1.]: John Wiley & Sons, Inc., New York-
London-Sydney, 1964. Citation on page 22.

HILBERT, D. Mathematische probleme. Nachrichten von der Koniglichen Gesellschaft der
Wissenschaften zu Gottingen, 1900. Citation on page 22.

. Mathematical problems. Bulletin of the American Mathematical Society, v. 37, n. 4, p.
407-436, 2000. Citation on page 22.

ITIKAWA, J.; LLIBRE, J.; NOVAES, D. D. A new result on averaging theory for a class of
discontinuous planar differential systems with applications. Rev. Mat. Iberoam., v. 33, n. 4, p.
1247-1265, 2017. Citations on pages 22, 120, 127, and 138.

KOKUBU, H.; WILCZAK, D.: ZGLICZYNSKI, P. Rigorous verification of cocoon bifurcations
in the Michelson system. Nonlinearity, v. 20, n. 9, p. 2147-2174, 2007. Citation on page 91.

KUKLES, I. Sur quelques cas de distinction entre un foyer et un centre. In: Dokl. Akad. Nauk.
SSSR. [S.L.: s.n.], 1944. v. 42, n. 42, p. 208-211. Citation on page 159.

LAU, Y.-T. The “cocoon” bifurcations in three-dimensional systems with two fixed points.
Internat. J. Bifur. Chaos Appl. Sci. Engrg., v. 2, n. 3, p. 543-558, 1992. Citation on page 91.

LLIBRE, J.; MEREU, A. C. Limit cycles for generalized kukles polynomial differential sys-
tems. Nonlinear Analysis: Theory, Methods & Applications, v. 74, n. 4, p. 1261-1271, 2011.
Citations on pages 159 and 161.

LLIBRE, J.; MEREU, A. C.; NOVAES, D. D. Averaging theory for discontinuous piecewise
differential systems. J. Differential Equations, v. 258, n. 11, p. 4007-4032, 2015. Citations on
pages 22, 114, and 120.

LLIBRE, J.; MEREU, A. C. et al. Limit cycles for discontinuous generalized liénard polynomial
differential equations. Electron. J. Differential Equations, v. 2013, p. 1-8, 2013. Citation on
page 160.

LLIBRE, J.; MEREU, A. C.; TEIXEIRA, M. A. Limit cycles of the generalized polynomial
liénard differential equations. In: Mathematical Proceedings of the Cambridge Philosophical
Society. [S.1.: s.n.], 2010. v. 148, n. 2, p. 363-383. Citation on page 22.

LLIBRE, J.; MESSIAS, M.; REINOL, A. C. Darboux invariants for planar polynomial differen-
tial systems having an invariant conic. Zeitschrift fiir angewandte Mathematik und Physik,
v. 65, n. 6, p. 1127-1136, 2014. Citations on pages 22 and 34.



178 Bibliography

LLIBRE, J.; NOVAES, D. D. Improving the averaging theory for computing periodic solutions
of the differential equations. Zeitschrift fiir angewandte Mathematik und Physik, v. 66, n. 4,
p. 1401-1412, 2015. Citation on page 135.

LLIBRE, J.; NOVAES, D. D.; TEIXEIRA, M. A. Corrigendum: Higher order averaging theory
for finding periodic solutions via Brouwer degree. Nonlinearity, v. 27, n. 9, p. 2417, 2014.
Citations on pages 114 and 138.

. Higher order averaging theory for finding periodic solutions via Brouwer degree. Nonlin-
earity, v. 27, n. 3, p. 563-583, 2014. Citations on pages 88, 114, 120, 127, and 138.

. On the birth of limit cycles for non-smooth dynamical systems. Bull. Sci. Math., v. 139,
n. 3, p. 229-244, 2015. Citations on pages 22, 114, and 120.

LLIBRE, J.; OLIVEIRA, R. Quadratic systems with an invariant conic having Darboux invariants.
Commun. Contemp. Math., v. 20, n. 4, p. 1750033, 15pp, 2018. Citation on page 22.

LLIBRE, J.; OLIVEIRA, R.; RODRIGUES, C. A. B. On the periodic solutions of the Michelson
continuous and discontinuous piecewise linear differential system. Comput. Appl. Math., v. 37,
n. 2, p. 1550-1561, 2018. Citation on page 90.

LLIBRE, J.; OLIVEIRA, R. D. Quadratic systems with invariant straight lines of total multiplicity
two having darboux invariants. Communications in Contemporary Mathematics, v. 17, n. 03,
p. 1450018, 2015. Citations on pages 22 and 31.

LLIBRE, J.; OLIVEIRA, R. D. d. S.; RODRIGUES, C. A. B. Limit cycles for two classes of
control piecewise linear differential systems. arXiv preprint arXiv:1804.08179, 2018. Citation
on page 90.

LLIBRE, J.; PEDREGAL, P. Hilbert’s 16th problem. when variational principles meet differential
systems. arXiv preprint arXiv:1411.6814, 2015. Citation on page 22.

LLIBRE, J.; TEIXEIRA, M. A. Limit cycles for m-piecewise discontinuous polynomial liénard
differential equations. Zeitschrift fiir angewandte Mathematik und Physik, v. 66, n. 1, p.
51-66, 2015. Citation on page 160.

LLIBRE, J.; ZHANG, X. On the hopf-zero bifurcation of the michelson system. Nonlinear
Analysis: Real World Applications, v. 12, n. 3, p. 1650-1653, 2011. Citation on page 91.

LLIBRE JAUME NOVAES, D. D. On the periodic solutions of discontinuous piecewise differ-
ential systems. arXiv preprint arXiv:1504.03008, 2015. Citations on pages 22, 89, 114, 120,
and 135.

MICHELSON, D. Steady solutions of the Kuramoto-Sivashinsky equation. Phys. D, v. 19, n. 1,
p.- 89-111, 1986. Citations on pages 90 and 91.

NOVAES, D. D. An equivalent formulation of the averaged functions via Bell polynomials. In:
Extended abstracts Spring 2016—nonsmooth dynamics. [S.1.]: Birkhéduser/Springer, Cham,
2017, (Trends Math. Res. Perspect. CRM Barc., v. 8). p. 141-145. Citations on pages 118
and 119.

RODRIGUES, C. A. B. Método do averaging para sistemas de Filippov. Phd Thesis (PhD
Thesis) — Universidade de Sdo Paulo, 2015. Citations on pages 26 and 159.



Bibliography 179

SADOVSKII, A. P. Cubic systems of nonlinear oscillations with seven limit cycles. Differential
Equations, v. 39, n. 4, p. 505-516, 2003. Citation on page 159.

SOTOMAYOR, J.; PATERLINI, R. Quadratic vector fields with finitely many periodic orbits. In:
Geometric dynamics. [S.L.: s.n.], 1983. p. 753-766. Citation on page 59.

VARIUS, A. Special issue on dynamics and bifurcations of nonsmooth systems. Physica, n. 22,
p. 1825-2082, 2012. Citation on page 22.

WATSON, G. N. A treatise on the theory of Bessel functions. [S.1.]: Cambridge university
press, 1995. Citation on page 150.

WEI, L.; ZHANG, X. Averaging theory of arbitrary order for piecewise smooth differential
systems and its application. J. Dynam. Differential Equations, v. 30, n. 1, p. 55-79, 2018.
Citation on page 120.

YASHENKQO, Y. S. I. Finiteness theorems for limit cycles. [S.I.]: American Mathematical
Society, Providence, RI, 1991. x+288 p. (Translations of Mathematical Monographs, v. 94).
Translated from the Russian by H. H. McFaden. Citation on page 22.

ZANG, H.; ZHANG, T.; TIAN, Y.-C.; TADE, M. O. Limit cycles for the kukles system. Journal
of Dynamical and Control Systems, v. 14, n. 2, p. 283-298, 2008. Citation on page 159.

ZOLADEK, H. On algebraic solutions of algebraic pfaff equations. Studia Mathematica, v. 2,
n. 114, p. 117-126, 1995. Citation on page 34.



SSSSSSSSS



	Title page
	Title page
	Dedication
	Acknowledgements
	Epigraph
	Abstract
	Resumo
	List of Figures
	List of Tables
	Contents
	Introduction
	Quadratic systems with cubic invariant
	Basic concepts
	Invariants
	Darboux invariants

	Poincaré compactification
	Invariant algebraic curves of degree 3
	Irreducible invariant cubics
	Reducible invariant cubics

	Classification of quadratic systems having irreducible invariant cubics
	Normal forms
	Darboux invariants and phase portrait on the Poincaré disc

	Classification of quadratic systems having reducible invariant cubics
	Normal forms
	Darboux invariants and phase portrait on the Poincaré disc


	Averaging theory for nonsmooth systems
	Piecewise smooth differential systems
	The averaging theory of first order
	The Michelson differential system
	Limit cycles of control piecewise linear differential systems


	An extension of the averaging theory for nonsmooth systems
	Background on the averaging theory
	Standard form
	The averaged functions
	Statement and Proof of the Main Result
	Three applications for Theorem 4.4.1


	Averaging theory and Lyapunov–Schmidt reduction for nonsmooth systems
	Lyapunov-Schmidt reduction
	The averaging theory
	Standard form
	An algorithm for the bifurcation functions
	Averaged Functions
	Bifurcation Functions

	The main theorem and its proof
	Examples

	Final considerations
	Nonsmooth Kukles systems
	Statement of the main results
	Proof of item (i)(case l=1).
	Proof of item (ii)(case l=2).
	Proof of item (iii)(case l=3).

	Examples

	Bibliography

